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PREFACE. 


nnHE  theory  of  functions  of  a  real  variable,  as  developed  during  the  last 
-*-  few  decades,  is  a  body  of  doctrine  resting,  first  upon  a  definite  conception 
of  the  arithmetic  continuum  which  forms  the  field  of  the  variable,  and  which 
includes  a  precise  arithmetic  theory  of  the  nature  of  a  limit,  and  secondly, 
upon  a  definite  conception  of  the  nature  of  the  functional  relation.  The 
procedure  of  the  theory  consists  largely  in  the  development,  based  upon 
precise  definitions,  of  a  classification  of  functions,  according  as  they  possess,  or 
do  not  possess,  certain  peculiarities,  such  as  continuity,  differentiability,  &c., 
throughout  the  domain  o^  the  variable,  or  at  points  forming  a  selected  set 
contained  in  that  domain.  The  detailed  consequences  of  the  presence,  or  of 
the  absence,  of  such  peculiarities  are  then  traced  out,  and  are  applied  for  the 
purpose  of  obtaining  conditions  for  the  validity  of  the  processes  of  Mathe- 
matical Analysis.  These  processes,  which  have  been  long  employed  in  the 
so-called  Infinitesimal  Calculus,  consist  essentially  in  the  ascertainment  of 
the  existence,  and  in  the  evaluation,  of  limits,  and  are  subject,  in  every  case, 
to  restrictive  assumptions  which  are  necessary  conditions  of  their  validity. 
The  object  to  be  attainedby  the  theory  of  functions  of  a  real  variable  consists 
then  largely  in  the  precise  formulation  of  necessary  and  sufficient  conditions 
for  the  validity  of  the  limiting  processes  of  Analysis.  A  necessary  requisite 
in  such  formulation  is  a  language  descriptive  of  particular  aggregates  of 
values  of  the  variable,  in  relation  to  which  functions  possess  definite  pecu- 
liaritiea  This  language  is  provided  by  the  Theory  of  Sets  of  Points,  also 
known,  in  its  more  general  aspect,  as  the  Theory  of  Aggregates,  which 
contains  an  analysis  of  the  peculiarities  of  structure  and  of  distribution  in 
the  field  of  the  variable  which  such  sets  of  points  may  possess.  This  theory, 
which  had  its  origin  in  the  exigencies  of  a  critical  theory  of  functions,  and 
has  since  received  wide  applications,  not  only  in  Pure  Analysis,  but  also  in 
Geometry,  must  be  regarded  as  an  integral  part  of  the  subject.  A  most 
important  part  of  the  theory  of  functions  is  the  theory  of  the  representation 
of  functions  in  a  prescribed  manner,  especially  by  means  of  series  or  sequences 
of  functions  of  prescribed  types.     Much  progress  has  recently  been  made  in 
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thLs  part  of  the  subject,  results  having  been  obtained  which  have  led  to 
a  classification  of  functions  in  accordance  with  the  modes  of  representation 
of  which  they  are  capable.  The  special  case  of  the  conditions  of  repre- 
sentability  of  functions  by  means  of  trigonometrical  series  was  historically 
the  startiog-point  in  which  a  great  part  of  the  modem  development  of  the 
theory  of  functions  of  a  real  variable  had  its  origin. 

The  course  of  study,  of  which  the  present  treatise  is  the  outcome,  followed 
an  order  very  similar  to  the  historical  order  in  which  the  subject  was 
developed.  Commencing  with  the  study  of  Fourier's  series,  in  their  appli- 
cation to  the  problems  of  Mathematical  Physics,  and  provided  with  a 
knowledge  of  the  Differential  and  Integral  Calculus,  of  the  traditional  kind 
in  which  notions  of  the  nature  of  continuity  and  of  limits  founded  on  an 
uncritical  use  of  intuitions  of  space  and  time  are  the  stock  in  trade,  I  was 
led,  by  the  difficulties  connected  with  the  theory  of  these  series,  and  through 
an  attempt  to  understand  the  literature  which  deals  with  them,  to  a  study  of 
the  theories  of  real  number,  due  to  Cantor  and  Dedekind,  and  to  that  of  the 
theory  of  sets  of  points.  A  study  of  the  foundations  of  the  Integral  Calculus, 
and  of  the  general  theory  of  functions  of  a  real  variable  formed  the  natural 
continuation  of  the  course.  The  present  work  has  been  written  with  the 
object  of  presenting  in  a  connected  form,  and  of  thus  rendering  more  easily 
accessible  than  hitherto,  the  chief  results  which  «are  to  be  found  scattered 
through  a  very  large  number  of  memoirs,  periodicals,  and  treatises.  I  have 
endeavoured,  as  far  as  possible,  to  fill  up  gaps  in  the  various  theories  which 
occur  in  different  parts  of  the  subject.  The  proofs  of  theorems  have  in  many 
cases  been  simplified,  often  in  accordance  with  developments  of  the  theory 
later  in  date  than  the  original  proofe ;  other  theorems  have  been  given  in  a 
form  more  general  than  that  in  which  they  were  first  discovered.  In  the 
literature  of  the  subject,  errors  are  not  infrequent,  largely  owing  to  the  fact 
that  spatial  intuition  affords  an  inadequate  corrective  of  the  theories  involved, 
and  is  indeed  in  some  cases  almost  misleading.  Although  I  have  made  every 
endeavour  to  attain  to  accuracy  both  in  form  and  in  substance,  it  is  practically 
certain  that  the  present  work  will  form  no  exception  to  the  rule  of  fallibility. 
Where  I  have  called  attention  to  what  I  regard  as  inadequate  statements  or 
errors  on  the  part  of  other  writers,  I  have  done  so  solely  for  the  purpose  of 
directing  the  attention  of  students  to  the  points  in  question,  and  with  full 
consciousness  that,  at  least  in  some  cases,  close  examination  might  shew  that 
what  appeared  to  me  to  be  erroneous  was  rather  due  to  some  misapprehension 
on  my  part  of  the  meaning  of  the  writers  to  whom  reference  is  made.  On 
some  points  connected  with  the  theory  of  aggregates,  which  are  at  present 
matters  of  controversy,  I  have  expressed  definite  opinions,  although  I  fully 
recognize  that,  on  such  matters,  a  dogmatic  attitude  of  mind  is  at  the  present 
time  wholly  out  of  place,  and  not  unlikely  to  be  avenged  when  the  points 
concerned  are  finally  settled  to  the  general  satisfaction  of  mathematicians. 
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Chapter  I  contains  a  discussion  of  Number,  and  includes  a  full  account 
of  the  theories  of  Real  Number,  due  to  Cantor  and  Dedekind.  Whilst  an 
indication  has  been  given  of  the  fundamental  notions  upon  which  the 
conceptions  of  cardinal  and  ordinal  numbers  rest,  I  have  not  attempted  to 
reduce  these  fundamental  notions  to  a  minimum  of  indefinables  from  which 
the  whole  theory  might  be  deduced  by  means  of  formal  logic.  A  slight 
perusal  of  the  extremely  extensive  litierature  of  the  Philosophy  of  Arithmetic 
will  shew  that  any  such  attempt  could  only  have  been  made  by  entering  upon 
a  prolonged  discussion  of  a  philosophical  character,  wholly  unsuited  to  a 
treatise  of  professedly  mathematical  complexion,  and  that  any  views  expressed 
would  have  had  but  little  prospect  of  giving  general  satisfaction  to  logicians 
and  philosophers.  The  modem  theory  of  Real  Numbers  has  been  the  object 
of  much  criticism  by  philosophers  and  others.  It  has  been  represented  that 
the  modem  extension  of  the  notion  of  number  to  the  case  of  irrational 
numbers  is  a  sophistical  attempt  to  obliterate  the  fundamental  distinction 
between  the  discrete  and  the  continuous  I  venture  to  think  that  such 
objections  consist,  in  large  part  at  least,  of  criticisms  of  the  current  ter- 
minology of  the  mathematical  theories,  especially  in  respect  of  the  extensions 
of  the  use  of  the  word  "  number,"  and  I  think  it  probable  that  many  of  these 
criticisms  would  not  survive  a  fair  examination  of  the  theories  themselves 
apart  from  the  language  in  which  they  are  expressed.  An  appropriate 
terminology,  although  a  matter  of  convention,  is  no  doubt  a  very  important 
matter  in  relation  to  such  fundamental  matters,  as  it  is  conducive  to  clear- 
ness  of  thought;  but  the  substance  of  the  theories  is  of  incomparably 
greater  importance  than  the  forms  in  which  they  are  expressed,  and  those 
theories  may  be  found  on  examination  to  be  essentially  sound,  even  if  their 
terminology  be  regarded  as  in  some  respects  defective. 

Chapter  ii  contains  an  exposition  of  the  theory  of  sets  of  points,  and 
includes  an  account  of  transfinite  cardinal  and  ordinal  Arithmetic,  of  a 
somewhat  simpler  and  less  general  character  than  will  be  met  with  in  the 
treatment  of  the  general  theory  of  aggregates,  in  Chapter  ill.  Students 
who  do  not  care  to  embark  upon  the  discussions  in  Chapter  III  will  find  a 
study  of  Chapter  II  amply  sufficient  to  enable  them  to  apply  the  ideas  there 
developed  in  the  general  theory  of  functions.  A  slight  account  only  has  been 
given  of  the  properties  of  plane  sets  of  points.  An  account  of  the  important 
recent  investigations  which  had  their  origin  in  Jordan's  theorem,  that  a 
closed  curve  divides  plane  space  into  two  regions,  would  have  occupied  more 
space  than  was  at  my  disposal.  This  omission  will  be  less  felt  than  might 
have  been  the  case,  were  not  an  excellent  account  of  this  subject  to  be  found 
in  Dr  W.  H.  Young's  treatise  on  the  theory  of  sets  of  points,  which  has 
appeared  since  this  portion  of  the  present  work  was  printed. 

In  Chapter  iv,  there  will  be  found  a  discussion  of  the  main  properties  of 
functions,  in  relation  to  continuity,  discontinuity,  &c.,  and  investigations  of 
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the  properties  of  important  classes  of  functions.  Although  the  treatise  is 
mainly  one  on  functions  of  a  single  variable,  a  considerable  amount  of  space 
has  been  devoted  to  the  consideration  of  functions  of  two  variables,  not  only 
on  account  of  the  intrinsic  importance  of  that  subject,  but  because  no 
adequate  consideration  of  the  properties  of  functions  of  a  single  variable  is 
possible  without  the  use  of  functions  of  two  variables,  as  is  seen,  for  example, 
from  the  consideration  that  a  function  defined  by  means  of  a  sequence  of 
functions  of  a  single  variable  is  virtually  defined  as  a  limit  of  a  function  of 
two  variables. 

The  foundations  of  the  Integral  Calculus,  as  based  upon  Riemann's 
definition  of  a  definite  integral,  and  its  extensions,  are  discussed  in 
Chapter  v,  where  an  account  of  the  development  of  the  subject  from  the 
point  of  view  of  Lebesgue's  new  definition  of  the  definite  Integral  is  also 
given.  In  later  parts  of  the  book  I  have  introduced  extensions  of  Lebesgue's 
definition,  to  the  cases  of  improper  integrals,  taken  over  finite  or  infinite 
domains,  regarded  as  the  limits  of  sequences  of  Lebesgue  integrals. 

Chapter  vi  is  concerned  with  functions  defined  as  the  limits  of  sequences 
of  functions,  and  contains  an  account  of  the  principal  properties  of  functions 
represented  by  series,  and  a  discussion  of  important  matters  connected  with 
the  modes  of  convergence  of  series  through  whole  intervals,  or  in  the  neigh- 
bourhood of  particular  points.  Various  matters  relating  to  the  processes  of 
the  Integral  Calculus,  which  had  not  been  considered  in  Chapter  v,  are  here 
dealt  with,  because  their  adequate  treatment  presupposes  a  knowledge  of  the 
theorems  relating  to  the  convergence  of  sequences  of  functit»ns.  An  account 
of  the  very  general  results  recently  obtained  by  Baire,  relating  to  the  repre- 
sentability  of  functions  by  means  of  series,  will  be  found  in  this  Chapter. 

Chapter  vii  is  devoted  to  the  theory  of  Fourier's  series.  No  apology  is 
needed  for  the  selection  of  this  pcurticular  mode  of  representation  of  functions 
for  full  discussion  in  a  treatise  on  the  theory  of  functions  of  a  real  variable, 
in  view  of  the  historical  relation  of  Fourier's  series  to  the  development  of  the 
general  theory.  The  history  of  the  theory  of  Fourier's  series  is  exceedingly 
instructive,  not  merely  from  the  point  of  view  of  the  mathematician,  but 
also  from  that  of  the  epistemologist.  I  have  therefore  endeavoured,  in  my 
treatment  of  the  subject,  to  preserve  as  much  of  the  historical  element  as 
was  possible  in  an  account  which  should  contain,  in  a  moderate  compass,  not 
only  indications  of  the  various  stages  of  development  of  the  subject,  but  also 
the  most  recent  results  that  have  been  obtained.  I  have  made  full  use  of  the 
greater  generality  which  can  be  introduced  into  many  of  the  known  results 
by  means  of  the  employment  of  the  theory  of  integration  developed  by 
Lebesgue. 

In  the  preparation  of  the  work,  the  treatises  from  which  I  have  most 
largely  drawn  information  are  the  German  edition  of  Dini's  treatise  on  the 
subject,  Stolz's  Orundzilge  der  Differential-  und  Integral-Rechnungy  Schonflies' 
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Bericht  entitled  ''Die  Entwickelung  der  Lehre  von  den  Punktmannigfaltig' 
keiten,"  and  the  various  treatises  on  different  parts  of  the  subject  by  Borel 
and  Lebesgue.  I  have  consulted  a  very  large  number  of  memoirs,  articles, 
notes,  and  books,  far  too  numerous  to  be  here  particularized.  In  respect  to 
the  references  given  throughout  the  book,  I  wish  it  to  be  understood  that 
I  have  made  no  attempt  to  settle  questions  of  priority  of  discovery.  The 
references  given  are  to  be  regarded  solely  as  indicating  sources  of  information 
from  which  I  have  drawn,  or  where  more  detailed  information  on  the  various 
topics  is  to  be  found. 

I  owe  a  debt  of  gratitude  to  my  friend  Mr  J.  W.  Sharpe,  formerly  Fellow 
of  Gonville  and  Caius  College,  who  has  read  with  the  greatest  care  the  proofs 
of  about  two-thirds  of  the  book.  Many  points  of  difficulty  I  have  fully 
discussed  with  him ;  many  obscurities  of  expression  have  been  removed,  and 
many  improvements  in  substance  have  been  made,  owing  to  the  care  he  has 
bestowed  in  reading  the  proofs.  I  felt  it  as  a  great  loss  when,  owing  to  a 
temporary  failure  of  health,  he  wtis  unable  to  continue  his  laborious  work. 
To  Dr  H.  F.  Baker,  F.R.S.,  Fellow  of  St  John's  College,  and  Cayley  Lecturer 
in  Mathematics,  who  has  kindly  read  some  of  the  earlier  proofs,  I  owe  several 
valuable  suggestions.  On  several  points  connected  with  the  treatment  of 
Number  in  Chapter  I,  I  have  had  the  advantage  of  consulting  Dr  James 
Ward,  F.B.A.,  Fellow  of  Trinity  College,  and  Professor  of  Mental  Philosophy 
and  Logic  in  the  University. 

My  thanks  are  due  to  the  officials  of  the  University  Press  for  the 
readiness  with  which  they  have  met  my  views,  and  for  the  care  which 
they  have  bestowed  upon  the  work  connected  with  the  printing.  I  desire 
especially  to  express  my  sense  of  the  value  of  the  excellent  work  done  by 
the  readers  of  the  Press;  to  their  care  is  due  the  elimination  of  many 
typographical  and  other  blemishes  which  would  otherwise  have  remained 
undetected. 

E.  W.  HOBSON. 


Christ's  College,  Cambridge. 
May  15,  1907. 
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CORRIGENDA  AND  ADDENDA. 

In  example  2,  line  7,  for  "Of  each  rational  number,  there  is  a  double  representa- 
tion" re4sd  "  Of  each  rational  number,  not  represented  by  a  recurring  radix-fraction, 
there  is  a  doable  representation." 

In  the  statement  of  the  theorem  in  §  203, /or  *'  where  B  is  some  proper  fractioTit  and 
is  neither  0  nor  1  '*  read  **  where  0  is  stich  tfiat  0<9<1."  The  number  6  is  not 
necessarily  rational. 


Page  268. 


Page  317. 


In  line  9,  for  **for  some  value  of  0  which  is  a  proper  fractiouy  and  is  neither  1  nor  0  " 
read  ^*for  some  value  of  0  which  is  such  that  0<9<1." 

The  statement  which  commences  on  line  10  from  the  foot  of  the  page  is  erroneous. 

The  repeated  limit  may  have  a  definite  value  when  lim-^-^"^"'  yo+M-/(3^o_»  yo)  ^^ 

no  definite  value.  This  is  illustrated  by  the  example  /(x,  y)  =  yp  (^)  +  x  (y)»  where 
}//  {x)j  X  {y)  ^^^  non-differentiable  functions.  In  this  case  the  above  single  limit  does 
not  exist,  but  the  repeated  limit  exists,  and  is  zero.  The  existence  of  the  repeated 
limit  as  a  definite  number  does  not  therefore  necessarily  imply  the  existence  of 

■J-  and  of  ;r — i — ,  the  latter  of  these  having  been  so  defined  that  it  only  exists 

when  J-  exists.     The  point  is  more  fully  discussed  in  a  paper  by  the  Author  in  the 
Proe.  Land.  Math,  Soc.t  ser.  2,  vol.  v,  "  On  repeated  limits." 
Page  318.     In  the  statement  of  the  theorem,  for  *'(3)/(d;,  tj)  be  continuous  with  respect  to  x  at 
(^0.  yo)."  r^<^  '*(3)/(a:,  y)  be  such  that  ^llf^lJA^  ?^fo.  Vo)  ^^^j^  ^^^  » 

Page  319.    Line  5  from  the  foot  of  the  page.    Delete  the  sentence  commencing  **  The  existence 

01  a —  t    '.— -• 

In  the  Example,  line  8,  /or  "  let  F  (x)  =  -  0  (x.  7) "  read  ♦•  let  F  (ar)  =  -  0  (x,  /3)." 

In  line  8  from  the  foot  of  the  page,  for  "  in  accordance  with  Biemann's  definition  *' 
read  **  in  accordance  with  Lebesgue's  definition,  the  integrand  having  in  each  case 
only  a  finite  number  of  values." 


Page  357. 
Page  894. 


CHAPTER  I. 


NUMBER. 

1.  The  operation  of  countiDg,  in  which  the  integral  numbers  are 
employed,  can  be  carried  out  by  a  mind  to  which  discrete  objects,  which 
may  be  either  physical  or  ideal*,  are  presented,  and  which  possesses  certain 
fundamental  notions  which  we  proceed  to  specify. 

(1)  The  notion  of  unityy  a  form  under  which  an  object  is  conceived  when 
it  is  regarded  as  a  single  one.  An  object  so  regarded  may  be  either  of 
a  material  or  of  a  purely  abstract  or  ideal  nature,  and  may  be  recognized,  for 
all  other  purposes  than  that  of  counting,  as  possessing  any  degree  of  com- 
plexity. It  is  sufficient,  in  order  that  the  object  may  be  regarded  under  the 
form  of  unity,  that  it  be  so  far  distinct  from  other  objects,  as  to  be  recognized 
at  the  time  when  it  is  counted,  as  discrete  and  identifiable.  What  external 
marks  are  necessary  that  an  object  may  be  so  recognized  as  discrete,  is  a 
matter  for  the  judgment  of  the  mind  at  the  time  when  the  object  is  counted. 
The  unity  under  which  the  object  is  apprehended  is  a  formal  or  logical,  rather 
than  a  natural  unity ;  it  is  more  or  less  arbitrarily  attributed  to  the  object  by 
the  mind. 

(2)  The  notion  of  a  collection  or  aggregate  of  objects  which  is  conceived 
of  as  containing  more  or  fewer  objects,  or  as  possessing  a  greater  or  less 
degree  of  plurality.  A  group  of  objects  regarded  as  an  aggregate  is  conceived 
of  not  merely  as  a  plurality  of  objects  to  each  of  which  unity  is  ascribed 
as  in  (1),  but  also  as  itself  an  object  to  which  unity  is  ascribed  when  it  is 
regarded  as  a  single  whole.  The  single  objects  of  which  the  aggregate  is 
composed  may  be  spoken  of  as  the  elements  of  the  aggregate ;  such  elements 
nee<l  not  possess  any  parity  as  regards  size  or  any  other  special  quality,  but 
may  be  of  the  most  diverse  characters:  a  certain  logical  parity  is  however 

*  It  is  held  by  some  aathors  that  the  operation  of  coanting  is  primarily  applicable  to  physical 
objects  only.  Thas,  J.  S.  Mill  writes : — '*  The  fact  asserted  in  the  definition  of  a  number  is  a 
physical  fact.  Each  of  the  numbers,  two,  three,  four,  etc.,  denotes  physical  phenomena,  and 
connotes  a  physical  property  of  these  phenomena.''  See  Logic^  9th  edition,  vol.  it,  p.  150.  That 
objects  which  are  not  physical,  can  be  counted,  was  maintained  by  Leibnitz  and  by  Locke.  See 
also  Frege's  Grundlagen  der  Arithmetik,  Breslau,  1884,  where  an  account  is  given  of  various 
views  as  to  the  nature  and  origin  of  the  idea  of  Number. 
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ascribed  to  them  in  the  process  of  counting,  in  virtue  of  the  fact  that  each  of 
them  is  regarded  as  a  single  object.  A  sensibly  continuous  presentation  cannot 
be  regarded  as  an  aggregate  containing  a  plurality  of  elements,  until  the  mind 
has  recognized  in  it  sufficiently  distinct  lines  of  division  to  serve  the  purpose 
of  marking  off  distinct  objects  within  it,  the  totality  of  which  makes  up  the 
whole  presentation ;  for  instance,  the  history  of  a  country  could  be  regarded 
as  an  aggregate  of  distinct  periods,  only  when  sufficiently  salient  features  had 
been  recognized  in  that  history  to  warrant  a  judgment  that  periods  were  to 
be  found  in  it,  each  of  which  had  a  sufficient  degree  of  discreteness  to  be 
subsumed  under  the  form  of  unity.  In  actual  counting,  the  aggregate  is 
not  necessarily  determinate  before  the  counting  is  commenced,  but  becomes 
so  when  the  process  is  completed ;  the  notion  of  an  aggregate  is  thus  still 
necessary  to  the  process  of  counting,  if  the  process  is  ever  to  come  to  an  end, 
or  to  be  conceived  of  as  having  come  to  an  end. 

It  has  been  held*  that  when  an  aggregate  is  counted,  the  elements  must 
remain  distinct  from  one  another,  not  disappearing  or  combining  with  each 
other  during  the  process.  That  this  condition  is  unnecessary  may  be  seen, 
for  example,  by  considering  the  case  of  counting  breakers  on  the  sea-shore, 
or  that  of  counting  the  vibrations  of  a  pendulum ;  thus  no  physical  perma- 
nence, but  only  an  ideal  one,  is  necessar}^ 

A  discussion  of  the  characteristics  which  an  aggregate  (not  necessarily 
finite)  must  possess,  in  order  that  it  may  be  an  object  of  mathematical  thought, 
will  be  given  in  Chapter  ill. 


(3)  The  notion  of  order,  in  virtue  of  which  relative  rank  is  given  to  each 
object  in  a  collection,  so  that  the  collection  becomes  an  ordered  aggregate.  In 
actual  counting,  the  order  is  assigned  to  the  objects  during  the  process  itself, 
as  an  order  in  time,  and  this  may  be  done  in  an  arbitrary  manner ;  the  order 
of  the  elements  in  an  aggregate  may,  however,  be  assigned  in  a  manner 
dependent  upon  their  sizes,  weights,  or  other  qualities,  or  in  accordance  with 
their  positions  in  space.     Order  may,  however,  be  regarded  as  an  abstract 

f  J  conception,  independent  of  a  particular  mode  of  ordering  ;  for  an  aggregate 

to  be  an  ordered  one,  it  is  necessary  that  in  some  manner  or  other,  each 
element  be  recognized  as  possessing  a  certain  rank,  in  virtue  of  which  it  is 
known  as  regards  any  two  elements  which  may  be  chosen,  which  of  them 
has  the  lower,  and  which  the  higher  rank.  An  element  is  said  to  precede 
any  other  element  of  higher  rank  than  itself. 

(4)  The  notion  of  correspondence,  which  underlies  the  process  of  tallying. 
The  elements  of  one  aggregate  may  be  made  to  stand  in  some  logical  rela- 
tion with  those  of  another  one,  so  that  a  definite  element  of  one  aggregate 
is  regarded  as  correspondent  to  a  definite  element  of  another  aggregate. 

♦  See  Helmholtz's  ZdhUn  und  Messen,  Leipzig,  1S87 ;  Wisieru,  Ahhandl.  vol.  in,  p.  872. 
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The  correspondence  may  be  complete,  in  the  sense  that  to  every  element 
of  either  aggregate  there  corresponds  one  element,  and  one  only,  of  the  other 
aggregate ;  or  the  correspondence  may  be  incomplete,  in  which  case  one  of  the 
aggregates  has  one  or  more  elements  to  which  no  elements  in  the  other 
aggregate  correspond.  In  the  latter  case  we  say  that  the  aggregate  with  the 
superfluous  element  or  elements  contains  more  elements  than  the  other 
aggregate,  and  that  the  latter  contains  fewer  elements  than  the  former. 

A  correspondence  between  two  aggregates  is  defined  when  specifications 
or  rules  are  laid  down  which  suflSce  to  decide  which  element  of  one  aggregate 
corresponds  to  each  element  of  the  other;  so  that,  in  the  case  of  complete 
correspondence,  no  element  of  either  aggregate  is  without  a  correspondent  one 
in  the  other. 

Whether,  or  how  far,  these  fundamental  notions  of  unity,  aggregate,  order, 
and  correspondence  should  be  regarded  as  derived  empirically  from  experience, 
by  a  process  of  abstraction,  or  whether  it  must  be  held  that  they  are  original 
forms  which  the  mind  possesses  prior  to,  and  as  the  necessary  conditions  of 
the  possibility  of  such  experience,  are  questions  into  which  it  is  beyond  our 
province  to  enter.  It  is  certain  that  civilized  man  possesses  these  fundamental 
notions,  and  it  is  highly  probable  that  primitive  man  possessed  them  long 
before  the  notion  of  abstract  number  had  appeared  in  an  explicit  and 
developed  form.  The  investigation  of  the  origin  of  these  notions,  and  their 
further  analysis  is  a  matter  for  the  Psychologist  and  for  the  Philosopher. 
Mathematical  Science,  as  any  other  special  science,  must  take  its  fundamental 
notions  as  data;  it  is  concerned  with  the  analysis  of  them,  only  so  far 
as  suffices  to  establish  that  they  possess  the  degree  of  definiteness  which 
such  data  must  have,  if  they  are  to  lie  at  the  base  of  a  logically  ordered 
system. 

ORDINAL  NUMBERS. 

2.  If  from  an  ordered  aggregate  some  of  the  elements  are  removed,  the 
aggregate  which  remains  is  said  to  be  a  part  of  the  original  aggregate.  It 
will  be  observed  that  the  relative  order  of  any  two  elements  in  the  part  is  the 
same  as  the  relative  order  of  those  elements  in  the  original  aggregate. 

An  ordered  aggregate  is  said  to  be  finite  when  it  satisfies  the  following 
conditions : — 

(1)  There  is  one  element  which  has  lower  rank  than  any  of  the  others. 

(2)  There  is  one  element  which  has  higher  rank  than  any  of  the  others. 

(3)  Every  part  of  the  aggregate  has  an  element  which  has  higher  rank    '      ^ 
than  every  other  element  in  the  part,  and  also  it  has  an  element  which  has 
lower  rank  than  any  other  element  in  the  part  *  ' 
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These  conditions  are  equivalent  to  the  statement  that  a  finite  aggregate, 
and  also  each  part  of  it,  has  a  first  and  a  last  element. 

Every  part  of  a  finite  ordered  aggregate  is  also  a  finite  ordered  aggregate. 

If  M  be  the  aggregate,  and  Mi  a  part  of  it,  then  Mi  has  a  highest  and  a 
lowest  element ;  also  every  part  of  Mi  being  also  a  part  of  M,  has  a  lowest 
and  a  highest  element ;  therefore  Mi  is  itself  finite. 

3.  Two  finite  ordered  aggregates  are  said  to  be  similar  when  they  can  be 
made  to  completely  correspond,  so  that  to  each  element  of  either  of  them 
there  corresponds  a  single  element  of  the  other,  and  so  that  to  any  two 
elements  P,  Q  of  the  one  there  correspond  two  elements  P',  Q'  of  the  other, 
which  have  the  same  relation  as  regards  rank ;  viz.  that  if  P  is  of  lower  rank 
than  Q,  then  P'  is  of  lower  mnk  than  Q\  and  if  P  is  of  higher  rank  than  Q, 
then  P'  is  of  higher  rank  than  Q'. 

Two  finite  ordered  aggregates  which  are  similar  are  said  to  have  the  same 
ordinal  number. 

If  each  of  two  ordered  aggregates  is  similar  to  a  third,  they  are  similar  to 
one  another.  For  if  an  element  P  of  the  first  corresponds  to  an  element  R  of 
the  third,  and  the  element  Q  of  the  second  corresponds  to  iJ,  it  is  clear  that 
if  we  make  P  correspond  to  Q,  the  first  two  aggregates  are  made  to  correspond 
in  such  a  way  that  the  relative  order  is  preserved. 

It  thus  appears  that  an  ordinal  number  is  characteristic  of  a  class  of 
similar  ordered  aggregates. 

An  aggregate  which  consists  of  a  single  element  A,  is  said  to  have  the 
ordinal  number  one,  denoted  by  the  symbol  1.  The  ordinal  number  1  is 
characteristic  of  every  aggregate  which  consists  of  a  single  element. 

If  to  the  aggregate  which  consists  of  an  element  A,  we  adjoin  a  new 
element  B,  and  assign  to  £  a  higher  rank  than  A,  we  obtain  an  aggregate 
(Ay  B)  which  has  an  ordinal  number  2,  characteristic  of  all  aggregates  which 
are  formed  in  this  manner ;  A  is  said  to  be  the  first  element,  B  the  second. 
If  to  an  ordered  aggregate  (-4,  B),  of  which  the  ordinal  number  is  2,  we  adjoin 
another  element  (7,  and  regard  this  as  having  higher  rank  than  A  and  B,  we 
obtain  an  ordered  aggregate  {A,  B,  (7),  of  which  the  ordinal  number  is  called 
3,  and  is  characteristic  of  all  ordered  aggregates  formed  in  this  manner 

Proceeding  in  this  way,  if  we  have  formed  an  ordered  aggregate  (A,  B,  C 

H),  of  which  the  ordinal  number  is  w.  and  adjoin  to  this  aggregate  a  new 

element  K,  we  obtain  a  new  aggregate  (-4,  By  C, -ff,  K),  of  which  the 

ordinal  number  w'  is  different  from  n. 

Every  ordered  aggregate  which  can  be  formed  in  the  manner  described  is 
finite. 

This  can  be  proved  by  induction.    Let  us  assume  that  if  is  a  finite  ordered 
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aggregate :  it  will  then  be  proved  that  (if,  e),  the  ordered  aggregate  obtained 
by  adjoining  an  element  e  of  higher  rank  than  the  elements  of  3f,  is  also 
finite.  Since  M  has  a  lowest  element,  {M,  e)  has  the  same  lowest  element, 
also  (i/,  e)  has  a  highest  element  e.  Again  if  M^  is  a  part  of  {My  e)  which 
does  not  contain  e,  then  M^  is  a  part  of  3f,  and  therefore  has  a  highest  and 
a  lowest  element.  If  Mi  is  a  part  of  (3/,  e)  which  contains  e,  let  it  be  (J/a,  e\ 
where  Jf ,  is  a  part  of  Jf,  and  therefore  contains  a  lowest  element  which  is 
also  the  lowest  element  of  (Jlf,,  e)\  also  (ifj,  e)  contains  a  highest  element  e. 
It  has  thus  been  shewn  that  {My  e)  satisfies  the  requisite  conditions  that 
it  should  be  finite,  provided  M  does  so.  The  aggregates  A,{A,  B)  are  clearly 
finite :  hence  the  method  of  induction  proves  that  every  ordered  aggregate 
which  can  be  formed  by  continually  adjoining  new  elements  to  an  aggregate 
which  originally  contained  one  element  is  a  finite  one. 

Conversely,  it  can  be  shewn  that  every  finite  ordered  aggregate  can  be 
farmed  in  the  manner  above  described. 

Let  if  be  a  finite  ordered  aggregate,  and  let  e'  be  its  highest  element, 
thus  M={Mi,  ^).  Now  Ml  being  a  part  of  if,  has  a  highest  element  e'\  thus 
Mi  =  {M^,  c"),  or  M  =(if2,  e\  e').  Proceeding  in  this  manner,  if  we  do  not 
reach  an  aggregate  Mr  which  contains  a  single  element  only,  we  shall  have 

found  a  part  ( e''\  e'\  e\  e)  of  if  which  has  no  element  of  lowest  rank. 

But  this  is  impossible,  since  M  is  by  hypothesis  finite,  and  therefore  contains 
no  part  without  a  lowest  element.  It  has  thus  been  shewn  that  M  can  be 
reduced,  in  the  manner  indicated,  to  an  aggregate  with  a  single  element :  and 
conversely,  starting  with  this  latter  aggregate,  M  is  obtained  by  adjoining  to 
it  successively  new  elements. 

A  finite  ordered  aggregate  is  not  similar  to  any  part  of  itself. 

This  theorem  may  also  be  proved  by  induction.  For  if  we  assume  that  the 
finite  ordered  aggregate  M  is  not  similar  to  any  part  of  itself,  it  can  be  shewn 
that  the  same  holds  for  {M,  e).  If  possible  let  if  j  be  a  part  of  {M,  e)  which  is 
similar  to  {M^  e) ;  then  if  ifi  contains  e,  it  must  be  of  the  form  {M^,  e\  and  if 
{M^,  e)  is  similar  to  {M,  e\  M^  must  be  similar  to  M,  which  is  contrary  to 
the  hypothesis  that  M  contains  no  part  similar  to  itself.  If  Mi  does  not 
contain  e,  it  must  be  of  the  form  {M^yf)^  where /is  the  element  which  corre- 
sponds to  ^  in  {M,  e) ;  in  this  case  again  if,  is  similar  to  M,  and  is  a  part  of 
it;  thus  we  have  again  a  contradiction.  The  theorem  holds  for  {A,  B\  and 
therefore  generally. 

It  follows  from  this  theorem  that  the  ordinal  numbers  1,  2,  3 which 

have   been   defined   as   the   ordinal   numbers    of    aggregates  {A\  {A,   B\ 

{Ay  B,  C) are  all  different  from  one  another  y  for  each  of  these  aggregates 

being  a  part  of  each  of  those  which  follow  it,  cannot  be  similar  to  any  of  the 
aggregates  which  follow  it. 

Each  of  the  ordinal  numbers  is  to  be  regarded  as  a  unique  ideal  object 
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These  conditions  are  equivalent  to  the  statement  that  a  finite  aggregate, 
and  also  each  part  of  it,  has  a  first  and  a  last  element. 

Every  part  of  a  finite  ordered  aggregate  is  also  a  fi/nite  ordered  aggregate. 

If  M  be  the  aggregate,  and  Mi  a  part  of  it,  then  Mi  has  a  highest  and  a 
lowest  element ;  also  every  part  of  Mi  being  also  a  part  of  M,  has  a  lowest 
and  a  highest  element;  therefore  Mi  is  itself  finite. 

3.  Two  finite  ordered  aggregates  are  said  to  be  similar  when  they  can  be 
made  to  completely  correspond,  so  that  to  each  element  of  either  of  them 
there  corresponds  a  single  element  of  the  other,  and  so  that  to  any  two 
elements  P,  Q  of  the  one  there  correspond  two  elements  P\  Q  of  the  other, 
which  have  the  same  relation  as  regards  rank ;  viz.  that  if  P  is  of  lower  rank 
than  Q,  then  P'  is  of  lower  i^ank  than  Qf^  and  if  P  is  of  higher  rank  than  Q, 
then  P'  is  of  higher  rank  than  Qf. 

Two  finite  ordered  aggregates  which  are  similar  are  said  to  have  the  same 
ordinal  number. 

If  each  of  two  ordered  aggregates  is  similar  to  a  third,  they  are  similar  to 
one  another.  For  if  an  element  P  of  the  first  corresponds  to  an  element  R  of 
the  third,  and  the  element  Q  of  the  second  corresponds  to  iJ,  it  is  clear  that 
if  we  make  P  correspond  to  Q,  the  first  two  aggregates  are  made  to  correspond 
in  such  a  way  that  the  relative  order  is  preserved. 

It  thus  appears  that  an  ordinal  number  is  characteristic  of  a  class  of 
similar  ordered  aggregates. 

An  aggregate  which  consists  of  a  single  element  A,  is  said  to  have  the 
ordinal  number  one,  denoted  by  the  symbol  1.  The  ordinal  number  1  is 
characteristic  of  every  aggregate  which  consists  of  a  single  element. 

If  to  the  aggregate  which  consists  of  an  element  A,  we  adjoin  a  new 
element  B,  and  assign  to  £  a  higher  rank  than  A,  we  obtain  an  aggregate 
{A,  B)  which  has  an  ordinal  number  2,  characteristic  of  all  aggregates  which 
are  formed  in  this  manner ;  A  is  said  to  be  the  first  element,  B  the  second. 
If  to  an  ordered  aggregate  {A,  B),  of  which  the  ordinal  number  is  2,  we  adjoin 
another  element  (7,  and  regard  this  as  having  higher  rank  than  A  and  B,  we 
obtain  an  ordered  aggregate  (A,  B,  C),  of  which  the  ordinal  number  is  called 
3,  and  is  characteristic  of  all  ordered  aggregates  formed  in  this  manner 

Proceeding  in  this  way,  if  we  have  formed  an  ordered  aggregate  (A,  B,  C 

H),  of  which  the  ordinal  number  is  n,  and  adjoin  to  this  aggregate  a  new 

element  K,  we  obtain  a  new  aggregate  (A,  B,  (7, H,  K),  of  which  the 

ordinal  number  n'  is  different  from  n. 

Every  ordered  aggregate  which  can  be  formed  in  the  manner  described  is 
finite. 

This  can  be  proved  by  induction.    Let  us  assume  that  if  is  a  finite  ordered 
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aggregate :  it  will  then  be  proved  that  (Jf ,  e),  the  ordered  aggregate  obtained 
by  adjoining  an  element  e  of  higher  rank  than  the  elements  of  M,  is  also 
finite.  Since  M  has  a  lowest  element,  (i/,  e)  has  the  same  lowest  element, 
also  (i/,  e)  has  a  highest  element  e.  Again  if  Mi  is  a  part  of  (J/,  e)  which 
does  not  contain  c,  then  Mi  is  a  part  of  M,  and  therefore  has  a  highest  and 
a  lowest  element.  If  Mi  is  a  part  of  (A/,  e)  which  contains  e,  let  it  be  (J/a,  e), 
where  Jf,  is  a  part  of  M,  and  therefore  contains  a  lowest  element  which  is 
also  the  lowest  element  of  (Jlf,,  e)\  also  (Jlfj,  e)  contains  a  highest  element  e. 
It  has  thus  been  shewn  that  {My  e)  satisfies  the  requisite  conditions  that 
it  should  be  finite,  provided  M  does  so.  The  aggregates  A,(A,  B)  are  clearly 
finite :  hence  the  method  of  induction  proves  that  every  ordered  aggregate 
which  can  be  formed  by  continually  adjoining  new  elements  to  an  aggregate 
which  originally  contained  one  element  is  a  finite  one. 

Conversely,  it  can  be  shewn  that  evert/  finite  ordered  aggregate  can  be 
formed  in  the  manner  above  describe. 

Let  if  be  a  finite  ordered  aggregate,  and  let  e'  be  its  highest  element, 
thus  M=  {Miy  «').  Now  if,  being  a  part  of  if,  has  a  highest  element  e'',  thus 
ifi  =  (if,,  c"),  or  M  —{M^y  e\  e').  Proceeding  in  this  manner,  if  we  do  not 
reach  an  aggregate  Mr  which  contains  a  single  element  only,  we  shall  have 

found  a  part  ( e'\  e'\  e\  e)  of  if  which  has  no  element  of  lowest  rank. 

But  this  is  impossible,  since  if  is  by  hypothesis  finite,  and  therefore  contains 
no  part  without  a  lowest  element.  It  has  thus  been  shewn  that  M  can  be 
reduced,  in  the  manner  indicated,  to  an  aggregate  with  a  single  element :  and 
conversely,  starting  with  this  latter  aggregate,  M  is  obtained  by  adjoining  to 
it  successively  new  elements. 

A  finite  ordered  aggregate  is  not  similar  to  any  part  of  itself. 

This  theorem  may  also  be  proved  by  induction.  For  if  we  assume  that  the 
finite  ordered  aggregate  M  is  not  similar  to  any  part  of  itself,  it  can  be  shewn 
that  the  same  holds  for  {M,  e).  If  possible  let  if ,  be  a  part  of  (M,  e)  which  is 
similar  to  {M^  e)\  then  if  ifi  contains  e,  it  must  be  of  the  form  {M^y  e\  and  if 
{M^y  e)  is  similar  to  (i/,  e\  M^  must  be  similar  to  M,  which  is  contrary  to 
the  hypothesis  that  M  contains  no  part  similar  to  itself.  If  Mi  does  not 
contain  e,  it  must  be  of  the  form  {M^,f\  where/is  the  element  which  corre- 
sponds to  6  in  {M,  e) ;  in  this  case  again  if,  is  similar  to  M,  and  is  a  part  of 
it;  thus  we  have  again  a  contradiction.  The  theorem  holds  for  {A,  B\  and 
therefore  generally. 

It  follows  from  this  theorem  that  the  ordinal  numbers  1,  2,  3, which 

have   been   defined  as   the   ordinal   numbers    of   aggregates  (^4),  {A,   B\ 

(i4,  B,  C) are  all  different  from  one  another  ^  for  each  of  these  aggregates 

being  a  part  of  each  of  those  which  follow  it,  cannot  be  similar  to  any  of  the 
aggregates  which  follow  it. 

Each  of  the  ordinal  numbers  is  to  be  regarded  as  a  unique  ideal  object 
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in  that  it  is  a  permanent  object  for  thought.  The  relation  of  an  ordinal 
number  to  an  ordered  aggregate  of  objects  which  is  characterised  by  that 
number,  may  be  illustrated  by  the  analogy  of  the  relation  between  the  colour 
red,  and  a  particular  red  object. 

4.  A  simply  infinite  ascending  aggregate,  or  simple  sequence,  is  an  ordered 
aggregate  which  has  no  element  of  higher  rank  than  all  the  others,  and  is 
such  that  every  part  which  has  an  element  of  higher  rank  than  all  the  other 
elements  in  that  part,  ls  a  finite  ordered  aggregate. 

It  follows  from  this  definition,  that  in  a  simple  sequence  there  is  one 
element  of  lower  rank  than  all  the  others ;  and  further,  that  every  part 
of  the  simple  sequence  has  an  element  of  lower  rank  than  all  the  other 
elements  in  that  part. 

A  simply  infinite  ascending  aggregate  differs  from  a  finite  ordered 
aggregate  in  having  no  element  which  is  of  higher  rank  than  all  the  other 
elements. 

The  totality  of  ordinal  numbers  forms  a  simply  infinite  ascending 
aggregate ;  these  objects  may  be  represented  by  a  set  of  signs 

«,  P*  y»  S, . . . 

or  1,  2,   3,  4,... 

where  it  is  assumed  that  some  adequate  scheme  of  such  signs  has  been 
devised. 

The  order  of  the  elements  is  assigned  by  the  successive  formation,  as 
above,  of  aggregates  having  the  various  elements  for  their  ordinal  numbers, 
and  it  has  been  shewn  that  if  an  aggregate  has  the  ordinal  number  n,  another 
aggregate  having  a  different  ordinal  number  n,  taken  to  be  of  next  higher 
rank  than  n,  can  be  formed.    There  exists  therefore  no  highest  ordinal  number. 

Instead  of  using  the  expressions  "  of  higher  rank  "  and  *'  of  lower  rank,"  it 
is  usual  to  say  that  a  number  m  is  less  than  a  number  n,  when  m  is  of  lower 
rank  than  n  in  the  ordered  aggregate  of  ordinal  numbers,  and  that  n  is  greater 
than  m.  The  terms  "  greater  "  and  "  less  "  are  borrowed  from  the  language 
primarily  applicable  to  the  description  of  magnitudes :  but  in  pure  arithmetic 
and  pure  analysis  generally,  they  are  used  only  in  the  sense  in  which  they 
indicate  higher  or  lower  rank,  and  this  rank  has  no  necessary  reference  to 
relations  of  magnitude  or  of  measurable  quantity. 

The  operation  of  counting  a  finite  aggregate  of  objects  of  any  kind  may 
be  conceived  of  as  the  process  of  putting  the  objects  into  correspondence  with 
the  elements  of  the  aggregate  of  ordinal  numbers,  in  such  a  way,  that  when 
any  ordinal  number  has  an  element  of  the  aggregate  which  corresponds  to  it, 
each  of  the  preceding  ordinal  numbei*s  also  has  an  element  which  corresponds 
to  it.     The  finite  aggregate  is  usually  onieretl  by  the  process  itself,  the  ranks 
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of  the  various  elements  being  successively  assigned  to  them  as  the  counting 
proceeds.  Those  ordinal  numbers  which  are  employed  in  counting  such  an 
aggregate  may  be  regarded  as  forming  an  aggregate  which  is  similar  to  the 
given  aggregate,  as  ordered  by  the  process  of  counting.  The  last  of  the 
ordinal  numbers  employed  in  counting  a  finite  aggregate,  is  the  ordinal 
number,  or  simply  the  number  (Anzahl)  of  the  ordered  aggregate. 

The  theorem  that  an  ordered  aggregate  is  not  similar  to  any  of  its  parts, 
holds  only  as  regards  finite  aggregates.  It  will  appear  in  the  course  of  the 
discussion  in  Chapter  m.  that  every  aggregate  which  is  not  finite  has  parts 
which  are  similar  to  the  whole ;  and  this  property  is  sometimes  taken  as  the 
basis  of  the  definition  of  an  infinite,  or  transfinite,  aggregate.  For  example, 
the  aggregate  of  ordinal  numbers  1,  2,  3,  ...  is  similar  to  the  part  2,  4,  6,  ... 
which  contains  the  even  numbers  only. 

CARDINAL  NUMBERS. 

6.  If  any  finite  ordered  aggregate  he  re-ordered  in  any  manner,  the 
new  ordered  aggregate  is  finite,  and  has  the  same  ordinal  number  as  the 
original  one. 

In  order  to  prove  this  theorem,  the  following  particular  case  will  be  first 
established : — If  Q  is  a  finite  ordered  aggregate,  the  aggregate  (Q,  e)  obtained 
by  adjoining  to  Q  a  new  element  e  of  higher  rank  than  all  the  elements  of  Q, 
Ls  similar  to  {e,  Q),  in  which  e  has  a  lower  rank  than  all  the  elements  of  Q. 
For  let  Q  =  (Q,,/),  and  let  us  assume  that  the  theorem  holds  for  Qi,  i.e.  that 
(Qi,  e)  is  similar  to  {e,  Qi);  it  follows,  since  a  complete  correspondence  can  be 
established  between  the  elements  of  (Qi,  e)  and  {e,  Qi),  that  the  same  is  true 
of  the  two  aggregates  (Qi,  e,  f)  and  {e,  Qi,  /).  Now  (Qi,  e,  f)\a  similar  to  ? 
(Qii/»  ^)»  since  Qi  can  be  made  to  correspond  to  itself,  etof,  and /to  e,  there- 
fore (Qi,  /,  e)  is  similar  to  {e,  Qi,  /),  or  (Q,  e)  to  (e,  Q),  and  thus  the  theorem 
holds  for  Q  =  (Qi,/),  provided  it  holds  for  Qi.  Now  it  clearly  holds  if  Qi 
consists  of  a  single  element ;  hence  by  induction  it  holds  for  any  finite  ordered 
aggregate  Q.  To  prove  the  theorem  in  the  general  case,  let  us  assume  that 
it  is  true  for  an  aggregate  M\  it  will  then  be  shewn  to  be  true  for  {M,  e).  For 
let  an  aggregate  obtained  by  re-ordering  (M,  e)  be  (iJ,  e,  8),  where  either  R 
or  8  may  be  absent ;  (iJ,  e,  S)  is  similar  to  (R,  S,  e),  for  R  corresponds  with 
itself,  and  it  has  been  shewn  above  that  (e,  S)  is  similar  to  {S,  e).  Since 
(iJ,  S)  is  by  hypothesis  similar  to  M,  it  follows  that  (R,  S,  e)  is  similar  to 
{M,  e),  and  therefore  (R,  e,  S)  is  similar  to  {M,  e).  The  theorem  clearly  holds 
for  an  aggregate  {A,  E)  which  contains  two  elements,  hence  by  induction  it 
holds  for  every  finite  ordered  aggregate. 

It  follows  from  the  theorem  which  has  been  established  above,  that,  for 
any  aggregate  which  can  he  ordered  as  a  finite  ordered  aggregate,  the  ordinal 
number  is  independent  of  the  mode  in  which  the  aggregate  is  ordered. 
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It  will  be  found,  when  the  generalization  of  ordinal  numbers  for  non-finite 
aggregates  is  considered  in  Chapter  III.,  that  this  property,  that  the  ordinal 
number  of  an  aggregate  is  independent  of  the  mode  of  ordering,  is  peculiar  to 
finite  aggregates. 

6.  Two  aggregates  are  said  to  be  equivalent^  when  their  elements  can  be 
placed  into  correspondence  so  that  to  each  element  of  either  aggregate  there 
corresponds  one  and  only  one  element  of  the  other  aggregate. 

It  will  be  observed  that  the  relation  of  equivalence  differs  from  that  of 
similarity  in  that  it  contains  no  reference  to  order.  It  is  clear  that  two 
aggregates  which  are  each  equivalent  to  a  third,  are  equivalent  to  one 
another. 

An  unordered  aggregate  is  said  to  be  finite^  when  it  can  be  so  ordered  that 
the  ordered  aggregate  is  finite  in  accordance  with  the  definition  given  in  §  2. 

Two  (finite)  aggregates  which  are  equivalent  ai-e  said  to  have  the  same 
cardinal  number. 

It  thus  appears  that  a  cardinal  number  is  characteristic  of  a  class  of 
equivalent  aggregates. 

Each  of  the  cardinal  numbers  is  to  be  regarded  as  a  unique  ideal  object ; 
the  relation  of  a  cardinal  number  to  a  member  of  the  class  of  equivalent 
aggregates  of  objects,  of  which  it  is  chai*acteristic,  may  be  illustrat-ed  in  the 
same  manner  as  in  §  3,  in  the  case  of  the  ordinal  numbers. 

Since  all  similar  aggregates  are  also  equivalent,  and  since,  in  the  case  of  a 
finite  aggregate,  the  ordinal  number  is  independent  of  the  mode  in  which  the 
aggregate  is  ordered,  it  follows  that  for  every  finite  ordinal  number  there  is  a 
corresponding  cardinal  number. 

The  cardinal  numbers  of  finite  aggregates  are  denoted  by  the  same 
symbols  1,  2,  3, ...  as  the  corresponding  ordinal  numbers.  The  two  kinds 
of  numbers  are  not  symbolically  distinguished  from  each  other,  although 
logically  they  are  not  identical. 

It  will  be  seen  in  Chapter  ill.  that  this  practical  identity  of  ordinal  and 
cardinal  numbers  is  confined  to  the  case  of  the  numbers  corresponding  to 
finite  aggregates,  and  therefore  called  finite  numbers.  The  finite  cardinal 
numbers  form  a  simple  sequence  1,  2,  3, ...  similar  to  the  sequence  of  finite 
ordinal  numbers;  the  expressions  "greater"  and  **less"  are  used  in  relation 
to  two  cardinal  numbers  in  the  same  purely  ordinal  sense,  denoting  higher 
and  lower  rank,  as  in  the  case  of  ordinal  numbers. 

It  is  impossible,  in  a  purely  mathematical  work,  to  enter  into  a  discussion 
of  the  nature  and  proper  definition  of  number  from  a  philosophical  point  of 
view.    One  view  of  number  which  is  widely  held,  is  embodied  in  the  definition 
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by  abstraction,  in  which  the  cardinal  number*  is  regarded  as  the  concept  of 
an  aggregate  which  remains  when  we  make  abstraction  of  the  nature  of  the 
objects  forming  the  aggregate,  and  of  the  order  in  which  they  are  given ; 
the  ordinal  number  is  then  regarded  as  the  concept  obtained  by  making 
abstraction  of  the  nature  of  the  objects  only,  retaining  the  orderf  in  which 
they  are  given  in  the  aggregate.  The  view  has  also  been  maintained  J  that 
a  cardinal  number  is  simply  the  class  of  all  equivalent  aggregates.  A  ten- 
dency has  been  exhibited  amongst  raathematicians§  to  regard  numbers,  at 
least  for  the  purposes  of  analysis,  as  identical  with  the  symbols  which 
represent  them.  In  accordance  with  this  view,  abstract  arithmetic  is  cut 
entirely  adrift  from  the  fundamental  notions  related  to  experience  in  which  it 
had  its  origin,  and  it  is  thus  reduced  to  a  species  of  mechanical  game  played 
in  accordance  with  a  set  of  rules  which,  when  divorced  from  their  origin,  have 
the  appearance  of  being  perfectly  arbitrary ;  though  it  may,  of  course,  be 
said  that  it  is  possible  at  the  end  of  any  arithmetical  process  to  reconnect 
the  symbols  employed,  with  the  ideas  which  originally  suggested  them,  and 
thus  to  interpret  the  results  of  the  purely  symbolical  processes.  Whatever 
view  II  be  adopted  as  to  the  real  nature  of  number  and  its  place  in  a  general 

*  This  Tiew  is  that  of  G.  Cantor ;  see  ^aih,  Annaleriy  vol.  zlvi,  p.  481,  where  the  following 
definition  is  given  : — **  *Machtigkeit/  oder  'Cardinalzahl*  von  M  nennen  wir  den  Allgemeinbegriff 
welcher  mit  Hiilfe  tinseres  activen  Denkvermogens  ans  der  Menge  M  hervorgeht,  dass  von  der 
Besehaffenheit  ihrer  verschiedenen  Elemente  m,  and  von  der  Ordnung  ihres  Gegebenseins  abstra- 
hirt  wird.'*    See  also  Peano,  Formulaires  de  MathSmatiqueSf  1901,  §  32,  *0  Note. 

t  Ordinal  nnmbers  are  frequently  regarded  as  logically  prior  to  cardinal  numbers,  but  this 
order  of  procedure  is  not  a  necessary  one.  In  Dedekind's  tract  **  Was  sind  und  was  sollen  die 
Zablen,*'  Brunswick,  1887  and  1893,  which  has  been  translated  into  English  by  Prof.  W.  W. 
Beman,  under  the  title  "Essays  on  the  Theory  of  Numbers,"  1901,  a  detailed  treatment  of  the 
rabject  is  given,  in  which  the  notion  of  order  is  regarded  as  fundamental. 

t  See  B.  BuBsell,  The  Principles  of  Mathematics^  voL  i,  chap.  xi. 

%  For  example  see  Heine,  CreUe's  Journal^  vol.  lxxiv  (1872),  p.  173,  where  the  matter  is  stated 
in  the  following  plain  form :  "  Ich  nenne  gewisse  greifbare  Zeichen  Zahlen,  sodass  die  Existenz 
dieser  Zahlen  also  nicht  in  Frage  steht."  Again,  Helmholtz  appears  to  hold  a  view  closely 
approaching  the  notion  that  Arithmetic  is  the  art  of  manipulating  certain  signs  according  to 
certain  roles  of  operation ;  he  ¥rrites  in  Oes,  Abh.  voL  in,  p.  359,  "  Ich  betrachte  die  Arithmetik 
oder  die  Lehre  von  den  reinen  Zahlen  als  eine  auf  rein  psychologische  Thatsachen  aufgebaute 
Methode,  durch  die  die  folgerichtige  Anwendung  eines  Zeichensystems  (namlich  der  Zahlen)  von 
nnbegrenzter  Ausdehnung  und  unbegrenzter  Mdglichkeit  der  Verfeinerung  gelehrt  wird.  **  Refer- 
ence may  be  made  to  an  essay  by  A.  Pringsheim  in  the  Jahresberichte  der  d.  math.  Vereinigungy 
▼oL  VT,  1899,  **Ueber  den  Zahl-  und  Qrenzbegriff  im  Unterrioht.**  In  an  article  entitled  "Die 
Da  Bois  Beymond'sche  Ck)nvergenz-Grenze,''  Sitzungsberichte  d.  bayer.  Akad,  vol.  xxvn,  1897, 
Pringsheim  speaks  of  numbers  as  "  Zeichen,  denen  lediglich  eine  bestimmte  Succession  zukommt." 
See  p.  826.  This  article  contains  various  remarks  on  arithmetization,  and  especially  a  criticism 
of  the  views  of  P.  Dn  Bois  Beymond.  A  searching  criticism  of  the  tendency  to  reduce  Arithmetic 
to  the  formal  manipulation  of  symbols  is  given  in  L.  Couturat's  work  De  Vinjini  timthimatique^ 
Pluit,  1896,  which  contains  a  valuable  account  and  discussion  of  theories  of  the  philosophy  of 
arithmetio. 

U  Beferenees  to  the  literature  relating  to  the  Philosophy  of  Number  will  be  found  in  the 
Article  i.  A.  1,  **  Gmndlagen  der  Arithmetik,"  by  H.  Schubert,  in  the  Encyclopddie  der  mathe- 
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scheme  of  thought,  the  assumption  of  the  right  to  hypostatize  numbers 
would  appear  to  be  an  essential  condition  of  the  possibility  of  developing  an 
abstract  arithmetic,  and  consequently  of  the  establishment  of  mathematical 
analysis  in  general. 

THE  OPERATIONS  ON   INTEGRAL  NUMBERS. 

7.  If  two  finite  ordered  aggregates  A  and  B,  of  which  the  ordinal 
numbers  are  a  and  6  respectively,  are  combined  into  a  single  ordered 
aggregate  in  which  the  elements  of  A  have  all  lower  rank  than  those  of 
5,  and  in  which  any  two  elements  of  A^  and  any  two  elements  of  5,  have 
the  same  relative  orders  as  in  the  original  aggregates,  then  the  ordincU 
number  of  the  combined  aggregate  is  said  to  be  the  sum  of  the  ordinal  numbers 
a  and  6,  and  is  denoted  by  a  H-  6. 

It  can  be  shewn  that  the  new  aggregate  is  a  finite  one,  and  that  its 
ordinal  number  is  unaltered  if  for  A  and  B  there  be  substituted  aggregates 
which  are  similar  to  them ;  it  thus  appears  that  the  sum  a  +  6  is  a  finite 
number  which  depends  only  upon  a  and  6. 

The  aggregate  (-4,  B)  has  as  lowest  element  the  lowest  element  of  A, 
and  as  highest  element  the  highest  element  of  B;  moreover  any  part  of 
(A,  B)  is  of  the  form  {A\  B)^  where  A'  is  a  part  of  -4,  and  fi'  is  a  part  of  B ; 
or  else  it  has  one  of  the  forms  A\  B\  and  since  A\  J5'  have  each  a  lowest 
and  a  highest  element,  any  such  part  of  (^,  B)  has  a  lowest  and  a  highest 
element.     Thus  {Ay  B)  is  finite. 

Again,  if  Ai,  B^  are  aggregates  which  are  similar  to -4  and  B  respectively, 
the  elements  of  ^  may  be  placed  in  correspondence  with  those  of  ^i,  and  the 
elements  of  B  with  those  of  B^ ;  we  have  then  a  (1, 1)  correspondence  between 
the  elements  of  (-4,  B)  and  those  of  {A^,  B^ ;  thus  the  ordinal  number  of 
(-4,  B)  is  the  same  as  that  of  (-4i,  B^, 

Since  (il,  B)  has  the  same  ordinal  number  as  {B,  A)  it  follows  that 
a-\-b^b'\-ay  which  is  known  as  the  commutative  law  of  addition. 

If  a,  b  are  the  cardinal  numbers  of  two  finite  aggregates  A,  B,  then  the 
cardinal  number  of  the  aggregate  formed  by  combining  the  two  aggregates 
into  one  is  said  to  be  the  sum  of  a  and  6,  and  is  denoted  by  a  +  6.  That  a  +  6 
is  a  definite  finite  number  dependent  only  on  a  and  b,  follows  at  once  from 
the  corresponding  theorem  which  has  been  proved  for  cardinal  numbera 

matiarhen  Wissenschaftetiy  vol.  i;  also  in  E.  G.  Husserrs  Philosopkie  der  Arithmetikf  vol.  I,  ohape. 
5  and  6,  Halle,  1S91.  The  view  that  Number  is  fundamentally  dependent  on  the  notion  of 
Time  was  developed  by  Sir  W.  R.  Hamilton;  see  the  Dublin  Transactions,  vol.  xvn  (II),  1886, 
'*  Theory  of  Conjugate  Functions  or  Algebraic  Couples  with  a  Prelimiuary  and  Elementary  Essay 
on  Algebra  as  the  Science  of  Pure  Time";  see  also  Helmholtz*s  essay  **  Zahlen  und  Messen" 
(1887),  where  the  view  is  adopted  that  the  axioms  of  Arithmetic  have  a  relation  to  the  intuitional 
form  of  Time,  similar  to  that  which  the  axioms  of  Geometry  have  to  the  intuitional  form  of  space. 
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The  operation  of  finding  the  sum  of  two  numbers  a  and  b,  is  known  as  the 
operation  of  addition,  and  it  has  been  shewn  that  this  operation  is  commuta- 
tive. It  should  be  observed  that  the  sum  of  two  numbers  a  and  6  cannot  be 
determined  merely  by  contemplating  those  numbers  themselves  as  abstract 
concepts,  but  can  only  be  defined  as  above,  by  referring  to  aggregates  of  which 
a  and  b  are  the  numbers,  and  then  combining  those  aggregates.  The  number 
of  the  combined  aggregate  is  then  conceived  of  as  the  result  of  a  symbolical 
operation  upon  the  numbers  a  and  b.  For  example,  the  equation  5  +  3  =  8 
does  not  imply  that  the  concept  8  is  obtainable  by  placing  the  concepts 
5,  3  as  it  were  in  juxtaposition,  but  can  only  be  regarded  as  a  symbolical 
expression  of  the  fact  that  an  aggregate  of  5  objects  together  with  one  of 
3  objects  make  up  an  aggregate  of  8  objects.  Bearing  this  observation  in 
mind,  the  numbers  1,  2,  3,...  are  represented  symbolically  as  the  results  of 
successive  operations  of  addition,  1  +  1=2,  2  +  1  =  3,  3  +  1  =  4,  etc. ;  but 
these  equations  do  not  express  definitions  of  the  numbers  2,  3,  4, ... ,  since 
from  the  concept  unity  taken  by  itself,  no  other  concept  is  directly  derivable. 

The  operation  of  addition  can  be  extended  by  continued  repetition.  Thus 
the  sum  of  a,  6,  c, ...  A:  is  a  finite  number  represented  by  a  +  6  +  c  +  ...+A;, 
and,  in  particular,  any  number  n  is  represented  byn  =  l  +  l  +  l  +  ...  +  l.  An 
iaimediate  induction  shews  that  the  result  of  the  operation  of  addition 
repeated  any  definite  number  of  times  is  a  finite  number  dependent  only 
on  the  constituents  of  the  summation. 

The  associative  law  of  addition,  a  +  (b'{-c)'=(a-^b)-^c,  follows  from  the 
irrelevancy  of  the  order  in  which  the  operations  are  performed.  This  is  seen 
from  the  contemplation  of  aggregates  of  which  a,  6,  c  are  either  the  ordinal 
or  the  cardinal  numbers. 

8.  If  in  a  finite  aggregate  of  which  the  number  is  6,  each  element  be 
replaced  by  a  finite  aggregate  of  which  the  number  is  a,  the  number  of  the  new 
aggregate  so  formed  is  said  to  be  the  product  of  b  by  a,  and  is  denoted  by  ab. 
This  operation  is  said  to  be  that  of  multiplying  b  by  a.  By  taking  the 
aggregates  to  be  ordered,  it  is  seen  at  once  that  the  new  aggregate  satisfies 
the  conditions  that  it  is  finite,  and  that  its  number  is  unaltered  by  the 
substitution  of  similar  aggregates  of  other  objects  for  those  originally  em- 
ployed.    Thus  ab  18  a  definite  number  dependent  only  on  a  and  6. 

It  is  clear  that  ah  may  be  regarded  as  the  sum  a  +  a  +  a  +  ...,  where  a 
occurs  b  times  in  the  operation. 

If  the  ordered  aggregate  of  which  the  number  is  ab,  be  re-ordered  in  the 
following  manner : — take  the  first  element  of  each  of  the  aggregates  of  which 
a  is  the  number,  then  the  second  elements  of  these  aggregates,  and  so  on, 
with  lastly  the  ath  elements  of  these  aggregates,  then  we  have  as  the  result 
of  the  process  an  aggregate  of  which  the  number  is  a,  and  each  element  of 
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which  coDsists  of  an  aggregate  of  which  the  number  is  6;  the  re-ordered 
aggregate  has  the  number  ha.  It  has  thus  been  shewn  that  ab  =  ha,  which 
is  expressed  by  saying  that  the  operation  of  multiplication  of  finite  integers 
is  commutative. 

The  distributive  law  for  multiplication,  a  Q>  •\' c)  =  ab  •¥  ac,  follows  from 
the  definition  of  the  operation,  by  considering  the  aggregates  of  which 
a,  6,  c  are  the  numbers. 

An  immediate  induction  shews  that  the  repetition  of  the  operation  of 
multiplication  any  definite  number  of  times  gives  a  finite  number  dependent 
only  on  the  numbers  multiplied,  and  independent  of  the  order  in  which  the 
operations  are  performed. 

The  result  of  the  operation  of  multiplying  the  number  a  by  itself  is 
denoted  by  a~,  where  n  is  the  number  of  times  a  occurs  in  the  product 
a. a. a,,, a.     From  this  definition  the  law  a^,a^  =  a"*"^,  is  directly  deducible. 

9.  If  the  sum  of  two  numbers  a,  h  be  denoted  by  c,  the  number  a  is 
uniquely  determined  when  6,  c  are  fixed ;  and  it  is  then  regarded  as  the  result 
of  the  operation  of  subtracting  6  from  c.  The  operation  of  subtraction  is 
thus  defined  as  inverse  to  that  of  addition.  If  c  =  a  +  6,  a  is  obtained  as  the 
result  of  the  operation  denoted  by  c  — 6,  which  is  such  that  (c  — 6)  +  6  =  c. 
It  is  obvious  that  the  operation  of  subtraction  of  h  firom  c  is  only  possible  in 
case  oh. 

If  the  product  of  two  numbers  a,  h  be  the  number  c,  then  the  number  a 
is  uniquely  determined  when  h  and  c  are  given ;  and  a  is  regarded  as  the  result 
of  the  operation  of  division  of  c  by  6.  The  operation  of  division  so  defined 
is  inverse  to  that  of  multiplication ;  it  is  clear  that  the  operation  is  only 
possible  in  case  c  is  one  of  the  class  of  numbers  6,  26,  36, 

FRACTIONAL   NUMBERS. 

10.  The  operation  of  multiplying  two  integers  a,  h  together,  is  one 
which  is  always  a  possible  operation,  in  accordance  with  the  definition  of  the 
operation  of  multiplication  which  has  been  given  above ;  the  inverse  opera- 
tion of  division  is  however,  as  we  have  seen,  not  always  a  possible  one.  This 
restriction  upon  the  possibility  of  the  operation  of  division  suggests  the 
introduction  into  Arithmetic  of  a  new  class  of  numbers,  the  rational  fractions, 
which,  when  defined,  shall  be  such  that  the  operation  of  division,  within  the 
whole  aggregate  of  integers  and  fi-actions,  may  be  a  possible  one  without 
restriction.  Stated  in  algebraical  form,  the  demand  arises  for  a  scheme  of 
numbers  such  that  the  equation  ax  =  h,  shall  always  have  a  solution  in  x, 
where  a,  h  are  any  two  numbers  which  belong  to  the  contemplated  aggregate 
of  numbers. 
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The  actual  use  of  fractional  numbers  arose  historically  from  the  neces- 
sities of  the  process  of  measurement  of  extensive  magnitude,  and  the 
conception  of  a  fraction  which  arises  in  this  connection  is  the  one  which  is 
used  in  ordinary  life,  and  is  made  the  basis  of  the  treatment  of  the  theory 
of  fractions,  even  in  recent  scientific  text-books.  In  accordance  with  this 
view,  a  unit  of  magnitude  of  some  kind  is  divided  into  6  equal  parts,  and  a 
of  these  parts  are  taken ;  the  resulting  magnitude  is  then  denoted  by  the 
fraction  a/b. 

This  notion  of  the  essential  nature  of  a  fraction,  dependent  as  it  is  upon 
the  notions  of  a  unit,  and  of  the  divisibility  of  such  unit  into  equal  parts,  is 
incompatible  with  the  modem  view  that  Mathematical  Analysis  should  be 
developed  upon  the  basis  of  a  Pure  Arithmetic,  quite  independently  of  all 
notions  connected  with  the  measurement  of  extensive  magnitude.  The 
modem  tendency  known  as  Arithmetization  manifests  itself  in  the  construc- 
tion of  theories  of  Number  and  of  the  operations  involving  numbers,  which 
depend  entirely  upon  the  conceptions  connected  with  the  process  of  counting, 
measurement  being  regarded  as  a  process  foreign  to  Pure  Arithmetic.  The 
process  of  counting  is  an  exact  one :  whereas  measurement  can  in  practice 
only  be  carried  out  with  a  greater  or  less  degree  of  approximation,  and  can 
only  ideally  be  made  an  exact  process.  Pure  Arithmetic  is  made  the  basis  of 
Analysis,  not  only  in  accordance  with  the  general  principle  that  the  funda- 
mental conceptions  of  a  branch  of  science  should  be  irreducible  to  simpler 
conceptions,  but  also  because  the  theory  of  ideally  exact  measurement  has 
peculiar  difficulties  of  its  own.  Our  essentially  inexact  intuitions  of  spatial, 
temporal,  or  other  magnitudes,  necessitate  a  process  of  idealization  in  which 
the  objects  of  perception  are  replaced  by  ideal  objects  subject  to  an  exact 
scheme  of  definitions  and  postulates,  in  order  that  an  exact  science  of 
measurement  may  be  possible.  The  view  is  at  present  held  by  the  majority 
of  mathematicians  that  the  nature  of  the  abstract  continuum,  and  that  of  a 
limit,  are  capable  of  exact  formulation  only  in  the  language  of  a  Pure 
Arithmetic;  and  that  this  science  must  therefore  be  developed  upon  an 
independent  basis  before  it  can  be  applied  to  the  elucidation  of  the  con- 
ceptions requisite  for  an  abstract  theory  of  continuous  magnitude.  The 
theory  of  measurement  is,  in  accordance  with  this  view,  regarded  as  an 
application,  and  not  as  part  of  the  basis,  of  Mathematical  Analysis. 

11.  By  those  writers  who  are  under  the  influence  of  the  modern 
aritfametizing  tendency,  the  traditional  non-arithmetical  definition  of  a 
fraction  has  been  abandoned,  and  in  its  place  a  formal  definition  has  been 
substituted,  in  which  the  fraction  is  regarded  as  an  association  of  a  pair  of 
integers.  The  associated  integers  are  regarded  as  making  a  single  object,  and 
laws  of  combination  of  these  objects  are  then  postulated. 

If  a,  b  are  two  integers,  a  new  number  (a,  6),  or  in  ordinary  notation 
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|-,  is  formed  by  the  association  of  a  and  6,  the  new  number  being  defined  to 
be  such  as  to  satisfy  the  following  conditions : 

(1)  (a,  h)  is  regarded  as  ordinally  greater,  equal  to,  or  less  than  (c,  d), 
according  as  ad  is  greater,  equal  to,  or  less  than  6c.  The  expressions  greater, 
equal  to,  or  less  than,  are  here  used,  not  in  their  primitive  sense  as  referring 
to  magnitude,  but  in  the  sense  in  which  we  have  used  them  in  the  case 
of  integers,  as  assigning  relative  order  to  the  numbers. 

(2)  (a,  1)  is  defined  as  equal  to  a;  thus  if  6  =  1,  the  association  is 
regarded  as  equivalent  to  the  integer  a.  Taking  (1)  in  conjunction  with 
this  postulate,  the  new  numbers  have  their  orders  assigned,  not  only  rela- 
tively to  one  another,  but  relatively  also  to  the  integral  numbers;  so  that 
the  whole  aggregate  of  integers  and  fractions  is  ordered,  in  the  sense  that, 
of  two  given  numbers,  it  can  always  be  said  which  has  the  higher  rank. 

(3)  The  addition  of  two  fractional  numbers  is  defined  by 

(a,  6)  +  (c,  d)  =  (ad  +  6c,  hd), 

(4)  The  multiplication  of  fractional  numbers  is  defined  by 

(a,  6)  X  (c,  d)  =  {dCy  bd), 

(5)  The  use  of  a  fraction  as  an  index,  is  defined  by  the  postulate 

where  x  is  any  number,  either  integral  or  fractional.  The  symbol  x^^*^^  is 
to  be  intei'preted  subject  to  this  postulate,  in  case  such  interpretation 
is  possible. 

It  will  be  observed  that,  in  the  case  6  =  1,  d  =  1,  the  above  definitions  are 
consistent  with  those  which  have  been  adopted  in  the  case  of  integral 
numbers;  and  thus  the  new  numbers,  together  with  the  integers,  form  an 
aggregate  with  uniform  laws  of  operations.  It  is  easily  seen  that  the  opera- 
tions with  new  numbers  satisfy  the  commutative,  associative,  and  distributive 
laws.  The  inverse  operation  of  division  is  now  one  which  is  always  possible 
within  the  domain  of  the  numbers ;  thus  (a,  6)  -t-  (c,  d)  =  (ad,  be).  The 
inverse  operation  of  subtraction,  (a,  6)  —  (c,  d)  =  (ad  —  6c,  6d),  is  only  possible 
if  (a,  6)  >  (c,  d). 

The  association  of  a  pair  of  integers  is  a  "  number "  in  quite  a  different 
sense  from  that  in  which  the  cardinal  and  ordinal  numbers,  hitherto  discussed, 
are  numbers.  The  justification  of  the  extensioa  of  the  term  "number"  to 
the  fractions,  lies  in  the  fact  that  a  consistent  scheme  of  operations  can  be 
imposed  upon  them,  of  which  the  laws  are  in  agreement  with  those  which 
hold  for  operations  which  involve  integers  only. 
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12.  The  scheme  which  has  been  above  iDdicated  suflSces  for  a  formal 
definition  and  logical  development  of  the  properties  of  fractions,  but  it  is 
subject  to  the  objection  that  it  is  of  an  arbitrary  character ;  indeed  it  is  not 
easy  to  see  why  the  particular  laws  of  operations  have  been  postulated, 
except  as  suggested  by  the  traditional  non-arithmetical  conception  of  a 
fraction. 

To  remedy  this  defect,  a  view  of  the  nature  of  a  fraction  will  be  here 
given  which  relates  the  fraction  with  the  process  of  counting,  in  such  a 
manner  that  fractional  and  integral  numbers  have  similar  relations  to  that 
process.  It  will  appear  that  the  laws  of  combination  given  above  naturally 
follow  from  this  mode  of  regarding  the  fraction,  with  the  exception  of  (5), 
which  is  however  immediately  suggested  by  the  rule  for  integral  indices. 

Consider  an  aggregate  of  h  objects,  and  out  of  these  h  objects  pick  out 
any  a  (^  b)  of  them.  If  we  regard  these  a  objects  not  only  as  single  objects 
of  number  a,  but  also  as  belonging  to  an  aggregate  whose  number  is  6,  we 
may  denote  the  a  objects  by  (a,  b\  where  their  number  a  is  associated  with 
the  cardinal  number  h  of  the  aggregate  to  which  they  belong.  This  process 
being  independent  of  the  particular  aggregate  used,  the  abstract  fraction 
(a,  6)  is  related  to  this  process  in  an  analogous  manner  to  that  in  which  the 
number  h  is  related  to  the  process  of  counting  an  aggregate  whose  cardinal 
number  is  6.  Thus  the  fraction  (a,  6),  or  a/&,  is  characteristic  of  an  aggregate 
of  a  objects  each  of  which  belongs  to  an  aggregate  of  h  objects.  The 
extension  of  the  definition  to  the  case  a  >  6,  is  clear  when  we  observe  that 
it  is  unessential  that  the  a  objects  taken  should  all  belong  to  one  and  the 
same  aggregate  of  b  objects ;  it  is  sufficient  that  each  of  them  be  regarded 
as  essentially  belonging  to  some  aggregate  of  cardinal  number  K  In 
accordance  with  this  view,  a  fraction,  say  3/5,  is  characteristic  of  any  three 
things  each  of  which  belongs  to  an  aggregate  of  five  things,  x.e,  3/5  means 
3  out  of  5.  That  the  three  things  taken  out  of  five  should  necessarily 
all  be  equal  in  respect  of  size,  or  some  other  kind  of  magnitude,  is  as 
irrelevant  to  the  true  nature  of  a  fraction  as  the  assumption  of  five  things 
necessarily  meaning  five  equal  things,  is  to  the  true  nature  of  the  number 
five. 

Since  (a,  1)  is  characteristic  of  an  aggregate  of  a  things  each  of  which  is 
alao  regarded  as  a  single  object,  it  is  clear  that  (a,  1)  is  identical  with  a. 

If  we  suppose  each  of  the  b  elements  in  an  aggregate,  of  which  the 
cardinal  number  is  i,  to  be  replaced  by  an  aggregate  of  n  elements,  we 
have  now  an  aggregate  with  nb  for  its  cardinal  number;  and  instead  of  a 
elements  chosen  out  of  this  aggregate  we  now  have  na  of  the  new  elements, 
each  of  which  is  to  be  regarded  as  associated  with  the  cardinal  number  nb. 
We  represent  these  na  elements  by  (na,  nh\  which  is  equivalent  to  (a,  6), 
since  the  two  forms  represent  two  different  aspects  of  the  same  process. 
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Therefore  we  have  (a,  h)  =  (na,  ni),  or  in  the  ordinary  notation  ajb  =  na/nb. 
This  relation  is  in  complete  accordance  with  the  law  of  logical  (not  arith- 
metical) addition,  that  a  mere  repetition  of  a  term  yields  only  the  term 
itself. 

Since  (a,  b)  =  (ad,  bd),  and  (c,  d)  =  (6c,  bd),  we  regard  (a,  6)  as  greater, 
equal  to,  or  less  than  (c,  d),  in   the  purely  ordinal   sense   of  the   terms, 

according  as  act  is  =  be.  For  the  two  numbers  (ad,  bd),  (be,  bd)  are  character- 
istic of  the  process  of  taking  ad,  be  elements  respectively  from  an  aggregate 
of  the  same  cardinal  number  bd;  and  thus  the  relative . order  of  the  two 
numbers  (a,  b),  (c,  d)  will  naturally  be  fixed  in  accordance  with  the  relative 
order  of  the  two  numbers  ad,  be. 

The  addition  of  the  two  numbers  (a,  b)  and  (c,  d)  is  equivalent  to  that  of 
(ad,  bd)  and  (be,  bd),  and  is  consequently  naturally  defined  as  given  by 
(ad  -f  be,  bd),  which  characterises  the  amalgamation  of  two  aggregates  of 
which  the  numbers  are  ad,  be,  the  elements  of  each  of  which  all  belong  to 
an  aggregate  of  number  bd,  or  to  one  of  several  such  aggregates. 

To  interpret  the  operation  of  multiplication,  let  us  consider  an  object 
represented  by  (e,  d) ;  this  consists  of  c  things  each  belonging  to  an  aggregate 
of  d  things.  To  multiply  it  by  (a,  b),  is  to  take  a  such  objects  each  of  which 
belongs  to  an  aggregate  of  b  such  objects ;  we  have  on  the  whole  one  or 
more  aggregates  of  bd  elements,  and  out  of  these,  ac  elements  are  to  be 
taken.  Thus  the  multiplication  of  the  number  (e,  d)  by  the  number  (a,  b) 
may  be  understood  to  characterise  the  result  of  taking  a  objects  each  of 
which  is  characterised  by  (c,  d),  out  of  one  or  more  collections  of  b  objects 
each  of  which  objects  is  characterised  by  (c,  d).  This  is  the  same  thing  as 
the  process  of  taking  ae  objects  out  of  one  or  more  aggregates  of  bd  objects, 
and  is  characterised  by  the  number  (ae,  bd) ;  we  are  thus  led  to  the  law  of 
multiplication 

(a,  b)  X  (c,  d)  =  (ae,  bd),  ^^  ^  x  ^  =  ^ . 

NEGATIVE   NUMBERS,   AND  THE   NUMBER  ZERO. 

13.  Although  the  operation  of  addition  is  always  possible  within  the 
aggregate  of  integral  and  fractional  numbers,  yet  the  inverse  operation  of 
subtraction  is  not  always  possible ;  thus  a  number  x  cannot  be  found  such 
that  x  +  (c,  d)  =  (a,  b),  unless  (a,  b)  >  (e,  d).  As  the  limitation  of  the  possi- 
bility of  division  suggests  the  introduction  of  fractional  numbers,  so  this 
limitation  of  the  possibility  of  subtraction  suggests  the  introduction  of  a 
further  set  of  new  numbers,  which  shall  be  such  that  within  the  so  completed 
aggregate,  subtraction  may  always  be  a  possible  operation. 
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If  a,  )8,  7,  S  denote  integral  or  fractional  numbers  such  that  a  >  )9,  7  >  S ; 
we  may  put  a  =  )8  +  fl7,  7  =  8  +  y;  then  a?=a  —  /8,  y  =  7  —  8.     We  have 

a  +  7  =  )8+8  +  a;  +  y, 

hence  «  +  y  =  (a  +  7)-()8  +  8), 

or  (a-/3)  +  (7-S)  =  (a  +  7)«(/3  +  S) (1). 

Again,  if  a  —  )8  =  7  —  S,  ie.  a;  =  y,  we  have  a+S=/8  +  8H-a:  =  /8  +  7; 

or  a  +  8  =  )8+7,  if  a-/8  =  7--S  (2). 

Lastly,  we  have 

a7  =  (/8  +  a?)(8-hy)  =  /8(8+y)  +  a;(S  +  y) 

hence  a7  +  /88  =  /8  (y  +  S)  +  S  (a?  +  /8)  +  ay 

=  ^87  +  aS  +  icy  ; 

hence  (a-/S)(7- 8)  =  (o7  +  )8S)-(a5 +  ^87) (3). 

The  rules  (1),  (2),  (3),  with  regard  to  the  numbers  a  — /8,  7  —  S,  which  so 
fiar  exist  only  when  a  >  /8,  7  >  8,  suggest  the  mode  of  the  extension  referred 
to  above. 

14.  Let  a,  )9  be  any  two  numbers  integral  or  fractional,  and  conceive  a 
new  number  D  (a,  )8),  formed  by  the  association  of  a  and  /8,  to  be  defined  as 
subject  to  the  laws 

(4)  i)(a,/3)  =  i)(7,8),  if  a  +  8  =  /3  +  7, 

(5)  2)(a,/3)  +  i)(7,8)  =  2)(a  +  7,/9+8), 

(6)  D(a,/8)x2)(7,8)=2)(a7  +  /88,a8  +  /37): 

it  will  be  observed  that  when  a  >  /8,  and  7  >  8,  D  (a,  /8)  may  denote  a  —  /8, 
the  three  laws  becoming  (2),  (1),  (3).  It  will  now  be  shewn  that  the  symbol 
D  (a,  ff)  defines  a  number  of  an  aggregate  within  which  the  operation  of 
subtraction  is  always  possible.      For,  to  find  a  number  x,  such  that 

a?  +  i)(a,  )8)  =  D(7,  8),  we  see  that  a:  =  7) (/8  +7,  a+  8), 
since  i)(a  +  )8  +  7,  a  +  /8+8)  =  2)(7,  8),  in  virtue  of  (4). 

Since  D(a,  a)  =  D{%  7),  we  see  that  2)(a,  o)  is  independent  of  a;  and 
thus  D{%  a)  defines  a  new  number  which  is  called  the  number  zero,  and 
is  denoted  by  the  symbol  0. 

The  number  zero  is  regarded  as  characteristic  of  the  absence  of  all 
elements  from  an  aggregate  of  which  the  existence  has  been  contemplated ; 
it  is  the  number  of  such  a  hypothetical  aggregate,  in  a  sense  similar  to  that 
in  which  a  positive  integer  is  the  number  of  an  actual  aggregate. 

The  number  D(a'\-k,  k)  depends  only  on  a,  and  we  shall  postulate  that 
it  is  identical  in  meaning  with  a  itself. 

H.  2 
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The  numbers  D  (a,  /8),  or  a  -  /8,  for  which  tk>  fi,  are  called  positive 
numbers,  and  form  the  aggregate  of  integral  and  fractional  numbers  we 
have  previously  considered. 

Those  numbers  for  which  a<  /8,  are  called  negative  numbers. 

Since  by  (5),  I)  (a,  /3)  +  D  (/8,  a)  =  D  (a  +  )8,  a  +  /??)  =  0,  the  number  D  (/8,  a) 
may  be  denoted  by  —  D  (a,  /8),  or  in  ordinary  notation  —  (a  —  fi\  Thus  to  every 
positive  number  x  there  corresponds  a  single  negative  number  —a?,  which  is 
such  that  X'\-{  —  x)  =  0, 

We  may  now  use  the  notation  a  —  /8  in  every  case  for  D  (a,  )8),  and  thus 

a-/3  =  -(/3-a). 

From  (6),  it  is  seen  that  the  operation  of  division  is  always  possible  for 
two  members  of  the  complete  aggregate  of  positive  and  negative  numbers,  and 
zero,  except  when  the  divisor  is  the  number  zero,  in  which  case  the  operation 
is  meaningless. 

From  (6),  we  see  by  putting  7  =  S,  J\r= i) (a,  fi\  that  i\r.  0  =  0.  From  (5), 
we  have  N'\-0  =  N, 

Any  number  D  (a,  /8)  is  said  to  be  greater  in  the  ordinal  sense  than 
X)(7,  S),  when  i)(a,  /8)  —  -D(7,  S)  is  positive ;  thus  the  complete  aggregate  of 
positive  and  negative  integral  and  fractional  numbers  together  with  the 
number  zero,  is  one  in  which  all  the  numbers  are  arranged  in  a  definite 
order.     This  aggregate  is  known  as  the  aggregate  of  raiional  numbers. 

In  the  aggregate  of  rational  numbers  so  ordered,  the  number  zero  has 
lower  rank  than  any  of  the  positive  numbers,  and  higher  rank  than  any  of 
the  negative  numbers.  Further,  if  x,  y  are  two  positive  numbers  of  which  x 
has  higher  rank  than  y,  the  negative  number  —  x  has  lower  rank  than  —  y. 

If  X,  y  are  any  two  rational  numbers,  such  that  x  <y,  there  exist  an  un- 
limited number  of  rational  numbers  eaxih  of  which  is  >  x,  and  <  y. 

Such  numbers  are  said  to  be  between  x  and  y.  For  it  can  be  seen  at  once, 
from  the  definition  of  order  given  above,  that  J(a7  +  y)  is  one  such  number; 
between  \{x  +  y)  and  either  x  or  y, another  rational  number  can, in  a  similar 
manner,  be  found.  This  process  can  be  carried  on  without  end ;  and  it  is 
clear  that  in  accordance  with  the  mode  of  ordering  of  the  aggregate,  defined 
above,  all  the  numbers  thus  determined  are  between  x  and  y. 

If  x,y  are  any  two  positive  rational  numbers  such  tha;t  x<y^an  integer  n 
can  be  found  which  is  such  thai;  nx>y. 

For  -  is  a  rational  number  such  that  - .  a;  =  a; ;  again  if  -  be  any  positive 

rational  number,  there  exist  integers  which  are  > -,  for  i>  +  1  is  itself  such 

an  integer.     If  n  is  an  integer  which  is  >  - ,  we  have  nx>^ ,x>y]  thus  the 
theorem  is  established. 


y\ 
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IRRATIONAL  NUMBERS. 

16.  The  only  numbers  of  which  the  existence  was  recognized  by  the 
Greek  geometers  were  the  rational  numbers,  although  the  fact  that  the  ratio 
of  two  geometrical  magnitudes  is  not  necessarily  exactly  representable  by 
such  numbers  appears  to  have  been  discovered  at  a  very  early  period.  Euclid 
gave,  in  the  fifth  book  of  his  treatise,  a  discussion  of  the  theory  of  ratios,  and 
in  the  tenth  book,  a  theory  of  those  incommensurable  magnitudes  which  are 
ideally  constructible  by  means  of  straight  lines  and  circles.  In  later  times*, 
the  idea  was  current  that,  to  the  ratio  of  any  two  magnitudes  of  the  same  kind, 
there  corresponds  a  definite  number ;  and  in  fact  Newton  in  his  Arithmetica 
Universalis  expressly  defines  a  number  as  the  ratio  of  any  t,wo  quantities. 
Before  the  recent  development  of  the  arithmetical  theories  of  irrational 
number,  and  to  a  considerable  extent  even  later,  a  number  has  been  regarded 
as  the  ratio  of  a  segment  of  a  straight  line  to  a  unit  segment,  and  the 
conception  of  irrational  number  as  the  ratio  of  incommensurable  segments 
has  been  accepted  as  a  sufficient  basis  for  the  use  of  such  numbers  in 
Analysis. 

In  accordance  with  the  doctrine  that  Mathematical  Analysis  must  rest 
upon  a  purely  arithmetical  basis,  the  introduction  of  irrational  numbers  into 
Analysis  must  be  made  without  an  appeal  to  our  intuition  of  extensive 
magnitude,  but  rather  by  an  extension  of  the  conception  of  Number,  resting 
on  a  further  development  of  the  ideas  which  have  been  here  discussed  in 
connection  with  the  theory  of  rational  numbers.  The  necessity  for  this 
extension  of  the  domain  of  Number  arises  not  only  on  account  of  the 
inadequacy  of  rational  numbers  for  application  to  ideally  exact  measure- 
ment, but  abo,  as  will  be  explained  later  in  detail,  because  the  theory  of 
limits,  which  is  an  essential  element  in  Analysis,  is  incapable  of  any  rigorous 
formulation  apart  from  a  complete  arithmetical  theory  of  irrational  numbers. 

Before  the  recent  establishment  of  the  theory  of  irrational  numbers,  no 
completely  adequate  theory  of  Magnitude  was  in  existence.  This  is  not 
Burprising,  if  we  recognize  the  fact  that  the  language  requisite  for  a  complete 
description  of  relations  of  magnitudes  must  be  provided  by  a  developed 
Arithmetic. 

16.  The  successive  extensions  of  the  domain  of  Number,  by  the  intro- 
duction of  fractional  and  of  negative  numbers,  were  suggested  by  the 
desirability  of  so  completing  the  domain  that  the  operations  of  division  and 
sobtraction,  which  are  not  always  possible  in  the  more  limited  domain,  might 

*  A  good  short  aooonnt  of  the  history  of  this  subject  wiU  be  found  in  the  Article  I.  A  8, 
**  Irz&tionalzahlen  and  Konvergenz  unendlioher  Prozesse,**  by  A.  Pringsheim,  in  the  Encyclo- 
p&die  der  Math.  WUtemehaftenj  vol.  i.    See  Also  M.  Cantor,  OesehiehU  der  Math.,  vol.  i. 
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always  be  so  in  the  more  extended  one.  In  the  aggregate  of  rational 
numbers,  the  operations  of  addition,  subtraction,  multiplication,  and  division 
are  always  possible  operations;  but  it  can  be  readily  shewn  that  the  inverse 
operation  involved  in  determining  a  fractional  power  of  a  rational  number  is 
not,  in  general,  a  possible  one. 

As  the  simplest  case  of  this  impossibility  of  such  operation,  we  may  take 
the  problem  of  finding  the  square  root  of  a  positive  integer  m  which  is  not 
a  square  number.  It  can  be  shewn  that  such  a  number  has  no  square  root 
within  the  aggregate  of  rational  numbers. 

If  possible*  let  m  be  the  square  of  a  rational  fraction  piq  in  its  lowest 
terms ;  thus  ^  —  vuf  =  0.  There  always  exists  a  positive  integer  X  such  that 
X'  <  m  <  (X  +  1)*-* ;  we  then  have  Xg<p<(X+l)5r. 

Now  let  us  consider  the  identity 

(mq  -  \pf  -mip"  Xqf  =  (X»  -  m)  (p^  -  mq^)  =  0. 

From  this  identity  it  follows  that  m  is  the  square  of  the  rational  number 
(mq  —  \p)/(p  —  Xq),  of  which  the  denominator  is  less  than  g,  and  this  is 
contrary  to  the  hypothesis  that  m  is  the  square  of  the  fraction  p/q  which 
is  in  its  lowest  terms.  It  thus  appears  that  there  exists  no  rational  number 
of  which  the  square  is  m. 

On  the  formal  side  of  Arithmetic,  a  demand  for  the  extension  of  the  domain 
of  number  arises  from  the  impossibility  of  carrying  out,  with  the  requisite 
generality,  certain  operations,  as  in  the  example  given  above.  Such  extensions 
of  the  domain  of  number  as  are  made  when  fractional,  negative,  irrational, 
and  complex  numbers  are  successively  adjoined  to  the  original  integral 
numbers,  are  made  in  accordance  with  a  principle  known  as  that  of  the 
permanence  of  forms,  which  was  first  indicated  by  Peacock  f,  and  further 
developed  by  HankelJ.  This  principle  may  be  stated  in  the  form  that,  in 
order  to  generalize  the  conception  of  number,  the  following  four  requisites 
must  be  satisfied: 

(1)  Every  operation  which  is  represented  by  a  formal  expression  in- 
volving the  unextended  class  of  numbers,  and  which  does  not  result  in  the 
representation  of  a  number  of  the  unextended  class,  must  have  a  meaning 
assigned  to  it  of  such  a  character  that  the  formal  expression  may  be  dealt 
with  according  to  the  same  rules  as  would  be  applicable  if  the  expression 
represented  one  of  the  unextended  class  of  numbers. 

(2)  An  extended  definition  of  number  must  be  given,  such  that  a  formal 

*  This  proof  is  given  by  Dedekind  in  his  tract  Stetigkeit  und  irrationale  Zahlen,  An  extension 
of  Dedekind's  method  to  the  case  of  nth  roots  has  been  given  by  S.  M.  Jacob.  See  Proe,  Land. 
Math,  Soe.  Ser.  2,  voL  i,  p.  166. 

t  British  Aitociation  Report  for  1834 ;  also  Symbolical  Algebra,  Cambridge,  1845. 

X  See  his  Tfteorie  der  komplexen  ZahUysteme,  Leipzig,  1867. 
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expression,  as  in  (1),  may  represent  a  number  in  the  extended  sense  of  the 
term. 

(3)  A  proof  must  be  g^ven,  that  for  numbers  of  the  extended  class  the 
same  formal  laws  of  operation  hold  as  for  the  unextended  class. 

(4)  Definitions  must  be  given  of  the  meaning  of  greater,  equal,  and  less, 
in  the  extended  domain  of  number,  these  terms  being  taken  in  the  ordinal 
sense. 

The  arithmetical  theory  of  irrational  numbers  has  been  developed  in 
three  main  forms,  of  which  the  first*  was  given  by  Weierstrass  in  his  lectures 
on  Analytical  Functions;  the  second f  is  that  of  Q.  Cantor,  which  was  de- 
veloped in  further  detail  by  Heine  J,  and  was  also  developed  independently 
by  Ch.  Mdray§;  the  third,  that  of  R.  Dedekind||,  appeared  about  the  same 
time  as  that  of  Cantor.  We  shall  give  an  account  of  the  theories  of 
Dedekind  and  of  Cantor,  and  shall  shew  that  they  are  fundamentally 
identical. 

kronecker's  scheme  of  arithmetization. 

17.  As  it  is  now  generally  understood,  the  term  "arithmetization"  is 
used  to  denote  the  movement  which  has  resulted  in  placing  analysis  on  a 
basis  free  from  all  notions  derived  from  the  idea  of  measurable  quantity,  the 
fractional,  negative,  and  irrational  numbers  being  so  defined  that  they 
depend  ultimately  upon  the  conception  of  integral  number.  An  extreme 
theory  of  arithmetization  has  however  been  advocated  by  KjoneckerV,  who 
proposed  the  abolition  of  all  modifications  and  extensions  of  the  conception 
of  number,  the  integral  numbers  being  alone  retained.  His  ideal**  is  that 
every  theorem  in  analysis  shall  be  stated  as  a  relation  between  integral 
nombers  only,  the  terminology  involved  in  the  use  of  negative,  fractional,  and 

*  For  an  acootmt  of  this  Theory  see  S.  Pinoherle,  Qiom,  di  mat,  vol.  xvni  (1S80),  p.  185; 
also  O.  Qitfinann,  Theorie  der  analytischen  Funktionen,  Leipzig,  1887,  p.  19. 

t  Math.  Aimalen,  vol.  v  (1872) ;  see  also  Math.  Annalen,  vol.  xzi,  where  Cantor  disousses  all 
the  three  theories. 

t  Crelle's  Journal,  vol.  lxxiy  (1872). 

§  Nouveau  Priei$  d^ Analyse  infinitisimale^  Paris,  1872. 

II  SUtigkeit  und  irrationale  Zahlen^  Brunswick,  1872. 

IT  See  Grelle's  Journal,  vol.  ci,  **  Ueber  den  Zahlbegrifif." 

**  He  writes  {loe.  cit.  p.  338)  '*  Und  ioh  glaube  auoh,  dass  es  dereinst  gelingen  wird,  den 
gesammten  Inhalt  aUer  dieser  mathematischen  Disciplinen  zn  '  arithmetisiren,'  d.  h.  einzig  und 
allein  anf  den  im  engsten  Sinne  genommenen  Zahlbegriff  zu  griinden,  also  die  Modificationen 
osd  ErweiterUDgen  dieses  BegrifFs  (ich  meine  hier  namentlich  die  Hinzunahme  der  irrationalen 
fowie  der  oontinuirliohen  Grdssen)  wieder  abzustreifen,  welche  zumeist  duroh  die  Anwendungen 
anf  die  Qeometrie  und  Mechanik  veranlasst  worden  sind."  He  proceeds  to  shew  in  detail,  how 
the  notions  of  negative,  fractional,  and  algebraical  numbers  can  be  avoided  by  substituting  for 
equalities  in  which  these  numbers  occur,  congruences  relative  to  certain  moduli  or  systems  of 
moduli.     A  similar  suggestion  had  been  made  by  Cauchy  with  reference  to  imaginary  numbers. 
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irrational  numbers,  being  entirely  removed.  This  ideal,  if  it  were  possible 
to  attain  it,  would  amount  to  a  reversal  of  the  actual  historical  course 
which  the  science  has  pursued;  for  all  actual  progress  has  depended  upon 
successive  generalizations  of  the  notion  of  number,  although  these  generaliza- 
tions are  now  regarded  as  ultimately  dependent  on  the  whole  number  for 
their  foundation.  The  abandonment  of  the  inestimable  advantages  of  the 
formal  use  in  Analysis  of  the  extensions  of  the  notion  of  number  could  only 
be  characterised  as  a  species  of  Mathematical  Nihilism. 

THE   DEDEKIND  THEORY  OF   IRRATIONAL  NUMBERS. 

18.  Let  US  consider  the  aggregate  of  all  the  rational  numbers  ordered  in 
the  manner  which  has  beeu  previously  discussed,  and  let  us  take  any  one 
such  number  N.  We  may  conceive  all  the  rational  numbers  to  be  divided 
into  two  classes  i2i,  and  i2t,  such  that  every  number  of  Ry  is,  in  the  ordinal 
sense  of  the  term,  less  than  every  number  belonging  to  the  second  class  jB,, 
the  two  classes  being  separated  by  the  number  JV,  which  may  itself  be 
assigned  at  choice  either  to  the  first  or  to  the  second  class.  If  N  belongs 
to  the  first  class,  it  is  the  greatest  number  in  that  class,  and  the  numbers  of 
the  second  class  have  no  number  which  is  less  than  all  the  others  of  that 
class ;  if  iV  be  taken  to  belong  to  the  second  class,  it  is  the  least  number  in 
that  class,  and  there  exists  no  number  in  the  first  class  which  is  greater  than 
all  the  others ;  for  if  any  rational  number  less  than  N  be  taken,  it  is  always 
possible  to  find  another  greater  one  which  is  less  than  N,  Such  a  division 
of  the  rational  numbers  into  two  classes  is  called  a  section  (Schnitt),  and  we 
therefore  say  that  corresponding  to  any  given  rational  number  there  exists  a 
section  which  divides  the  aggregate  of  rational  nvmbers  into  two  dosses^  such 
that  ail  the  numbers  of  the  first  class  are  less  than  ail  those  of  the  second  doss  ; 
and  such  thai  either  in  the  first  class  there  is  no  greatest  number,  or  else  in  the 
second  class  there  is  no  least  number. 

It  can  be  shewn  by  means  of  examples,  that  sections  of  the  aggregate 
of  rational  numbers  exist  which  are  different  in  character  from  those  just 
described.  If  m  is  a  positive  integer  which  is  not  a  square  number,  we-may 
conceive  the  rational  numbers  to  be  divided  into  two  classes,  the  first  of 
which  contains  all  the  negative  numbers  and  also  those  positive  numbers 
of  which  the  square  is  less  than  m,  including  zero ;  the  second  class  contains 
all  the  positive  numbers  of  which  the  square  is  greater  than  m.  The  first 
class  contains  no  greatest  number,  and  the  second  class  contains  no  least 
number ;  this  section  is  said  to  be  related  to  an  irrational  number  *Jm,  in  the 
same  way  as  a  section  such  as  has  been  considered  above  is  related  to  a 
rational  number.  This  example  shews  that  sections  of  the  rational  numbers 
jB  exist,  such  that  R  is  divided  into  two  classes  Ri,  22,,  where  every  number 
of  i2i  is  less  than  every  number  of  72,,  and  such  that  Ri  contains  no  number 
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greater  than  all  the  others,  and  also  R^  contains  no  number  less  than  all  the 
others. 

A  new  aggregate  of  objects,  the  real  numbers^  may  now  be  defined  as 
follows : 

To  every  section  (i2i,  iZ,)  of  the  aggregate  R  of  rational  numbers,  such  that 
every  number  of  R  belongs  to  one  or  other  of  the  two  classes  Ri,  72,,  and  every 
number  in  Ri  is  ordinally  less  than  every  number  in  R^,  there  corresponds  a 
real  number. 

In  case  neither  Ri  contains  a  number  which  is  ordinally  greater  than  all 
the  others  in  Ri,  nor  iZ,  contains  a  nwmber  which  is  ordinally  less  than  all  the 
others  in  R^,  the  real  number  corresponding  to  the  section  is  said  to  be  an 
irrational  number. 

In  case  either  Ri  has  a  greatest  number  x,  or  R^  has  a  least  number  x,  the 
sectian  is  said  to  define  a  real  number  corresponding  to  the  rational  number  x. 

The  real  number  which  corresponds  to  a  rational  number  Xy  though 
conceptually  distinct  from  x,  has  no  properties  distinct  from  those  of  x,  and 
is  usually  denoted  by  the  same  symbol. 

The  definition  of  a  real  number  can  be  put  into  a  diflferent  and  somewhat 
less  abstract  form,  by  employing  the  notion  of  a  lower  segment  of  the 
aggregate  of  rational  numbers.  A  loxver  segment  of  the  aggregate  R  of 
rational  numbers  is  any  class  of  rational  numbers  which  contains  no  number 
greater  than  all  the  others,  and  such  that  if  any  number  whatever  of  the 
class  be  taken,  the  class  contains  all  those  numbers  of  R  which  are  less  than 
that  number.  A  lower  segment  of  R  is  identical  with  one  of  Dedekind's 
classes  i2|,  in  case  R^  contains  no  greatest  number. 

A  real  number  may  be  defined*  to  be  a  lower  segment  of  the  aggregate  R  of 
ralional  numbers ;  and  thus  every  real  number,  whether  irrational  or  not,  is  a 
definite  class  of  rational  numbers. 

In  accordance  with  this  definition,  the  real  number  3,  for  example,  is 
defined  to  be  the  aggregate  of  all  rational  numbers  which  are  less  than  the 
rational  number  3 ;  the  irrational  number  \/3  is  defined  as  the  aggregate  of 
all  rational  numbers  which  are  either  negative,  or  if  positive  have  their 
squares  less  than  3,  the  number  zero  being  also  included  in  the  aggregate. 

The  use,  here  adopted,  of  the  term  real  number,  is  sanctioned  by  general 
usage.  The  employm^t  of  the  term  real,  has  originated  from  the  contrast- 
ing of  these  numbers,  not  with  rational  numbers,  but  with  complex  numbers. 
The  extension  of  the  term  Number  to  the  real  numbers,  is  justified  by  the 
fieu^t  that  it  is  possible  to  define  the  operations  of  addition,  multiplication,  &a, 

*  This  form  of  the  definition  is  that  given  by  B.  Bussell,  see  The  Principles  of  MathemaHa, 
▼oL  X,  chaps,  zziii  and  zziv ;  it  was  suggested  by  Peano,  see  Rivitta  di  Matimatiea,  Tol.  yi, 
pp.  136—140. 


24  Number  [ch.  i 

for  real  numbers,  so  that  the  formal  laws  of  these  operations  are  in  agreement 
with  those  which  hold  for  operations  within  the  domain  of  the  rational 
numbers. 

19.  It  will  now  be  shewn  that  the  aggregate  of  real  numbers,  defined  in 
Dedekind's  manner,  can  be  so  ordered,  that  every  real  number  has  a  definite 
rank  in  the  aggregate,  i.e.  of  any  two  real  numbers  it  is  determinate  which 
has  the  higher  and  which  the  lower  rank. 

The  basis  of  the  scheme  of  order  being  taken  to  be  the  ordered  aggregate 
of  rational  numbers,  let  us  denote  by  n,  n  any  two  real  numbers,  and  let 
the  sections  by  which  they  are  defined  be  denoted  by  (i2i,  iZg),  {B^^  Ri) 
respectively. 

The  following  cases  may  arise : 

(1)  If  (iJ|,  -B,)  and  (iJi',  Ri)  are  identical,  that  is,  if  every  number  in  B^ 
is  also  in  Rl^  and  every  number  in  iZg  is  also  in  Ri^  the  two  numbers  n,  n' 
are  identical ;  thus  n  =  n^ 

(2)  Let  us  next  suppose  that  there  is  one  rational  number  r^  =  r/,  which 
is  contained  in  R^,  but  not  in  i2i';  it  is  consequently  contained  in  Ri,  All 
the  numbers  in  Rl  are  less  than  r/,  and  hence  all  the  numbers  in  Rl  are 
in  i^i.  Since  r^  is  the  only  number  in  R^  which  is  contained  in  Ri^  it 
follows  that  ri  is  greater  than  all  the  other  numbers  in  Ri\  and  thus  the 
number  n  defined  by  (Ru  Ri)  is  a  number  corresponding  to  the  rational  number 
Ti  or  r,'.  All  the  elements  in  Ri'  are  contained  in  Ri,  and  are  less  than  r/; 
all  the  numbers  in  JSj'  except  r/,  are  greater  than  r,',  for  if  not  they  would 
be  contained  in  R^:  hence  the  section  (Ri\  R^)  defines  the  real  number 
n'^w,  corresponding  to  the  rational  number  r^'^ri.  The  two  sections  are 
essentially  identical,  the  only  difference  being  that  the  rational  number 
Ti  =  r,',  is  regarded  as  belonging  to  the  first  class  in  one  section  and  to  the 
second  class  in  the  other  section. 

(3)  If  there  are  two  different  numbers  belonging  to  Ri  which  also  belong 
to  R2\  there  are  an  indefinite  number  of  other  numbers  which  have  the  same 
property,  since  an  unlimited  number  of  rational  numbers  can  be  found  which 
lie  between  two  given  rational  numbers.  In  this  case  we  define  the  number 
n  or  (-R,,  i2a),  to  be  greater,  in  the  ordinal  sense  of  the  term,  than  n  or 
(iJi',  R2'),  agreeably  with  the  definition  already  down  for  the  rational  numbers. 

The  cases  in  which  one,  or  more  than  one  number  which  belongs  to  Ri' 
also  belongs  to  J^,  may  be  treated  in  a  similar  manner;  thus  we  define  the 
meaning  of  the  relation  n  <  n'.  It  is  easily  seen  that  if  n  >  n\  and  n'  >  n", 
then  the  relation  n  >  n""  is  also  satisfied.  Thus  the  system  of  real  numbers 
is  arranged  in  a  regular  order,  such  that  those  of  them  which  correspond  to 
rational  numbers  have  the  same  relative  rank  as  the  corresponding  rational 
numbei-s  have  in  the  aggregate  of  rational  numbers. 
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20.  The  aggregate  of  real  numbers  has  the  following  properties : 

(1)  I{a>  /3,  and  /3>y,  then  a  >  7. 

(2)  Between  any  two  real  numbers  a,  7  there  are  an  unlimited  number 
of  real  numbers.  This  is  easily  proved  from  the  corresponding  property  of 
rational  numbers,  by  considering  the  sections  which  define  the  numbers. 

(3)  If  a  is  a  fixed  real  number,  then  all  real,  numbers  may  be  divided 
into  two  classes  Ri,  R^y  such  that  R^  contains  all  the  real  numbers  which  are 
less  than  a,  and  22,  contains  all  real  numbers  which  are  greater  than  a.  The 
number  a  may  be  regarded  either  as  belonging  to  12i,  in  which  case  it  is  the 
greatest  number  in  lii,  or  else  as  belonging  to  R^,  in  which  case  it  is  the  least 
number  in  R^.     This  also  follows  from  the  definition  above. 

(4)  If  the  aggregate  of  real  numbers  falls  into  two  classes  R^y  R^,  such 
that  every  number  of  Ri  is  less  than  every  number  of  JB,,  then  there  exists 
one  and  only  one  number  by  which  this  section  is  produced. 

To  prove  this,  we  observe  that  the  section  (JBj,  JB,)  of  the  aggregate  of 
real  numbers  also  defines  a  section  {R^  R^)  of  the  aggregate  of  rational 
numbers,  such  that  all  rational  numbers  belonging  to  Ri  correspond  to  real 
numbers  which  belong  to  fii,  and  all  numbers  belonging  to  ii,  correspond  to 
real  numbers  which  belong  to  R^. 

Let  N  be  the  real  number  defined  by  the  section  (Bi,  i2a),  and  let  N'  be 
any  real  number  different  from  N,  defined  by  the  section  (i?/,  R^').  There 
are  an  indefinite  number  of  rational  numbers  n  which  belong  to  only  one  of 
the  aggregates  R^,  R/;  let  n  be  the  real  number  corresponding  to  n.  If 
Jf'<Nf  then  n  belongs  to  Ri,  and  therefore  n  belongs  to  JK,;  and  since 
Jf'<n,  it  follows  that  N'  belongs  to  R^,  Similarly,  if  N'>Ny  we  can  shew 
that  N'  belongs  to  JS,.  It  has  thus  been  shewn  that  every  number  different 
from  'N  belongs  to  JBi  or  to  iJg,  according  as  it  is  less  or  greater  than  N. 
Thus  N  is  either  the  greatest  number  in  Ri  or  the  least  in  JB,,  and  there- 
fore N  is  the  only  number  by  which  the  section  (JBj,  JB,)  can  be  made. 

21.  The  operations  between  two  real  numbers  may,  in  accordance  with 
the  above  definition  of  real  numbers  by  means  of  sections,  be  so  defined  that 
the  result  of  each  operation  corresponds  to  a  section  of  the  rational  numbers ; 
thus  the  arithmetical  operations  are  reduced  to  operations  with  rational 
numbers. 

A  complete  theory  of  the  operations  involving  real  numbers  can  be 
established ;  and  the  formal  laws  of  the  operations  can  be  shewn  to  be  the 
same  as  in  the  case  of  the  rational  numbers,  the  range  of  possibility  of 
operations  being  greater  in  the  case  of  real  than  in  that  of  rational  numbers. 
This  theory  has  been  worked  out  to  some  extent  by  Dedekind :  but  as  the 
Cantor  theory  of  real  numbers  lends  itself  to  a  simpler  detailed  treatment  of 
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the  operations  than  that  of  Dedekind,  and  as  it  will  appear  that  the  two 
theories  are  fuodamen tally  equivalent  to  one  another,  it  will  be  suflBcient,  as 
an  example  of  the  general  method  of  treating  operations  in  accordance  with 
Dedekind's  theory,  to  take  only  the  case  of  the  addition  of  two  real  numbers. 

Let  a,  6  be  two  real  numbers  defined  by  means  of  the  sections  (i2i,  i2,), 
(ill',  R^)  respectively ;  then  the  sum  a  +  6,  of  a  and  6,  is  defined  by  means 
of  a  section  (iZ/',  R^')  which  satisfies  the  following  conditions : — If  Ci  is  any 
rational  number,  it  is  put  into  the  class  R^\  provided  there  are  two  rational 
numbers  ai  in  Ri,  and  6i  in  R^,  such  that  aj  +  6i  ^  Ci ;  all  rational  numbers  c, 
for  which  this  is  not  the  case  fall  into  the  class  R^\  It  is  clear  that  every 
number  Ci  is  less  than  every  number  Cj,  hence  the  section  {R^\  R^)  is 
defined  by  means  of  this  condition. 

It  can  be  shewn  that,  when  a,  6  both  correspond  to  rational  numbers,  this 
definition  is  in  agreement  with  the  ordinary  definition  of  the  sum  of  two 
rational  numbers,  so  that  the  sum  of  the  numbers  corresponds  to  the  sum  of 
the  corresponding  rational  numbers.  Every  number  Cj  in  R^\  is  ^  a  +  6, 
because  a^^a,  6i  ^  6,  and  therefore  Oj  +  6i  ^  a  +  6.  Further,  if  there  were 
contained  in  iZ,"  a  number  c^<a-\-h,  so  that  a  +  6  =  Cj  +p,  where  p  is  a 
positive  rational  number,  we  should  have  (^^{a  —  \p)  +  (6  —  ip),  and  this  is 
contrary  to  the  definition  of  Cj,  because  a  —  ^p  belongs  to  iJj,  and  h  —  ^p 
to  ii,' ;  thus  every  number  Cj  in  R^\  is  ^  a  +  6,  and  it  has  consequently  been 
shewn  that  (-R/',  R^')  defines  the  number  a-\-b.  As  is  usual,  we  have  denoted 
the  rational  numbers  a,  6  and  the  conceptually  distinct  real  numbers  a,  b  by 
the  same  symbols. 

THE   CANTOR  THEORY   OF   IRRATIONAL  NUMBERS. 

22.  The  Cantor  theory  of  irrational  numbers  essentially  depends  upon 
the  use  of  convergent  simply  infinite  ascending  aggregates,  or  convergent 
sequences  (Fundamentalreihen)  in  which  the  elements  are  rational  numbers; 
we  therefore  proceed  to  define  and  discuss  these  aggregates. 

A  simply  infinite  ascending  aggregate  (a,,  a,,  a,, ...  On, ...)  in  which  ecuJi 
element  is  a  rational  number,  is  said  to  be  convergent,  if  it  is  such  thai 
corresponding  to  any  fiaed  arbitrarily  chosen  positive  rationai  number  e,  as 
small,  in  tfie  ordinal  sense,  a>s  we  please,  a  number  n  can  be  found  such  that 
|an-an+m|<€, /or  m  =  l,  2,  3,.... 

The  symbol  |  or  |  is  here  used  to  denote  that  one  of  the  two  numbers 
X,  —  X,  which  is  positive ;   j « ,  is  said  to  be  the  absolute  value  of  x.     . 

This  definition  is  equivalent  to  the  statement  that,  in  a  simply  infinite 
convergent  aggregate,  an  element  can  always  be  found  whose  absolute 
difference  from  any  element  whatever  which  comes  after  it  is  as  small  as 
we  please. 


21-23]  Cantor's  Theory  27 

It  should  be  observed  that  the  terms  "as  small  as  we  please/'  or 
"arbitrarily  small,"  as  applied  to  a  positive  number  which  is  at  choice,  have 
reference  to  the  conception  of  order  only,  and  not  to  the  non-arithmetical 
notion  of  magnitude.  These  expressions  denote  only  that  the  number  can  be 
so  chosen  as  to  be  of  loWer  rank  than  any  other  arbitrarily  chosen  positive 
number. 

To  each  value  of  €  there  corresponds  a  value  of  n,  which  will  in  general 
have  to  be  increased  when  e  is  made  smaller. 

We  may  denote  the  aggregate  by  the  symbol  [dn],  and  shall  speak  of  it 
shortly  as  a  convergent  sequence;  that  it  is  simply  infinite  will  in  future 
be  understood. 

In  a  convergent  sequence,  corresponding  to  any  arbitrarily  chosen  positive 
number  e,  a  nuinber  n  can  be  found  such  that  from  and  after  that  value  of  n 
the  absolute  difference  of  any  two  elements  is  less  than  e. 

For  choose  n  so  that  |  a„  —  an+m  I  <  i  €,  for  all  positive  integral  values 
of  m;  then  |  an+m-dn+m'  I  =  I  an-an+m  I  +  I  an-an+m'  I  <  €. 

In  the  convergent  sequence  {a„},  if  we  choose  n  such  that  |  an  —  a^+m  \  <  €, 
then  for  m  =  1,  2, 3, . . .,  the  value  of  an+m  for  all  values  of  m,  lies  between  an  +  e, 
and  a„  —  € ;  that  is  to  say,  from  and  after  some  value  of  n  all  the  elements 
lie  between  two  rational  numbers  whose  difference  is  arbitrarily  small.  There 
exist  therefore  two  positive  numbers  o,  a',  of  which  the  smaller  a'  may  be  zero, 
such  that,  from  and  after  some  fixed  value  of  w,  all  the  elements  lie  in  absolute 
value  between  a  and  a'. 

23.     If  the  aggregate  (ai,  a,, ...  a^...)  is  such  that,  from  and  after  some 
^fixed  element,  each  element  is  less  than  the  follouring   one,  and  if  all  the 
elements  are  less  than  some  fixed  number  N,  then  the  aggregate  is  a  con- 
t^ergent  sequence. 

For  if  the  aggregate  is  not  convergent,  there  must  exist  some  positive 
number  S,  such  that  an  indefinite  number  of  increasing  values  n,  ni,  w,, ... 
of  n  can  be  found,  for  which  |  a^  —  an^  |,  |  a^n^  —  an^  |,  |  a^^  —  af^  \  ...  are  all  ^S. 
Since  ctn,  —  On,  On,  —  a„^, . . .  are  all  positive,  we  have  an^^a^-\- rS,  where  r  can 
always  be  taken  so  large  that  On  +  rS  >  -AT,  or  On^  >  N,  which  is  contrary  to  the 
hypothesia     Hence  the  aggregate  is  convergent. 

It  may  in  a  similar  manner  be  shewn  that  the  aggregate  is  convergent 
if,  from  and  after  some  fixed  element,  each  element  is  greater  than  the 
following  one,  and  if  all  the  elements  are  greater  than  some  fixed  number. 

If  {on},  {bn}  are  two  convergent  sequences  of  rational  numbers,  a  value  of  n 
can* be  fou/nd  corresponding  to  any  arbitrarily  assigned  number  e,  such  that  both 
I  ^n+m  —  On+m'  |  and  \  bn+m  —  K-Hn'  \  «^^  l^^  ^han  €,  m  and  m'  having  all  positive 
values. 

For  we  have  only  to  choose  for  n  the  greater  of  the  two  values  correspond- 
ing to  €,  for  each  aggregate  separately. 
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24.     It  will  now  be  shewn  that  Hie  aggregates 

in  t£;AicA  ^A«  elements  are  the  sirni,  difference,  product,  and  quotient^  respectively 
of  the  corresponding  elements  of  the  two  convergent  sequences  {an}t  {bn\*  o,re  also 
convergent  sequences,  with  a  certain  restriction  in  the  Uist  case. 

We  have  |  {an±hn)-{an+m±hn^  I  =  |  an-On-^  l  +  l  6n-6»+m|;  now  n 
can  be  so  chosen  for  a  given  e,  that  for  all  values  of  tn,  |  On  —  On+m  I  <  i  «, 
and  I  hn  -  6n+m  I  <  i  €i  hence  so  that  |  {an  ±  6n)  -  (On+w  ±  ^n+m)  |  <  « ;  therefore 
the  aggregates  {on  +  6n},  {^n  -  ^n}  are  convergent. 

Again, 

where  a,  /3  are  the  two  positive  numbers  which  are  such  that  |  On  |  <  a, 
I  bn+m  I  <  /3y  for  all  values  of  n  and  m. 

We  can  take  n  so  large  that  |  bn  —  bn-^^m  |  <  S,  |  On  —  On+m  |  <  S,  where  S 
is  at  our  choice,  and  may  be  taken  to  be  ^.   Hence  for  this  value  of  n, 

I  (^nbn  -  ctn-Hnftn-f-m  |  <  €>  for  every  value  of  m ;  and  thus  {on  Jn}  has  been  shewn 
to  be  a  convergent  sequence. 

Lastly,  in  the  case  of  -Ir^f ,  we  shall  suppose  that  all  the  elements  of  [bn] 

(yn) 

are  numerically  greater  than  some  fixed  positive  number  ^S'. 
We  have  then 

On       ^nr\-m  OnOn-^-m 

hence 


g  I  6n  —  bn+m  |  +  ^  I  O^n  "~  C^n+m 


/9" 

If  now  n  be  chosen  so  that  |6n  — 6n-Hn|,  l^n  — On+ml  are  both  less  than 


€,  for  every  value  of  m,  then,  for  such  a  value  of  w, 


a  +  /9 


6n        k 


n+m 


<€; 


therefore  jr^h  is  a  convergent  sequence,  provided  |  6„  |  is,  for  all  values  of  fi, 

greater  than  some  fixed  positive  number  /S',  which  may  be  as  small  as  we 
please,  but  must  not  be  zero. 

26.  The  essence  of  Cantor's  theory  consists  in  the  postulating  of  the 
existence  of  an  aggregate  of  objects  for  thought,  the  real  numbers,  ordered  in 
a  definite  manner,  which  manner  is  assigned  by  means  of  certain  prescribed 
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rules.  Any  element  of  the  aggregate  of  real  numbers  is  regarded  as  capable 
of  symbolical  representation  by  means  of  a  convergent  sequence  of  which  the 
elements  are  rational  numbers ;  and  the  mode  in  which  the  aggregate  of  real 
numbers  is  ordered  is  specified  by  means  of  formal  rules  relating  to  these 
convergent  sequences.  The  aggregate  of  real  numbers  contains  within  itself 
an  aggregate  of  objects  which  is  similar  to  the  ordered  aggregate  of  rational 
numbers  which  has  already  been  considered,  in  the  sense  that  to  each  rational 
number  there  corresponds  a  certain  real  number ;  and  the  relative  order  of  any 
two  rational  numbers,  in  the  ordered  aggregate  of  rational  numbers,  is  the 
same  as  the  relative  order  of  the  two  corresponding  real  numbers  in  the  new 
aggregate  of  real  numbers.  The  rational  numbers  are  frequently  regarded  as 
identical  with  the  real  numbers  to  which  they  correspond,  and  are  denoted 
by  the  same  symbols.  In  the  development  of  Analysis,  this  identity  leads 
to  no  difficulties;  but  in  the  fundamental  theory  of  the  aggregate  of  real 
numbers,  a  conceptual  distinction  between  rational  numbers  and  the  real 
numbers  to  which  they  correspond  must  be  made,  in  order  to  obviate  logical 
difficulties,  and  especially  with  a  view  to  coordinating  Cantor's  theory  with 
that  of  Dedekind.  Those  real  numbers  which  do  not  correspond  to  rational 
numbers  are  called  irrational  numbers;  and  those  real  numbers  which 
correspond  to  rational  numbers  are  usually  spoken  of  as  themselves  rational 
numbers. 

The  rules  by  which  the  order  of  the  real  numbers  in  their  aggregate  is 
assigned  are  the  following: 

(1)  Any  convergent  sequence  [oLr^,  of  which  the  elements  are  rational 
numbers,  is  taken  to  represent  a  real  number,  which  we  may  denote  by  a. 
Two  such  aggregates  [or^y  {6n}  are  taken  to  represent  the  same  real  number 
provided  they  satisfy  the  condition  that,  for  any  arbitrarily  chosen  positive 
rational  number  €,  a  value  of  n  can  be  found  such  that  |  On^m  —  ^n+w  |  <  e,  for 
this  value  of  w,  and  for  all  values  0,  1,  2,  3  ...  of  m.  Symbolically*,  we  have 
[a^  =  {&n}  under  the  condition  stated. 

(2)  The  real  number  represented  by  {on}  is  regarded  as  of  higher  rank, 
or  in  the  ordinal  sense  greater,  than  the  real  number  represented  by  {&„}> 
if,  corresponding  to  any  arbitrarily  chosen  positive  rational  number  €,  a  value 
of  n  can  be  found  such  that  On^m  -  bn^m  is  positive  for  this  value  of  n,  and  for 
all  values  0, 1, 2^  3, ...  of  m,  and  greater  than  some  fixed  positive  rational  number 
h  which  may  be  dependent  upon  e.  If,  under  similar  conditions,  0,1+^  — ^n+m 
is  negative  and  numerically  greater  than  some  fixed  positive  number  S,  the 
number  represented  by  [a^  is  taken  to  be  less  than  that  represented 
by  {6»}.      - 

*  ThofM  who  hold  the  view,  advooated  by  Heine  and  others  (see  §  6,  note),  that  a  real 
number  is  identical  with  the  set  of  symbols  by  which  it  is  represented,  can  attach  no  direct 
mmning  to  this  equality.  It  can  only  be  taken  to  indicate  that  the  two  expressions  may  be  used 
indifferently  in  any  operation  which  involves  the  number. 
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The  aggregate  (a?,  x,  x, ...)  or  {x],  in  which  all  the  elements  are  identical 
with  one  rational  number  x,  represents,  since  it  is  a  convergent  sequence, 
a  real  number  which  corresponds  to  the  rational  number  x.  It  is  clear,  from 
the  definition  of  order  in  (2),  that  the  relative  order  of  any  two  rational 
numbers,  in  the  aggregate  of  rational  numbers,  is  the  same  as  that  of  the  real 
numbers  which  correspond  to  them,  in  the  aggregate  of  real  numbers.  The 
aggregate  of  rational  numbers,  and  that  of  the  real  numbers  which  correspond 
to  them,  are  similar  aggregates. 

Cantor's  theory  of  irrational  numbers,  in  the  form  in  which  it  was  presented 
by  himself  and  by  Heine,  has  been  criticized*  on  the  ground  that  an  assumption 
is  made  that  the  sequence  {x],  in  which  all  the  elements  are  the  same 
rational  number  x,  represents  the  rational  number  x  itself,  and  that  this 
amounts  to  an  assumption  that  x  is  the  limit  of  the  sequence  [x] ;  whereas 
the  theory  of  arithmetical  limits  is  represented  by  Cantorf  as  deducible  from 
his  theory  of  irrational  numbers,  and  as  not  assumed  in  the  construction 
of  the  theory  itself.  The  theory  in  the  form  presented  above  is  not  open 
to  this  objection. 

It  can  be  shewn  that  any  two  convergent  sequences  {on),  {6n}>  satisfy  one 
or  other  of  the  conditions  laid  down  in  the  above  definitions  of  equality  and 
inequality,  i.e.  symbolically  {ctn}  =  {6n}- 

For,  as  has  been  shewn  in  §  22,  corresponding  to  any  arbitrarily  chosen 
positive  rational  number  S,  a  value  of  n  can  be  found  such  that  dn+m  li^s 
between  an  +  S,  and  a^  —  S,  and  such  that,  for  the  same  value  of  n,  6n+m  lies 
between  bn  +  S,  and  6n  —  S ;  from  this  it  follows  that,  for  such  value  of  n, 
dn-^-m  -  K+m  Hcs  between  an-bn  +  2S  and  an  —  &«  —  2S ;  or  a^^+n^  -  bn+m  differs 
from  On  — 6n  by  not  more  than  2S.  If  corresponding  values  of  S  and  n  can 
be  found,  for  which  On  —  6n  -I-  2S,  an  —  bn  —  2S  have  the  same  sign,  then 
OtM-m  — fcn+tn  ^^8  the  Same  sign  as  an  —  bny  and  is  numerically  greater  than 
a  fixed  number;  the  condition  of  inequality  of  {on},  {6„}  is  then  satisfied. 
If  no  such  values  of  B  and  n  can  be  found,  then  an^m  —  bn+m  is  numerically  less 
than  4S ;  and  since  S  is  arbitrarily  small,  the  condition  of  equality  of  {on),  [bn] 
is  then  satisfied. 

Although  Cantor's  form  of  the  theory  of  irrational  numbers,  or  rather 
of  real  numbers,  is  more  convenient  for  detailed  development  than  is 
Dedekind's  form,  yet  it  lies  under  the  disadvantage  that  the  nature  of 
any  single  real  number  is  veiled  by  the  fact  that,  although  it  is  a  unique 
object,  it  is  capable  of  representation  by  an  unlimited  number  of  convergent 
sequences,  and  therefore  that  the  formal  character  of  the  theory  does  not 
make  it  clear  what  such  a  number  really  is.     The  compcirison  between  the 

*  See  B.  Russell,  The  Principles  of  MathematicSy  vol.  i,  p.  2S5. 
t  See  Math,  Annalen^  vol.  xxi,  p.  56S. 
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two  theories  which  *  will  be  given  later  on  will  throw  light  upon  this  point : 
for  it  will  be  shewn  that  a  convergent  sequence  of  the  rational  numbers  is 
sufficient  to  define  a  section,  of  the  kind  fundamental  in  Dedekind's  theory ; 
and  this,  as  we  have  seen,  is  equivalent  to  the  definition  of  a  lower  segment, 
which  is  itself  a  certain  definite  class  of  rational  numbers. 

26.  The  sum  a-^h,  of  two  real  numbers  represented  by  the  sequences 
{on},  {M»  **  defined  to  be  the  real  number  represented  by  the  sequence 
{a«  +  bn] ;  and  the  difference  a  —  b  is  defined  as  the  number  represented  by 

It  has  been  shewn  in  §  24  that  the  two  sequences  {a„-|-6nl,  {«7*  — M  ^^^ 
convergent. 

If  [on],  {bn}  represent  the  same  number,  the  sequence  {an  —  bn}  defines 
the  real  number  zero ;  for  the  condition  that  |  an+m  —  bn+m  \  <  €»  where  e  is 
arbitrarily  small,  for  a  sufficiently  great  value  of  n,  and  for  m  =  0,  1,  2,  3, ..., 
is  in  this  case  satisfied. 

The  product  ab,  of  two  real  numbers,  is  defined  to  be  the  number  represented 
by  the  sequence  {anbn},  which  has  been  shewn  in  §  24  to  be  convergent. 

The  quotient  a/b  is  defined  to  be  the  number  represented  by  the  convergent 

jOnl 

sequence  <j-f . 

The  only  restriction  on  this  definition  is  that  6  is  not  to  be  zero ;  for,  when 
this  condition  is  satisfied,  the  elements  of  the  sequence  [bn]  which  represents  6, 
can  be  so  chosen  as  to  satisfy  the  restrictive  condition  given  in  §  24,  that 

•jr-f  may  be  convergent. 

It  is  necessary  to  shew  that   the   sum  a +  6,  the  difference  a  — 6,  the 

product  ab,  and  the  quotient  t>  of  two  numbers  a,  6,  as  they  have  been 

defined  above,  are  definite  numbers  independent  of  the  particular  convergent 
sequences  used  to  represent  the  numbers  a  and  6.  Thus  it  must  be  shewn 
that  if  [on]  =  [an%  {bn]  =  {bn%  then 

{an  +  bn]  =  {On'  +  6n  },       {dn  "  M  =  {On'  -  in'},      {Onbn}  =  {On'  6n  }, 

We  have 

I  {On-Hn  i  bn+m)  ""  {^  n^m  ±  b  n+m)  \  ^  |  Cln+tn  —  ^  n+m  \  +  |  0»n-m  ""  b'n+m  |« 

Now  n  can  be  so  chosen,  corresponding  to  a  fixed  number  e,  that 

|cW«»-a',H^|<i€,  I  6n+m - 6 n+m  I  < i €,  for  m  =  0,  1,  2,3,...; 
with  this  value  of  n,  we  now  have  the  condition 

(dn+m  ±  bn+m)  -  (ci'n+m  ±  6'»+m)  |  <  €, 


and 


*  In  Tannery's  work  Introduction  h  la  th€orie  des  fonetions  d*une  variable^  chap,  i,  the  theory 
of  irraiionftls  is  treated  by  a  combination  of  the  two  methods  of  Cantor  and  Dedekind. 
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satisfied ;  and  this  is  the  condition  that  {0^  +  6n}  represents  the  same  number 

as  [Or!  ±  bn]. 

Again, 

where  il,  B  are  fixed  positive  numbers.  It  is  now  clear  that  n  may  be  so 
chosen  that  |  On+mfcn+m  — c&'n+m&n-i-m|<^i  whore  17  is  an  arbitrarily  chosen 
positive  number ;  thus  {on^n},  {dnK']  represent  the  same  number. 

Again, 


OtM-m       ^  n+m 


v. 


r         jT/  \bn+tn  "~  ^  n+m)     +     f         w  (^+m  ""  G^  n+m) 

'n+m       ^  n+m  ^n+m^  n+m  ^n+m^  n+m 

whence  it  can  easily  be  seen  that  the  condition  is  satisfied  that 

hM  and  {^l 

represent  the  same  number. 

It  is  readily  seen  that  the  same  commutative,  associative,  and  distributive 
laws  hold  for  the  operations  between  real  numbers,  as  for  those  involving 
rational  numbers. 

27.  If,  from  and  after  some  fixed  element  an,  all  the  elements  of  {on} 
are  positive  and  greater  than  some  fixed  positive  rational  number  S,  then  the 
real  number  represented  by  {an}  is  positive,  i.e.  it  is  ordinaily  greater  ihan  zero. 

For,  if  we  take  any  convergent  sequence  {&„}  which  defines  the  number 
zero,  we  have  {a„}  >  {6nl  \  because,  for  some  fixed  value  of  n,  On+m  — ^n+m  is 
certainly  positive  for  all  values  of  m,  and  is  greater  than  a  fixed  positive 
number ;  since  n  can  be  taken  so  large  that  a„+,»  >  S,  and  bn+m  <  S',  where 
S^  is  a  positive  rational  number  chosen  less  than  8. 

Similarly  it  may  be  shewn  that  the  number  defined  by  [a^]  is  negaJtive, 
if  from  and  after  some  fi^ced  value  of  n,  all  the  a^  are  negative  and  numerically 
greater  than  some  fixed  rational  number  S. 

The  term  "numerically  greater"  denotes  that  |an|  >  |  S|,  and  thus  refers 
to  the  absolute  values  of  the  numbers  concerned. 

It  is  easily  seen,  that  unless  [on}  is  such  that,  from  and  after  some  fixed 
value  of  n,  all  the  elements  have  the  same  sign,  tfien  {an]  must  represent  the 
number  zero. 

If  {an},  {bn}  define  two  different  real  numbers  a,  b,  then  there  lie  between 
a,  b  an  unlimited  number  of  those  real  numbers  which  correspond  to  rational 
numbers. 

Suppose  a>b,  then  there  exist  a  rational  positive  number  S,  and  an 
integer  n,  such  that  for  all  positive  integral  values  of  m  including  zero, 
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fln-hm  —  bn-i^  >  S,  |  o^  —  an+m  |  <  €,  |  ^n  —  bn+m  I  <  «,  where  €  is  a  rational  number 
chosen  to  be  <  JS.  If  we  take  any  rational  number  x,  which  is  <  S,  and  >  e, 
the  number  {a,i  — a?},  in  which  all  the  elements  are  identical,  lies  between 
[a-n]  and  {6n},  since,  for  every  value  of  m,  we  have  a^^.^  —  (an  — ^)>a;  — e; 
therefore  a  is  greater  than  the  real  number  which  corresponds  to  a„  — ^. 
Again,  (o^  -  a?)  -  bn+m  -  ifl^  -  6n)  +  {bn  -  bn+n^  -x>h  —  €-x,  therefore  pro- 
vided X  is  chosen  to  be  <  S  —  e,  the  real  number  which  corresponds  to  a^  —  x 
is  greater  than  6,  and  thus  lies  between  a  and  6.  The  rational  number 
a-n  —  x  may  be  chosen  in  an  unlimited  number  of  ways,  since  x  is  any  rational 
number  whatever  which  lies  between  B  —  e  and  e. 

CONVERGENT  SEQUENCES  OF  REAL  NUMBERS. 

28.  Convergent  sequences  will  now  be  considered,  of  which  the  elements 
are  real  numbers.  It  might  at  first  sight  be  imagined  that  we  should  be  led, 
by  the  employment  of  such  sequences,  to  a  further  extension  of  the  domain 
of  number ;  it  will  however  be  seen  that  this  is  not  the  case. 

The  definition  of  a  convergent  sequence  of  real  numbers  is  precisely 
similar  to  the  definition  which  has  been  given  in  the  case  of  sequences  of 
rational  numbers;  thus  (a^,  Og, ...  On*  •••)  is  a  convergent  sequence  of  real 
numbers,  provided  that,  corresponding  to  each  arbitrarily  chosen  positive  real 
number  rj,  a  value  of  n  can  be  found  such  that  |  a„  —  On+m  |  <  17,  for  m  =  1, 2,  3, . . .. 
If  we  conceive  that  each  such  convergent  sequence  of  real  numbers  represents 
a  single  ideal  object,  and  if  we  give  definitions  of  equality  and  inequality,  and 
of  the  fundamental  operations,  precisely  analogous  to  those  given  in  §  25  and 
§  26,  and  assume  as  before  that  a  convergent  sequence  in  which  all  the  elements 
are  identical  with  the  real  number  a  is  taken  to  represent  that  one  of  the  new 
aggregate  of  objects  which  corresponds  to  a,  it  will  be  shewn  that  the  new 
aggregate  of  objects  is  similar  to  the  aggregate  of  real  numbers,  i.e,  to  each  of 
the  new  objects  there  corresponds  one  of  the  real  numbers,  and  also  that  the 
relation  of  order  between  corresponding  pairs  of  elements  in  the  two  aggre- 
gates is  the  same.  It  thus  appears  that  the  aggregate  of  new  objects  is 
practically  identical* with  the  aggregate  of  real  numbers,  since  the  two  are 
ordinally  similar.  We  saw  however  that  there  is  no  such  relation  between  the 
aggregate  of  real  numbers  and  that  of  rational  numbers.  Therefore  the 
passage  from  rational  numbers  to  real  numbers  involves  a  real  extension  of 
the  domain  of  number ;  but  the  passage  from  real  numbers  to  an  aggregate 
of  objects  represented,  in  accordance  with  the  rules  referred  to  above,  by 
convei*gent  sequences  of  real  numbers,  does  not  lead  to  any  essential  extension 
of  the  domain  of  number. 

Let  [ctn]  be  any  convergent  sequence  of  rational  numbers,  and  let  {Un} 
denote  the  sequence  of  those  real  numbers  which  correspond  to  the  rational 
numbers  which  form  the  elements  of  {an}.     It  can  easily  be  shewn  that  {dn} 
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is  a  convergent  sequence :  for  if  6  is  au  arbitrarily  chosen  positive  rational 
number,  and  i  the  corresponding  real  number,  the  condition  of  convergence 
of  [obf^  is  that,  for  every  e,  a  value  of  n  can  be  found  such  that  On+m  lies 
between  an  +  €,  a„  —  €,  for  m  =  1,  2,  3, . . ..  It  follows  from  this  that  a^+m  lies 
between  cLn-^-e^an  —  e)  and  this  ensures  the  convergence  of  the  sequence  {dn}. 
Conversely,  we  see  that  if  {«„}  is  convergent,  so  also  is  [a^. 

Next,  let  (cTn}  be  a  convergent  sequence  of  real  numbers ;  then,  between 
On  and  On^-i,  a  real  number  oin  can  be  found  which  corresponds  to  a  rational 
number  an*  Let  this  be  done  for  every  pair  of  consecutive  elements  in  {an}, 
and  let  us  consider  the  sequences  {an},  [af^. 

Since  a„  -  Un^^n  =  {^n  -  On)  +  (On  -  Ofn-m)  +  (flfn-M»  -  ^in^),  wc  have 

Now,  corresponding  to  any  real  positive  number  S,  n  may  be  so  chosen  that 
for  every  value  of  m,  !a„-a,»|,  |a»-an+m|,  |  On+m - an+m  |  are  each  less 
than  ^S;   hence  for  such  a  value  of  n 

|^n-an-H»|<S,  form=l,  2,  3,..., 

thus  the  sequence  \af^  is  convergent. 

Again,        {«„}  -  [an]  =  {a„  -  an},  and  |  «„  -  »„  I  <  |  a„  -  On+i  |, 

and,  since  {on}  is  convergent,  n  may  be  chosen  so  great  that,  for  that  and  all 
higher  values  of  n,  all  the  differences  |  On  —  On+i  |  are  less  than  an  arbitrarily 
fixed  number,  hence  |  ««  — an  |  satisfies  the  same  condition;  and  therefore  the 
two  convergent  sequences  {on},  jan}  satisfy  the  condition  of  equality,  or  they 
represent  the  same  one  of  the  new  objects.  It  has  been  shewn  above  that 
since  {an}  is  convergent,  so  also  is  [cif^.  Now  [a^  corresponds  to  a  single  real 
number  a;  therefore  to  any  convergent  sequence  {on},  of  which  the  elements 
are  real  numbers,  there  corresponds  a  real  number  a. 

We  have  further  to  shew  that,  if  {an},  {^n}  are  two  convergent  sequences 
of  real  numbers,  and  a,  6  the  corresponding  real  numbers  as  just  determined, 
then  a  =  6,  according  as  {on}  =  {^n}. 

We  know  that  a  =  6,  according  as  {on}  =  {6n},  where  {6n}  denotes  the 
sequence  of  rational  numbers  which  defines  6,  in  the  same  way  as  {««}  defines  a. 
Now  {an}-{^n}  =  {an-i8„},  and  an-^n=(an-dn)  +  (ftn-^n)+(dn-6n);  and  we 
can  choose  n  so  large  that  |  an—  ^n  |  and  |  5n  —  ^n  |  are  each  less  than  ^ly,  where 
17  is  an  arbitrarily  chosen  real  positive  number:  therefore  we  see  that  o^— )8nlies 
between  Un—hn'^-'n  and  an— 6n— ^.  It  follows  easily  that  {a^}  =  {Pnit  according 
as  ^f^  ^  {fen},  or  according  as  {g^}  =  {6n},  and  hence  as  shewn  above,  according 
as  a  ^  &.  It  has  now  been  shewn  that  the  objects  which  are  represented  by 
convergent  sequences  of  real  numbers  have  the  same  ordinal  relation  to  one 
another  as  the  real  numbers  to  which  those  sequences  have  been  shewn  to 
correspond. 
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It  appears,  from  what  has  now  been  proved,  that,  to  every  convergent 
sequence  of  real  numbers  there  corresponds  a  real  number  which  may  be 
taken  to  be  defined  by  means  of  that  sequence. 

There  does  not  necessarily  exist  any  rational  number  which  corresponds  in 
the  same  sense  to  a  convergent  sequence  of  rational  numbers.  The  property 
of  the  aggregate  of  real  numbers  here  stated  embodies  the  characteiistic 
difference  between  that  aggregate  and  the  aggregate  of  rational  numbers ; 
for  the  latter  does  not  possess  the  corresponding  property.  It  is  this  property 
of  the  aggregate  of  real  numbers  which  makes  it  suitable  to  be  the  field  of 
the  real  variable  in  the  Theory  of  Functions. 

THE  ARITHMETICAX  THEORY   OF  LIMITS. 

29.  iy*ai,  a!«,  ajj, ...  a?^, ,.,  is  a  sequence  of  real  numbers  such  iJuit  a  number 
X  exists  which  has  the  property  that,  corresponding  to  any  arbitrarily  chosen 
positive  number  e,  a  value  of  n  can  be  found  such  that  |  a?  —  a?n  | »  |  ^  —  ^n+i  |  > 
I  *  ""  ^n+a  I  • .  •  (ire  all  less  than  e,  then  the  number  x  is  said  to  be  the  limit  of  the 
sequence  Xi,  x^,  ...ar„, ....    This  fact  may  be  denoted  by  the  equation  x^L  Xn. 

This  definition  is  known  as  the  arithmetical  definition  of  a  limit,  and  was 
first  given  *,  in  a  form  substantially  identical  with  the  above,  by  John  Wallis. 

It  will  be  observed  that  the  above  definition  contains  no  assertion  as  to 
the  necessary  existence  of  a  limit  of  a  sequence  of  numbers,  but  contains 
only  a  statement  as  to  the  relation  of  the  limit  to  the  numbers  of  the  sequence, 
in  case  that  limit  exists. 

There  cannot  be  two  numbers  which  both  satisfy  the  condition  of  being 
a  limit  of  the  same  sequence.  For,  if  possible,  let  x,  x  be  two  such  numbers 
and  let  |  a;  —  a/ ;  =  S.  Choose  a  value  of  e,  less  than  ^S ;  then  numbers  n,  n'  can 
be  found  such  that  |a?  — a?n+m  i  \^  —  ^n:-^m\  for  all  values  0,  1,  2,  3, ...  of  m, 
are  less  than  e.  Suppose  n  >  n\  then  { a;  —  a^n  |  and  |a/  —  /rn|  are  both  less  than 
e,  hence  | «  —  a?'  |  <  2€  <  S,  which  is  contrary  to  the  condition  |  a?  —  a?'  |  =  S. 

It  will  now  be  shewn  that,  if  the  numbers  of  the  sequence  [x^^  are  real 
numbers,  and  if  the  sequence  is  a  convergent  one,  then  the  real  number  x 
defined  in  the  manner  explained  in  §  28,  by  the  sequence  [x^^,  is  the  limit 
of  the  sequence. 

For  the  two  sequences  {a^},  [x]  both  define  the  same  number  a;,  and 
therefore  satisfy  the  condition  of  equality,  which  is  that  |  x  —  a:„+^  <  e,  for  any 
arbitrarily  chosen.  €,  provided  n  be  sufficiently  great,  and  this  is  the  con- 
dition that  X  should  be  the  limit  of  the  sequence  [x^.  A  sequence  of  real 
numbers  which  has  a  limit  must  be  convergent.     For  if  a;  is  the  limit  of  [x^, 

*  Arithmetica  It^itarum  (1656),  Prop.  43,  Lemma.    See  M.  Cantor's  Oeschichte  der  Mathe- 
matik,  yoL  n,  p.  823. 
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then  for  a  suflSciently  large  value  of  n,  |a?  — a;„|,  |a;  — ir,>_,.i|,  ...  |a7  — a;n+»n|,  ... 
are  all  less  than  ^e,  where  e  is  arbitrarily  chosen ;  now  |  x^  —  fl?fH-in  |  =  |^  —  ^n| 
+  I  a?  —  Xj^m  I ;  hence  |  x^,  —  Xnj^  \  <  €,  which  is  the  condition  of  convergence 
of  {xn]. 

As  the  complete  result  we  have  now  the  theorem  known  as  the  General 
Principle  of  Convergence*: 

The  necessary  and  sufficient  condition  tha;t  a  sequence  oh,  x^y  .,,  x^,  -.-  of 
real  numbers  may  have  a  limity  is  that,  corresponding  to  every  arbitrarily 
chosen  positive  number  e,  a  value  of  n  can  be  found  suoh  that  x^  —  ^n+u 
^n  — ^n+2>  ^n  — ^n+s>  •••  shull  be  all  numerically  less  than  e. 

This  theorem,  which  contains  the  criterion  for  the  existence  of  a  limit 
as  defined  in  accordance  with  the  arithmetical  definition  of  a  limit,  is  a 
deduction  from  Cantor's  theory  of  real  numbers. 

30.  If  the  numbers  of  a  sequence  {x^}  are  rational  numbers,  instead 
of  real  numbers,  the  definition  of  the  limit  is  applicable,  and  it  is  a  necessary 
but  not  a  sufficient  condition  for  the  existence  of  the  limit,  that  the  sequence 
should  be  convergent.  Strictly  speaking,  if  a  convergent  sequence  of  rational 
numbers  has  a  limit,  that  limit  is  also  a  rational  number;  but  from  the 
existence  of  convergent  sequences  of  rational  numbers  which  have  no  limit 
there  arises  the  necessity  for  the  extension  of  the  domain  of  number,  so  that 
in  the  extended  domain  every  convergent  sequence  may  have  a  limit ;  this 
extension  has  been  carried  out  by  substituting  Real  Number  for  Rational 
Number.  However,  although  a  convergent  sequence  of  rational  numbers 
which  has  no  rational  limit,  has  in  this  strict  sense  no  limit  at  all,  by  reason 
of  the  convergent  sequence  of  those  real  numbers  which  correspond  to  the 
rational  numbers  having  an  irrational  number  as  limit,  and  since,  as  has  been 
seen  above,  these  real  numbers  are  for  practical  purposes  not  distinguished 
from  the  rational  numbers  to  which  they  correspond,  it  is  usual  to  consider 
this  irrational  number  to  be  the  limit  of  the  sequence  of  rational  numbers. 
We  may  thus  assert  that  any  convergent  sequence  of  rational  numbers 
which  has  not  a  rational  number  as  limit,  has  an  irrational  number  as  its 
limit.  This  assertion  is  a  correct  one  for  the  practical  purposes  of  Mathe- 
matical Analysis. 

31.  The  method  of  limits,  which  is  essential  both  to  pure  Analysis 
and  to  the  applications  of  Analysis  in  Geometry  and  in  Eanetics,  had  a 
geometrical  origin  in  the  Method  of  Exhaustions,  which  was  applied  by  the 
Greek  geometers  to  determine  lengths,  areas,  and  volumes,  in  simple  cases. 
This  method,  supplemented  by  the  notion  of  the  numerically  infinite^  was 
developed  in  later  times,  in  various  forms,  into  a  general  method  which  formed 

*  This  tenn  ''das  allgemeine  Conyergenzprinzip '*  is  due  to  P.  Da  Bois-Reymond ;  see  his 
AW/emeine  Functionentheorie, 
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the  basis  of  the  Infinitesimal  Calculus.  The  traditional  geometrical  con- 
ception of  a  limit  may  be  exemplified  by  the  case  of  the  determination  of  the 
length  of  a  curve  as  the  limit  of  a  sequence  of  properly  chosen  inscribed 
polygons.  The  lengths  of  the  perimeters  of  the  polygons  are  regarded  as 
continually  approaching  the  required  length  of  the  curve  whilst  the  number 
of  sides  of  the  polygons  is  continually  increased.  The  limit,  the  length  of  the 
curve,  is  then  regarded  as  actually  reached  at  the  end  of  a  process  described 
as  making  the  number  of  sides  of  the  polygon  infinite,  this  mode  of 
attainment  of  the  limit  being  however  inaccessible  to  the  sensuous  imagi- 
nation, and  disgruising  an  actual  qualitative  change  of  a  geometrical  figure 
which  possesses  comers  and  is  bounded  by  segments  of  straight  lines,  into 
one  which  has  no  comers  and  has  a  curvilinear  boundary.  No  doubt  was 
felt  as  to  the  existence  of  the  limit,  which  was  regarded  as  obvious  from 
geometrical  intuition.  That  a  curve  possesses  a  length,  or  an  area,  was 
considered  to  require  no  proof.  The  first  mathematician  who  recognized 
the  necessity  for  a  proof  of  the  existence  of  a  limit  was  Cauchy,  who  gave 
a  proof  of  the  existence  of  the  integral  of  a  continuous  function.  That  the 
logical  basis  of  the  traditional  method  of  limits  is  defective  has  in  recent 
times  received  a  posteriori  confirmation  by  the  exhibition  of  continuous 
functions  which  possess  no  difierential  coefiicient,  and  by  many  other  cases  of 
exception  to  what  were  regarded  as  ordinary  results  of  analysis  resting  on  the 
method  of  limits,  which  have  been  brought  to  light  by  those  mathematicians 
who  have  been  engaged  in  examining  the  foundations  of  analysis. 

The  arithmetical  theory  of  limits,  which  is  summed  up  in  the  general 
principle  of  Convergence,  provides  a  definite  criterion  for  the  existence  of  the 
limit  of  a  sequence  of  numbers ;  and  a  considerable  part  of  modern  analysis 
is  concerned  with  obtaining  special  forms  of  the  general  criterion  adapted 
for  use  in  special  classes  of  cases.  The  theory  is  essentially  dependent  upon 
the  theory  of  irrational  numbers ;  for,  in  default  of  an  arithmetical  theory  of 
irrational  numbers,  all  attempts  to  prove*  the  existence  of  a  limit  of  a  con- 
vergent sequence  are  doomed  to  inevitable  failure ;  and  this  for  the  simple 
reason  that  a  convergent  sequence  of  rational  numbers  does  not  necessarily 
possess  a  limit  which  is  within  the  domain  of  such  numbers.  The  definition 
of  real  numbers  by  means  of  convergent  sequences  of  rational  numbers  is 
not  a  mere  postulation  of  the  existence  of  limits  to  such  sequences ;  it 
involves  rather  the  introduction  of  an  enlarged  conception  of  number,  of  such 
a  character  that  the  scheme  of  ordered  real  numbers  should  form  a  consistent 
whole,  and  such  that  every  convergent  sequence  of  numbers  in  the  domain  of 
real  number  necessarily  has  a  limit  within  that  domain.  The  postulation  of 
the  existence  of  the  aggregate  of  real  numbers  is  justified  by  shewing  that 

*  An  interesting  disonssion  of  varions  methods  which  have  been  suggested  of  proving  the 
existence  of  a  limit  will  be  found  in  Du  Bois-Beymond's  Allgemeine  Functionentheorie, 
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a  complete  scheme  of  definitions  and  postulates  can  be  set  up  for  the  elements 
of  this  aggregate,  and  that  such  a  scheme  does  not  lead  to  contradiction*.  As 
regards  the  existence  of  limits  in  the  case  of  lengths,  areas,  volumes,  &c., 
referred  to  above,  the  order  of  procedure  is  a  reversal  of  the  traditional  one, 
the  existence  of  the  limit  being  no  longer  inferred  from  geometrical  intuition. 
For  example,  in  the  case  of  the  determination  of  the  length  of  a  curve,  that 
length  is  not  assumed  to  be  independently  known  to  exist,  but  is  defined  as 
the  arithmetical  limit  of  the  sequence  of  numbers  which  represent  the 
perimeters  of  a  suitable  sequence  of  inscribed  polygona  When  this  sequence 
is  convergent,  and  its  limit  is  independent  of  the  particular  choice  of  the 
polygons,  subject  to  suitable  restrictions,  then  the  limit  so  obtained  determines 
the  length  of  the  curve.  In  case  no  such  limit  exists,  the  curve  is  regarded 
as  not  having  a  length. 

EQUIVALENCE  OF  THE   DEFINITIONS  OF   DEDEKIND   AND  CANTOR. 

32.  In  order  to  establish  the  equivalence  of  the  definitions  of  irrational 
numbers,  as  given  by  Dedekind  and  by  Cantor,  it  must  be  shewn  that  every 
convergent  sequence  of  rational  numbers  defines  uniquely  a  section  of  all 
the  rational  numbers,  and  that  this  section  is  the  same  for  all  convergent 
sequences  which  represent  the  same  real  number  in  accordance  with  rule  (1) 
in  §  25.  Conversely,  it  must  be  shewn  that  any  number  defined  by  a  section 
can  also  be  represented  by  a  convergent  sequence  of  rational  numbers. 

To  shew  that,  corresponding  to  the  convergent  sequence  {a?nl  which,  in 
accordance  with  the  Cantor  theory,  defines  the  real  number  x,  a  section  can 
be  found  :  Let  r  be  any  rational  number,  and  let  f  be  the  corresponding  real 
number  represented  by  {r}.  The  number  x  —  f  is  represented  by  {x^  —  ?•} ; 
and  if  this  number  is  not  zero,  then  (see  §  27),  from  and  after  some  fixed 
value  of  n,  Xn  —  r  has  a  fixed  sign,  positive  or  negative  according  to  the  value 
of  r.  A  section  of  the  rational  numbers  may  now  be  defined  as  follows : — 
Let  every  number  r  such  that  Xn-^r  ia  negative,  from  and  after  some  fixed 
value  of  w,  be  placed  in  the  class  J?2 ;  and  let  every  number  for  which  x^  —  r 
is  positive,  from  and  after  some  fixed  value  of  w,  be  placed  in  the  class  Rj. 
If  there  exists  a  rational  number  r,  such  that  neither  of  these  cases  arises, 
then  a;=  r,  and  r  may  be  put  into  either  of  the  classes  i2|,  J^.  It  has  thus 
been  shewn  that  a  section  of  the  rational  numbers  can  be  determined,  corre- 
sponding to  the  convergent  sequence  {xn}. 

Next,  let  {xn}  be  any  other  convergent  sequence  which  repi'esents  the 
same  real  number  x,  as  {xn}  does.  We  have  to  shew  that  the  section  of  the 
rational  numbers  which  corresponds  to  [xn],  is  identical  with  that  which 

*  On  this  mode  of  regarding  the  aggregate  of  real  numbers  as  dependent  npon  a  complete 
consistent  scheme  of  definitions  and  axioms,  see  Hilbert,  '*  Ueber  den  Zahlbegriff,**  Jahrether,  d. 
deutsch.  math.  Vereinigung,  vol.  vin  (1900). 
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corresponds  to  [x^.  If,  as  before,  r  denote  any  rational  number,  we  have 
[x^  -  r}  =  [Xfi  —  r}.  Now  a  value  of  n  can  be  found,  from  and  after  which, 
iCf^  —  r  and  x^  —r  both  have  fixed  signs  independent  of  n,  and  they  must  have 
the  same  sign.  It  follows  that  a  number  r  which  belongs  to  the  class  B^, 
must  also  belong  to  the  class  i2/,  by  which  the  section  corresponding  to  {xn} 
is  defined;  and  also  a  number  r  which  belongs  to  the  class  iZa*  necessarily 
belongs  to  iZ,',  except  in  the  case  [xn]  =  [xn]  =  f.  It  has  thus  been  shewn 
that  the  section  (Uj,  iZ,)  which  corresponds  to  {xn]^  is  identical  with  the 
section  (iZ/,  iZ,')  which  corresponds  to  {xn}. 

33.  To  shew  that  a  convergent  sequence  can  always  be  found  such  as 
to  define  the  number  corresponding  to  a  given  section  (iij,  iZj),  we  observe 
that  two  rational  numbers  can  always  be  found,  one  of  which  is  in  Ri  and  the 
other  in  iZg,  and  such  that  their  diflFerence  is  numerically  less  than  a  given 
arbitrarily  small  rational  number  e.  Let  A  be  any  rational  number  in  Ri,  and 
let  e' be  a  rational  number  <€.  Then  of  the  numbers  il+e',  i4  +  2€  ,...il+r€',... 
there  must  be  a  last  one  A  +  re'  which  falls  in  i?i,  for  A  +  ne'  may  be  made  as 
large  as  we  please  by  taking  n  large  enough;  the  next  number  A+(r+l)€  is 
then  in  R^;  and  these  numbers  A  +  re',  -4  4-  (r  +  1)€',  whose  difference  is  e'  <  e 
are  the  two  numbers  required.    Moreover,  if  i?  is  a  rational  number  in  iij, 

the  two  numbers  may  be  so  chosen  that  both  lie  between  A  and  B;  for  we  need 

1 
only  take  e'  to  be  of  the  form  -(B  —  A),  where  5  is  a  positive  integer  so 

1 
chosen  that  -(B  —  A)<€. 

Now  let  {e^}  be  any  convergent  aggregate  of  rational  numbers,  which  has 
zero  for  its  limit.  Choose  Xi  in  ii^,  and  x^  in  R^y  so  that  x^  —  Xi<  ei\  next  take 
x^in  Ri,  and  x^  in  jBg,  so  that  \x^'-x^\<€^\  and  that  x^,  0:4  both  lie  between 
Xi  and  ac^  Proceeding  in  this  way,  we  can  take  iCgn-i*  ^m  rational  numbers 
of  different  classes,  so  that  \  ic,n-i  —  ^an  I  <  €»;  then  either  of  the  sequences 
{xi,  a^jiTj, ... },  [x^yX^...],  defines  the  number  which  is  represented  by  the 
section  (iJi,  iZj). 

To  prove  this,  we  observe  that  [x^^^  is  a  convergent  sequence,  since  all 
the  elements  are  <a?j,  and  (c^kx^kx^.,,. 

Again,  suppose  a  is  a  rational  number  belonging  to  JKa,  we  can  shew  that, 
provided  a  rational  number  6  exists  in  R^  which  is  less  than  a,  then  a  is 
greater  than  all  the  numbers  a?i,  rr,, ...  by  more  than  a  —  5.     For 

a  -  x^n^^  =  (a  -  6)  +  (5  —  a?2»-i)  >  a  -  6, 
however  small  b  —  x^^^^  may  become.    Hence,  unless  a  is  the  smallest  rational 
number  in  22,,  the  real  number  [a]  which  corresponds  to  a,  is  greater  than 
the  number  (^,  a:^, ...). 

Again,  the  sequences  {a?2„-i},  \x^]  represent  the  same  number,  since  their 
difference   is  the  aggregate  {€»}  which   defines  zero.     It  now  appears,  by 
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reasoning  similar  to  the  above,  that  any  number  a  in  i2i  is  such  that  the 
real  number  {a}  is  less  than  the  number  \x^,  unless  a  is  the  greatest 
rational  number  in  Br^. 

If  either  Br^  has  a  greatest  rational  number,  or  12,  has  a  least  one,  the 
real  number  {a}  which  corresponds  to  this  rational  number  a,  is  itself  defined 
by  (iJi,  jRg),  and  is  the  number  represented  by  either  of  the  sequences  {^Cm-i}, 
{^2n}.  In  any  case,  either  of  these  two  sequences  defines  the  number  given 
by  the  section  (iJ^,  i?,). 

The  complete  equivalence  of  the  two  theories  of  Dedekind  and  of  Cantor 
has  now  been  established.  The  first  theory  operates  with  the  whole  aggregate 
of  rational  numbers,  the  second  with  sequences  selected  out  of  that  aggregate. 

THE   NON-EXISTENCE  OF  INFINITESIMALS. 

34.  It  should  be  remarked  that,  in  assuming  that  ^s^x^  section  of  the 
aggregate  of  real  numbers  defines  a  single  real  number,  it  has  been  implicitly 
assumed  that  if  a^h  are  any  two  positive  real  numbers,  such  that  a<b,  ilieii 
a  positive  integer  n  can  be  found  such  that  na  >  5. 

This  is  the  arithmetical  analogue  of  the  so-called  principle  of  Archi- 
medea 

If  any  real  numbers  existed  which  are  ordinally  greater  than  all  the 
numbers  a,  2a,  3a,  . . . ,  then  a  section  of  the  aggregate  of  real  numbers  would 
be  defined  by  considering  all  numbers  greater  than  all  the  numbers 
a,  2a,  3a,  ...  to  be  in  one  class,  and  all  the  remaining  real  numbers  to 
be  in  the  other  class ;  and  this  section  would  define  a  real  number  N.  If 
now  6  be  an  arbitrarily  chosen  positive  number  less  than  a,  then  N  —  e  is 
a  number  which  is  less  than  some  of  the  numbers  a,  2a,  3a,  ... ;  and  there 
must  be  a  first  of  this  set  of  numbers  such  that  iV—  e  is  less  than  it.  Let 
this  be  pa ;  thus  N—  €<  pa,  hence  N <  pa  -{-  e  <  (p  •{- 1) a ;  which  is  contrary 
to  the  hypothesis  that  no  number  na  is  in  the  class  of  numbers  which 
are  >  N, 

The  property  of  the  aggregate  of  real  numbers  which  has  been  established 
may  be  denoted  by  the  statement  that  the  aggregate  of  real  numbers  forms 
an  Archimedean  system  \  and  this  property  of  the  aggregate  is  essentially 
equivalent  to  the  property  that  every  section  of  the  aggregate  defines  a  single 
number  of  the  aggregate. 

A  consequence  of  the  fact  that  the  aggregate  of  real  numbers  forms  an 
Archimedean  system,  is  that  so-called  infinitesimal  numbers  do  not  exist 
within  the  aggregate.  Every  positive  number  e,  being  such  that  an  integer  n 
can  be  found  such  that  ne  >  1,  is  a  finite  number,  in  the  sense  in  which 
finite  numbers  were  distinguished  from  infinitesimals,  in  the  older  forms  of 
the  Infinitesimal  Calculus.     In  Arithmetical  Analysis,  the  conception  of  the 
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actually  infinitesimal  has  no  place.  When  the  expression  "  infinitesimal "  is 
used  at  all,  it  is  to  describe  the  process  by  which  a  variable  to  which  the 
numbers  of  a  sequence  converging  to  zero  are  successively  ascribed,  as  values, 
approaches  the  limit  zero;  thus  an  infinitesimal  is  a  variable  in  a  state  of 
flux,  never  a  number.  Such  a  form  of  expression,  appealing  as  it  does  to  a 
mode  of  thinking  which  is  essentially  non-arithmetical,  is  better  avoided. 


THE  THEORY  OF  INDICES. 

35.  When  m  is  a  positive  integer,  and  x  a  rational  number,  x^  was 
defined  to  denote  x  x  x  x  x  ..,  xx  (m  factors) ;  and  this  definition  may  be 
extended  to  the  case  in  which  x  is  any  number  defined  by  a  convergent 
sequence;  so  that  if  a;  is  defined  by  {xn},  x^  is  defined  by  [xj^].  It  thus 
appears  that  for  any  real  numbers  a?,  we  have,  provided  m  and  n  are  positive 
integers,  af^x  af^  =  a;"*+'*. 

If  we  assume  aP  and  x~^  to  be  defined  as  having  such  a  meaning  that 
this  law  of  indices  holds  when  m  or  n  is  zero,  or  a  negative  integer,  we  can 
at  once  interpret  af^  and  a;"*** ;  for 

o^xx^=^!Jif^^  =  x'^,  thus  aP=^l, 

1 

and  x"^  xaf^  =  aP=lt  thus  «"'*  =  —  . 

a?" 

When  pjq  is  a  rational  fi'action,  we  shall  define  x^  to  have  such  a 
meaning  that  the  above  law  of  indices  holds  when  either  or  both  of  m,  n 
may  be  rational  fractions.     With  this  assumption 

REE  E 

x^  xx^  xx^  .,,  xx^  {q  factors)  =xP; 

p  E 

hence  (x^yi  =  x^;  or  x^  is,  if  it  exists,  a  number  whose  qth  power  is  xp.     The 

E 
problem  of  determining,  if  possible,  a  number  x^,  is  that  of  finding  a  number 

whose  qih  power  is  a  given  number ;  and  it  has  been  already  shewn  that  this 

is  not  always  a  possible  operation  within  the  domain  of  rational  number. 

It  will  now  be  shewn  that,  in  the  domain  of  real  numbers,  the  opera- 

p 
tion  of  finding  x^  is  always  a  possible  one  when  x  is  positive,  and  also  when 

X  is  negative;  provided  however  that  in  this  latter  case,  q  is  an  odd  nuniber,  or 

if  it  is  even,  p  is  not  odd. 

The  following  lemma  will  be  required  : — If  a  is  any  real  positive  number 
less  than  unity,  a  positive  integer  m  can  be  found  such  that  a*'*  <  e,  where  e  is 
an  arbitrarily  prescribed  positive  number,  or,  in  other  words,  L  a**  =  0. 


n=oo 


Since  a**  >  a'*"*'\  the  sequence  (a,  a*, ...  a**, ...)  is  convergent. 
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Suppose,  if  possible,  that  the  sequence  represents  a  positive  number  k 
diflFerent  from  zero ;  then  m  may  be  so  chosen  that  a*",  a**"''^, ...  all  differ  ftx)m  k 
by  less  than  the  arbitrarily  prescribed  number  S,  say  a'^ = A; + 17,  where  17  <  S.  We 
have  therefore  a*""^^  =  (A  -f- 17)  a  <  (A;  +  S)  a ;  now  S  can  be  chosen  to  be  equal  to 

— ^ ,  then  a"*"*"^  <  A;  —  8 ;  and  this  is  contrary  to  the  condition  imposed 

in  the  choice  of  m. 

It  follows  that  k  cannot  be  different  from  zero ;  and  thus  the  lemma  is 
established. 

Suppose  now  that  a  is  any  positive  number,  rational  or  not,  which  lies 
between  N^  and  {N  -f- 1)^,  where  iV  is  a  positive  integer ;  we  shall  first  shew 
that  a  number  iV+  h,  where  A  <  1,  can  always  be  found  such  that  a  —  (N-hh)^ 
is  positive,  and  less  than  a  —  N^,     We  find  by  division 

hence,  if  h  is  positive  and  less  than  unity,  (N  +  A)'  —  N^  lies  between 

qhN^^  and  qh(N+l)9-'K 

Since  a-(iV  +  A)^  =  (a-i\r9)- {(JV^  +  A)^- i\r«), 

a  —  N^ 
we  must  take  h  not  greater  than  -j-^^ — j—-^ ,  in  order  that  a  —  (iV  +  h)^  may 

certainly  be  positive ;  and  the  difference  a  —  (iV  +  h)^  is  then  less  than 
Let  h=  --, 


then  a'-(N-\-  hy  <  (a  -  i^T^)  |l  -  U^-  ^^"\  . 

Let  iV,  =  iV  +  h,  then  Ni  is  such  that 


a-i\r,^<(a-i\r.)|i-(^^y""j. 


and  iVi  >  N. 

In  a  similar  manner,  we  can  shew  that  a  number  N^  exists  which  is  >  J^Tj, 
and  such  that 


a-N.^<^a-N.^){l-[£^J-]. 


Proceeding  in  this  manner,  we  obtain  a  series  of  numbers  N,  i^Tj,  JVj, ... 
Nr  ...  such  that  Nr  > Nr-i,  and  that  a  —  iVV^  is  positive,  and  less  than 


('-""'A'-ii^T]- 


We  shall  now  shew  that  (JV,  N^  N^, .,.  N^..*)  is  a  convergent  sequence 
which  defines  a  number  whose  qth  power  is  a. 
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The  sequence  [Nr]  is  convergent  since  Nr>Nr-i,  and  every  N^  is  less  than 
JV+  1.  The  qth  power  of  the  number  defined  by  this  convergent  sequence 
is  \Nr^}f  and  we  shall  shew  that  this  defines  the  number  a  or  [a], 

y/g  have 

and  hence  1  —  (  ,r — :r]      >  1  —  (  ,,    '^~*  ,  1 

Now  1  —  (  »7— ^  )       is  a  proper  fraction,  hence  from  the  lemma  proved 

above,  we  infer  that  a  power  r  of  the  expression  can  be  found  which  is  less  than 

an  arbitrarily  chosen  positive  number,  which  number  we  may  take  to  be     __  .^  . 

Hence,  corresponding  to  every  e,  a  number  r  can  be  found  such  that 
a  —  J\r^r-Hi <  €,  for  «  =  0,  1,  2, ...,  and  therefore  the  sequence  {N^\,  defines 
the  number  \a\  or  a. 

If  a  is  a  positive  proper  fraction,  we  have  (a')^  <  a,  hence  we  may  take 
JV  to  be  equal  to  a',  instead  of  to  a  positive  integer.  Then  a  <  (N  + 1)^ ;  thus 
this  value  of  N  will  play  the  same  part  as  the  integral  value  in  the  above 
proof,  and  the  reasoning  is  the  same  as  before. 

36.   It  has  now  been  shewn  that  in  every  case  a  real  number  can  be  found  of 

- 
which  the  gth  power  is  a  given  positive  number  a.   It  thus  appears  that  x^  has 

an  interpretation  within  the  domain  of  real  numbers,  when  x  is  any  positive 
number,  and  -  is  a  positive  rational  fraction. 

_p 
We  interpret  a  «  to  be  such  that 

-P  £ 

or  X   9  =  \jx9, 

- 
If  X  is  a  negative  number  —  x',  we  have  (—  a;')^,  defined  as  a  number  whose 

5th  power  is  (—  af)P ;  and  (—  x*)p  is  x'^  or  —  x'^,  according  as  ;>  is  even  or  odd. 

p  p 

If  j>  is  even,  (—«')'  can  be  interpreted  as  the  value  o(  x'^ .    Up  is  odd, 
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V  P 

and  g  is  odd,  (— a?')«  may  be  interpreted  as  —  a?'«.     When  2>  is  odd,  and  q 
is  even,  we  have  obtained  no  interpretation  of  (— a?')«. 

2r+l 

To  complete  the  theory  of  indices  in  such  a  way  that  (—  x')  **  may  have 
an  interpretation,  we  should  require  a  further  extension  of  the  conception  of 
number.  This  further  extension  takes  place  by  the  introduction  of  complex 
number,  which  is  however  outside  the  limits  imposed  upon  this  work  as  a 
treatise  dealing  only  with  real  number. 

37.  The  only  case  in  which  x*\  for  a  positive  x,  has  not  been  defined,  is 
that  in  which  n  is  not  a  rational  number.  To  extend  the  definition  to  this 
case,  we  suppose  n  to  be  defined  by  a  convergent  sequence  {n^},  in  which  all  the 
numbers  n,.  are  rational.  We  shall  shew  that  the  aggregate  [af^]  is  convergent, 
and  the  number  which  it  defines  we  shall  denote  by  x\ 

We  have  a^  —  x^^*  =  x^  \1  —  x'^'^»~^^}  \  now,  since  {n^}  is  a  convergent 
aggregate,  all  the  numbers  n^  are  numerically  less  than  some  fixed  number, 
and  therefore  |  «;**»•  |< -4,  where  A  is  some  fixed  number. 

First  suppose  x>l,  then 
hence  I  x^r  —  af^»  \<A\  icl'*r-«r+fi  —  1 1. 


Now  let  r  be  so  chosen  that,  for  all  values  of  s, 
where  g  is  a  positive  integer ;  then 


1 


x-1 


2  g^l ' 

1  +x9  +  X^-\',,,-\-X  9 


X—  1 

hence  I  x^^r-^^W  —  1  I  < 

q 

x-l 


or  I  x^  —  x^+»  I  <  A 


3 


and  if  a  is  chosen  so  that  -  <  -7-7 ^r ,  where  €  is  a  fixed  number,  we  see 

q     A  (x—l) 

that  r  may  be  so  chosen  that  |  x^r  -  af^r^-»  |  <  e,  for  all  values  of  »,  therefore 
[x^]  is  a  convergent  sequence. 

(  1  )   . 
If  a?<  1,  then  \—\  is  a  convergent  sequence,  and  therefore  [af^]  is  also 

convergent,  since  it  is  the  quotient  of  {1}  and  [af^].     If  a:  =  1,  then  {f^}  =  1. 
Thus  in  every  case  [af^]  is  a  convergent  sequence  if  [n^  is  convergent. 
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Since  [af^]  x  [a^]  =  {a^"^^*r},  we  see  that  the  definition  of  a?~,  when  n  is 
not  rational,  is  such  that  the  relation  x^  xx^  =  aj'^+w  is  satisfied. 

THE  REPRESENTATION   OF  REAL   NUMBERS. 

38.  The  ordinary  mode  of  representation  of  a  real  number  is  by  means 
of  a  decimal,  or  more  generally  by  a  radix-firaction.  When  the  decimal  is 
non-terminating,  this  mode  of  representation  is  a  case  of  the  representation 
by  a  convergent  sequence  of  rational  numbers,  in  accordance  with  Cantor  s 
theory.     For  example,  the  number  ir  is  represented  by  the  sequence 

(3,  31,  3141,  31415,  314159,  3141592,  ...), 

where  by  known  processes,  any  prescribed  element  can  be  found  as  the  result 
of  a  definite  number  of  arithmetical  operations. 

The  general  theorem  will  be  established  that  every  positive  real  nvmber  N 
is  uniquely  repreaentable  by  means  of  a  non-terminating  series  of  radix- 
fractions,  of  which  r,  the  radix,  is  any  integer  ^  2. 

Of  the  numbers  0,  r,  2r,  3r, . . . ,  there  is  (see  §  34),  of  all  those  which  are 
less  than  riV,  a  greatest  one  Cor,  which  may  be  zero;   thus 

rN>CQr,  and  <(Co  +  l)r; 

N 
it  follows  that  iV=Co+-^, 

r 

where  i^j  is  a  positive  number  less  than  r. 
In  a  similar  manner  we  obtain 

IIT  ^*  8  \T  3  \T  ^*  n-4-1 

iVj  =  Ci  +  —  ,     ^2  =  C2  +  -—  ,  ...  ^n  =  Cn  H        -      , 

r  r  r 

where  N^,  Ns,  ...  Nn^-i  are  all  <  r ;  therefore 


where  Co,  Cj,  Ca,  ...  Cn  are   each   of  them    positive   integral   or  zero,    and 
0  <  Nn+i  <  r. 

Since  i^-(co  +  ^^+^-....+^:)<l 

and  it  has  been  shewn  that  -^  has  the  limit  zero  as  n  is  indefinitely  increased, 
we  see  that  the  sequence,  of  which  the  nth  element  is 

^  +  ^  +^+  •••  +^' 
is  convergent,  and  represents  the  real  number  N,    This  is  expressed  by 

\T  C\  C9  ^fi 

^=Co"r        r~;"r  ••.  T  ~~Zi  "r  . . .  > 

in  which  N  is  represented  by  a  non-terminating  radix-fraction. 
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Let  us  now  consider  the  case  in  which  i\r  is  a  rational  number  i- ,  in  its 

0 

lowest  term.  We  have  a  =  Ooi  +  )8o»  where  Po<h\  and  r^^  =  aj>  +  )8i,  where 
Pi<h\  r/8i  =  a25  +  )8j,  ...,  r/8n-i  =  an6  +  )8n,  where  )8„  )8„  ...  /8„  are  all  less 
than  6. 

If  one  of  the  numbers  )8,  say  )8n»  is  zero,  we  have 

iV=^  =  ao  +  -  +  -+  ...  +~, 

and  thus  N  is  expressed  in  terminating  radix-fractions ;  this  case  can  only 
arise  when  6  contains  only  prime  factors  of  r.  The  terminating  series  of 
radix-fractions  can  be  replaced  by  a  periodic  one  which  does  not  terminate. 
For  if  we  use  On—  1  instead  of  On,  as  the  numerator  of  r**,  we  have 

r)8n-i  =  (a,»-l)6  +  6; 
thus  Pn  becomes  6  instead  of  zero,  and 

r6=:(r-l)6+6; 

thus  /8nt  /8rM-i>  •••  ^^^  ^1'  ^qual  to  h ;  and  flTn+i.  «n+i»  •••  are  all  equal  to  r  —  1. 
Thus  N  is  represented  by 

iv  =  g  — 00+ -  +  ^+ ...  +    ^    +:^+i  +  "^+r  "^■••• 

It  thus  appears  that  a  rational  number,  which  in  its  lowest  terms  has  a 
denominator  which  contains  only  prime  factors  of  r,  is  capable  of  a  double 
representation;  (1)  by  a  terminating  series  of  radix-f rations ;  (2)  by  a  non- 
terminaiing  series  of  radix-fractions,  of  which  the  numerators  after  some  fixed 
one  are  all  r  —  1. 

In  case  none  of  the  numbers  ^i,  /82»  •••  Pm  ...  vanishes,  it  is  clear  that 
since  all  these  numbers  are  either  1,  2,  3,  ...  6  —  1,  they  cannot  be  all 
unequal.  Suppose  Pn  is  the  first  which  is  repeated,  and  let  Pn  =  Pn^m\  it 
is  then  clear  that  )8„+,  =  )8„^.,rt+i,  )8n+2  =  ^n+m-fsi «..;  and  therefore  the  number 
is  represented  by  a  recurring  series  of  radix-fractions. 

39.  When  a  number  is  defined  by  means  of  a  convergent  sequence  of  some 
special  form,  it  is  in  general  not  immediately  obvious  whether  the  number  is 
rational  or  irrational.  Many  special  investigations  relating  to  particular 
cases,  and  various  general  criteria  have  been  given  by  well-known  mathe- 
maticians. 

One  of  the  most  important  modes  of  such  representation  of  a  number  is 
that  by  an  endless  continued  fraction.  This  fraction  may  be  regarded  as  an 
aggregate,  each  element  of  which  is  a  finite  continued  fraction.  Legendre 
established  the  fundamental  theorem  that  a  number  represented  by  an 
endless  continued  fraction 

Oi       Oa      Qs  On 
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that  is,  by  an  aggregate  of  which  the  nth  element  is 

ch     g,     gj         On 

b,±b,±h±-b„' 

is  irrational*,  provided  the  positive  integers  a„,  bn  are  such  that  for  every 
value  of  n,  6»  -  ttn  =  1 ;  except  that  when  5n  —  On  =  1,  for  every  value  of  n  ^  m, 
where  m  is  some  fixed  number,  and  when  at  the  same  time  the  signs  before 

all  the  fractions  r-,  for  n>mt  are   negative,  then  the  continued  fraction 

converges  to  unity,  or  to  a  rational  fraction,  accoixling  as  m  =  1,  or  m  >  1. 

This  theorem  contains  as  special  cases  the  theorems  previously  established 
by  Lambert,  that  e*,  tan  x,  log^  a?,  tan""^  x,  ir  are  irrational  for  rational  values 
of  X,  The  irrationality  of  e  and  e"  was  first  proved  by  Eulerf.  LegendreJ 
himself  applied  the  general  theorem  to  prove  the  in'ationality  of  tt*,  although 
his  proof  was  lacking  in  rigidity. 

The  following  general  theorem  has  been  proved§  by  Cantor : — 

If  6,  h\  5",  ...  is  a  set  of  positive  integers  such  that,  q  being  any 
arbitrarily  chosen  integer,  all  the  numbers  1,  6,  65',  WV\  ...  from  and  after 
some  fixed  number  of  the  sequence,  are  divisible  by  q ;  then  any  number  N 
can  be  uniquely  represented  by 

where  /  is  an  integer,  and  \,  /a,  i/,  ...  are  integers  such  that 

\^6-l,    /i^t'-l,    1/^6"-!. 

Further,  in  order  that  the  number  N  may  be  rational,  it  is  necessary  that, 
firom  and  after  some  fixed  term  of  the  series,  all  the  numbers  X,  /Lt,  i/,  ... 
have  their  highest  possible  values.  If  this  condition  is  not  satisfied,  N  is 
irrational. 

As  an  example  of  this  theorem,  the  number  e  represented  by 

1     J_     _1_ 
"^2"^2.3'^2."3.4'^-- 

is  seen  to  be  irrational. 

A  particular  case  of  Cantor's  theorem  is  that  in  which  the  sequence  of 
numbers  6,  b\  b",  ...   from  a  particular  element  onwards,  is  periodic.     In 

*  A  proof  of  this  theorem  is  given  by  Pringsheim,  '*Ueber  die  Convergenz  unendlicher 
Kettenbroche,"  Sitzungiberichte  d.  layer,  Akad.  vol.  xxvii,  1897,  p.  818. 

t  On  the  history  of  these  theorems  see  Pringsheim's  article  *'  Ueber  die  ersten  Beweise  der 
Irrfttioiialit&i  Ton  e  and  r,"  Sitzungiberichte  d.  bayer,  Akad.  vol.  zzvn. 

t  See  his  Aliments  de  QeomStrie,  Note  4 ;  see  also  Rudio's  work,  << Archimedes,  Hoygens, 
Lambert,  Legendre,"  1892,  p.  166. 

§  SchlOmilch's  Zeitichrift,  vol.  ziv  (1869),  *'  Ueber  die  einfaehen  Zahlensysteme." 
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this  case,  the  necessary  and  sufficient  condition  that  the  number  repre- 
sented by 

should  be  rational,  is  that  the  sequence  /8,  P\  /8",  ...  be,  from  and  after  some 
fixed  number  of  the  sequence,  periodic.  This  is  a  generalization  of  the 
theorem  relating  to  a  number  represented  by  radix-fractions. 

If  6  =  2,  6' =3,  6"  =  4, ...  we  obtain  the  theorem*  that  the  number 
represented  by 

^4.^4.^4.       4.^4. 

where  Cn  ^  w  —  1,  is  rational,  only  if,  from  and  after  some  particular  value  of  n, 
c„  =  n  —  1. 

A  mode  of  representation  of  numbers  by  sequence  of  products  has  been 
given  t  by  Cantor.  He  shews  that  every  number  A">  1,  can  be  uniquely 
represented  in  the  form 


(-S(-J)('^-)('^a)-- 


where  a,  5,  c, ...  are  integers  such  that 

b^a\   c^b\   d  ^c^  .... 

N  Na 

The  number  a  is  determined  as  the  inteorral  part  of  -^7 — =-.  If ^  =  -B, 

"^       ^  N-l        a  +  1 

B  Bb 

b  is  the  integral   part  of   ^ — =- ;  if  y — r  =  C,  c  is  the  integral   part  of 

79 — ^;  and  so  on. 

As  an  example,  */2  is  represented  by 

where        17  =  2.3«-1,   577  =  2. 17^-1,   665857  =  2.  577»-l,.... 

The  criterion  for  determining  whether  N  is  rational  or  irrational  is  the 
following : — 

The  number  represented  by 
where  b^a\  c  ^  6^  ..., 

*  See  Stephanos,  Bulletin  de  la  eoc,  math,  de  France,  vol.  vu  (1879).  For  farther  infor- 
mation on  the  history  of  this  subject  see  Pringsheim's  article  I.  A.  8,  in  the  Eneyclopddie  der 
Math,  Wigsenschaften. 

t  Schlomilch's  Zeitschrift,  vol.  xiv  (1869).  *'  Ueber  zwei  Satze...." 
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all  the  numbers  a,  6,  c, ...  being  positive  integers,  is  rational  if,  from  and  after 
some  fixed  number  of  the  sequence  a,  6,  c, ...,  each  number  is  the  square  of 
the  preceding  number  of  the  sequence;  but  the  number  is  irrational  if 
this  condition  is  not  satisfied. 

THE   CONTINUUM   OF   REAL  NUMBERS. 

40.  If  Oj,  hi  are  any  two  real  numbers  such  that  ai<5i,  then  two  real 
numbers  a,,  5,,  (aj<  5a),  can  be  found  both  lying  between  a^,  ftj,  and  such  that 
the  difference  between  a,,  6,  is  as  small  as  we  please,  i.e,  b^  —  a^K  e,  where  e  is 
an  arbitrarily  prescribed  number.  Between  Oa,  62,  two  more  numbers  a,,  63, 
(a,  <  6,),  can  be  found  whose  difference  is  again  as  small  as  we  please ;  and 
this  process  may  be  carried  on  indefinitely.  This  property  of  the  aggregate 
of  real  numbers  may  be  expressed,  to  use  the  term  introduced  by  G.  Cantor, 
by  saying  that  the  aggregate  of  real  numbers  is  connex ;  it  arises  from  the  fact 
that  an  indefinite  series  of  numbers  can  be  found  which  lie  between  any  two 
given  numbers.  If  we  anticipate  a  term  which  will  be  introduced  when  we 
come  to  the  general  theory  of  aggregates,  the  property  of  connexity  may  be 
expressed  by  saying  that  the  aggregate  of  real  numbers  is  everywhere-dense. 

It  will  further  be  observed  that  the  aggregate  of  rational  numbers  is  also 
connex,  or  everywhere-dense ;  so  that,  so  far  as  this  property  is  concerned, 
there  is  nothing  to  differentiate  the  one  aggregate  from  the  other. 

If  the  difference  of  a^  and  b^  is  denoted  by  e^,  and  the  sequence 
61,  €s,  ...  €n,  ...  satisfies  the  condition,  that  corresponding  to  any  fixed 
arbitrarily  small  positive  number  77,  a  value  of  7?  can  be  found  such  that 
Cn>  €n+i>  •••  Are  all  less  than  17,  then  there  exists  a  single  real  number  x  which  is 

greater  than  all  the  numbers  a,,  a,, ... ,  and  less  than  all  the  numbers  61,  6,, 

This  number  x  is  the  limit  of  either  of  the  sequences  (ai,  a,,  ...  any  ...)  and 
(61,  6,, ...  6ni  •••)>  a^d  is  defined  by  a  section  of  all  the  real  numbers. 

If  we  confine  ourselves  to  the  domain  of  rational  numbers,  there  subsists 
in  that  domain  no  such  property ;  that  is,  the  above  numbers  a,  5  being  all 
rational,  no  such  rational  number  as  x  necessarily  exists. 

In  the  domain  of  Real  Number,  every  convergent  sequence  has  a  limit 
which  is  a  number  belonging  to  that  domain ;  and,  conversely,  every  number 
is  the  limit  of  properly  chosen  convergent  sequences  of  numbers  belonging  to 
the  domain :  but  in  the  domain  of  Rational  Number  a  corresponding  state- 
ment does  not  hold  good,  although  the  converse  is  still  valid. 

This  property,  which  the  domain  of  real  numbers  possesses,  we  express 
by  saying  that  the  aggregoite  of  real  numbers  is  perfect  The  aggregate  of 
rational  numbers  is  not  perfect. 

From  the  point  of  view  of  Dedekind's  theory,  the  property  that  the 
aggregate  of  re^l  numbers  is  perfect  expresses  the  fact  that  every  section  of 
H.  4 
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the  real  numbers  corresponds  to  a  single  real  number,  and  the  converse. 
A  section  of  the  rational  numbers  does  not  always  correspond  to  a  rational 
number ;  consequently  the  aggregate  of  rational  numbers  is  not  perfect. 

We  give  the  name  continuum*  to  an  aggregate  which  possesses  the  two 
properties  of  being  connex,  and  of  being  perfect.  This  is  in  the  first  instance 
taken  to  be  the  definition  of  the  meaning  of  the  word  continuum,  as  it  is 
used  in  Analysis.  Thus  the  aggregate  of  real  numbers  forms  a  continuum  ; 
whereas  the  aggregate  of  rational  numbers  is  essentially  discrete,  and  does 
not  form  a  continuum,  since  one  of  the  two  essential  properties  of  a  continuum 
is  absent. 

The  aggregate  of  real  numbers  is  spoken  of  as  the  continuum  of  real 
numbers,  or  the  arithmetic  continuum. 

The  real  numbers  which  lie  between  two  numbers  a,  5  do  not  form  a 
continuum,  but  if  the  two  numbers  a,  b  themselves  are  considered  to  be 
included  in  the  total  aggregate,  then  this  completed  aggregate  does  form 
a  continuum. 

All  the  reed  numbers  x  su>ch  that  a^x ^b,  in  the  ordinal  sense  of  the 
symbols  <,  =,  >,  are  said  to  form  an  interval  (a,  b) ;  and  such  an  interval 
is  frequently  described  as  a  closed  interval. 

The  real  numbers  x  which  are  such  that  a<  x<b,  are  frequently  said  to 
form  an  open  interval  (a,  6). 

The  closed  interval  (a,  6)  is  a  continuum,  since  it  satisfies  the  two  necessary 
conditions  for  the  applicability  of  the  term ;  but  the  open  interval  (a,  6)  is 
not  a  continuum,  as  it  contains  convergent  sequences  which  have  no  limit 
belonging  to  the  open  interval.  Such  an  open  interval  has  been  termed  by 
Cantor  a  semi-continuum. 

Of  the  two  essential  properties  of  the  arithmetic  continuum,  that  of 
connexity,  and  that  denoted  by  the  term  perfect,  the  latter  is  absolutely 
indispensable,  in  order  that  the  arithmetic  continuum  may  be  suitable 
to  be  the  field  of  operations  in  analysis.  It  will  appear,  when  we  come 
to  the  consideration  of  the  theory  of  functions  of  a  real  variable,  that  many 
of  the  most  important  properties  of  a  function  may  still  subsist  even  if  the 
domain  of  the  variable  lacks  the  property  of  connexity;  but  that  such 
properties  would  not  belong  to  functions  of  a  variable  which  is  defined  for 
a  domain  such  that  convergent  sequences  of  numbers  in  it  possess  no  limit 
within  that  domain,  and  which  therefore  lacks  the  property  of  being  perfect. 
This  is  the  more  remarkable  on  account  of  the  fact  that,  in  the  older 
traditional  notion  of  a  continuum,  the  property  of  connexity  was  the  one 
which  was  regarded  as  all  important ;  the  more  essential  property  of  being 

*  See  Cantor,  Math,  Annalen,  vol.  zxi,  p.  576. 
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perfect  has  only  been  explicitly  formulated  in  the  course  of  construction 
of  the  modern  arithmetical  theory. 

41.  The  term  arithmetic  continuum  is  used  to  denote  the  aggregate  of 
real  numbers,  because  it  is  held  that  the  system  of  numbers  of  this  aggregate 
is  adequate  for  the  complete  analytical  representation  of  what  is  known  as 
continuous  magnitude.  The  theory  of  the  arithmetic  continuum  has  been 
criticized  on  the  ground  that  it  is  an  attempt  to  find  the  continuous  within 
the  domain  of  number,  whereas  number  is  essentially  discrete.  Such  an 
objection  presupposes  the  existence  of  some  independent  conception  of  the 
continuum,  with  which  that  of  the  aggregate  of  real  numbers  can  be  com- 
pared. At  the  time  when  the  theory  of  the  arithmetic  continuum  was 
developed,  the  only  conception  of  the  continuum  which  was  extant  was  that 
of  the  continuum  as  given  by  intuition ;  but  this,  as  we  shall  shew,  is  too 
vague  a  conception  to  be  fitted  for  an  object  of  exact  mathematical  thought, 
until  its  character  as  a  pure  intuitional  datum  has  been  modified  by  exact 
definitions  and  axioms.  The  discussions  connected  with  arithmetization 
have  led  to  the  construction  of  abstract  theories*  of  measurable  quantity ; 
and  these  all  involve  the  use  of  some  system  of  arithmetic,  as  providing  the 
necessary  language  for  the  description  of  the  relations  of  magnitudes  and 
quantities.  It  would  thus  appear  to  be  highly  probable  that,  whatever 
abstract  conception  of  the  intuitional  continuum  of  quantity  and  magnitude 
may  be  developed,  a  parallel  conception  of  the  arithmetic  continuum,  though 
not  necessarily  identical  with  the  one  which  we  have  discussed,  will  be 
required.  To  any  such  scheme  of  numbers,  the  same  objection  might  be 
raised  as  has  been  referred  to  above ;  but  if  the  objection  were  a  valid  one, 
the  complete  representation  of  continuous  magnitudes  by  numbers  would, 
under  any  theory  of  such  magnitudes,  be  impossible.  It  is  clear  that  it 
is  only  in  connection  with  an  exact  abstract  theory  of  magnitude,  that 
any  question  as  to  the  adequacy  of  the  continuum  of  real  numbers  for  the 
measurement  of  magnitudes  can  arise.  For  actual  measurement  of  physical, 
or  of  spatial,  or  temporal  magnitudes,  the  rational  numbers  are  sufficient ; 
such  measurement  being  essentially  of  an  approximate  character  only,  the 
degree  of  error  depending  iipon  the  accuracy  of  the  instruments  employed. 

The  purely  ordinal  nature  of  the  conception  of  the  arithmetic  continuum, 
including  the  ordinal  character  of  an  interval,  has  been  pointed  out  in  the 
course  of  the  development  of  the  theory.  This  will  be  further  elucidated 
in  connection  with  the  abstract  theory  of  order-types  to  be  discussed  in 
Chapter  ill. 

*  See  O.  H.  Hdlder,  Die  Axiame  der  Quantitdt  und  die  Lehre  vom  Mass,  Leipziger  Beriohte, 
vol.  Lin  (1901);  also  Veronese's  work,  Fondamenti  di  Geometria,  1891;  and  Bettazzi's  work, 
Teoria  deUe  grandef^e^  1890. 

4—2 
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THE  CONTINUUM  GIVEN   BY   INTUITION. 

42.  Before  the  development  of  analysis  was  made  to  rest  upon  a  purely 
arithmetical  basis,  it  was  usually  considered  that  the  field  of  operations  was 
the  continuum  given  by  our  intuition  of  extensive  magnitude,  especially  of 
spatial  or  temporal  magnitude,  and  of  the  motion  of  bodies  through  space.  ~ 

The  intuitive  idea  of  continuous  motion  implies  that  in  order  that  a  body 
may  pass  from  one  position  A  to  another  position  B,  it  must,  pass  through 
every  intermediate  position  in  its  path.  An  attempt  to  answer  the  question, 
what  is  meant  by  every  intermediate  position,  reveals  the  essential  difficulties 
of  this  conception,  and  gives  rise  to  a  demand  for  an  exact  theoretical  treat- 
ment of  continuous  magnitude. 

The  implication  contained  in  the  idea  of  continuous  motion,  shews  that, 
between  A  and  5,  other  positions  A\  B'  exist,  which  the  body  must  occupy 
at  definite  times;  that  between  A\  R,  other  such  positions  exist,  and  so  on. 
The  intuitive  notion  of  the  continuum,  and  that  of  continuous  motion  negate 
the  idea  that  such  a  process  of  subdivision  can  be  conceived  of  as  having  a 
definite  termination.  The  view  is  prevalent  that  the  intuitional  notions  of 
continuity  and  of  continuous  motion  are  fundamental  and  sui  generis ;  and 
that  they  are  incapable  of  being  exhaustively  described  by  a  scheme  of 
specification  of  positions.  Nevertheless,  the  aspect  of  the  continuum  as  a 
field  of  possible  positions  is  the  one  which  is  accessible  to  Arithmetic  Analysis, 
and  with  which  alone  Mathematical  Analysis  is  directly  concerned.  That 
property  of  the  intuitional  continuum,  which  may  be  described  as  unlimited 
divisibility,  is  the  only  one  that  is  immediately  available  for  use  in  Mathe- 
matical thought ;  and  this  property  is  not  sufficient  for  the  purposes  in  view, 
until  it  has  been  supplemented  by  a  system  of  axioms  and  definitions  which 
shall  suffice  to  provide  a  complete  and  exact  description  of  the  possible 
positions  of  points  and  other  geometrical  objects  which  can  be  determined  in 
space.     Such  a  scheme  constitutes  an  abstract  theory  of  spatial  magnitude. 

The  exact  theory  of  magnitude  was  developed  to  a  considerable  extent 
by  Euclid ;  but  not  until  recently,  under  the  influence  of  the  ideas  of  the 
arithmetical  theory,  has  it  been  perfected  in  a  form  which  exhibits  the  exact 
system  of  axioms  and  definitions  necessary  for  a  characterization  of  con- 
tinuity, that  is  adequate  for  mathematical  analysis.  Besides  the  arithmetic 
theory  of  number,  there  exists  at  the  present  time  a  theory  of  magnitude 
which  runs  to  a  certain  extent  parallel  with  the  former  theory.  Some 
mathematicians*  still  prefer  to  regard  number  as  primarily  representing  the 
ratio  of  two  magnitudes ;  but  they  nevertheless  to  a  large  extent  employ  the 
methods  of  arithmetical  analysis. 

*  P.  Du  Bois  Beymond  in  his  Allgemeine  FuncHonentheorie  strongly  advocates  the  view  that 
linear  magnitude  forms  the  basis  of  the  conception  of  Number.  See  also  Stolz,  Allgemeine 
Arithmetikf  where  both  views  of  Number  are  developed.  See  also  G.  Ascoli,  Rend,  1st,  Lomb,  (3) 
28  (1895). 
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THE  STRAIGHT  LINE  AS  A  CONTINUUM. 

43.  Although  it  is  no  part  of  the  plan  of  the  present  work  to  enter  fully 
into  the  general  theory  of  Magnitude,  it  is  necessary  briefly  to  consider  the 
case  of  those  magnitudes  which  are  segments  of  a  straight  line,  that  straight 
line  which  is  the  ideal  object  of  geometry,  and  which  is  the  ideal  counterpart 
of  the  physical  straight  line  of  perception. 

The  length  of  the  segment  between  two  points  ^,  i5,  of  a  straight  line, 
is  a  particular  case  of  a  magnitude ;  and  we  shall  take  this  conception  as  a 
datum,  subject  to  a  set  of  axioms*  relating  to  the  notions  of  congruency, 
and  to  the  notions  greater  and  le^s  as  applied  to  magnitudes. 

We  assume  that  any  number  of  congruent  segments  OA,  AB,  BC, ...  can 
be  constructed  on  the  straight  line ;  and  that  any  segment  OA  can  be  divided 
into  any  number  of  segments  which  are  all  equal  to  one  another. 

Any  segment  OA  may  be  taken  as  the  unit  of  length,  so  that  its 
magnitude  is  represented  by  the  number  1;  its  multiples  OB,  OC,  ...  are 
denoted  by  the  numbers  2,  3, ... .  If  each  one  of  the  segments  OA ,  AB,  BO, . . . 
be  divided  into  the  same  number  q  of  equal  parts,  then,  if  P  is  a  point  of 
division,  OP  is  denoted  by  a  fractional  number  p/q,  where  p  is  the  number  of 
the  sub-segments  in  OP.  Thus  when  /),  q  are  any  positive  integral  numbers, 
p/q  represents  a  definite  magnitude  OP,  the  unit  magnitude  OA  having  been 
fixed  upon  beforehand. 

Further,  the  number  p/q  may  also  be  regarded  as  representing  the 
position  of  the  point  P  itself.  In  order  to  represent  points  of  the  straight 
line  on  both  sides  of  0,  the  convention  is  made,  that  points  on  one  side  of 
0  shall  be  represented  by  positive  numbers,  and  those  on  the  other  side  by 
negative  numbers ;  thus  if  P  is  on  the  right  of  0,  and  P"  on  the  left  of  0, 
and  if  0P=  OP',  the  point  P'  is  represented  by  the  number  —p/q.  The 
length  of  any  segment  of  the  straight  line,  whose  ends  are  points  to  which 
rational  numbers  have  been  assigned  in  the  manner  explained  above,  is  the 
difference  of  the  above  two  numbers.  In  this  manner,  we  have  a  correspond- 
ence established  between  the  aggregate  of  rational  numbers  and  an  aggregate 
of  points  on  the  straight  line,  the  relation  of  order  being  conserved  in  the 
correspondence,  so  that  the  two  aggregates  are  similar. 

The  set  of  points,  thus  represented  by  rational  numbers,  we  may  speak 
of  as  the  rational  points  of  the  straight  line;  but  it  must  be  remembered 
that  a  definite  origin  0,  and  a  definite  unit  of  length  OA,  are  supposed  to 
have  been  fixed  upon  beforehand ;  and  if  these  be  altered,  the  set  of  rational 
points  will  in  general  be  altered  also. 

*  These  axioms  are  discussed  by  O.  Hdlder,  Leipziger  Berichte,  vol.  liii,  1901. 
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It  has  been  assumed  as  an  axiom  that,  if  PiQi  is  any  segment  of  the 
straight  line,  it  may  be  divided  into  any  number  n^  of  equal  parts:  of  these, 
if  P2Q2  be  taken  as  one,  the  same  axiom  asserts  that  Pjli^  may  be 
similarly  divided  into  any  number,  w^,  of  equal  parts,  P3Q,  being  one  of  the 
parts ;  and  that  this  process  may  be  repeated  an  unlimited  number  of  times. 
The  axiom  is  equivalent  to  an  Eussumption  that  the  straight  line  is  capable 
of  unlimited  divisibility ;  and  this,  being  a  characteristic  property  of  the 
intuitional  linear  continuum,  must  also  hold  for  its  ideal  counterpart,  the 
straight  line  which  we  are  here  considering. 

We  proceed  to  assume  as  another  axiom  that,  PiQi,  P^Q^*  -PsQs-"  being 
the  segments  constructed  as  above,  there  exists  in  the  straight  line  one 
point  X,  and  one  only,  which  separates  all  the  points  Pi,  P2,  P^, ,..  from  all 
the  points  Qi,  Qa,  Q,,  ....  If  F  be  any  point  other  than  X,  then  points 
belonging  to  the  sequence  Pi,  Pj,  Pj, ...  and  points  belonging  to  the  sequence 
Oi»  Q2,  Qj»  •••  can  be  found  which  are  both  on  the  same  side  of  F. 

The  point  X  may  be  regarded  as  the  limit  of  either  sequence  of  points; 
and  the  property  corresponds  to  that  property  of  the  arithmetic  continuum 
which  is  expressed  by  saying  that  it  is  perfect. 

In  accordance  with  this  axiom  there  is  one  single  point  on  the  straight 
line  which  corresponds  to  any  given  real  number;  and  this  point,  or  the 
magnitude  of  the  corresponding  segment,  may  be  represented  by  the 
real  number. 

This  axiom  has  been  stated  by  Dedekind,  in  a  form  corresponding  to  his 
definition  of  an  irrational  number : — that  a  section  of  the  rational  points,  in 
which  they  are  divided  into  two  classes,  is  made  by  a  single  point. 

Another  form  of  the  axiom  is  that  known  as  the  Axiom  of  Archimedes*: — 
that  if  AB,  A*B'  are  any  two  segments  of  the  straight  line,  of  which  AB  is 
the  smaller  one,  an  integer  n  can  always  be  found  such  that  n .  AB  >  A'Bt. 
As  in  the  case  of  the  arithmetic  continuum,  this  is  equivalent  to  the  negation 
of  the  existence  of  infinitesimal  segments  of  the  straight  line. 

This  axiom  being  assumed,  there  is  a  complete  correspondence  between 
the  points  of  the  straight  line  and  the  aggregate  of  real  numbers.  Thus  the 
nature  of  the  linear  continuum,  that  is,  so  far  as  its  possible  parts,  and  the 
possible  positions  in  it,  are  concerned,  is  completely  represented  and  described 
by  means  of  the  arithmetic  continuum,  the  axioms  relating  to  the  straight  line 
having  been  so  chosen  that  this  may  be  the  case.  It  will  be  observed  that 
there  is  no  real  disparity  between  the  rational  points  and  the  irrational 
points  of  the  straight  line;  a  point,  which  with  one  origin  and  one  unit 
of  length,  is  a  rational  point,  may  be  an  irrational  point  if  another  origin,  or 
another  unit  of  length,  be  chosen. 

*  The  importance  of  the  Axiom  of  Archimedes  in  this  connection  was  pointed  out  and 
diiicuBsed  by  Stolz,  Math,  Annalerit  vols,  xxii  and  xzziz. 
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44  The  mode  which  has  been  adopted  above,  of  establishing  a  complete 
correspondence  between  the  aggregate  of  real  numbers  and  the  aggregate  of 
points  in  a  straight  line,  though  the  most  convenient  mode,  is  not  the  only 
possible  one.  All  that  is  really  necessary  for  the  correspondence  is  that,  in 
accordance  with  some  systematic  scheme,  the  points  in  the  straight  line  shall 
be  made  to  correspond  with  the  numbers  of  the  arithmetic  continuum  in 
such  a  way  that  the  relation  of  order  is  conserved  in  the  correspondence. 
It  is  not  necessary  that  the  difference  of  two  numbers  should  represent  the 
length  of  the  segment  of  the  straight  line  which  is  terminated  by  the  points 
that  correspond  to  the  two  numbers.  The  mode  of  correspondence  given 
above  is  however  the  simplest  one,  and  will  therefore  be  adopted  for  the 
purpose  of  enabling  us  to  use  the  language  of  geometry  in  analytical 
discussion. 

In  the  case  of  space  of  two  or  of  three  dimensions,  it  will  be  assumed 
as  axiomatic  that  one  point  of  the  space,  and  one  only,  corresponds  to 
each  pair  or  triplet  of  real  numbers  which  represent  Cartesian  coordinates. 
This  axiom  may  be  considered  as  fundamental  in  the  Cartesian  system  of 
analytical  geometry. 

The  disputable  idea  that  the  theory  here  explained  necessarily  implies 
that  a  continuum  is  to  be  regarded  as  made  up  of  points,  which  are 
elements  not  possessing  magnitude,  has  frequently  been  a  stumbling-block 
in  the  way  of  the  acceptance  of  the  view  of  the  spatial  continuum  which 
has  been  indicated  above.  It  has  been  held  that,  if  space  is  to  be  re- 
garded as  made  up  of  elements,  these  elements  must  themselves  possess 
spatial  character ;  and  this  view  has  given  rise  to  various  theories  of  infini- 
tesimals or  of  indivisibles,  as  components  of  spatial  magnitude.  The  most 
modem  and  complete  theory  of  this  kind  has  been  developed  by  Veronese  *, 
and  is  based  upon  a  denial  of  the  principle  of  Archimedes  which  has  been 
already  referred  to.  In  Veronese's  system,  when  a  unit  segment  of  a  straight 
line  has  been  chosen,  there  exist  segments  which  are  too  large,  and  others 
that  are  too  small,  to  be  capable  of  representation  by  finite  numbers;  and  these 
segments  are  respectively  infinite,  and  infinitesimal,  relatively  to  the  unit 
segment  chosen.  Under  this  scheme,  a  section  of  the  rational  points,  or  a 
section  of  the  points  represented  by  real  numbers,  is  made,  not  by  a  single 
point,  but  by  an  infinitesimal  segment.  Veronese  has  consequently  intro- 
duced systems  of  infinite  and  of  infinitesimal  numbers,  each  of  an  unlimited 
number  of  orders,  for  the  measurement  of  segments  which,  relatively  to  a 
given  scale,  are  infinite  or  infinitesimal.  From  his  point  of  view,  the  points 
on  a  straight  line  which  represent  the  real  numbers  form  only  a  relative 
continuum,  %.e,  one  which  is  relative  to  the  particular  scale  of  measurement 

*  See  his  Fondamenti  di  Oeometria,  Pisa,  1S94 ;  a  German  translation  by  Schepp  lias  been 
published  in  Leipzig. 
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employed ;  and  he  contemplates  the  conception  of  an  absolute  continuum,  for 
the  representation  of  which  his  series  of  sets  of  infinite  and  infinitesimal 
numbers  are  requisite.  A  segment,  which  in  a  given  scale  is  finite,  may  be 
infinitesimal,  or  infinite  of  any  order,  when  measured  relatively  to  another 
scale. 

The  validity  of  Veronese's  system  has  been  criticized  by  Cantor  and 
others,  on  the  ground  that  the  definitions  contained  in  it,  relating  to  equality 
and  inequality,  lead  to  contradiction;  it  is  however  unnecessary  for  our 
purpose  to  enter  into  the  controversy  on  this  point.  The  straight  line  of 
geometry  is  an  ideal  object  of  which  any  properties  whatever  may  be 
postulated,  provided  that  they  satisfy  the  conditions,  (1)  that  they  form  a 
valid  scheme,  i,e,  one  which  does  not  lead  to  contradiction,  and  (2)  that  the 
object  defined  is  such  that  it  is  not  in  contradiction  with  empirical  straight- 
ness  and  linearity.  There  is  no  cl  priori  objection  to  the  existence  of  two  or 
more  such  adequate  conceptual  systems,  each  self-consistent,  even  if  they  be 
incompatible  with  one  another ;  but  of  such  rival  schemes  the  simplest  will 
naturally  be  chosen  for  actual  use.  Assuming  then  the  possibility  of  setting 
up  a  valid  non-Archimedean  system  for  the  straight  line,  still  the  simpler 
system,  in  which  the  principle  of  Archimedes  is  assumed,  is  to  be  preferred, 
because  it  gives  a  simpler  conception  of  the  nature  of  the  straight  line,  and 
is  adequate  for  the  purposes  for  which  it  was  devised.  The  case  of  the 
non-Euclidean  systems  of  geometry  is  an  instance  of  the  existence  of  valid 
geometrical  schemes  divergent  from  one  another,  which  nevertheless  all  afford 
a  sufficient  representation  of  physical  space -percepts. 

An  answer  to  the  difficult  question,  in  what  sense  the  straight  line,  or  a 
space  of  two  or  of  three  dimensions,  admits  of  being  regarded  as  an  aggregate 
of  points,  can  only  be  discussed  after  a  full  treatment  of  the  nature  and 
properties  of  infinite  aggregates  has  been  developed.  The  discussions  in 
Chapters  ii.  and  III.  of  infinite  aggregates,  and  especially  of  the  notion  of 
the  power  or  cardinal  number  of  such  an  aggregate,  will  throw  light  upon 
this  subject. 


CHAPTER  II. 


THEORY   OF  SETS   OF  POINTS. 

46.  An  aggregate  of  real  numbers,  each  element  of  which  consists  of 
a  single  real  number,  is  defined  by  any  prescribed  set  of  rules  or  specifications 
which  are  of  such  a  nature  that,  when  any  real  number  whatever  is  arbitrarily 
assigned,  they  theoretically  suffice  to  determine  whether  such  real  number 
does  or  does  not  belong  to  the  aggregate.  The  diflSculty  of  regarding 
an  aggregate,  so  defined,  as  a  definite  object,  is  bound  up  with  the  difficulties 
connected  with  the  notion  of  the  linear  continuum,  i.e.  the  aggregate  of 
all  real  numbers,  out  of  which  the  defined  aggregate  is  to  be  obtained  by 
a  process  of  selection  which,  except  in  the  case  of  a  finite  aggregate,  can 
never  be  actually  carried  out  in  its  entirety,  but  which  is  determined  by  a 
rule  or  set  of  rules.  The  precise  scope  of  the  definition  will  be  rendered 
clearer  by  the  consideration  of  various  classes  of  actually  defined  aggregates 
which  will  be  considered  in  the  present  Chapter;  moreover,  the  theoretical 
difficulties  of  the  notion  of  such  an  aggregate,  in  general,  will  be  in  some 
measure  elucidated  by  the  discussions  in  the  present  and  the  following 
Chapters,  of  the  notion  of  the  power,  or  cardinal  number,  of  an  aggregate. 

In  accordance  with  the  principle  explained  in  §  43,  each  number  of  a 
given  aggregate  may  be  represented  by  a  single  point  on  a  fixed  straight 
line ;  thus,  to  an  aggregate  of  numbers,  there  corresponds  an  aggregate  of 
points  on  the  straight  line.  An  aggregate  of  single  numbers,  or  of  their 
equivalent  points,  we  shall  speak  of  as  a  linear  set  of  points. 

The  theory  of  linear  sets  of  points,  of  which  the  present  Chapter  contains 
an  account,  arose  historically  from  the  discussion  of  questions  connected  with 
the  theory  of  Fourier's  series  and  of  the  functions  which  can  be  represented 
by  such  series.  A  consideration  of  the  properties  and  peculiarities  of  the  sets 
of  points  at  which  infinities  or  other  discontinuities  of  such  functions  exist, 
led  to  a  study  of  the  properties  of  linear  sets  in  general,  and  to  the 
development  by  G.  Cantor,  P.  Du  Bois  Reymond,  Bendixson,  Harnack,  and 
others,  of  a  general  theory  which  has  lately  received  wide  applications  both 
in  Analysis  and  in  Geometry. 

Corresponding  to  the  theory  of  linear  sets  of  points,  there  exist  theories 
of  plane,  solid,  or  n-dimensional   sets  of  points.      A  set  of  points   in  n 
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dimensions  is  an  aggregate  each  element  of  which  is  specified  by  n  real 
numbers.  The  theory  of  such  sets  proceeds  on  lines  similar  to  that  of  linear 
sets ;  indeed  most  of  the  investigations  in  the  latter  theory  are  capable  of 
extension,  with  slight  modification,  to  the  more  general  cases.  For  the 
sake  of  brevity,  we  shall  in  general  confine  our  attention  to  linear  sets; 
some  indications  will,  however,  be  given  of  the  mode  in  which  the  definitions 
and  properties  which  arise  in  the  theory  of  linear  sets,  may  be  extended 
to  the  case  of  plane  or  solid  sets ;  and  a  few  properties  peculiar  to  non-linear 
sets  will  be  given. 

The  whole  theory  is  fundamentally  arithmetical ;  the  geometrical  repre- 
sentation and  nomenclature  being  a  matter  of  convenience,  not  of  necessity. 

THE  UPPER  AND  LOWER  BOUNDARIES  OF  A  SET  OF  POINTS. 

46.  Let  a  set  of  points  be  such  that  every  point  of  the  set  lies  upon 
a  straight  line,  the  position  of  each  point  being  determined  by  its  distance 
from  a  fixed  origin  upon  the  straight  line,  in  the  manner  explained  in  §  43. 
If  a  point  fi  exists,  such  that  no  number  of  the  set  is  greater  than  /8,  the 
set  is  said  to  be  bounded  on  the  right.  In  this  case  it  will  be  shewn  that 
there  is  a  definite  point  6,  such  that  no  point  of  the  set  is  on  the  right  of  6, 
and  such  that  either  b  is  itself  a  point  of  the  set,  or  else  points  of  the  set 
are  within  the  interval  (6  —  €,  h)  however  small  the  positive  number  €  may 
be  taken  to  be. 

When  6  is  a  point  of  the  set,  there  may  or  may  not  be  other  points  of  the 
set  in  every  interval  (6  —  e,  6).  This  point  h  is  said  to  be  the  upper  limit  of 
the  set,  when  points  of  the  set  lie  within  every  interval  (6  —  €,  6).  In  any 
case,  when  6  is  a  point  of  the  set,  it  is  said  to  be  the  upper  extreme  point 
of  the  set.  The  term  upper  boundary  may  be  applied  to  the  point  6, 
whether  it  be  the  upper  limit  or  only  the  upper  extreme  point. 

In  case  b  is  both  the  upper  limit,  and  the  upper  extreme  point,  of  the 
set,  the  upper  limit  is  said  to  be  attained ;  and  b  is  then  called  the  maxi- 
mum point  of  the  set. 

To  prove  the  existence*,  under  the  condition  stated,  of  an  upper  boundary, 
as  above  defined,  it  may  be  observed  that  all  the  numbers  of  the  con- 
tinuum of  real  numbers  can  be  divided  into  two  classes,  one  of  which 
contains  every  number  which  is  greater  than  all  the  numbers  of  the  set,  and 
the  other  of  which  contains  every  number  which  either  belongs  to  the  set  or 
is  less  than  some  or  all  of  the  numbers  of  the  set. .  The  section  thus  specified 
defines  a  number  b  which  is  the  upper  boundary  of  the  set. 

*  The  existence  of  upper  and  lower  boundaries  was  proved  by  WeierstnuM,  in  his  lectures. 
See  also  Bolzano,  Ahh,  d,  B&hmiichen  GeielUeh,  d,  Wi$$.,  toL  t,  Prag,  1817. 


45-47]  Bounded  Sets  59 

In  a  similar  manner,  it  may  be  shewn  that,  if  the  set  is  bounded  on  the 
left,  %,e,  if  a  point  can  be  found  such  that  all  the  points  of  the  set  are  on 
the  right  of  such  point,  then  a  point  a  exists,  which  is  such  that  no  points 
of  the  set  are  on  the  left  of  a,  and  such  that  either  a  is  a  point  of  the  set, 
or  else  points  of  the  set  are  within  every  interval  (a,  a  +  e),  where  e  is  an 
arbitrary  positive  number.     Both  conditions  may  be  satisfied  simultaneously. 

In  case  points  of  the  set  lie  within  every  interval  (a,  a  H-  e),  then  a  is 
called  the  lower  limit  of  the  set ;  and  the  lower  limit  is  said  to  be  attained 
if  a  be  itself  a  point  of  the  set.  In  any  case  in  which  a  is  a  point  of  the  set, 
it  is  then  said  to  be  the  lower  extreme  point  of  the  set.  The  term  lower 
boundary  may  in  all  cases  be  applied  to  a, 

A  set  of  points  which  has  both  an  upper  and  a  lower  boundary  is  said  to 
be  a  bounded  set. 

47.  If  no  point  6  exists,  which  is  either  the  upper  limit,  or  the  upper 
extreme  point,  of  the  set,  then  the  set  is  said  to  be  unbounded  on  the  right ; 
or  it  is  said  that  the  upper  limit  of  the  set  is  -f  oo  ;  the  two  statements 
being  regarded  as  tautological.  Similarly,  if  no  lower  limit  nor  lower 
extreme  point  a  exists,  the  set  is  said  to  be  unbounded  on  the  left ;  or  it 
is  said  that  the  lower  limit  is  —  oo. 

The  Sjonbols  +  oo ,  —  oo  do  not  really  represent  numbers ;  they  must 
be  taken  to  represent  what  is  sometimes  spoken  of  as  the  improperly  infinite, 
%.e.  the  mere  absence  of  an  upper  or  a  lower  boundary  respectively.  In  order, 
however,  to  avoid  circumlocution  in  the  statement  of  theorems  concerning 
sets,  it  is  usually  convenient  to  speak  of  +  oo  ,  —  oo  ,  used  in  the  above  sense, 
as  if  they  were  numbers  which  correspond  to  upper  and  lower  limits 
respectively. 

In  the  present  Chapter,  it  will  in  general  be  assumed  that  the  sets  treated 

of  are  bounded ;  and  the  interval  (a,  h)  .will  be  said  to  be  the  interval  in  which 

the  set  exists.     This  restriction  is  not  so  great  a  one  as  might  at  first  sight 

appear;  for  an  unbounded  set  can  be  placed  into  correspondence  with  a  bounded 

one,  in  such  a  manner  that  the  relative  order  of  any  two  points  in  the  one 

set  is  the  same  as  that  of  the  corresponding  points  in  the  other  set.     If 
/p 

aaf  ^-r== ,  where  the  radical  is  taken  to  have  always  the  positive  sign,  then 
Va^+ 1 

to  a  point  x,  in  the  unlimited  line  (—  oo ,  -f  oo  ),  there  corresponds  a  point  x\ 
in  the  limited  line  (—  1,  + 1) ;  and  also  x(  =  x^,  according  as  a?i  =  x^.  The 
same  object  might  have  been  attained  by  using  the  transformation 

X  ^-  tan~*a?. 
There  is  no  real  loss  of  generality  in  considering  only  such  sets  as  lie 
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in  a  given  interval,  say  (0, 1);  for  the  relation  ^'=  ^ establishes  a  complete 

correspondence  between  sets  in  the  interval  (a,  /8)  and  sets  in  the  interval 
(0,  1),  the  relative  order  of  points  being  preserved  in  the  correspondence. 

The  points  of  the  interval  (a,  P)  may  be  made  to  correspond  in  order  with 
the  points  of  the  interval  (0,  1),  in  such  a  manner  that  an  arbitrarily  chosen 
point  7  within  (a,  ^),  corresponds  to  an  arbitrarily  chosen  point  within  (0, 1); 
for  example  the  point  \,  This  correspondence  can  be  effected  by  the  trans- 
formation 

of     _     x  —  a  y  —  p 
of  —  \         a?  —  ^'7  — a* 


LIMITING   POINT  OF  A  SET  OF   INTERVALS. 

48.  Let  (oi ,  61),  (aa,  62), ...  (On .  ^n)  •••  be  an  unending  sequence  of  intervals 
which  are  such  that  any  one  of  them  {a^,  bn)  lies  entirely  in  the  preceding 
one  (a„_i,  6n-i),  the  two  having  at  most  one  end-point  common;  thus 
On^an-if  bn^bn-i'y  moreovcr,  suppose  that  the  lengths  61  — ch,  6,-0,,... 
tn  — «„,...  form  a  sequence  which  converges  to  zero,  the  condition  for  which 
is  that,  corresponding  to  any  arbitrarily  small  e,  n  can  be  so  chosen  that 
bm  —  ctnn  foT  all  valucs  of  1)1  which  are  =n,  is  <e.  It  will  be  seen  that, 
in  accordance  with  the  axioms  explained  in  §  43,  there  exists  one  potJit  and 
one  only  tvhich  is  in  every  interval  of  the  sequence.  This  point  may  be  called 
the  limiting  point  of  the  sequence  of  intervals. 

Each  of  the  aggregates  (ai,  Oa,  Oj, ...  a^, ...),  (61,  62*  •••  ^n,  •••)  being  con- 
vergent, defines  a  number ;  and  in  fact,  in  virtue  of  the  definition  of  equality 
in  §  25,  they  define  the  same  number  x.  This  number  x  is  not  less  than  a^ 
and  not  greater  than  6„,  whatever  n  may  be;  the  point  x  therefore  lies 
in  all  the  intervals,  and  is  the  limiting  point  whose  existence  was  to  be 
remarked.  If  y  be  any  number  greater  (or  less)  than  Xy  we  can  find  n  so 
great  that  bn  —  x<y  —  Xyi{y>x\  or  that  x—an<x  —  y/\ix>y:  thus  y  does 
not  lie  in  (a^j,  6n).  Hence  there  is  only  one  point  which  satisfies  the  pre- 
scribed conditions. 

If  for  every  n,  from  and  after  some  fixed  value,  the  inequalities  dnX^f^u 
bn  <  6n_i  both  hold,  then  the  limiting  point  a;  is  in  the  interior  of  all  the 
intervals  of  the  sequence.  If,  from  and  after  some  fixed  value  of  n,  say  Wi, 
we  have  tt„  =  cin-i^  bn  <  6»-i,  the  limiting  point  x  coincides  with  the  common 
end-points  a„,_i,  Un^,  an,+„  .... 
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THE  LIMITING  POINTS  AND  THE  DERIVATIVES  OF   A   LINEAR  SET. 

49.  If  a  point  x  be  taken  in  the  interval  (a,  6),  an  interval  (a;  — 6i, 
a? +  62)  which  lies  entirely  in  (a,  6)  is  called  a  neighbourhood  of  the  point  x\ 
and  this  neighbourhood  may  be  made  as  small  as  we  please  by  proper  choice 
of  €1  and  e,.  An  interval  (x,  x  +  e^)  is  called  a  neighbourhood  of  x  on  the 
right,  and  (x  —  Ci,  x)  is  called  a  neighbourhood  of  x  on  the  left.  The 
end-points  a  and  b  can  only  have  neighbourhoods  on  the  right  and  the  loft 
respectively. 

If  a  linear  set  of  points  not  finite  in  number  (denoted  by  G)  is  in  the 
interval  (a,  6),  the^i  a  point  P,  in  whose  arbitrarily  small  neighbourhood  there 
exists  at  least  one  point  of  G  not  identical  with  P,  is  called  a  limiting  point 
of  the  set  (?,  whether  P  belongs  to  G  or  not. 

The  fundamental  theorem  will  now  be  proved  that  evei^y  set  of  an  infinite 
number  of  points  G,  in  an  interval  (a,  6),  possesses  at  least  one  limiting  point 

Divide  (a,  b)  into  m  equal  parts;  then  in  one  at  least  of  these,  say 

(«i»  ^iX  there  is  an  infinite  number  of  points  of  G ;  and  if  this  is  the  case  in 

more  than   one  of  the  parts,  we  may  take  any  one  of  these  for  (ai,  61). 

Divide  (a^,  6j)  into  m  equal  parts;  then  there  must  be  one  of  these  parts 

at   least,  say  (oj,  b^),  which   contains   an  infinite  number  of  points   of  G, 

Proceeding    in    this    manner,   we   obtain   a  sequence    of  intervals  (a^,  61), 

111 
(a,,  62)  •  •  •  (<hi>  6n)  •  •  M  of  lengths  —  (6  —  a),  —  (6  —  a), . . .  -^  (6  —  a),  . . .  in  each 

'f/t/  'III/  m 

of  which  there  is  an  infinite  number  of  points  of  G,     In  accordance  with  the 

theorem  of  §  46,  there  exists  one  point  x  which  is  in  all  the  intervals  (a,j,  6«). 

Take  any  arbitrarily  small  neighbourhood   of  x,  say  {x  —  Ci,  a; +  €3);   then 

if  n  be  chosen  so  large  that  —^{b  —  a)  is  less  than  the  smaller  of  the  numbers 

61,  €21  the  interval  {an,  bn)  lies  entirely  within  (a?—  61,  x  +  e^).  Hence  in  the 
arbitrarily  small  neighbourhood  of  x,  there  is  an  infinite  number  of  points 
of  G ;  therefore  a;  is  a  limiting  point  of  G, 

It  has  thus  been  shewn  that  G  has  at  least  one  limiting  point.  It  may 
have  a  finite  number,  or  an  indefinitely  great  number,  of  limiting  points. 
It  should  be  observed  that  a  limiting  point  of  G  may  or  may  not  itself 
be  a  point  of  G,  If  either  boundary  of  the  set  be  not  a  point  of  (?,  then  it 
is  certainly  a  limiting  point  of  G  ;  it  may  however  be  both. 

A  limiting  point  P  of  a  set  &  is  a  limiting  point  on  both  sides,  if  an 
indefinitely  great  number  of  points  of  G  lie  iq  every  neighbourhood  of  P  on 
the  right,  and  also  in  every  neighbourhood  of  P  on  the  left.  Otherwise 
P  is  a  limiting  point  of  G  on  one  side  only. 
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60.  In  the  case  of  a  set  for  which  either  the  upper  boundary  or  the  lower 
boundary  is  absent,  or  both  are  absent,  we  may  use  either  method  given 
in  §  47,  of  making  the  set  correspond  with  a  bounded  set  in  the  interval 
(—  1,  + 1).  To  any  definite  interval  in  (—  oo ,  +  x  ),  there  corresponds  a 
definite  interval  in  (—  1,  + 1),  neither  end-point  of  which  is  at  —  1  or  1. 
To  a  limiting  point  interior  to  (—  1,  +  1),  there  corresponds  a  limiting  point 
in  (—  C30  ,  -f  00  ).  For  if  a;'  be  such  a  limiting  point  of  the  set  in  (—1,  +1), 
there  are  in  any  neighbourhood  of  a?'  an  infinite  number  of  points  of  the  set; 
and  to  this  neighbourhood  there  corresponds  a  neighbourhood  of  the  cor- 
responding point  X  of  the  unbounded  set.  Thus  the  point  x  is  such  that,  in 
any  neighbourhood  of  it,  there  are  an  infinite  number  of  points  of  the  set, 
so  that  ^  is  a  limiting  point.  The  only  case  in  which  the  unbounded  set  has 
no  limiting  point,  is  when  the  corresponding  bounded  set  has  for  its  sole 
limiting  points  the  end-points  —  1,  4-1,  or  one  only  of  these;  and  in  this 
case  we  may  say  that  oo ,  —  oo ,  or  one  of  these,  is  the  improper  limiting 
point  of  the  unbounded  set.  The  properties  of  an  unbounded  set  in  re- 
lation to  its  limiting  points  are  thus  not  essentially  different  from  those  of 
a  bounded  set. 

61.  Returning  to  the  case  of  a  set  (?  in  an  interval  (a,  6),  we  observe 
that  the  limiting  points  of  0  form  a  set  of  points  which  may  be  finite  or 
infinite ;  this  set  is  called  the  derived  set*,  or  first  derivative  of  0,  and  may 
be  denoted  by  G\  In  case  the  set  G'  contains  an  infinite  number  of  points, 
it  possesses  itself  a  derivative  set  (?",  which  is  called  the  second  derivative 
of  0,     If  we  proceed  in  this  manner,  we  may  obtain  a  series 

G\  G'\  (?"',  ...  (?<»*> 

of  derivatives  of  G,  If  the  nth  derivative  G^***  contains  a  finite  number 
only  of  points,  then  these  have  no  limiting  point,  and  we  may  say  that 
(?(»+!)  =  0.  It  may  however  happen  that,  however  large  the  integer  n  may 
be,  the  derivative  (?<~^  contains  an  indefinitely  great  number  of  points ;  and 
thus  a  next  derivative  exists. 

A  set  G  which  possesses  only  a  finite  number  of  derivatives  is  said  to  be 
of  the  first  species. 

In  this  case,  if  (j<*^  contains  only  a  finite  number  of  points,  the  set  G  is 
said  to  be  of  orderf  s.  Thus,  for  example,  a  set  of  the  first  species  and  order 
zero,  contains  only  a  finite  number  of  points ;  and  a  set  of  the  first  species 
and  order  1,  has  a  first  derivative  which  contains  only  a  finite  number  of 

*  The  notion  of  the  derivative  of  a  set  was  introduced  hy  Cantor,  Math.  Aimalen,  voL  t  (1S72), 
p.  12S.  Du  Bois  Beymond  contemplated  the  existence  of  limiting  points  of  varioas  orders, 
CrelU's  Journal,  vol.  lxxix  (1874),  p.  30 ;  in  Math,  Annalent  vol.  zvi,  p.  128,  Da  Bois  Beymond 
defined  a  limiting  point  of  infinite  order. 

■♦•  Cantor,  Math,  Annalen,  vol.  v,  p.  129. 
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points.     It  will  be  observed  that  the  order  of  each  derivative  of  G  is  less 
by  unity  than  that  of  the  one  which  precedes  it. 

A  set  G  which  possesses  an  indefinite  number  of  derivatives  is  said  to  he  of 
the  second  species. 

As  an  example,  we  may  consider  the  set  of  rational  numbers  in  the 
interval  (0,  1).  The  first  derivative  of  this  set  contains  every  real  number 
in  (0,  1),  and  all  subsequent  derivatives  are  identical  with  the  first. 

The  theorem,  that  every  non-finite  linear  set  of  points  possesses  a 
limiting  point,  is  a  particular  case  of  the  theorem  that  every  uon -finite  set 
in  a  finite  portion  of  an  n-dimensional  continuum  has  a  limiting  point. 
In  this  case  we  may  take  the  neighbourhood  of  a  point  to  be  either  a 
**  sphere "  of  arbitrarily  small  radius  p,  or  a  "  rectangular  cell "  with  sides 
parallel  to  the  coordinate  axes,  and  the  point  at  the  centre.  The  space 
in  which  the  set  of  points  exists  can  be  divided  into  a  finite  number  of 
overlapping  "spherical"  or  of  "square"  portions,  and  the  argument  then 
proceeds  as  in  the  case  of  a  linear  set. 


EXAMPLES. 


1.    Let*  ^=0'^'l'i-,7-0* 


We  see  that  O'  consists  of  the  single  point  0,  which  does  not  belong  to  O ;  thus  O  is  of  the 
first  species  and  of  order  1. 

2.    Lett  the  points  of  G'  be  given  by 

1111 
31     5««     7*1     21*4' 

where  «|,  «,,  $^,  s^  each  have  all  positive  int^;ral  values.    Here  O'  consists  of  the  four  sets 
of  points  given  by 

1+L  +  l     i-4.1.4.    ^       J_4.l_1.J_     La.1.     JL 
3^     6*"     7'«'    3^     6*"     ii'*'    3**     7"     11'*'    6'«     7'«'^U'*' 

and  of  the  six  sets  of  points 

1  +  1     1  +  1     1+1.     1+1     1+1.     1+1. 

^    b**'  ^    1**'  a**    11'*'  s*"    7**'  5"    11'*'  7'«    11'*' 

and  of  the  foiur  sets  of  points 

1111 


3*1'    5'.»    7'.'    11'** 

together  with  the  single  point  0,  O"  consists  of  the  last  ten  of  these  sets,  and  of  the 
point  0.  The  aatcnd  derivative  (?'"  consists  of  the  last  four  sets,  and  of  the  point  0;  G"" 
consists  of  the  point  0  only.    The  set  6^  is  of  the  first  species  and  of  the  fourth  order. 

*  Cantor,  Math,  AnnaUn,  vol.  v  (1S72). 
.r  y'        /y  +  Ascoli,  Ann.  di  Mat,,  Series  n,  vol.  vi,  p.  66,  1875. 
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3.  Let*  the  points  of  (?  be  given  by 

-+-  +  ...+—, 

where  n  is  a  fixed  number,  and  each  of  the  numbers  a^,  a,,  ...  a^  takes  every  positive 
integral  value.     In  this  case  G  is  of  order  n. 

4.  The  zeros t   of  the  function  sin-  form  a  set  similar  to  that  in  Example  1. 


The   zeros  of  the  function  sin  /  \  form  a  set  of   the   second   order,  those   of 


in  /  —"— ^  \  form  a  set  of  the  third  order,  and  so  on. 
I  sin -^  I 
sm  -/ 


sin 

sm 


X 

5.     Let  J  the  points  of  (?  be  given  bj 

1  1 


OW*i  O*'^!"^''*^  9»*l+lllj+... +  111,1  » 

where  mj,  m^y  ...  m^  have  all  positive  integral  values,  including  zero,  and  n  is  a  fixed 
integer.     It  can  be  seen  that  (?<*)  consists  of  the  point  zero  only. 

THE  DISTRIBUTION   OF   POINTS  OF   A   SET  IN  THE   INTERVAL. 

62.  If  Gi,  (ra.  G^s ...  Gn  denote  a  number  of  sets  of  points,  a  set  which 
contains  all  points  which  belong  to  any  one  or  more  of  the  given  sets  is 
called  their  common  measure,  and  is  denoted  by  M{Gi,  (?„  ...  Gn\  That 
set  which  contains  all  those  points  which  belong  to  every  one  of  the  given 
sets  is  called  their  greatest  common  divisor ^  and  may  be  denoted  by 
2)((ji,  (ja,  ...  Gn)' 

A  set  of  points  is  said  to  be  an  isolated  set,  when  no  point  of  the  set  is  a 
limiting  point.     Thus  if  G  be  such  a  set,  we  have  Z)(G,  0*)=:0, 

If  from  any  set  we  remove  those  points  which  also  belong  to  its  derivative, 
the  remainder  forms  an  isolated  set;  thus  (?  — 2)((?,  (?')  forms  an  isolated  set. 
Any  set  may  be  regarded  as  the  sum  of  an  isolated  set  and  of  a  set  which 
is  a  divisor  of  the  derivative. 

A  sety  all  of  whose  limiting  points  belong  to  the  set  itself  is  said  to  be 
closed.     Thus  in  a  closed  set  (j,  the  derivative  (?'  is  a  divisor  of  G. 

A  set  which  is  stwh  that  every  point  of  the  set  is  a  limiting  point  is  said  to 
be  dense-in-itself 

For  a  set  (?,  dense-in-itself,  (?  is  a  divisor  of  the  derivative  (?'.  The 
rational  numbers  in  (0,  1),  form  an  example  of  a  set  which  is  dense-in-itself. 

*  H.  J.  S.  Smith,  Proc.  Lond.  Math,  Soc,,  vol.  vi,  p.  146,  1S76. 
t  P.  Du  Bois  Reymond,  Joum.  f.  Math.,  vol.  lxxiz,  p.  36. 
X  Mittag-Le£9er,  Acta  Math.,  vol.  iv,  p.  58. 
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A  set  G  which  is  both  closed  and  dense-in-itself  is  said  to  be  perfect  *. 
Thus  a  perfect  set  0  is  identical  with  its  derivative.  It  follows  that  every 
perfect  set  is  of  the  second  species. 

By  some  writersf  the  term  perfect  is  applied  to  sets  which,  in  accordance 
with  the  terminology  of  Cantor  here  adopted,  are  only  closed,  without 
necessarily  being  dense  in  themselves ;  what  we  call  a  perfect  set  is  then 
spoken  of  as  an  absolutely  J  perfect  set. 

If  in  an  interval  (a,  6),  a  smaller  one  (a\  V)  such  that  a  ^  a',  b  ^V  is 
taken,  then  the  latter  may  be  called  a  sub-interval  of  the  former  interval. 

If  in  the  interval  (a,  6),  in  which  a  set  of  points  0  is  contained,  no  sub- 
interval  whatever,  however  small,  can  be  found  which  does  not  contain  points 
of  0,  then  the  set  0  is  said  to  be  everywhere-dense^,  or  simply,  dense  in  the 
interval  (a,  6). 

By  Du  Bois  Reymond||,  the  term  pantachisch  was  used  with  the  same 
meaning  as  everywhere-dense. 

A  set  which  is  everywhere-dense  is  also  dense-in-itself,  but  the  converse 
does  not  hold. 

It  will  be  seen  that,  if  6  is  everywhere-dense  in  (a,  b),  every  sub-interval 
of  (a,  6)  must  contain  an  indefinitely  great  number  of  points  of  0,  The 
derivative  &  of  0  must  contain  every  point  in  the  interval  (a,  6),  since  the 
arbitrarily  small  neighbourhood  of  any  point  whatever  of  (a,  b)  contains  an 
indefinitely  great  number  of  points  of  G ;  and  therefore  every  point  must  be 
a  limiting  point.  This  property,  that  G'  contains  every  point  of  (a,  6),  may 
be  used  as  the  definition^  of  an  everywhere-dense  set. 

If  in  every  sub-interval  {a,  6')  of  the  interval  in  which  G  exists,  a  part 
(a",  6")  can  be  fownd  which  contains  no  points  of  G,  then  G  is  said  to  be 
nowhere-dense,  or  non-dense  in  (a,  b). 

An  example  of  a  set  which  is  everywhere-dense  in  its  interval  is  the  set  of 
rational  numbers  in  the  interval  (0,  1).  A  set  which  is  everywhere-dense  in 
its  interval,  or  in  any  sub-interval,  is  necessarily  of  the  second  species ;  a  set 
of  the  first  species  is  nowhere-dense  in  its  interval. 

A  $ei  iMch  is  in  no  sub-interval  dense^in-itself,  is  said  to  be  separated. 

If  in  an  interval  (a,  6),  an  indefinitely  great  number  of  sub-intervals,  which 
may  or  may  not  overlap,  be  taken,  and  no  sub-interval  (a,  /8)  of  (a,  b)  can 
be  found  which  is  wholly  external  to  all  the  given  sub-intervals,  then  the  set 
of  sub-intervals  is  said  to  be  everywhere-dense  in  {a,  b), 

*  Cantor,  Math.  Annalen,  vol.  xzi. 
t  For  example  Jordan,  see  Coun  d^Analyte,  yol.  i,  p.  19. 
X  Borel,  Lemons  sur  la  ihiorie  des  fonctions,  p.  36. 
§  Cantor,  Math.  Annalen^  yol.  xv,  p.  2. 
II  Math.  Annalen^  vol.  xv,  p.  287. 
H  Baire,  Atmali  d.  Mat.,  Series  3,  vol.  iii,  p.  29. 
H.  ^'> 
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63.     The  following  fundamental  theorem  will  now  be  proved  : 

All  the  derivatives  G\  G'\  0"\  ,.,  G^^\  .,.  of  a  given  set  0  are  closed  sets, 
and  each  of  these  derivatives,  after  the  first,  consists  only  of  points  belonging 
to  the  preceding  one,  and  therefore  to  G\ 

If  a  point  P  of  G^^\  where  n  ^  2,  existed,  which  did  not  belong  to  G\  then 
a  neighbourhood  of  P  could  be  found,  so  small  as  to  contain  only  a  finite 
number  of  points  of  G,  or  no  such  points ;  and  this  neighbourhood  would 
therefore  contain  no  points  of  G\  and  therefore  none  of  G",  (?'",  ...  G<*** ; 
which  would  be  contrary  to  the  hypothesis  that  P  belongs  to  G^^K 
Therefore  every  point  of  G^'^^  (n  ^  2)  belongs  to  G' ;  and  consequently  C  is  a 
closed  set.  If  we  take  G^^"^^  to  be  the  original  set,  it  follows  from  the 
above  that  every  point  of  G^^^,  the  second  derivative,  belongs  to  G<"~'>  the 
first  derivative.  We  have  thus  shewn  that  G<"^  is  the  greatest  common 
divisor  of  G\  G'\  ...  e^«) ;  that  is 

The  derivative  G\  of  a  set  G  which  is  dense-in-itself,  is  perfect. 

For  G'  is  closed,  and  every  point  of  G  belongs  to  G' ;  thus  G'  contains  no 
point  which  is  not  a  limiting  point  of  the  set  G\  Therefore  G'  is  dense- 
in-itself;  and  hence  it  is  perfect. 

A  set  Gi,  which  consists  of  some,  but  not  all,  of  the  points  ofG,is  said  to  be 
a  component  of  G, 

If  the  component  G,  of  G,  be  such  that  every  point  of  G  is  a  limiting  point 
of  Gi,  then  the  component  Gi  is  said  to  be  everywhere-dense  relatively  to,  or 
simply,  dense  in  G. 

In  the  case  in  which  G  is  the  continuum  (a,  6),  this  definition  agrees  with 
that  which  has  been  given  for  a  set  which  is  everywhere-dense  in  the  interval 
in  which  it  is  contained. 

ENUMERABLE  AQQREGATBS. 

54.  An  aggregate  which  contains  an  indefinitely  great  number  of  elements 
is  said  to  be  enumerable*,  or  countable  (abzalbar,  d^nombrable),ti;Aan  the  aggre- 
gate is  such  that  a  {\,\)  correspondence  can  be  established  between  the  elenu^ts 
and  the  set  of  integral  numbers  1,  2,  3,  .... 

An  aggregate  of  objects  is  therefore  enumerable  if  the  objects  can  be 
arranged  in  a  series  which  has  a  first  term,  and  in  which  any  assigned  object 
belonging  to  the  aggregate  has  a  definite  place  assigned  by  a  definite  ordinal 
number  n.  Thus  the  elements  of  an  enumerable  aggregate  can  be  repre- 
sented by  a  series  of  terms 

c*j,    U^,  ...   Ivfi,  ..•• 

*  Cantor,  CreUt's  Journal^  vol.  Lzzvn  (1878),  p.  258, 


53, 54]  Enumerable  Aggregates  67 

It  follows  from  this  definition  that  the  elements  of  two  enumerable 
aggregates  are  such  that  a  (1,  1)  correspondence  can  be  established  between 
them. 

If  a  new  aggregate  be  formed  by  selecting  elements  from  those  which 
belong  to  an  enumerable  aggregate,  an  indefinitely  great  number  of  such 
elements  being  taken,  then  the  new  aggregate  is  also  enumerable.  For  such 
an  aggregate  selected  from  Ui,u^,  . . .  t£n>  •  •  •  is  t^r*  ^«>  Ut  >.>(r<8  <t  ,.,)y  which 
satisfies  the  conditions  of  having  a  first  term,  and  of  having  each  element 
of  the  aggregate  in  a  definite  place  in  the  series.  It  thus  appears,  that  a 
(1,  1)  correspondence  can  be  established  between  an  enumerable  aggregate 
and  one  which  is  a  part  of  that  aggregate,  provided  this  part  be  not  finite. 
This  is  the  characteristic  property  which  distinguishes  an  aggregate  con- 
taining an  indefinitely  great  number  of  elements  from  one  containing  only 
a  finite  number  of  elements.  For  example,  a  (1,  1)  correspondence  exists 
between  all  the  integral  numbers  and  all  the  odd  numbers,  or  between  all  the 
integral  numbers  and  all  the  prime  numbers. 

If  a  finite  number  of  enumerable  aggregates  be  taken,  or  even  if  the 
number  of  such  aggregates  be  indefinitely  great,  but  enumerable,  then  the  new 
aggregate  formed  by  the  whole  is  itself  enumerable*. 

We  may  denote  such  a  composite  aggregate  by  the  letters 

^i»  ^2>  ^^iJi  •••  ^n>  ••• 
^*lii  '^>  "^1  •••  '^hnt  ••• 
W»i>     ^32>  


and  we  shall  shew  that  the  double  series  so  formed  represents  an  enumerable 
aggregate.     To  see  this,  it  is  sufficient  to  write  the  series  in  the  form 

Ui2,  u^ 

"^i.tv— 1>    ^»— «»    "^^s.n— J>  •••  ^n— 1,1 

where  the  sum  of  the  indices  is  the  same  for  all  the  terms  which  are  written 
in  one  horizontal  line.  It  is  now  clear  that  each  number  u^  has  a  definite 
place  in  a  series  in  which  t^i  has  the  first  place ;  the  double  series  is  therefore 
enumerable. 

*  Cantor,  Crelle*i  Journal,  vol.  lxxziv  (1S75). 
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An  importaDt  particular  case  of  the  above  theorem  is  the  following 
theorem : 

The  aggregate  of  all  the  rational  numbers  is  enumerable, 

A  rational  number  J9/9  maybe  denoted  by  Up^qi  therefore  the  aggregate  is 
enumerable.  It  makes  no  diflFerence  that  any  particular  number  p/q  occurs 
an  indefinite  number  of  times  as  Urp^rq)  since,  if  all  such  terms  except  those 
for  which  r  =  1,  and  p/q  is  in  its  lowest  terms,  be  removed,  the  aggregate  lefk 
is  still  enumerable. 

66.  A  more  general  theorem  has  also  been  established  by  Cantor*. 
An  algebraical  number  is  one  which  is  a  root  of  an  algebraical  equation  in 
which  the  coefficients  are  all  rational  numbers,  so  that  the  coefficients  may 
without  loss  of  generality  be  taken  to  be  integers.  Cantor  s  theorem  is,  that 
all  the  algebraical  numbers  form  an  enumerable  aggregate. 

To  prove  this  theorem,  let 

Pofl?"  ^PiOf^^  +  ...  +  Pn  =  0 

be  an  equation  in  which  poiPi  •••I'n  are  all  positive  or  negative  integers; 
and  let 

\Po\  +  \pi\  +  ...  +  \pn\  +  n  =  N; 

then  N  is  a,  positive  integer  which  may  be  called  the  rank  of  the  equation. 
It  is  clear  that  there  are  only  a  finite  number  of  equations  of  any  given 
rank,  these  equations  having  only  a  finite  number  of  roots.  If  then  we  let 
N=Sy  4,  5, ...  successively,  we  can  arrange  all  the  algebraical  numbers  in  a 
simple  series ;  and  thus  they  form  an  enumerable  aggregate.  The  aggregate 
which  is  formed  of  all  the  real  algebraical  numbers  is  also  itself  enumerable. 

A  number  which  is  not  an  algebraical  number  is  said  to  be  transcen- 
dental. The  existence  of  transcendental  numbers  was  first  establishedf  by 
Liouville,  who  shewed  how  examples  of  such  numbers  could  be  formed.  No 
general  criterion  is  known  by  which  it  can  be  decided  whether  a  number, 
defined  by  a  given  analytical  procedure,  is  algebraical  or  transcendental. 
The  first  case  in  which  such  a  number,  well  known  in  Analysis,  was  shewn  to 
be  transcendental  was  that  of  the  number  e,  the  base  of  the  natural  system  of 
logarithms ;  and  the  first  proof  that  e  is  transcendental  was  given  by  Hermite. 
The  next  case  in  which  a  number  defined  analytically  was  shewn  to  be 
transcendental  was  that  of  the  number  ir.  The  first  demonstration  of  this 
important  fact  is  due  to  Lindemannj,  who  proved  the  more  general  theorem 
that,  if  e*  =  y,  the  two  numbers  x,  y  cannot  both  be  algebraical,  except  in  the 
case  a;  =  0,  y  =  1.     It  follows  that  the  natural  logarithms  of  all  algebraical 

•  Crelle't  Journal,  vol.  lxxvii. 

t  LiouvilWa  Journal,  vol.  xvi,  1851. 

X  See  Math.  Annalen,  vol.  zx. 
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numbers  are  transcendental,  as  also  all  numbers  of  which  the  natural 
logarithms  are  algebraical. 

66.     The  following  fundamental  theorem  will  now  be  established*  : — 

The  aggregate  which  consists  of  the  continuum  of  numbers  in  a  given 
interval  is  not  enumerable. 

Suppose  ©1,  01,,  (o,, ...  denote  the  numbers  in  an  enumerable  aggregate;  it 
will  then  be  shewn  that,  between  any  two  numbers  a,  ^  as  near  as  we  please, 
a  number  occurs  which  does  not  belong  to  the  enumerable  aggregate.  It  will 
then  follow  that  in  the  given  interval  there  is  an  unlimited  number  of 
points  which  do  not  belong  to  the  enumerable  aggregate,  and  thus  that  the 
latter  cannot  contain  all  the  points  of  the  continuum.  If  the  enumerable  set 
of  points  is  not  everywhere-dense  in  (a,  B\  then  smaller  sub-intervals  inside 
(o,  0)  can  be  taken  which  contain  no  points  of  the  aggregate;  and  thus  we  have 
only  to  consider  the  case  in  which  the  given  aggregate  is  everywhere-dense  in 
(a,  y8).  Let  ay^^  be  the  fii-st  of  the  points  a>i,  oia, ...  which  lies  within  (a,  /3)y  and 
a),j  be  the  next  of  these  points  which  lies  within  (a,  ^),  so  that  /t,  <  /fj.  Let  a 
be  the  smaller,  and  y8'  the  greater  of  the  numbers  cd,,,  w,,,  then  a<a!  <  fi'  <  /3, 
and  /Ci</c^-j  and  if  fK  k^,  then  a>^  does  not  lie  within  the  interval  (a,  ^). 
Considering  this  latter  interval,  let  w,,,  w^^  be  the  first  two  of  the  numbers 
of  the  enumerable  aggregate  which  Lie  within  (a,  /S'),  and  let  a"  be  the 
smaller  and  fi"  the  greater  of  these ;  then  a'  <  a"  <  /9"  <  fi\  and  /c^  <  fCs<  k^. 
Proceeding  in  this  manner  we  obtain  a  whole  series  of  sub-intervals  each 
one  of  which  is  entirely  within  the  preceding  one  ;  thus  (a^*'),  /S^^O  lies  within 
(a^''^^  /S^^'^O  J  and  if /x  ^  K^^y  then  a>^  does  not  lie  within  (a^^^  /S^*'^)  ;  also 

and  2v  ^  k^\  and  thus  ©^  lies  outside  (a^*'^  ^»')).  Since  the  numbers  a',  a\ 
a"'. . .  are  in  ascending  order,  and  all  lie  within  (a,  y8),  they  have  a  limit  A  ; 
similarly  ff,  ff\  ff'\..  have  a  Umit  B ;  and  a<»')  <  ^  ^  5  <  ^^^\  li  AkB, 
then  since  all  the  numbers  w^  are  outside  the  interval  (J.,  J5),  the  given 
aggregate  is  not  everywhere-dense  in  (a,  fi) ;  which  is  contrary  to  hypothesis. 
Hence  we  have  A  =  B,  and  the  number  A  or  B,  is  a  number  which  does  not 
occur  in  the  aggregate  a>i,  ©ai ... ;  which  was  what  we  had  to  prove. 

It  will  be  observed  that  the  point  of  the  foregoing  proof  consists  in  the 
bet,  that  an  everywhere-dense  enumerable  aggregate  necessarily  has  limiting 
points  which  do  not  belong  to  the  aggregate. 

A  second  prooff  that  the  continuum  is  not  enumerable  is  the  following  : — 
Without  loss  of  generality,  the  interval  may  be  taken  to  be  (0,  1).  Suppose 
it  to  be  possible  to  arrange  all  the  numbers  in  this  interval  in  order,  so  that 
there  is  a  first,  a  second,  a  third  and  so  on ;  and  so  that  every  number  occurs 

*  Cantor,  CreUe*s  Journal,  vol.  Lxxvn. 

t  Jahretbericht  der  deuUchen  Math.  Vereinig.  vol.  i,  p.  77. 
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somewhere  in  the  arrangement.     Let  the  numbers,  in  order,  be  exhibited  as 
decimals 

PuPnPiz 

PtiPnPn 

'PsvPviPn 


where  each  p  stands  for  a  digit  0, 1,  2, ...  9,  and  numbers,  in  which  the  digits, 
from  and  after  some  fixed  place,  are  all  9,  are  excluded ;  then  if  a  number  can 
be  defined  which  does  not  occur  in  the  above  series,  a  contradiction  will 
have  been  shewn  to  be  involved  in  the  supposition  that  all  the  numbers  can 
be  exhibited  in  the  above  manner.  Now  this  can  be  done ;  for  the  number 
(i'li)  (Paa)  (l^)  •••  where  {p)  denotes  any  digit  except,  p,  say  p  +  1  or  0, 
according  as  p  <  9,  or  p  =  9,  differs  in  at  least  one  place  of  the  decimal,  bom 
every  number  in  the  above  set ;  and  the  contradiction  is  thus  established. 


THE  POWER  OF  AN   AGGREGATE. 

67.  A  notion  of  fundamental  importance  in  the  theory  of  aggregates  is 
that  of  the  power  of  an  aggregate.  This  notion  will  be  considered  more 
generally  and  fully  in  the  next  Chapter,  where  it  will  be  shewn  that  the 
power  of  an  aggregate  is  the  generalization  of  the  notion  contained  in  the 
cardinal  number  of  a  finite  aggregate.  At  present,  an  account  of  the  notion 
of  the  power  of  an  aggregate  will  be  given,  so  far  as  it  is  necessary  for  the 
application  to  the  case  of  sets  of  points. 

Two  aggregates  of  objects  are  said  to  have  the  same  power y  or  cardinal 
number,  tvlien  a  (1,  1)  correspondence  can  be  established  between  them,  so  that 
each  element  of  either  of  the  aggregates  corresponds  to  one  single  dement  of 
the  oilier. 

Finite  aggregates  have  the  same  power  when  they  consist  of  the  same 
number  of  elements,  i,e,  when  they  have  the  same  cardinal  number.  Of 
aggregates  which  are  not  finite  we  consider  first  enumerable  aggregates. 
Every  enumerable  aggregate  has  the  power  of  the  aggregate  of  integral 
numbers ;  and  this  we  may  denote  by  a.  It  has  been  shewn  above  that,  if 
from  an  aggregate  of  power  a  any  elements  be  removed,  then  the  remaining 
aggregate,  provided  it  contains  a  non-finite  number  of  elements,  has  still  the 
same  power  a.  It  has  further  been  shevm  that  the  composite  aggregate 
formed  of  a  finite,  or  enumerable,  number  of  enumerable  aggregates  has  the 
same  power  a.  It  follows,  as  an  interesting  case,  that  the  set  of  all  those 
points  of  an  7i-dimcnsional  space  whose  coordinates  are  rational  numbers  has 
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the  power  a  of  the  set  of  integral  numbers,  or  of  the  rational  numbers  in 
a  given  linear  interval. 

It  is  easily  shewn  that  the  power  of  the  set  of  all  the  points  in  an  interval 

(a,  h)  is  the  same  as  that  in  any  other  finite  interval,  say  (0,  1) ;  for  r =  x 

establishes  a  (1,  1)  correspondence  between  the  points  w  of  (a,  b)  and  the 

points  X    of  (0,  1).     Again   the   relation     .  =a?',  establishes  a  (1,  1) 

wx^  -f  A' 

correspondence  between  all  real  numbers,  and  those  in  the  interval  (—  1,  1); 
and  thus  the  power  of  all  real  numbers  is  the  same  as  that  of  all  those  in  a 
finite  interval.  This  power  is  called  the  power  of  the  continuum,  and  may  be 
denoted  by  c. 

As  regards  unenumerable  aggregates  in  general,  it  can  be  shewn  that  the 
power  of  such  an  aggregate  is  unaltered  by  removing  from  the  aggregate 
any  elements  which  form  an  enumerable  aggregate.  Let  A  denote  the  given 
aggregate,  and  a  the  enumerable  aggregate  which  is  removed  ;  and  let  B  denote 
the  remaining  aggregate,  which  cannot  be  enumerable,  for  otherwise  (a,  J?),  or 
A,  would  be  so  also.  From  B,  suppose  an  enumerable  aggregate  a'  to  be 
removed, leaving  the  aggregate  C,  thus  A  =  (a,  a,  G),  B==  «  (7).  Now  (a,  a') 
and  a',  being  both  enumerable,  have  the  same  power;  and  a  (1,  1)  correspon- 
dence therefore  exists  between  their  elements ;  and  since,  J.  and  B  have  the 
aggregate  C  in  common,  it  therefore  follows  that  A  and  B  have  the  same 
power.  As  an  example  of  this  theorem,  we  see  that  the  set  of  irrational  points 
in  a  given  interval  has  the  power  c  of  the  set  of  all  numbers  in  the  interval. 
Again  the  set  of  transcendental  numbers  in  a  given  interval  has  the  power  c 
of  the  continuum ;  whereas  the  set  of  algebraical  numbers  in  the  same  interval 
has  the  power  a. 

The  known  infinite  sets  of  points  defined  in  accordance  with  the  methods 
osual  in  the  theory  of  sets  of  points,  in  a  line  or  in  a  continuum  of  any 
number  of  dimensions,  have  either  the  power  a  or  the  power  c ;  but  it  has  not 
yet  been  established  that  every  possible  set  of  points  has  one  of  these  two 
powera  Other  aggregates  have  been  contemplated  which  have  a  power 
higher  than  c;  these  will  be  referred  to  later,  in  dealing  with  the  theory 
of  functions. 

68.  TTie  n-dimenaional  continuum  has  the  power  c  of  the  one-dimensional 
continuum*. 

To  prove  this  theorem,  we  use  the  fact  that  any  irrational  proper  fraction 
can  be  exhibited  as  an  infinite  continued  fraction 

1       1  1 


Oti  +  flj  +  ...  +  fltn  +  • '  •> 
*  Cantor,  CreUe*s  Joumalt  vol.  lxxziv. 
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where  o,,  Oa,  «„, ...  are  determinate  integers  for  any  given  value  of  a?.     Let 

1        1  1 


/pj  = 

1  1  1 

ivj  SS  ^— ^^— —     ————— 

^  +  0^+«  +  ^hnriri  +  •  •  • » 


Xf^  — 


thus,  corresponding  to  any  value  of  a?,  a  set  of  irrational  numbers  ^,  ^2, ...  ^n 
is  uniquely  determined,  and  conversely  to  any  set  of  irrational  numbers 
a?!,  aii, ...  a?^,  a  value  of  x  is  uniquely  determined. 

It  has  thus  been  shewn  that  the  irrational  points  of  the  linear  continuum 
(0,  1)  correspond  uniquely  to  those  points  of  the  n-dimensional  continuum  in 
which  each  coordinate  is  in  the  interval  (0,  1),  and  is  irrational.  It  has  been 
shewn  in  §  57,  that  the  set  of  irrational  values  of  a:,,  in  the  interval  (0,  1)  has 
the  same  power  as  the  set  of  all  the  numbers  in  this  interval.  Since  this  holds 
also  for  a^ai  ^8, ...  ^n,  it  follows  that  a  (1,  1 )  correspondence  can  be  established 
between  that  set  of  points  in  the  n-dimensional  continuum,  for  which  x^, 
a?j, ...  fl?n  all  have  irrational  values,  and  the  set  in  which  x^x^,  ..,  x^  have  all 
values  rational  or  irrational ;  thus  these  sets  have  the  same  power.  Hence 
the  set  of  all  points  of  the  n-dimensional  continuum,  in  which  each  cooixiinate 
is  in  the  interval  (0,  1),  has  the  same  power  as  the  set  of  all  points  in  the 
linear  interval  (0,  1).  It  has  thus  been  shewn  that  the  n-dimensional  con- 
tinuum has  the  same  power  c  as  that  of  one  dimension. 

THE  ARITHMETIC  CONTINUUM. 

69.  The  arithmetic  continuum  having  been  obtained  by  adjoining  to 
the  set  of  rational  numbers  the  set  of  all  their  limiting  points,  the  question 
arises  how  far  it  is  legitimate  to  consider  the  complete  set  so  obtained  as 
constituting  a  single  object  determined  by  means  of  the  elements  of  which 
it  is  composed.  A  finite  set  of  numbers,  or  points,  constitutes  a  single  object 
determined  by  means  of  its  parts,  in  the  sense,  that  those  parts  can  be 
exhaustively  exhibited  by  means  of  a  finite  number  of  specifications  repre- 
sentable  by  a  finite  number  of  symbols.  An  enumerable  set  of  numbers, 
or  of  points,  in  particular  the  set  of  rational  numbers,  is  not  determinate  in 
the  sense  that  the  elements  of  the  set  can  be  exhaustively  exhibited;  but 
it  is  determinate  in  the  sense  that  a  table  can  be  formed  in  which  each 
particular  number  of  the  set  occupies  a  determinate  place;  and  each  par- 
ticular number  can  be  represented  by  means  of  a  finite  number  of  symbols. 
Such  a  set  may  be  regarded  as  an  aggregate,  or  single  object,  in  the  same 
sense  in  which  the  natural  numbers  1,  2,  3, ...  may  be  regarded  as  forming 
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an  aggi'egate.  When  we  come,  however,  to  the  case  of  the  continuum,  or 
aggregate  of  all  real  numbers,  the  fact  that  this  aggregate  is  unenumerable 
introduces  a  new  element  into  the  question  of  the  legitimacy  of  considering 
the  set  of  these  numbers  as  forming  a  determinate  whole,  or  as  constituting 
a  single  object  of  thought.  The  set  of  real  numbers  cannot  be  tabulated  in 
such  a  manner  that  no  number  fails  to.  occur  at  some  definite  place  in  the 
table.  No  set  of  rules  or  specifications  can  be  given  which  suffice  to  determine 
successively  all  the  numbers  of  iihe  set,  and  no  finite  set  of  symbols  can 
exhaustively  exhibit  the  numbers.  The  only  sense  in  which  the  numbers  of 
the  set  are  determinate  is  that  each  such  number  is  the  limit  of  a  convergent 
sequence  of  numbers,  taken  from  the  unending  table  formed  by  the  rational 
numbers.  It  may  fairly  be  doubted  whether  such  a  negative  specification 
of  elements  amounts  to  a  valid  synthetical  definition  of  a  determinate 
aggregate ;  this  point  will  however  be  further  discussed  in  Chapter  ill.,  in 
connection  with  the  general  theory  of  aggregates.  It  will  there  be  shewn 
that  the  arithmetic  continuum  has  an  order-type  possessing  definite  charac- 
teristics which,  in  their  totality,  uniquely  characterize  it.  This  expresses 
the  only  kind  of  unity  which  can  appertain  to  the  continuum,  considered 
as  an  arithmetic  construction.  If  it  be  held  that  we  possess  an  independent 
knowledge  of  the  existence  of  the  geometrical  continuum,  derived  from  our 
intuition  of  space,  we  may  regard  the  function  of  the  set  of  real  numbers 
to  consist,  not  in  a  synthetical  formation  of  the  concept  of  the  continuum, 
but  inversely  in  an  analysis  of  the  contents  of  the  continuum.  It  is  difficult 
to  see  how  precision  can  be  introduced  into  the  intuitional  notion  of  the 
continuum  apart  from  some  theory  relating  either  to  points  or  to  infinitesi- 
mals ;  and  the  language  employed  in  such  a  theory  must  be  of  a  symbolical 
character  amounting  to  the  use  of  some  kind  of  arithmetical  notation. 
Regarding  the  geometrical  continuum  in  this  way  as  a  single  object  of  which 
we  have  a  direct  knowledge  obtained  from  our  intuitions  of  space  and  time, 
the  reduction  to  a  precise  abstract  form  may  be  regarded  as  being  made 
upon  the  assumption  that  the  system  of  rational  numbers,  with  their  limits 
adjoined,  is  adequate  to  the  analytical  description  of  the  continuum,  in  the 
sense  that  each  point  in  the  continuum  is  represented  uniquely  by  a  single 
real  number,  and  that  there  is  no  point  in  the  continuum  which  is  not  so 
represented.  This  amounts  to  a  definition,  in  a  certain  sense,  of  the  contents 
of  the  geometrical  continuum.  Such  definition  is  not  necessarily  the  only 
possible  definition,  but  it  is  a  legitimate  one,  provided  it  suffices  for  the 
purposes  we  have  in  view  in  Analysis  and  Geometry,  and  provided  it  does 
not  conflict  with  the  concept  of  Continuity  as  derived  from  intuition.  The 
genetic  distinction  between  a  continuous  geometrical  object,  and  a  point, 
or  set  of  points,  situated  in  that  object,  is  not  capable  of  direct  arithmetic 
representation.  This  does  not,  however,  impair  the  efficiency  of  Arithmetical 
Analysis  in  dealing  with  geometrical  objects.     In  Cartesian  geometry,  for 
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example,  Aualysiis  is  really  concerned  only  with  the  points  that  can  be 
determined  in  the  geometrical  objects  with  which  it  deals.  This  does  not 
mean  that  a  continuous  geometrical  object  is  analysed  into  points  which  are 
of  necessity  to  be  regarded  as  its  ''  parts." 


TRANSFINITE   ORDINAL   NUMBERS. 

60.  The  theory  of  transfinite  ordinal  numbers  had  its  origin*  in  the 
investigation  of  the  theory  of  sets  of  points.  The  general  abstract  theory  of 
such  numbers,  or  order- types,  will  be  deferred  until  the  next  Chapter ;  it  is 
necessary  however  to  introduce  here  the  conceptions  connected  with  the 
formation  of  these  numbers,  with  a  view  to  utilizing  them  in  the  theory  of 
sets  of  points. 

Let  P,,  P„...Pni..-  denote  a  sequence  of  points  in  a  given  interval, 
representing  a  sequence  ai,  a,,  a,, ...  of  increasing  numbers,  so  that 

This  sequence  of  points  has  a  limiting  point  which  is  not  one  of  the  points  of 
the  sequence,  and  is  on  the  right  of  all  those  points ;  this  limiting  point  we 
may  denote  by  P^.  The  symbol  oi  may  be  regarded  as  denoting  a  new 
ordinal  number  which  comes  after  all  the  ordinal  numbers  1,  2,  3, ...  n, ... ;  it 
is  called  the^ra^  transfinite  ordinal  number.  The  number  to  is  not  contained 
in  the  sequence  of  finite  ordinal  numbers,  but  comes  after  all  of  them ;  and  we 
shall  see  that  it  may  be  taken  as  the  first  of  a  new  sequence  of  ordinal 
numbers,  all  of  which  must  be  regarded  as  ordinally  greater  than  the  finite 
ordinal  numbers. 

A IT K'KK' ' ' ' — ^^K^ ■« 

Fio.  1. 

Suppose  that  beyond  the  point  P«  there  are  other  points  which  we  wish 
to  regard  as  belonging  to  the  same  set  as  the  points  P,,  P,, ...  P^, ...  P^ ; 
then  these  points  will  be  denoted  by  P«+i,  P^+g, ...  P«+„, ...;  and  if  these 
points  are  finite  in  number,  there  will  be  one  of  them  P«+«  which  is  the 
last  on  the  right.     The  indices  of  all  the  points  of  the  set  will  be  then 

1,  2,  3, ...  fi, ...  ©,  ft)  +  1,  o)  +  2, ...  ft)  +  m  ; 

and  the  numbers  ft>,  q>  +  1, . . .  ft>  +  /h  are  regarded  as  a  set  of  transfinite  ordinal 
numbers,  which  commences  with  the  first  transfinite  ordinal  number  co,  and 
contains  the  m  succeeding  transfinite  ordinal  numbers.  It  may  however 
happen  that  the  set  of  points  P.,  P«+i,  P«+2, ...  has  no  last  point.  In  that 
case,  assuming  that  the  points  are  all  contained  in  a  finite  interval,  the  set 

*  An  aoootmt  of  Cantoris  earliest  presentation  of  this  subject  will  be  found  in  Math,  AwndUti, 

▼Ol.  XXI. 
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has  a  limitiag  point  which  is  not  contained  in  the  set  itself;  and  this 
limiting  point  we  denote  by  P^^^  or  P„.2,  where  a> .  2  is  an  ordinal  number 
which  is  not  contained  in  the  set  ©,  a>  + 1,  a>  4-  2, ... ,  but  comes  after  the 
numbers  of  the  set. 

If  we  wish  to  include  further  points  which  are  on  the  right  of  P«.2»  we 
must  introduce  numbers  denoted  by  © .  2  +  1,  <»  .  2  +  2, ... ;  and,  in  case  these 
points  form  an  infinite  set  in  a  finite  interval,  they  will  have  a  limiting  point 
which  will  be  denoted  by  P«.2+«  or  P^,^.  We  have  now  the  ordinal 
numbers 

1,  2,  3, . . .  ft>,  G)  +  1,  CO  +  2, . , .  G) .  2,  CO .  2  +  1,  tt) .  2  +  2, . . .  tt) .  3. 

If  we  proceed  further  in  this  manner  it  is  clear  that  we  may  require  numbers 
CO  .  n,  CO  .  »  +  1,  CO . 71  +  2,  ...  CO  .  »+  1,  . . . ,  where  n  denotes  any  finite  number. 

Further,  it  may  happen  that  the  set  of  points  P«,  P«.2,P«.3,  ...  P«.n,  ... 
is  itself  infinite,  and  has  a  limiting  point  on  the  right  of  all  these  points. 
This  point  we  denote  by  P^  ;  and  the  number  co*  we  consider  to  be  a  new 
ordinal  number  which  succeeds  all  the  numbers  co .  n  +  m,  where  n  and  m 
have  all  possible  finite  values. 

Points  on  the  right  of  P^  may  be  denoted  by  means  of  the  indices 
CO*  4- 1,  co'  +  2,  CO*  +  3, ... ;  and  if  these  points  are  infinite  in  number,  they  may 
have  a  limiting  point  P««+«. 

Points  on  the  right  of  P,^+«  may  be  denoted  by  the  indices  co'+  co  + 1, 
CO*  +  CO  +  2,  . . . ;  if  these  have  a  limiting  point,  it  will  be  denoted  by  the 
index  eo*  +  co  .  2.  Proceeding  in  this  manner,  we  may  have  points  of  which 
the  indices  are  co'  +  co  .  3,  co'  +  co  .  4,  . . .  .  If  there  is  an  infinite  set  of  such 
points,  and  the  set  has  a  limiting  point,  on  the  right  of  the  set,  this  limiting 
point  will  have  co'  +  oi'  or  co' .  2  for  its  index. 

If  we  proceed  still  further,  we  see  as  before  that  we  may  have  to 
contemplate  numbers  of  the  form  co' .  p  4-  w  .  J  +  ^,  where  p,  9,  r  are  finite ; 
afterwards  co*,  co*+ 1,  ...,co'.p  +  co".9  +  6}.r  +  «,  &c.  The  general  type  of 
ordinal  numbers  which  can  be  obtained  in  this  manner  is  represented  by 
»**  .|>n  +  w**"^  -Pn-i  +  . . .  +  CO  .  p,  +po ;  and  it  is  clear  that,  for  the  representation 
of  points  of  a  given  set,  such  numbers  may  be  required  as  indicea 

It  may  happen  that  the  set  of  points  whose  indices  are  co,  co^  co^  ...  is  not 
finite ;  then  the  limiting  point  of  such  set  will  be  denoted  by  the  index  co**. 
Starting  afresh  with  this  number,  we  may  form  numbers  such  as 

If  the  points  whose  indices  are  co**,  co**',  a)*^, ...  do  not  form  a  finite  set,  their 
limiting  point  will  be  denoted  by  co«". 


76  Sets  of  Points  [ch.  n 

In  a  similar  maimer  we  may  denote  by  €i  the  number  which  comes  after 
the  sequence  oi,  w",  a)<^,  a>««»*...;  and  starting  from  €i,  we  may  similarly 
proceed  to  form  further  numbers  in  endless  succession. 

61.  All  the  ordinal  numbers  which  can  be  formed  in  the  manner  above 
described  are  formed  by  means  of  the  application  of  Cantor's  two  principles 
of  generation  (Erzeugungsprinzipien). 

(1)  After  any  number  another  immediately  succeeding  it  isfcynned  by  the 
addition  of  unity. 

(2)  After  any  endless  sequence  of  numbers,  a  new  number  is  formed  which 
succeeds  all  the  numbers  in  the  sequence,  and  has  no  number  immediately 
preceding  it. 

All-  transfinite  ordinal  numbers  which  can  be  formed  by  means  of  these 
two  principles  of  generation  are  said  to  be  ordinal  numbers  of  the  second 
class.  The  finite  ordinal  numbers  are  said  to  be  of  the  first  class ;  they  are 
formed  successively,  starting  with  the  number  1,  by  means  of  the  first 
principle  of  generation  alone. 

The  numbers  of  the  second  class  are  of  two  essentially  distinct  species : 
(1)  non-limiting  mimbers,  those  numbers  which  have  each  a  number  im- 
mediately preceding  them,  and  from  which  they  are  formed  by  the  addition 
of  unity;  for  example  a)  +  ?i,  w^.p  +  w.g'+l,  w^  +  w  +  l:  and  (2)  limiting 
nu/mbers,  those  which  have  no  number  immediately  preceding  them,  from 
which  they  are  formed  by  the  addition  of  unity ;  for  example  6>,  o>'  +  o), 
ft)**  +  a)'  are  limiting  numbers. 

Any  particular  number  of  the  second  class,  can  be  denoted  by  a  finite 
number  of  symbols,  but  there  is  no  upper  limit  to  the  number  of  symbols 
required  to  denote  such  numbers. 

Cantor  has  further  postulated  the  existence  of  a  number  fl  which  comes 
after  all  the  numbers  of  the  second  class,  and  is  the  first  number  of  a  new 
set  which  is  called  the  third  class.  The  number  fl  cannot  be  obtained  as  the 
number  which  succeeds  a  simple  sequence,  by  means  of  the  second  principle 
of  generation ;  for  every  number  which  can  be  so  obtained  is  itself  a  number 
of  the  second  class.  This  number  ft  can  be  obtained  only  by  means  of  a  third 
principle  of  generation,  which  postulates  the  existence  of  a  new  number 
coming  after  all  the  numbers  of  the  complex  formed  by  the  application 
of  the  first  and  second  principles  of  generation.  The  validity  of  the 
postulation  of  the  existence  of  the  number  fl,  and  of  the  higher  numbers 
of  the  third  class  will  be  discussed  in  Chapter  ill. 

62.  A  fundamental  property  of  the  numbers  of  the  second  class  may  be 
expressed  as  follows : — 
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Let  Ply  Pa,  Pj, ...  P«, ...  P«,  P«+i,  ...  he  an  infinite  set  of  points  Sfoch  that 
either  (1)  {here  is  a  last  point  P^,  where  fi  is  some  number  of  the  second  class, 
or  (2)  there  is  no  last  point,  hut  every  index  occurs  which  is  less  than  some 
limiting  number  ^  of  the  second  class,  whereas  the  index  7  itself  does  not  occur; 
the  set  of  points  is  then  enumerable. 

The  sets 
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where  every  index  less  than  oi'  occurs,  form  an  enumerable  aggregate  of 
enumerable  sets  of  points ;  and  this  has  been  shewn  in  §  54,  to  be  itself  an 
enumerable  set.     Now  consider  the  sets 

PP     P  P  P  P  P 

PP  P  . 

•»*.  2>       •*   •••.a+l>  •  •  •    -*  oo*.  2+M»    ••• 

-*••«.  8»         -»••«.  8-1-1 1    -••    ■*  w^.S+M*    ••• 


such  that  in  the  first  set  there  is  every  index  less  than  ©'*,  in  the  second, 
every  index  less  than  a>' .  2,  and  so  on.  Each  of  these  sets  is  enumerable,  and 
there  is  an  enumerable  set  of  sets ;  hence  the  whole  set,  which  contains  every 
index  less  than  co',  is  enumerable.  In  this  manner  it  can  be  shewn  that, 
if  every  index  less  than  lo**  occurs,  the  set  is  enumerable.  If  the  theorem 
holds  for  sets  which  contain  every  index  less  than  /8,,  ^21  ^s,  ••• .  then  it  holds 
for  a  set  which  contains  every  index  less  than  fi,  the  limiting  number  of  the 

sequence  fii,  ^i,  fis, For  the  points  with  indices  less  than  ^, ,  with  indices 

^/8i  and  <^t*  with  indices  ^^2  <^d  <^s,  &c.  form  an  enumerable  sequence 
of  enumerable  sets ;  therefore  by  the  theorem  of  §  54,  the  whole  set  with 
indices  <)8  is  enumerable.  Since  the  theorem  holds  for  /8i  =  g),  ^2  =  ®', 
)8,  =  »*, ...  it  holds  for  y8=  w*.  By  continual  application  of  this  method,  since 
any  number  can  be  reached  by  means  of  the  two  principles  of  generation, 
and  since  every  number  is  either  a  limiting  number,  or  is  obtained  from  one 
by  adding  a  finite  number,  we  see  that  the  general  theorem  holds. 

It  will  now  be  shewn,  conversely,  that  if  a  set  of  points  Pj,  P2,  ...Pm 
...  P.,  ...  Pfi, ...  is  enumerable,  theremvM  be  some  definite  number  y  of  the  first 
or  of  the  second  class,  such  that  7  does  not  occur  among  the  indices  of  the  points, 
and  such  that  every  number  less  than  7  does  so  occur. 
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In  case  7  is  a  limiting  number,  there  is  no  last  point  of  the  set ;  but  if  7 
is  not  a  limiting  number,  there  is  a  last  point,  viz.  the  one  of  which  the  index 
is  the  number  immediately  preceding  7. 

To  prove  the  theorem,  we  observe  that,  since  the  given  set  of  points  is 
enumerable,  it  may  be  placed  in  correspondence  with  a  set  of  points  Q,, 
Q%>  •••  Qn, ...  in  which  all  the  indices  are  numbers  of  the  first  class.  Let  us 
suppose,  that  if  possible,  no  number  7  exists,  and  let  Pa^  be  the  point  of  [P] 
which  corresponds  to  the  point  Q,  of  [Q].  Let  Qp^  be  the  point  of  [Q]  of 
smallest  index,  such  that  the  corresponding  point  of  [P]  has  an  index  which 
is  >  «! ;  denote  this  index  by  Oa.  Then  let  Qp,  be  that  point  of  {Q},  of 
smallest  index,  such  that  the  corresponding  point  of  [P]  has  an  index  >  a, ; 
denote  this  index  by  a,.  Proceeding  in  this  manner,  we  have  a  set  of  points 
Qi»  Qpx>  Qpt>  •••  Qpn'  •••  corresponding  in  order  to  a  set  of  points  Pa,,  -P-j, 
Pag, ...  Pa^t ...  where  ai<  a2<  as ...  <  an<  •••  •  There  exists  a  number  a  of 
the  second  class,  which  is  the  limit  of  the  sequence  «!,  ctj,  ...  On,  •.. ;  and  by 
hypothesis  there  exists  a  point  Pa,  which  has  a  for  index.  Now  the  set  {Q] 
can  contain  no  point  which  corresponds  to  Pa,  because  each  point  Qn  corre- 
sponds to  a  point  of  [P]  with  an  index  less  than  a,  and  thus  there  is  a 
contradiction  in  the  hypothesis  that  a  occurs  amongst  the  indices  of  the  points 
of  \P].  Hence  there  exist  numbers  of  the  second  class  which  do  not  occur 
as  indices  in  the  set  {Pj,  and  these  numbers  form  a  set  which  is  a  part  of  the 
aggregate  of  numbers  of  the  second  class.  In  this  set  there  must  be  a  lowest 
number  7,  and  this  number  7  is  the  first  which  does  not  occur  amongst  the 
indices  of  the  set  {Pj.  That  every  part  of  the  aggregate  of  numbers  of  the 
first  and  second  classes,  has  a  lowest  number,  will  T)e  shewn  in  Chapter  iii., 
to  be  a  consequence  of  the  structure  of  the  ordered  aggregate. 


EXAMPLES. 

1.  On  a  straight  line  A  By  let  us  denote  by  Pj,  P,)  ^s>  *••»  those  points  at  which  the 
ratio  ABjPB  has  the  values  1,  2,  3,  ....  The  point  P^  coincides  with  A^  and  the  point 
B  can  only  be  represented  by  P^,  Now  take  any  one  of  the  segments  PrPr^\\  this  may 
for  convenience  be  represented  on  an  enlarged  scale.  Denote  by  Q^iy  Qm  Qny  •••)  the 
points  on  P,.Pr+i»  at  which  PrPr+i/QPr+i  takes  the  values  1,  2,  3,  ...;  thus  P^^i  can 
only  bo  represented  by  Qrt-  Supposing  this  to  have  been  done  with  every  segment 
f\t^r^\  <^f  ^^9  l^t  us  imagine  all  the  points  Q  to  be  marked  on  AB,  and  to  be  numbered 
fh>m  left  to  right 

In  PxP%y  we  shall  have  1,  2,  3,  ...  a>, 

in  P%P^  there  will  be  «>  + 1,  a>+2,  ...  a> .  2, 

and  in  PjPi  «.2+l,  «.2+2,  ...«.3; 

the  point  B  can  be  represented  only  by  a>*.    If  now  we  proceed  to  take  each  segment 
QrtQr.t^u  at^d  to  divide  it  in  a  similar  manner,  at  points  R  for  which  QfQT,t^\IRQr,»^\ 


k 
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has  the  values  1,  2,  3,  ...,  and  then  imagine  all  the  points  R  obtained  in  every  such 
segment  QnQr.t-^i  ^  ^  marked  on  AB^  and  numbered  as  before,  from  left  to  right,  it  will 
be  seen  that  all  the  numbers  a>^+A>9+r  will  be  required,  and  that  the  ix)int  B  can  be 
represented  by  «^  The  points  Pj,  P^^  ,,.  P^  will  have  for  their  ordinal  numbers 
1,  •*,  •^.a,  «>*.3, ...  »*;  the  point  §„  will  be  numbered  w^.r+w.  »;  the  finite  numbers 
are  all  used  up  in  the  first  sub-segment  of  AB.  By  proceeding  to  further  subdivision,  we 
may  exhibit  on  AB^  the  ordinal  numbers  «*/>»+•*' V*- !  +  •••  + /'o*  ^^^  ^^^  point  B  will 
then  be  represented  by  a>*'*^^ 

2.  The  properties  of  the  integral  numbers  in  relation  to  their  prime  factors  may  be 
employed  to  rearrange  the  series  1,  2,  3, ...  n, ...,  so  that  the  numbers  may  be  made  to 
correspond  with  a  series  of  ordinal  numbers  of  the  first  and  second  classes. 

First  take  the  primes  1,  2,  3,  6,  7,  11, ...  ;  these  correspond  with  the  numbers  of  the 
first  class  1,  2,  3, ...  n, ... ,  Then  take  the  squares  of  the  primes,  omitting  unity ;  we  thus 
have  2*,  3*,  5*,  7*,  11*, ...,  corresponding  to  a>,  w  +  l,  «  +  2, ...  o+n, ... . 

We  then  take  the  cubes  of  the  primes, 

2^,  3',  5*,  7^  11', ...,  corresponding  to  a>.  2,  a>.  2  +  1,  ...  «.  2+n, ..., 

and  in  general,  2*'+*,  3**"*^',  S*"*^, ...,  corresponding  to  w.r,  « .r+1, ...  w.r+n, ....  We 
may  then  take  the  numbers  ah  which  consist  of  the  product  of  two  prime  factors  ;  these 
arranged  in  ascending  order  correspond  to  a>*,  a>*+ 1, ...  <k>*+n, ....  Next  take  the  numbers 
a^h^y  which  consist  of  the  squares  of  the  last  set;  these  correspond  to  a)^+a>,  «*+<»  + 1, .-. 
We  then  take  the  succeasive  sets  of  numbers  of  the  forms  a^^,  a^6*, ... ;  we  thus  obtain 
the  numbers  which  may  be  taken  to  correspond  with 

»*+«.  2,  «*  +  «.  2  +  1, ...  w^  +  o).  3, ...  a)*  +  fi).|?4"5', ..., 

all  of  which  are  less  than  «* .  2.    The  sets  of  numbers  of  the  forms 

a%  {a%)\  ...  (a«6)*, ...  a^h,  {a^h)\  ...  (a'ft)*, ...  a%  {a^hf, ..., 

may  then  be  taken.  Afterwards,  we  may  proceed  with  the  numbers  which  contain  three 
different  prime  factors,  and  so  on.  It  is  clear  that  this  mode  of  rearranging  the  integral 
numbers  in  their  natural  order,  so  that  they  correspond  in  the  new  order  with  ordinal 
numbers  of  the  first  and  second  classes,  admits  of  great  variety.  In  every  case,  there  will 
be  some  lowest  number  of  the  second  class,  which  is  not  employed  in  the  correspondence 
established. 

THE  TRANSFINITE   DERIVATIVES  OF   A   SET  OF  POINTS. 

63.  If  0  denotes  a  set  of  points  in  the  interval  {a,  6),  it  has  been 
shewn  that  the  derivatives  0^^\  G<*,...G<**>  are  all  closed  sets,  and  that 
all  the  points  of  any  one  of  these  sets,  after  the  first,  are  contained  in  the 
preceding  set.  If  G  is  of  the  second  species,  then  G<'*>  exists  for  all  values 
of  n;  and  in  this  case  the  set  D(G^^\  G<'^  ...  G^^^ ...),  which  contains  points 
belonging  to  every  0^^\  is  denoted  by  G^*'^  where  w  is  the  first  transfinite 
number.  It  will  be  shewn  that  G<***  contains  one  point  at  least,  and  is  a 
closed  set.     It  is  defined  to  be  the  derivative*  of  Q  of  order  w. 

If  |>i  is  a  point  of  0^\  p,  a  point  of  0^\  ...|>n  a  point  of  0^^\  &c.,  the 
points  pi,  Pa,  ...pny ...  form  a  set  [pn]  which  has  at  least  one  limiting  point  p. 

*  See  Cantor,  Math,  Annalen,  vol.  xvn. 
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This  point  p  bekngis  go  (t^"*  wiiaisev«r  ▼mine  »  hj»,  because  all  except  a  finite 
anmberof  che  -wt  /i„»  are  p«iinlBof  (t'~;  and  tiiefefore  |)  is  a  point  of  G^,  Let 
</i,  '/*, ...  r^, ...  be  a  :^ei{a«ice  of  points  of  6«,  in  case  G^  contains  more  than 
a  dnite  aamb«r  of  poinis:  ;inii  .soppoae  this  sequence  to  have  the  limiting 

poiuc  ii^     ThssL  since  oil  die  points  ^.  f^ ^, ...are  points  of  the  closed 

!^t  'r^"*.  cfae  limiting  point  (£  itf  a  point  of  G''^ ;  and  this  holds  for  every 
value  of  r*«  hence  '^  i»  a  point  of  (r"**.  and  therefore  6'**  is  a  closed  set. 

We  can  protseed  cu  fonn  the  dotvatcves  of  6'"^  in  a  similar  manner  to 
that  in  which  che  derivatives  ti^**,  tf* —  of  C  were  fbnned.  These  successive 
derivative?*  cMe  denoted  by  (r'*"^.  tf'***, ...  G'^"'^^ ...  and  are  regarded  as  the 

derivative?^  or  /.r  '^f  the  taamsdmte  orders  •-hi,  •-hi...  •  +  !•, They  have 

tihe  :»me  properties  ^s»  the  derriacives  <3i  finite  orA^,  vii.  that  all  the  points 
ot'  ^Mcfa  .tre  pomes  of  (r-^.  aod  dnit  all  the  poin^  of  any  one  of  them  are  points 
of  tihe  piecedioi^:  otiec^w 

Itj  tttav  happen  ohat  one  of  nhe  derivatives  G^^^  contains  no  points ;  then 
the  procec«^  of  &nuiuic  derivatives  has  come  to  an  end,  the  last  one  being 
(>'••  ***^K  U  rihis  ts  tiot  she  caee.  a  tepetitsjn  of  the  above  reasoning  shews  that 
Uk»  set  £>v^>"***''  (.>"•'=•,...  '>'*"^ — >  contains  at  least  one  point,  and  is 
a  cto^nt  ^t ;  chis  ^t  ts  deuot^  bv  ^'*'*''.  and  b  defined  to  be  the  derivative 
of  C>  of  v>r^>r  (#.  :L  bt  t^hv*  :$ame  manner  we  can  pioceed  to  form  further 
dert>iat^v^^  who«<e  order?^  cure  uumbers  of  the  second  cfaissL 

III  >c^Mior«^,  tf  3^.  ]^>  %,     .  ^ denote  a  sequence  of  numbers  of  the 

^wiivt  cta:^  who^e  limit mic  tt amber  is  c}^  the  sune  reasoning  as  before 
^^>«?!!t  5ha8^  tf  .^t  5he  vjkrtviicivi^s  ^i^**.  '.T*^ !»•* exists  then  the  set 

V  vC>  **    c>  ** .       <«>  *^ ^  vVttcajjtts^  at  *east  oue  pointy  and  »  a  closed  set.    This 

'^  d^'wv»cv\i  b^  C>  * ,  Aod  fe^  vKrttOLed  5».>  be  the  derivative  of  G  of  onler  /8. 

If  we  form  :hv>  ^jsuvw^ssixe  sfcct>fativ^?s  of  5he  set  tf.  whose  orders  are  the 
uumK^rs  v^^  qKv'  ^1^  cMid  ^vood  cta:«$ses^  to  mav  happen  ihal  there  is  a  first 
MuioKr  '^v  v^"^  ^he  »r^  s*r  s^^wutd  ciacsk  for  which  tr^*  =0:  but  this  number  7 

U  WKy .  hv^wvxvr.  h.A(^<i  tbitt  iK»  aiutuber  -j^  of  the  first  or  second  class, 
\AiM5k  i<\r  w  Kk^^  v»  >  Ox  s».>  )9ba3  sfc*ctv;«ives  of  tr  extt  of  oiders  corresponding 
lo  all  lh\*  uumKHTS  v4'  5he  Btr«  aad  s^xvod  ctassiw^  It  will  be  shewn  in  5  73, 
lhal  if  (•  '^  visy>ci  IK*I  \aat($tu  likHr  s».*me  uumber  >  of  the  fiist  or  of  the  second 
\^Uhh.  lho^\  lK\Hf\^  iKv\*ts8aribf  ^vi?^  a  number  dL  of  the  fiist  or  second  class, 
Huoh  lhx>^l  (»*  -  t»*'^  -  t»*^**  ... .  life  »!  (f*  is  a  peifeci  set,  and  it  is 
t\H^|\ioutl\  ^K^u^^^^l  by  t»**.  where  ft  is:  iW  first  lran$fimte  number  of  the 
\\\\\A  oUhj*.  I1h^  )Hv|aiK>n  t»  *  may  however  be  employed,  independently  of 
tho  H\HV|\lau\v  of  the  llH\>»y  \>f  nambets  of  the  ihiid  cfaiss. 

t\mviMm^l^>\  if  (t  ^^  \K^^  11^^  exi$tv  !• '*'  mitsi  first  vanish  for  some  number 

Y  of  \\\\\  tiiiit  v^'  mkx^kI  <4a^  which  number  cannot  be  a  limiting  number. 
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If  6i,  Gt,  Gs,...  Gn,'"  be  any  endless  sequence  of  sets  of  points,  such  that 
each  set  Gn  is  contained  in  the  preceding  one  6n-i>  then  the  set  D(6i,  6s, ... 
Gn,...),  if  it  exists,  consists  of  those  points  each  of  which  Belongs  to  Gn  for 
every  value  of  n,  and  this  set  may  be  denoted  by  G«.  Commencing  with  G^, 
a  new  sequence  of  sets  G«,  G«+i,  0«+s,  ...  (?»+n»  •••  roay  be  considered,  each  one 
being  a  part  of  the  preceding  one ;  the  set  of  points  each  of  which  belongs 
to  all  the  sets  of  this  sequence  is  D(G^,  G^+i,...  G^^ni  *••)>  ^^^  niay,  when  it 
exists,  be  denoted  by  &«.2.  In  this  manner  fuilher  sets  may  be  formed, 
requiring  as  indices,  higher  numbers  of  the  second  class.  An  example 
illustrating  the  fact  that  G^  does  not  necessarily  exist  is 


e  =f-  -^  -^      ] 


The  case  of  the  transfinite  derivatives  of  a  given  set  G,  considered  above, 
is  a  special  case  of  a  sequence  of  sets  each  one  of  which  contains  the 
next  one. 

EXAMPLES. 

1  *.    Let  O  denote  the  enumerable  set  of  points,  each  one  of  which  is  given  by 

11.1  1 


2«"*"2* 


+  «,  ■*"2*+wh"*'*S  2*"^ '*!'•■  "S  ■*■•"*  ""n 


when  n  has  all  positive  integral  values,  excluding  zero,  and  m^,  m^,  ,.,fn^  have  all  positive 
int^^l  values  including  zero,  independently  of  one  another. 

It  is  easily  seen  that  in  (?<*),  the  points  5^,   5jrn»  •••  ^  occur,  and  hence  that  (?(••) 
exists,  and  consists  of  the  single  point  zero. 

2*.    Let  G  denote  the  enumerable  set  of  points,  each  one  of  which  is  given  by 

1+1^+...+^      1.1.1 


2"*i      2*S"*'''S     *"     2"*i  "*■  "S  "*■"•"*■ ''Hi      2**i"*'*S*' ■■*' "•it*  ^     2"*i  *'*•«"*■*"'*■  "•ii'*"^*'i 

1                                                      1 
4. 4.      4. 

^  2"*i  ■*"  "S  ■♦••*"*ii  ♦I* + «i + «t  2^*1  "*■  *S +  •"■'' *•«■♦■  *'+ «i  ■♦•««'♦■•••■•' «p ' 

where  m|,  m,, ...  m^^  P*  ^d  ?2>  *••  9p  have  all  positive  integral  values,  including  zero.     In 
this  case  G^****)  consists  of  the  single  point  zero. 

3*.    Let  O  denote  the  enumerable  set  of  points,  each  one  of  which  is  given  by 

l  +  _L_+__i_+    ,        1         .  1 

2*     2*"*'*'i     2*"*""*i**S  2**  "*i  ■*■'■'' '"n     2*'*''**i  "*■■"*' •**»"*■  ^ 

1  1 

where  n,  m,,  m,, ...  m»,  p,  gi, ...  qp,  have  all  positive  integral  values.     In  this  case  G^**'*) 
exists,  and  consists  of  the  single  point  zero. 

SETS  OF  INTERVALS. 

64.  The  properties  of  a  set  of  intervals,  which  intervals  are  assigned  in 
any  manner,  are  closely  connected  with  the  properties  of  seta  of  points,  and 
will  therefore  be  considered  here  in  some  detail. 

*  These  examples  were  given  by  MiUag-Leffler,  Acta  Math,  vol.  rv,  p.  6S. 
H.  6 
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If  two  intervals  have  only  an  end-point  of  each  in  common,  they  are 
said  to  abut  on  one  another]  and  if  the  two  intervals  have  more  than  one 
point  in  common,  they  are  said  to  overlap  one  another. 

Every  set  of  intervals,  which  is  such  that  no  two  of  the  intervals  overlap, 
is  an  enumerable  aggregate*. 

First,  suppose  the  set  of  non-overlapping  intervak  to  lie  in  the  finite 
segment  (a,  h) ;  and  choose  a  sequence  e^ ,  e, , . . .  €n , . . .  of  positive  numbers  con- 
verging to  the  limit  zero.  The  number  of  intervals  of  the  given  set  which 
are  of  length  greater  than,  or  equal  to  €»,  is  finite,  since  it  cannot  exceed 

—  (6  -  a).    We  can  now  arrange  the  intervals  in  order  of  magnitude,  taking 

first  those  which  are  ^€i,  then  those  which  are  <€i  and  ^e,,  and  so  on, 
there  being  only  a  finite  number  in  each  set.  Therefore,  since  the  set  of 
intervals  can  be  arranged  as  a  simply  infinite  aggregate,  it  is  an  enumer- 
able set. 

Next,  suppose  that  the  intervals  are  on  an  unlimited  straight  line  in  which 
the  position  of  any  point  is  denoted  by  x.    If  we  consider  the  correspondence 

given  by  fl/=   . — =,  where  the  radical  has  always  the  positive  sign,  the 

Vic*  4"  1 

unlimited  straight  line  corresponds  to  the  segment  (—1,  1),  in  which  the 

point  a?'  lies.    The  intervals  of  the  given  set  correspond  uniquely  to  intervals 

of  a  non-overlapping  set  in  the  segment  (—1,  -f-l),  and  this  latter  set  is 

enumerable ;  hence  the  given  set  is  so  also. 

The  theorem  can  be  generalized  so  as  to  apply  to  the  case  of  detached 
portions  of  space  of  two,  three,  or  any  number  of  dimensions.  If  within 
a  finite  portion  of  such  space,  there  be  a  set  of  portions  no  two  of  which 
overlap  one  another,  though  they  may  have  portions  of  their  boundaries 
in  common,  the  set  of  such  portions  is  enumerably  infinite  if  it  be  not 
finite. 

The  theorem  is  proved,  as  in  the  case  of  intervals  in  a  one-dimensional 
space,  from  the  consideration  that  there  can  only  be  a  finite  number  of  the 
portions  of  volumef  greater  than,  or  equal  to  €». 

Since  the  points  of  unbounded  space,  say  of  three  dimensions,  can  be 
made  to  correspond  with  the  points  of  a  finite  portion  of  space,  by  means 
of  the  transformation 

X  '_     y 


^  =  ^r=^'    y'=-r==->    ^ 


the  restriction  that  all  the  portions  must  be  contained  in  a  finite  domain  can 
be  removed. 

*  Cantor,  Math,  AnndUn,  vol.  xx. 

t  More  generally  **  measure,*'  see  |  SI,  below. 
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66.  The  theorem  which  is  given  in  §  64,  can  now  be  applied  to  prove 
that  every  iaoUUed  set  of  points  is  enumerable*. 

Let  P  be  a  point  of  such  a  set.  Since  in  a  sufficiently  small  neighbourhood 
of  P,  no  other  points  of  the  set  occur,  take  such  a  neighbourhood  of  length  p, 
and  conceive  such  neighbourhoods  to  be  chosen  for  every  point  of  the  set ; 
we  now  have  a  set  of  non-overlapping  intervals  which  is  enumerable,  and 
therefore  the  isolated  set  of  points  is  also  enumerable. 

It  has  been  shewn  that  any  set  of  points  G  is  made  up  of  an  isolated 
aggregate,  and  of  one  which  is  a  divisor  of  0'.  It  follows  that,  if  the  derivative 
G'  is  enumerable,  so  also  is  G ;  but  the  converse  does  not  hold. 

Every  set  of  points  which  is  of  the  first  species  is  enumerable.  For,  if  s  be  its 
order,  G^  contains  only  a  finite  number  of  points ;  hence  G<*~*'  is  enumerable ; 
and  therefore  also  G<*~*,  G <•"*',  ...  G  are  all  enumemble  sets. 

A  set  of  points  of  the  second  species  is  enumerable  if  one  of  its  derivatives 
be  so.     If  any  set  6  is  not  enumerable  none  of  its  derivatives  is  so. 

66.  Let  us  consider  a  given  set  of  overlapping  intervals  contained 
in  the  finite  segment  (a,  6);  it  will  be  shewn  that  the  given  set  can  be 
replaced  by  a  set  of  non-overlapping  intervals  which  is  such,  that  every  point 
which  is  interior  to  any  interval  of  either  set  is  interior  also  to  some  interval 
of  the  other  set. 

Taking  any  point  P  (x)  which  is  an  interior  point  of  one  or  more  intervals 
of  the  given  set,  the  points  x'  of  the  segment  {x,  b)  can  be  divided  into 
two  classes,  those  for  which  every  point  interior  to  the  segment  (x,  x') 
is  an  interior  point  of  some  interval  of  the  given  set,  and  those  for  which 
this  is  not  the  case.  This  section  of  the  numbers  in  the  segment  {x^  b)  defines 
a  single  point  af^  such  that  (d?,  x')  is  the  greatest  segment  on  the  right  of  x 
which  has  every  interior  point  of  it  also  an  interior  point  of  the  given  set 
of  intervals.  Similarly  a  definite  segment  {x^\  x)  on  the  left  of  x,  can  be 
found,  which  has  the  corresponding  property.  Therefore  the  interval  (x'',  x) 
is  one  of  the  required  intervals.  If  now  we  take  any  point  in  either  of  the 
parts  of  (a,  b)  complementary  to  {af\  x'),  which  is  an  interior  point  of  an 
interval  of  the  given  set,  we  may  proceed  as  before  to  construct  an  interval 
of  the  required  set  which  contains  that  point ;  and  so  on,  until  we  have  a 
set  of  non-overlapping  intervals  which  contain,  as  interior  points,  every  point 
that  is  interior  to  any  interval  of  the  given  set.  It  has  thus  been  proved 
that:— 

Every  set  of  intervals  contained  in  a  finite  segment  can  be  replaced  by  a  set 
of  non-overlapping  intervals  of  which  the  interior  points  are  the  same  as  those 
of  the  given  set. 

*  Cantor,  MatK  Afmalen^  vol.  xzi. 

6—2 
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The  new  set  may  be  spoken  of  as  the  set  of  non-overlapping  open 
intervals  equivalent  to  the  given  set  of  open  intervals. 

An  open  interval  PQ  is  defined  as  in  §  40,  to  consist  of  the  aggregate 
of  points  interior  to  PQ,  excluding  the  end-points  P,  Q. 

The  properties  of  any  set  of  open  intervals  in  a  finite  segment  thus 
depend  upon  those  of  a  non-overlapping  set  of  such  intervals,  and  we 
proceed  to  the  consideration  of  the  latter. 

Every  point  of  (a,  b)  which  is  not  interior  to  an  interval  of  the  non- 
overlapping  set  is  either 

(1)  a  common  end-point  of  two  intervals  of  the  given  set ;  or 

(2)  a  point  interior  to,  or  at  an  end  of,  an  interval  not  belonging  to 
the  given  set,  this  interval  containing  no  point  which  is  interior  to  any 
interval  of  the  set;  or 

(3)  a  limiting  point,  on  both  sides,  of  end-points  of  intervals  of  the 
set;  or 

(4)  an  end-point  of  an  interval  of  the  given  set,  and  also  a  limiting 
point,  on  one  side,  of  end-points  of  intervals  of  the  given  set. 

If  either  a  or  6  is  an  end-point  of  an  interval,  we  reckon  that  point  as 
belonging  to  the  points  (1). 

The  points  described  in  (2)  or  (3)  may  be  described  as  extemcU  points 
of  the  given  set ;  and  if  a  or  6  is  a  limiting  point  of  end-points,  it  will  be 
reckoned  as  an  external  point. 

The  points  described  in  (4)  may  be  spoken  of  as  semi-ea^temal*  points. 

The  following  theorem  will  now  be  established : — 

Those  points  of  the  segment  (a,  b),  which  are  not  points  of  a  given  set 
of  non-overlapping  open  intervals,  form  a  closed  set  of  points. 

The  closed  set  includes  all  the  end-points  of  the  given  set  of  intervals, 
and  all  the  external  points. 

To  prove  this  theorem,  we  observe  that  no  limiting  point  of  the  set 
of  points,  complementary  to  the  set  of  open  intervals,  can  be  interior  to 
an  interval  of  the  given  set.  For  if  P  be  such  an  interior  point,  a  neigh- 
bourhood of  P  exists,  viz.  the  interval  in  which  it  is  contained,  within 
which  there  are  no  points  of  the  set;  and  thus  P  cannot  be  a  limiting 
point  of  the  set.  All  the  limiting  points  of  the  set  must  therefore  belong  to 
the  set  itself,  which  is  consequently  closed. 

The  closed  set  which  is  complementary  to  a  set  of  non-overlapping  open 
intervals  contains  all  the  end-points  of  the  intervals,  all  those  points  which, 
not  being  end-points,  are  limiting  points  on  both  sides  of  end-points  of 

*  This  term  is  dae  to  W.  H.  Toong,  Proe.  Land.  Math,  Soe,  vol.  xzxv,  p.  250. 
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intervals,  and  also  the  points  interior  to  the  complement£ury  intervals,  in  case 
such  complementary  intervals  exist. 

In  case  there  are  no  complementary  intervals,  then  the  closed  set  of  points 
defined  as  the  set  complementary  to  a  given  set  of  open  intervals,  is  a  non- 
dense  closeid  set. 

67.  It  will  now  be  shewn  that*,  mUess  a  given  set  of  nan-overlapping 
intervale  is  a  finite  set,  there  must  he  at  least  one  external  or  semi-extemaX 
point;  in  other  words  the  whole  interval  (a,  li)  cannot  be  filled  up  by  an 
indefinitely  great  number  of  non-overlapping  intervals,  each  one  of  which 
abuts  on  the  next,  without  leaving  at  least  one  point  over,  which  is  neither 
interior  to  an  interval  nor  is  an  end-point  of  two  intervals,  the  points  a,  h 
being  regarded  as  end-points  of  two  intervals  if  they  are  end-points  of  one 
interval  of  the  given  set. 

If  there  be  any  complementary  intervals,  then  the  points  of  these 
intervals  are  all  external  points,  and  we  therefore  need  only  consider  the 
case  in  which  no  such  complementary  intervals  exist.  We  observe  that, 
when  the  number  of  intervals  is  not  finite,  their  end-points  must  have  at 
least  one  limiting  point  P.  Now  this  point  P  cannot  be  interior  to  one  of 
the  given  intervals ;  for,  if  it  were  so,  it  would  have  a  neighbourhood,  viz.  the 
interval  to  which  it  is  interior,  within  which  are  no  end-points.  Neither  can 
P  be  a  common  end-point  of  two  intervals;  for  it  would  then  have  a  neigh- 
bourhood on  the  right,  and  also  one  on  the  left,  within  which  there  is  no 
end-point  except  P  itself  The  point  P  must  consequently  either  be  an 
external  point,  i.e,  one  which  is  not  an  end-point  but  is  a  limiting  point, 
on  both  sides,  of  end-points ;  or  else  it  must  be  an  end-point  of  one  interval, 
and  a  limiting  point,  on  one  side,  of  end-points.  If  a,  or  6  is  not  an  end- 
point,  it  is  regarded  as  an  external  point.  It  will  subsequently  be  shewn 
that  the  external  and  semi-external  points  form  a  set  which  may  be  either 
finite,  or  of  cardinal  number  a,  or  of  cardinal  number  c. 

EXAMPLES. 

It.    In  the  interval  (0,  1)  take  the  intervals  (0,  J),  (J,  |) ...  (^^"-  ,   ^~\ ..., 

and  also  the  intervals  obtained  by  reflecting  these  intervals  in  the  point  \.  The  point  \  is 
external  to  all  the  intervals,  and  yet  the  limiting  sum  of  the  intervals  is  equal  to  1,  the 
length  of  the  whole  interval  (0,  1)  in  which  the  enumerable  set  of  intervals  is  contained. 

If  instead  of  reflecting  the  intervals  in  the  point  |,  we  take  the  interval  (^,  1),  the 
point  \  is  now  a  semi-external  point,  and  the  limiting  sum  of  the  intervals  is  the  same  as 

before. 

/2*~i  — 1     2*— 1\ 
2t.    Take  the  set  (J,  1),  (0,  \) ...  ( — — — ,   -ojnr )  •••  ^^  intervals,  and  divide  each 

*  This  theorem  was  giyen  by  W.  H.  Toong,  Proe,  Land.  Math,  Soc.  toI.  xxxt,  p.  251. 
t  See  W.  H.  Young,  Proc,  Lond.  Math,  Soc,  yol.  xxxt,  pp.  249—251. 
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inten'al  into  a  set  of  sub-intervals  similar  to  the  whole.    We  now  have  a  new  enumerable 
set  of  intervals  which  has  no  ex 
enumerable  set  j,  ^,  j^,  ^,  .... 


set  of  intervals  which  has  no  external  points,  but  of  which  the  semi-external  points  form  an 


68.  If  a  set  of  intervals  in  (a,  b)  is  such  that  every  point  of  (a,  b)  is 
an  interior  point  of  at  least  one  interval  {the  end-points  a,  b  being  each  an 
end-point  of  at  least  one  interval),  then  a  finite  number  of  the  intervals  can  be 
selected  which  Aas  the  same  property  as  the  whole  set. 

This  theorem,  which  is  known  as  the  Heine-Borel  theorem*,  is  of  con- 
siderable importance  in  the  theory  of  functions,  and  may  be  proved  as 
follows : — 

Denoting  the  points  a,  6,  by  A^  B,  we  may  select  an  interval  Aqi  which 
has  A  as  end-point ;  then  select  an  interval  p^qt,  of  which  qi  is  an  interior 
point ;  then  p^q^,  of  which  q^  is  an  interior  point,  and  so  on ;  and  consider 

* — rXX^ — % K '    J.    It    '9^1 

Fio.  S. 

the  points  9,,  9,,  9,, ...  thus  constructed.  If  one  of  these  points  q^  coincides 
with  B^  the  finite  set  of  intervals  Aqi,  p^q^, ...  Pmqn  required  has  been  found. 
If  (/m  does  not  coincide  with  B  for  any  value  of  n,  then  the  infinite  set  of 
points  <ji,,  <ji,,  ...  9ii, ...  has  a  limiting  point  q  which  is  on  the  right  of  all  of 
them.  Let  us  now  suppose  that  it  is  impossible  to  select  a  finite  number  of 
the  intervals  in  the  manner  described,  so  that  the  end-point  of  the  last  is 
at  B.  Then  whatever  particular  selection  of  intervals  we  make  as  above,  we 
obtain  a  point  q'  on  the  right  of  the  intervals,  the  position  of  q'  depending 
on  the  selection  made.  The  set  of  points  \q']  which  has  thus  been  obtained, 
has  either  ^1)  a  limiting  point  q  on  the  right  of  all  the  points  of  {q']^  or 
^2)  an  extreme  point  9.  belonging  to  the  set,  on  the  right  of  all  the  other 
points  of  the  set :  and  in  either  case  q  may  or  may  not  coincide  with  JB.  In 
ease  {\\  the  point  q  is  interior  to  an  interval  a^  of  the  given  set,  or  else  is 
an  end-pi.nut  of  such.  ^.  q  then  coinciding  with  B,  We  can  now  choose  a  set 
of  intervals  Aqx.  p^qt-  •-.  J^9** ...  for  which  the  limiting  point  q'  lies  within 
O)^,  since  q  is  the  limiting  point  of  (9'; ;  and  then  only  a  finite  number  of  the 

points 

qx%  qt*  •••  V»»  ••• 

lie  outside  aq.  Let  then  f«  be  the  fir^t  of  them  which  lies  inside  og^  and 
consider  the  ;^ot  of  intervals  .i^.  /s^j.  ...  /^afa,  fl^.  If  $  and  fi  coincide,  and 
are  thorefort^  K^th  coincident  with  £.  we  have  here  a  finite  set  of  intervals 
such  as  the  thev^rem  rt\)uires.  and  this  is  contrary  to  the  hypothesis  made 
that  no  suoh  finite  5%^t  exisWL    If.  on  the  other  hand,  $  and  fi  do  not  coincide. 


*  B^>i«2.  .!««.  jeV  «V\-.  «w^nR.  \3>  ui.  |w  31.     Sw  also  Bonl'a  Legam  mw  fa  tkione  det 
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it  is  impossible  that  ^  should  be  the  limit  on  the  right  of  the  limiting  points 
6f  all  the  possible  sets  ji,  q^,  ...  qn,  9n+i,  •..;  for  we  may  take  jn+i  to  coincide 
with  $,  which  is  itself  on  the  right  of  5.  We  have  therefore  again  a  contra- 
diction.    In  case  (2),  there  is  one  set  of  intervals 

such  that  q  is  the  limiting  point  of  q^,  q^,  ...  q^  ...;  and  the  position  of  q' 
for  any  other  set  is  on  the  left  of  q.  Now  ^  is  interior  to  an  interval  afi  of 
the  given  set,  and  only  a  finite  number  of  the  points  qi,  q^,  ...  qn,  ...  is  on 
the  left  of  eu     Let  qn  be  the  first  which  is  inside  a/3 ;  then  the  set 

is  a  finite  set  such  as  the  theorem  requires,  in  case  /3  coincides  with  B,  But 
if  /3  does  not  coincide  with  By  it  is  part  of  an  infinite  set  for  which  the  limit 
of  9i»  ?«»•••  ?n.  )8, ...  is  on  the  right  of  5,  which  is  contrary  to  the  supposition 
that  ^  has  the  extreme  position  on  the  right  for  all  points  of  the  set  {q']. 
There  is  therefore,  as  in  the  other  case,  a  contradiction  in  supposing  that 
B  cannot  be  reached  after  taking  a  finite  number  of  intervals.  It  will  be 
observed,  that  the  set  of  intervals  contemplated  in  the  theorem  is  not 
necessarily  enumerable. 

The  theorem  may  be  stated  in  a  somewhat  different  form,  in  which  it  is 
capable  of  being  proved  in  a  simple  manner. 

> 

Let  us  suppose  that  with  each  point  of  (a,  b)  is  associated  an  interval  of 
which  the  point  is  an  interior  point,  the  intervals  associated  with  a,  or  6, 
extending  beyond  (a,  6).  Let  the  associated  interval  be  called  the  proper 
interval  of  the  point.  Further,  let  any  interval  be  provisionally  called  a 
suitable  interval,  when  it  is  included  in  the  proper  interval  of  some  point 
within  or  upon  the  boundary  of  itself. 

The  theorem  may  then  be  stated*,  that  the  interval  (a,  h)  can  he  divided 
into  a  finite  number  of  suitable  intervals. 

For,  let  the  interval  (o,  b)  be  halved ;  if  one  of  the  halves  is  not  suitable, 
let  it  be  halved ;  and  so  on.  This  halving  process,  which  is  to  be  applied  to 
every  interval  not  already  suitable,  indefinitely,  will  terminate  afber  a  finite 
number  of  steps.  For  otherwise,  let  us  consider  an  indefinitely  continued 
sequence  of  intervals,  each  half  of  its  predecessor,  and  no  one  of  them  suitable. 
These  intervals  determine  a  single  point  within  or  upon  the  boundary  of 
every  one  of  them.  Let  us  consider  the  proper  interval  of  this  point ;  the 
sequence  of  intervals  of  which  the  point  is  the  limiting  point,  will,  from  and 
after  some  fixed  member  of  the  sequence,  all  lie  within  this  proper  interval  of 
the  point.  This  is  contrary  to  the  hypothesis  that  the  sequence  of  unsuitable 
intervals  is  indefinitely  continued. 

*  The  theorem  stated  in  this  form  is  really  contained  in  Gonreat^s  proof  of  Cauchy's theorem; 
■ee  TranM.  Amer,  Math.  Soc.,  vol.  i,  p.  16. 
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69.  The  Heine-Borel  theorem  can  be  extended  to  the  case  of  sets  in 
two,  three,  or  any  number  of  dimensions.  In  the  case  of  a  set  in  two  dimen- 
sions, we  may  suppose  for  simplicity  that  the  set  of  areas  is  contained  in  a 
rectangular  area  ABDC,  We  suppose  that  there  exists  a  set  of  closed  areas, 
which  may  be,  for  example,  all  circles,  or  all  rectangles,  such  that  each  point 


^; 


q'  g' 


^2 


q' 


9 


B 


Fio.  3. 


inside  ABDC  is  interior  to  one  at  least  of  the  areas,  and  that  each  point  on 
the  boundary  of  ABDC  is  interior  to  the  straight  boundary  of  at  least  one 
such  area.  Since  all  the  points  of  AC  are  interior,  in  the  sense  explained,  to 
areas  of  the  given  set,  and  since  these  areas  are  bounded  by  intervals  on  AC, 
the  Heine-Borel  theorem  proved  above,  shews  that  a  finite  number  of  areas 
can  be  selected  such  that  all  the  points  on  AC  are  interior  points  of  them. 
A  straight  line  q^qi  can  then  be  found  such  that  all  the  points  interior  to  the 
area  Aq^q^'C  are  interior  points  of  the  areas  which  have  been  already 
selected.  Next  we  see  in  a  similar  manner  that  all  the  points  of  q^q^  may 
be  enclosed  as  interior  points  of  a  properly  selected  finite  set  of  the  given 
areas;  we  then  see  that  a  point  q^  exists  to  the  right  of  g^,  such  that  the 
areas  already  determined  enclose  all  the  interior  points  of  qiqiq%q%  as 
internal  points ;  and  proceeding  in  this  manner,  we  obtain  a  set  of  intervals 
^9i>  9i?a>  9s9s> ...  on  AB,  Now  the  point  B  must  be  reached  at  the  end  of  a 
finite  number  of  stages  of  this  process;  for  we  may  shew  by  precisely  the 
same  reasoning  as  before,  that  it  is  impossible  but  that  the  point  B  be 
reached  at  a  finite  stage  of  the  process  of  taking  in  new  finite  sets  selected 
from  the  given  set  of  areas. 

Assuming  the  truth  of  the  theorem  for  sets  of  areas  in  two  dimensions, 
it  may  be  extended,  in  an  analogous  manner,  to  a  three-dimensional  space, 
and  so  on  to  spaces  of  any  number  of  dimensions. 

It  is  clear  that  Goursat's  form  of  the  Heine-Borel  theorem  may  be  proved 
in  the  case  of  sets  of  any  number  of  dimensions,  exactly  as  in  the  proof  given 
in  §  68,  for  the  case  of  linear  sets.  The  division  of  a  rectangular  cell  of  n 
dimensions  into  2**  equal  rectangular  cells,  will  replace  the  process  of  halving 
applicable  to  linear  intervals. 
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70.    The  following  theorem  will  now  be  proved : — 

If  any  unenwmerahle  set  of  overlapping  intervals  in  (a,  b)  be  given,  then 
an  enumerable  set  can  be  selected  out  of  the  intervals  of  the  given  set,  of  which 
the  interior  points  are  the  same  as  those  of  the  given  set. 

It  has  been  shewn  in  §  66,  that  the  given  set  can  be  replaced  by  a 
non-overlapping  set  of  intervals  with  the  same  interior  points.  An  interval 
of  this  second  set  is  however  not  in  general  an  interval  of  the  given  set. 

Let  PQ  be  an  interval  of  the  equivalent  non-overlapping  set ;  then  every 
internal  point  of  PQ  is  an  internal  point  of  one  interval  at  least  of  the  given 
set.  The  point  P  is  either  an  end-point  of  some  interval  Pp  of  the  given 
set,  or  else  it  is  a  limiting  point  of  end-points  of  an  infinite  number  of 
intervals  of  the  given  set.  In  the  latter  case  we  can  choose  an  enumerable 
sequence  PiPi,  P%p%%  PtPt, ...  of  intervals  of  the  given  set  such  that  P  is  the 
limiting  point  of  the  sequence  of  points  Pi,  Pa,  ...  P^y  ....  Similarly,  unless 
Q  is  an  end-point  of  an  interval  qQ  of  the  given  set,  it  is  the  limiting  point 
of  asequence  Qi,  Q,, ...  Qn» ...  of  end-points  of  intervals  qiQi,  q%Q%y ...  qnQm  •.* 
of  the  given  set.  Consider  the  intervals  PiQi,  PaQa,  ...  PnQn*  ..•,  where 
Pi,  Pa,  ...  may  be  taken  all  to  coincide  with  P  in  case  the  interval  Pp  exists, 
a  similar  convention  being  made  as  regards  Q.  Since  every  point  of  PjQi  is 
interior  to  some  interval  of  the  given  set,  therefore  in  accordance  with  the 
Heine-Borel  theorem,  a  finite  number  of  intervals  of  the  given  set  can  be 
selected  so  that  every  point  of  PiQi  is  interior  to  one  at  least  of  them.  Let 
a  similar  selection  of  a  finite  set  of  intervals  be  made  for  each  of  the  intervals 
PaQa.  PtQi»  ...  PnQn,  ••- ;  we  have  then  altogether  an  enumerable  set  of 
finite  sets  of  intervals.  The  totality  of  these  intervals  forms  a  finite,  or  an 
enumerable,  set  of  intervals  selected  from  the  given  set,  which  contains  every 
point  in  the  interior  of  PQ  as  an  interior  point.  Applying  the  same  process 
to  each  interval  PQ  of  the  equivalent  non-overlapping  set,  and  remembering 
both,  that  the  intervals  PQ  form  a  finite  or  enumerable  set,  and  that  an 
enumerable  set  of  finite  or  enumerable  sets  is  itself  enumerable,  we  derive 
the  conclusion  that  an  enumerable  set  of  intervals  can  be  selected  from  the 
given  set  such  that  the  internal  points  are  identical  with  those  of  the  given  set. 

71.  The  Heine-Borel  theorem  can  be  extended  to  the  case  where  the 
points,  which  are  to  be  internal  to  a  finite  number  of  intervals  selected  from 
a  given  set,  are  a  given  closed  set  of  points,  instead  of  the  whole  set  of  points 
of  the  segment  in  which  the  intervals  lie. 

Let  a  given  set  of  intervals  in  (a,  b)  be  such  that  every  point  of  a  given 
closed  set  of  points  is  interior  to  one  at  least  of  the  given  intervals.  Consider 
the  set  of  non-overlapping  intervals  equivalent  to  the  given  set ;  this  set 
must  be  finite ;  for,  if  not,  it  has  at  least  one  external  or  semi-external  point 
P  which  is  a  limiting  point  of  the  end-points  of  the  intervals.     Then  any 
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arbitrarily  small  neighbourhood  of  P  contains  an  indefinitely  great  number  of 
end-points  of  intervals,  and  therefore  also  of  points  of  the  given  closed  set ; 
and  P  would  therefore  be  a  limiting  point  of  the  closed  set,  but  this  is 
impossible,  as  P  does  not  belong  to  that  set.  Let  pq  be  one  of  this  finite 
number  of  intervals  of  the  equivalent  non-overlapping  set ;  then  the  part  of 
the  given  closed  set  of  points  which  is  in  pq  is  itself  closed.  In  pq  take  an 
interval  pq*  which  contains  this  closed  part  of  the  given  set  of  points  in  its 
interior :  then  by  the  Heine-Borel  theorem  a  finite  number  of  intervals  can 
be  selected  from  the  given  set  of  intervals  which  contains  every  point  of 
p  Y  ^  ^^  internal  point ;  and  therefore  contains  the  part  of  the  closed  set  of 
points  which  is  interior  to  p'q\  Applying  this  process  to  each  of  the  finite 
number  of  intervals  j[>9  we  have  the  following  theorem*: — 

Having  given  a  closed  set  of  paints  in  (a,  6),  and  a  set  of  intervals  sttch  that 
each  point  of  the  closed  set  is  interior  to  one  interval  at  least  of  lite  set,  a 
finite  number  of  intervals  can  be  selected  from  the  given  set  which  is  also  such 
that  every  point  of  the  closed  set  of  points  is  interior  to  one  at  least  of  these 
intervals. 

The  proof  of  Goursat's  form  of  the  Heine-Borel  theorem  can  be  modified 
so  as  to  apply  to  this  case.  We  have  only  to  neglect,  in  the  proof  of  §  68, 
those  sub-intervals  which  do  not  contain  any  of  the  points  of  the  given 
closed  set. 

NON-DE^SE  CLOSED  AND  PERFECT  SETS. 

72.  It  has  been  shewn  in  §  66,  that  if  an  infinite  number  of  non- 
overlapping  intervals  be  contained  in  (a,  6),  the  set  of  points  which  is  com- 
plementary to  the  internal  points  of  the  intervals  forms  a  closed  set.  If  no 
interval  whatever  can  be  found  in  (a,  b)  every  point  of  which  belongs  to  the 
closed  set,  the  given  set  of  intervals  is  everywhere-dense,  and  the  closed  set 
is  in  no  interval  everywhere-dense,  and  is  therefore  said  to  be  non-dense 
in  (a,  b).     We  shall  now  prove  the  converse  theorem •}•  that: — 

Every  non-dense  closed  set  of  points  consists  of  the  end-points  of  a  set  of 
non-overlapping  intervals  which  is  everywhere-dense  in  the  domain^  and  of  the 
limiting  points  of  such  end-points, 

•  See  W.  H.  Young,  Proe,  Lond.  Math,  Soc.  vol.  xxxv,  p.  8S7 ;  also  Borel,  Com^U$  Rendus, 
JftDuary,  1905.  For  a  farther  extension  of  the  theorem,  see  W.  H.  Young,  Mei$enger  of  Math. 
Tol.  XXXIII,  p.  129,  and  also  Proc,  Lond.  Math.  Soc,  Ser.  2,  vol.  n,  p.  67. 

t  This  relation  between  eTerywhere-dense  sets  of  intervals  and  closed  sets  was  disoovered  by 
Du  Bois  Beymond  and  by  Hamack.  See  Du  Bois  Beymond's  Allgemeine Functionentheorie  (18S2), 
p.  ISS;  also  Math.  Annalen,  vol.  xvi,  p.  128,  where  everywhere-dense  sets  of  intervals  are  intro- 
duced. See  also  Hamack,  Math.  AnnaUn,  vol.  xix,  p.  289,  and  Bendixson,  Acta  Math.  vol.  ii, 
p.  416,  and  6fi\  af.  Svensk.  Vet.  Forh.  vol.  xxxix,  2,  p.  81.  Proofs  of  the  fundamental  theorems 
based  on  the  amalgamation  of  abutting  intervals  have  been  given  recently  by  W.  H.  Young, 
Proc.  Lond.  Math.  Soc.  Ser.  2,  vol.  i,  p.  240,  and  by  Schoenflies,  Qminger  Nachrichten,  1908. 
The  proof  given  in  the  text,  in  §  73,  is  based  upon  the  latter  proot 
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In  any  arbitrarily  chosen  interval  a  point  P  can  be  found  which  does  not 
belong  to  a  given  non-dense  closed  set  6,  and  an  interval  pq  containing  P  in 
its  interior  can  be  found  such  that  no  internal  point  oi  pq  belongs  to  Q.  For 
if  no  such  interval  could  be  found,  P  would  be  a  limiting  point  of  0,  which 
is  impossible.  Let  pq  be  the  greatest  interval  containing  P  for  which  this 
holds,  then  p^  q  are  limiting  points  of  0,  and  therefore  belong  to  0, 

We  DOW  proceed  to  construct  intervals  such  as  pq  in  the  remaining  parts 
of  the  domain.  Then,  when  every  possible  such  interval  has  been  constructed, 
there  are  no  intervals  complementary  to  them ;  and  all  the  end-points  of  the 
intervak,  together  with  the  limiting  points  of  such  end-points,  are  the  only 
points  which  are  not  internal  to  the  intervals.  These  points  are  consequently 
the  points  of  6. 

The  points  of  Q  consist  in  general  of  three  classes : 

(1)  those  which  are  common  end-points  of  two  intervals  abutting  on  one 
another ; 

(2)  semi-external  points  (see  §  66),  which  are  end-points  of  one  interval 
and  also  limiting  points  on  one  side,  of  end-points ;  and 

(3)  external  points,  viz.  such  as  are  not  end-points  of  intervals  but  are 
limiting  points,  on  both  sides,  of  end-points. 

An  end-point  of  the  domain  of  the  set  may  be  regarded  as  belonging  to 
(1)  or  (3)  according  as  it  is,  or  is  not,  an  end-point  of  an  interval. 

Those  points  which  belong  to  (1)  are  clearly  isolated  points  of  0.  Hence 
if  no  such  points  exist,  every  point  of  6  is  a  limiting  point ;  and  therefore  0 
is  perfect     The  theorem  has  thus  been  proved  that : — 

Every  non-dense  perfect  set  0  consists  of  the  end-points  of  an  everywhere- 
dense  set  of  non-overlapping  intervals  no  two  of  which  abut  on  one  another, 
together  with  the  limiting  points  of  these  endrpoints. 

The  end-points  of  the  domain  are  points  of  6,  but  not  end-points  of 
intervals. 

If  the  set  6  is  such  that  no  semi-extenml  points  exist,  then  every  interval 
abuts  on  another  one  at  both  its  ends.  In  this  case,  all  the  points  of  0 
are  either  end-points  of  adjacent  intervals,  or  limiting  points,  on  both  sides,  of 
a  sequence  of  such  end-points,  unless  a  or  6  be  a  limiting  point,  in  which  case 
it  belongs  to  0,  The  end-points  have  the  same  cardinal  number  a  as  the 
rational  numbers,  since  the  set  of  intervals  is  enumerable.  Moreover  the 
external  points  form  a  finite  set,  or  an  enumerable  set ;  because  to  each  such 
external  point  there  corresponds  an  enumerable  set  of  end-points  of  which  it 
is  the  limiting  point,  and  in  this  correspondence  any  one  end-point  can 
correspond  to  at  most  two  limiting  points,  one  on  each  side  of  it.  We  thus 
have  the  theorem  that : — 
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A  non-dense  closed  set  is  enumerable  if  its  complementary  intervals  are 
such  that  every  one  of  them  abuts  on  a/nother  one  at  each  of  its  ends, 

73.  Every  non-dense  closed  set  is,  in  general,  made  up  of  an  enumerable 
set  and  of  a  perfect  set. 

Let  the  intervals  complementary  to  the  set  0  be  arranged  in  enumerable 
order,  that  of  descending  magnitude;  we  may  denote  them  by  Si,  S^,  ...  Sn*  •••• 
If  0  is  not  perfect,  it  contains  isolated  points,  each  of  which  is  the  common 
end-point  of  two  adjacent  intervals ;  let  Sp^  be  the  first  of  the  intervals  {£} 
at  an  end  of  which  there  is  such  a  point ;  let  Bj/  be  the  interval  which  abuts 
on  Sp,  at  that  end.  It  may  happen  that  the  other  end-point  of  Bj/  is  also  a 
common  end-point  of  two  intervals.  If  so,  let  S^'  be  the  interval  which  abuts 
on  Bp',  and  so  on :  after  a  finite,  or  enumerable  set,  of  such  intervals 

Oj/f     Oj/',     Oj/»  ... 

we  must  arrive  at  an  interval  of  which  the  end-point  does  not  belong  to 
6,,  the  set  of  isolated  points  of  6,  or  else  at  an  end-point  of  the  domain  of  0 ; 
unless  6  is  an  enumerable  set.  It  may  happen  that  Sp,  at  its  other  end 
abuts  on  another  interval ;  in  that  case  we  proceed,  in  the  same  manner  as 
before,  to  find  the  intervals  S^,  S^s  ...  each  of  which  abuts  on  another  one. 
Now  conceive  all  the  intervals  Sp',  S^', ...,  and  if  they  exist,  S^,  S^*,  ...  to  be 
amalgamated  with  Sp^  into  one  interval  Sp/^  by  removing  all  the  common 
end-points.  If  any  isolated  points  of  G  now  remain,  let  Sp,  be  the  first 
interval  of  {£)  after  Sp,,  of  which  an  end-point  is  such  a  point;  proceed  as 
before,  we  then  have  an  interval  Sp^^^^  formed  by  amalgamating  a  finite  or 
enumerable  set  of  intervals.  We  proceed  in  this  way,  and  thus  form  a  set  of 
intervals  Sp/*^  Sp,^*\  ...  no  end-points  of  which  are  points  of  (?». 

Since  (?=  6?^  -f-  (?<*^  where  (?<">  is  the  derivative  of  G,  the  set  of  intervals 
{S^>}  complementary  to  G<**  consists  of  the  intervals  Sp,^^  Sp,^^, ...  and  of  any 
intervals  of  {£}  which  remain  after  such  intervals  as  jy,  Sp^, ...  S^,  B^*, ...  have 
been  removed,  and  the  Sp<*'  substituted  for  the  Sp. 

We  proceed  in  a  similar  manner  with  G^^  =  (?»<**  +  G^*^  again  removing  a 
finite  or  enumerable  number  of  the  set  {B^^^},  and  again  with  G^^,  and  so  on. 
It  may  happen  that  the  process  comes  to  an  end  after  a  number  n  of  such 
stages,  either  if  G^^'^^  does  not  exist,  in  which  case  (?<"*  =  (?^*+^^  and  thus  (?<"* 
is  perfect ;  or  else,  if  (?<">  does  not  exist,  in  which  case,  G  being  the  sum  of  a 
finite  number  of  enumerable  sets  XG^^'^,  is  itself  enumerable.  If  the  process 
does  not  come  to  an  end  for  any  finite  value  of  n,  we  form  the  derivative 
(?<->  =  2)  (Gw,  (?w,  ...  e<*), ...),  which  contains  all  the  points  common  to  all 
the  derivatives  of  G  of  finite  order.  This  set  has  been  shewn  in  §  63,  to  exist, 
and  to  be  a  closed  set;  G^^  is  then  resolved  as  before  into  G^^^  +  (?^+*^  and 
we  proceed  further  as  before. 
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We  obtain,  by  proceeding  in  this  manner, 

where  /3  is  a  number  of  the  first  or  second  class.  It  will  now  be  shewn  that 
there  must  be  some  definite  number  /3  of  the  first  or  second  class,  for  which 
this  process  comes  to  an  end,  either  by  GJ^^  containing  no  points,  in  which 
case  G^^  =  G^^^\  so  that  G^^  is  perfect;  or  else  by  G^'^^^  containing  no  points, 
in  which  case  G  being  the  sum  of  an  enumerable  set  of  finite,  or  enumerable, 
sets,  is  itself  enumerable.  The  [Z]  contain  all  the  indices  1,  2,  3,  ...  n,  ... ; 
from  these  indices  we  must  remove  a  finite,  or  an  ennmerably  infinite  number, 
to  obtain  those  indices  which  occur  in  the  {S^^{ ;  and  again  an  enumerable  set  of 
indices  must  be  removed  from  those  which  occur  in  the  [Z^%  to  obtain  those 
which  occur  in  the  {S^}.  Now  as  the  indices  1, 2, 3, . . .  n, . . .  are  enumerable,  the 
process  of  removing  successively  a  finite,  or  ennmerably  infinite,  set  of  them 
must  cease  for  some  order  /3  of  S^,  for  otherwise  a  more  than  enumerable 
infinity  of  indices  could  be  removed  from  the  set  1,  2,  3,  ...  n,  ...  which  is 
impossible;  hence  for  some  fixed  number  fi  of  the  second  class  all  the 
indices  must  have  been  removed. 

It  has  thus  been  shewn  that,  unless  the  given  set  G  is  emuDeraUe,  for 
some  number  /3  of  the  first  or  second  class,  G*^  ^  G*^*^-,  and  therefore  G'^  is 
perfect     Thus  G  has  been  resolved  into  an  ennmeraUe  set  and  a  perfect  one. 

If  for  any  value  of  fi,  G^  =  0,  the  set  6  is  enumerable 

74.  The  following  theorem*,  more  general  ihao  that  of  §  73,  includes  the 
latter  as  a  particular  case.  The  proof  here  given  may  be  taken  as  alternative 
to  that  of  §  73. 

If  Pi,  Ptf  •••  Pn,  •'•  P$f  •••  P»f  •••  are  aU  domd  wtU  of  ptnnU  tnck  thai 
(l)  if  ai<  CL^,  all  the  points  o/P^  bdomg  to  P^,  amd  (2)  i/im  any  inienfol,  any 
set  P«  contains  only  a  finite  nmwAer  of  points,  the  set  P^^  ocmtains  no  points  in 
that  interval ;  then  either  P^  must  vanish  fiw  jom^  definite  number  0  of  the 
first  or  second  dass^  or  else  there  is  a  definite  nmwAer  fi  smch  that  P^  is  a 
perfect  set 

If  for  some  number  0,  the  set  P^  vanisiiea,  then  Pj  wMushea  for  all  valu^ 
of  7  which  are  >  0. 

Let  us  now  suppose  that  there  eziaU  do  nomber  0  socfa  that  P^  vaoisbei. 
In  this  case  tiiere  exists  n  set  oi  points  whkli  msLj  be  d«tir/Ced  by  Pq^  «iMrh 
that  each  point  of  the  sec  belongs  to  P^  whatever  number  0  may  be,  Th^ 
set  Pq  is  closed,  for  if  p  be  a  HmitiDg  poem  of  the  set,  it  is  the  limit 
of  a  sequence  of  points  contained  in  P^,  whatever  namk^eT  0  may  be; 
hence  p  belongs  to  P^,  whatever  0  uukj  be,  a&d  thus  p  itself  belr/ngs 
toPo. 
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It  will  now  be  shewn  that  Pq  contains  no  isolated  points,  and  is  therefore 
dense-in-itself.  If  Po  contains  an  isolated  point  p,  a  neighbourhood  of  p  can 
be  found  which  contains  no  point  of  Po  except  p ;  let  Q  be  that  part  of  Pi 
which  is  contained  in  this  neighbourhood.  In  the  neighbourhood  considered, 
let  us  suppose  a  sequence  of  intervals  Si,  S3,  ...  Sm  •••  constructed,  each  one 
containing  the  next  one  and  the  point  p,  and  such  that  S„  converges  to  zero 
as  71  is  indefinitely  increased.  Let  Q^***  denote  that  part  of  Q  which  lies  in  8^ 
but  not  in  Sn+i,  then  Q=  Q^>  +  Q <»>  +  ...  +  $<**>  + ...  +p.  There  must  exist  a 
number  )8i,  of  the  first  or  of  the  second  class,  for  which  Q^*  contains  no  point  of 
Pfi^ ;  otherwise  Qi  would  contain  points  which  belong  to  Pq,  and  this  is  not 
the  case.  Similarly,  there  exist  numbers  jSa,  )8„  ...  ^n,  ...  such  that  Q^ 
contains  no  points  of  P^,,  and  Q^^  contains  no  points  of  P^^,  etc.  Of  the 
numbers  A,  /Sj,  ...  ^n,  ....  let  71  be  the  first  which  is  > Pu  then  let  73  be  the 
first  which  is  greater  than  7^,  and  so  on;  we  have  therefore  a  sequence 
7ii  7ai  ...  7n>  •••  of  increasing  numbers  all  of  which  belong  to  the  set  ^8,, 
Pt>  ...  Pn,  ....  This  sequence  71,  72,  ...  7n,  ...  is  either  finite,  with  say  7  as 
the  last,  or  else  there  is  a  limiting  number  7  of  the  second  class  which  is 
greater  than  all  of  them,  and  therefore  greater  than  all  the  numbers 
A.  A,  ...  fin>  ....  The  set  Q  can  have  no  point  except  p  which  belongs 
to  Py,  hence  since  Py  contains  only  one  point  in  a  certain  interval,  P^+i 
contains  no  point  in  that  interval,  and  does  not  contain  |>,  which  is  contrary 
to  the  hypothesis. 

It  has  now  been  shewn  that  Pq  is  closed  and  dense-in-itself ;  it  is  therefore 
perfect.  Let  us  next  consider  the  enumerable  set  of  intervals  which  are  com- 
plementary to  Pq.  For  any  one  of  these  intervals  there  exists  a  number  7 
such  that  Py  contains  no  point  in  the  interior  of  the  interval.  As  before,  it  is 
seen  that  there  exists  a  number,  of  the  first  or  the  second  class,  which  is  greater 
than  all  these  numbers  7 ;  if  this  number  be  )8,  the  set  P^  contains  no  points 
which  do  not  belong  to  Pq.     It  is  thus  seen  that  P^  is  perfect,  and 

The  theorem  has  now  been  completely  established. 

76.  Every  perfect  set*  has  the  cardinal  number  c  of  the  continuum;  and 
every  closed  infinite  set  has  the  cardinal  number  c,  or  else  the  cardinal  number 
a  of  the  rational  numbers. 

Let  the  intervals  whose  inteiiial  points  are  the  set  C  ((?),  the  complement 
of  the  perfect  set  (?,  be  denoted  by  [h\ ;  and  let  A  denote  the  greatest,  or  one 
of  the  greatest  in  case  of  equality,  of  the  intervals  {£}.  Let  I,  the  whole 
interval  (a,  h)  in  which  0  lies,  be  divided  into  the  three  parts  2o»  A,  /^  so  that 
2  =  /o  +  A  +  Zi,  where  /q  is  on  the  left,  and  l^  on  the  right  of  A  the  greatest 
interval  of  {£}.     Denote  the  greatest  of  the  intervals  {£}  in  Zo,  by  Ao,  and  the 

*  Cantor,  McUh,  Annalen^  yoI.  xxin. 
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greatest  in  ^,  by  Aj ;  then  the  interval  2o  is  divided  by  means  of  Ao  into  three 
parts  {«)>  A«,  l^  in  order  from  left  to  right,  and  the  interval  li  is  divided  by 
means  of  Ai  similarly  into  /lo,  Ai,  l^.  Proceeding  in  this  manner  to  a 
further  subdivision,  let  Ap,  be  the  greatest  of  the  intervals  {£}  which  lie  in 
2pg,  where  p^  q  each  has  one  of  the  values  0  or  1 ;  then  Ij^  is  divided  into 
three  parts  l^q^,  ^pq,  Ipqi,  and  so  on  indefinitely.  The  intervals  (£}  are  thus 
arranged  in  the  order  A,  Ao,  Ai,  Am,  Aqi,  A,o,  An, ...  and  each  interval  of  [B] 
occurs  at  a  definite  place  in  the  sequence.     Consider  a  sequence  of  intervals 

where  p,q,r,...  all  have  definite  values  each  of  which  is  either  0  or  1.  Each 
of  these  intervals  is  contained  in  the  preceding  one,  and  has  one  end-point 
in  common  with  it ;  and  the  sequence  determines  a  single  point  P  which  is 
interior  to  all  the  intervals  of  the  sequence,  unless,  from  and  after  some  fixed 
index,  all  the  indices  are  identical,  in  which  case  P  is  a  common  end-point  of 
all  the  intervals  after  a  fixed  one.  Hence  since  the  point  P  is  not  interior 
to  any  of  the  intervals  {Sj,  it  is  a  point  of  0.  Conversely,  every  point  of  G 
can  be  so  determined  by  means  of  a  sequence  of  intervals  ;  for  every  point  of  G 
belongs  either  to  i^  or  to  Z^,  and  also  to  one  of  the  four  intervals  ^,  Zqi,  Zio,  In, 
and  so  on.  The  point  P  is  the  limiting  point  of  the  end-points  of  the 
intervals  Ap,  Apg,  Ap^,  ...  with  the  indices  the  same  as  those  of  the  sequence 
Ip,  Ipq,  lpqr9  ...  which  determines  the  point. 

Every  number  of  the  continuum  (0,  1)  is  expressible  in  the  dyad  scale  by 
means  of  a  sequence  'p,  'pq,  'pqr, ...  where  each  of  the  numbers  p,q,r,  ...  is 
either  0  or  1 ;  and  all  numbers  are  expressed  uniquely  in  this  manner,  except 
those  for  which  all  the  digits  after  some  fixed  one  are  1,  these  numbers  being 
also  expressible  by  a  sequence  in  which  only  0  occurs  after  some  fixed  place. 
The  numbers  last  mentioned  correspond  as  indices  of  Ip,  Ipg,  l^^, ...  to  a  point 
of  G  which  is  an  end-point  of  one  of  the  intervals  [h] ;  but  in  every  other  case 
a  number  in  the  dyad  scale  corresponds  to  a  point  of  G  which  is  not  an  end- 
point  of  the  intervals  (S}.  Since  the  set  of  numbers  of  the  continuum  (0,  1) 
has  the  cardinal  number  c,  it  follows  that  the  points  of  G  form  a  set  of  the 
same  cardinal  number,  because  each  point  of  G  corresponds  uniquely  to  a 
single  number  of  the  continuum,  except  that  two  points  of  G  which  are  end- 
points  of  one  interval  correspond  to  a  single  number  of  the  continuum. 
Every  closed  set  which  is  not  enumerable  has  been  shewn  to  contain  a  perfect 
set  as  component;  such  a  set  has  therefore  the  cardinal  number  c. 

It  will  appear  from  the  theory  of  order-types  which  will  be  discussed  in 
the  next  Chapter,  that  the  set  of  intervals  [h]  which  define  a  perfect  set  G 
when  taken  in  their  order  of  position  from  left  to  right,  have  an  order- type 
which  is  the  same  as  17  the  order-type  of  the  rational  numbers  which  lie 
between  0  and  1,  excluding  0  and  1  themselves,  taken  in  their  natural  order 
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in  the  continuum.  It  follows  that  a  correspondence  can  be  established 
between  the  intervals  and  the  rational  numbers,  in  which  any  two  intervals 
correspond  to  two  rational  numbers  that  have  the  same  order.  If  we  take 
each  rational  number  to  correspond  to  the  end-points  of  the  corresponding 
interval,  then  each  irrational  number  corresponds  to  a  point  of  G  which  is  a 
limiting  point  of  end-points  of  intervals. 


EXAMPLES. 

c    c    c  c 

1.  Let  a?  be   a  number  given   by  '*?=»-^+ oi  +  -=f+  ...  +-^»  where  the  numbers 

(7j,  ^2,  ...  Cnt  have  each  one  of  the  values  0,  2,  and  n  has  every  integral  value,  and  may 
also  be  indefinitely  great.     The  set  {x)  is  a  non-dense  perfect  set. 

No  number  of  the  set  lies  between 

Cj     (7j  0      _2_     _2_  0^     C^  l^ 

3-4-35+ ... +3s  +  3irri  +  3ini+ —   ^^   y  +  a*"*"  "' ■*'3»' 

C      C  2 

and  •3+35+  ••'  +3i» 

these  two  numbers  determine  a  complementary  interval  of  the  set,  the  interval  being  of 
length  s^.    The  number  of  complementary  intervals  of  length  ^  is  2*'*,  hence  the  sum 

of  all  the  complementary  intervals  is  2   -;r=^ ,  which  is  unity.     It  is  clear  that  the  set  of 

complementary  intervals  is  everywhere-dense,  and  thus  the  set  of  points  is  non-dense. 
This  example  was  constructed*  by  Cantor,  and  is  the  first  example  of  a  perfect  non-dense 
set  which  has  been  purposely  constructed. 

2.  Let  us  suppose  that  the  numbers  of  the  interval  (0,  1)  are  expressed  in  the  dyad 
scale,  in  the  form  'a^ar^^,„a^.,.\  where  each  a  is  either  0  or  1.  Each  number  for 
which  the  a's  all  vanish,  after  some  fixed  one  a«,  which  must  be  1,  is  also  representable  as 
an  unending  radix  fraction,  in  which  <i^  is  0,  and  all  the  subsequent  digits  are  1.  Let  the 
numbers  now  be  interpreted  as  if  they  were  in  the  decimal  scale.  To  each  irrational 
number  in  the  dyad  sccJe,  there  corresponds  a  single  number  in  the  decimal  scale,  repre- 
sented by  the  same  digits.  Of  each  rational  number,  there  is  a  double  representation  in 
the  dyad  scale,  and  there  correspond  two  numbers  in  the  decimal  scale,  which  define  a 
complementary  interval  of  the  set  of  points  which  represents  the  numbers  in  the  decimal 
scale.    A  perfect  non-dense  set  of  points  is  thus  defined. 

3.  Taking  a  positive  integer  m(>2),  let  the  interval  (0, 1)  be  divided  into  m  equal 
parts,  and  exempt  the  last  part  from  further  subdivision.  Divide  each  of  the  remaining 
m  - 1  intervals  into  m  equal  parts,  and  in  each  case  exempt  the  last  part  from  further  sub- 
division. Let  this  operation  be  continued  indefinitely.  The  points  of  division  form  a 
non-dense  set ;  for  if  an  interval  d  be  taken  anywhere  in  the  interval  (0,  1),  k  may  be  so 

chosen  that  — ^  <  7: ,  and  a  segment  (  — r ,  — ^  )  entirely  within  dL  can  be  determined.  This 

*  See  Math,  AnnaUn,  vol.  xxi,  p.  590. 
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segment  is  either  an  exempted  interval,  or  its  mth  part  is  one.  The  end-points  of  the 
intervals,  together  with  their  limiting  points,  form  a  non-dense  closed  set,  of  cardinal 
number  c 

4.  As  in*  Ex.  3,  let  the  interval  (0,  1)  be  divided  into  m  equal  parts,  and  the 
last  be  exempted  from  further  division.  Then  let  the  remaining  m-l  parts  each  be 
divided  into  m'  equal  parts,  the  last  of  each  being  exempted  from  further  division.  Let 
the  remaining  parts  be  then  divided  into  m}  equal  parts,  the  last  of  these  in  each  case 
being  exempted  from  further  division.  If  this  process  be  carried  on  indefinitely,  the  end- 
points  of  the  divisions  together  with  their  limiting  points,  form  a  non-dense  closed  set,  of 
cardinal  number  c. 

5.  Let  ki,  k^f ...  k^y ...  be  a  sequence  of  positive  integers  each  of  which  is  greater  than 
unity,  and  defined  according  to  any  law. 

It  can  be  shewn  t  that  every  irrational  number  x,  in  (0, 1)  can  be  uniquely  represented 
in  the  form 

1        ^1^^  1    S  *  *  *      It 

where  c^<k^y  and  not  all  of  the  numbers  c^,  c^+i^  ...  are  zero,  for  any  value  ofn. 
It  can  further  be  shewn  that 


^=1-^*- 


Vi      Tt  *?( 


'n 


where  i7»"it|»- 1  -cw.  If,  from  and  after  a  certain  value  of  n,  the  condition  c^^k^-ljia 
always  satisfied,  then  all  the  i;,^  vanish,  and  x  is  rational  It  thus  appears  that  the  rational 
numbers  are  capable  of  a  double  representation  in  the  form 

(1)  by  the  vanishing  of  all  the  c,  after  some  fixed  one,  and  (2)  by  the  condition  c^=kn-l 
being  satisfied  from  and  after  some  fixed  value  of  n. 

If  we  now  take  those  values  of  or,  for  which  every  c  does  not  exceed  some  fixed  integer  X, 
these  values  of  x  form  a  non-dense  perfect  set  Ox^  It  is  easily  seen  that  the  interval  of 
which  the  end-points  are 

IT  +  rT"*"  •••  +F1       T^rj 17"^!^ i —  +  ••• 

*1       *l^  *1    2  •••     •*         1*1  •••  **  +  l       *1*1  •••  ^'••  +  2 


and  r^  +  rt+...  + 


ki     kik^ 


c»  +  l 


»l*2  t..  Cn 

contains  no  points  of  the  set  in  its  interior,  although  these  points  belong  to  the  set. 
A  partictilar  case  of  this  set  consists  of  the  numbers  given  by 

where  every  c  is  ^9.    This  set  consists  of  the  transcendental  numbers  first  defined  by 
LiouviUet. 

*  See  H.  J.  8.  Smith,  Proe,  Lond.  Math,  8oe.  vol.  vi,  1870. 

t  Brod^n,  Math,  Ann.  vol.  u. 

f,  LiouviU^i  /9^rf¥^  TOlt  vn,  p.  188. 
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PBOPEBTJES  OF  THE  DEBIVATIYJES  OF  SETS. 

76.  If  a  set  is  dense  in  any  sub-interval  of  the  domain  in  which  it  is 
contained,  its  derivative  G'  contains  every  point  of  the  sub-interval,  and  is 
identical,  so  far  as  such  sub-interval  is  concerned,  with  the  totality  of  the 
points  of  the  sub-interval;  we  confine  ourselves  therefore  to  the  case  in 
which  6  is  a  non-dense  set,  and  consequently  its  derivatives  are  also  non- 
dense. 

The  derivatives  of  transfinite  orders  have  been  defined  in  §  63 ;  and  it 
was  there  shewn  that  there  is  either  a  first  derivative  whose  order  is  some 
number  of  the  first  class,  or  non-limiting  number  of  the  second  class,  or  else 
that  derivatives  of  all  such  orders  exist,  and  have  a  set  of  points  Q^^^  in 
common. 

It  was  shewn  in  §  73,  that  0^^  being  a  non-dense  closed  set,  two  cases 
arise: — 

(1)  If  G^>  is  enumerable,  in  which  case  0  is  also  enumerable,  then  0^^ 
vanishes  for  some  number  fi  of  the  first  or  the  second  class.  A  set  of  this 
kind  is  called  a  reducible  set. 

(2)  If  0^^  is  not  enumerable,  then  there  exists  some  number  )8,  of  the 
first  or  second  class,  for  which  6<^Ms  a  perfect  set,  and  is  consequently 
identical  with  G<P+^),  and  with  (?<^>  as  defined  in  §  63.  The  set  0^  is  the 
sum  of  an  enumerable  set  and  the  perfect  set  O^K  A  set  0  which  has  this 
property,  is  said  to  be  irredtunble. 

It  should  be  observed  that  when  6?<*>  is  unenumerable,  and  consequently 
of  cardinal  number  c,  the  same  as  the  cardinal  number  of  its  perfect  compo- 
nent, we  are  unable  to  make  any  inference  as  to  the  cardinal  number  of  0 
itself.  This  may  be  a  or  c,  or  other  cardinal  number  between  the  two,  in  case 
such  a  number  exists. 

THE  CONTENT  AND  THE  MEASURE  OF  SETS  OF  POINTS. 

77.  The  theory  of  the  content  of  a  set  of  points  in  a  finite  linear  domain 
was  originated  by  Hankel  *,  and  further  developed  by  Hamack,  Stolz,  and  by 
Cantorf ,  who  extended  the  conception  to  the  case  of  sets  of  points  in  a  domain 
of  any  number  of  dimensions. 

Suppose  we  have  a  linear  set  of  points  0  in  the  finite  interval  (a,  6),  and 
conceive  the  interval  to  be  divided  into  any  finite  number  n^  of  sub-intervals, 
the  greatest  of  which  is  Ai ;  let  the  sum  of  those  Vi  sub-intervals  which 
have  points  of  0  either  as  interior  points,  or  as  end-points,  be  denoted  by 

*  See  Hankel,  Math.  AnnaUn^  toI.  xx;  Stolz,  Math,  Annalm,  vol.  zzm;  Hamaek,  Math. 
Armalen,  vol.  zxv;  Pasoh,  Math,  AnnaUn,  Yol.  xxx. 
t  Math,  Afmalen^  yoL  xxiii. 
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S»,r,i  where  Vi^n^;  then  flfn,r,  =  6  — flt.  Now  suppose  each  sub-interval  to  be 
again  divided  into  any  number  of  parts,  so  that  the  whole  interval  (a,  b)  is 
"bow  divided  into  n^  sub-intervals  (n,  >n,)  of  which  the  greatest  is  A2;  and  of 
these  suppose  1/,  (^  n,)  to  contain  points  of  6  as  interior  points  or  at  their 
end&     Let  Sn^m^  denote  the  sum  of  the  v,  intervals ;  thus  S„,^,  ^  Sn^r,  =  6  —  a. 

Proceed  in  this  manner  to  make  further  sub-divisions,  so  that  at  any  stage 
there  are  n,  sub-intervals  of  (a,  b),  of  which  the  greatest  is  of  length  A^,  and 
such  that  ^n^ry  is  the  sum  of  those  Vr  intervals  (vr  ^  rv)  which  contain  points 
of  0.  Let  the  process  of  further  sub-division  be  continued  indefinitely  in 
any  prescribed  manner  which  is  subject  to  the  condition  that  Aj,  Aj, ...  A^, ... 
is  a  sequence  which  has  the  limit  zero.     Then  the  numbers 

have  a  definite  limit  %  to  which  8n^,^  is  arbitrarily  near,  for  a  suflBciently 
great  value  of  r ;  and  S  may  be  equal  to  6  —  a,  or  to  zero,  or  to  a  number 
between  0  and  6  —  a. 

It  will  now  be  shewn  that  the  number  S  is  independent  of  the  original 
mode  of  sub-division  of  the  interval  (a,  6),  and  of  the  mode  in  which  the 
further  sub-division  is  carried  on,  the  sole  restriction  on  the  mode  of  formation 
of  successive  sub-divisions  being  that  A^,  the  greatest  sub-interval  of  the 
rth  sub-division,  must  have  the  limit  zero  when  r  increases  indefinitely. 
Considering  two  different  processes  of  sub-division,  suppose  2,  S'  to  be 
the  limits,  in  the  two  cases,  of  the  sums  of  those  sub-intervals  which 
contain  points  of  0.  Suppose  the  first  system  of  sub-division  so  far 
advanced  that  8n^,^  —  %  <  e,  where  e  is  an  arbitrarily  chosen  positive  number; 
and  let  the  second  system  of  sub-division  be  so  far  advanced  that  A'«  <  d, 
where  d  is  an  arbitrarily  chosen  positive  number.  If  we  conceive  the  two 
sets  of  points  of  division  to  coexist,  we  then  have  a  further  sub-division  of 
(a,  6),  which  may  be  considered  as  a  continuation  of  either  of  the  sub- 
divisions corresponding  to  S^^,^  or  to  S'n'.r',-  Suppose  x  is  the  sum  of  those 
of  the  new  sub-intervals  which  contain  points  of  Q,  then  t  ^  Sn^t^^'  Of 
the  sub-intervals  in  iS V  •  >  there  can  be  at  most  rir  —  l  which  are  not 
sub-intervals  of  1;  hence  S*^^^^  <  a  +  iv d,  and  thus 

2'<  S'n',^, <  S«^r^  +  n^d  <  2  -h  €  -h  Urd, 

Now  €  is  arbitrarily  small,  and  d  is  also  arbitrarily  small  and  independent 
of  Yif.;  thus  H  ^  S.  Similarly  it  can  be  proved  that  2^2";  and  thus  2  and 
%'  must  be  equal. 

We  have  now  established  the  followiug  theorem : — 

IfOhe  any  given  set  of  points  in  the  interval  (a,  6),  there  corresponds  to  Q 
a  definite  number  2,  wkkh  i§  ^ti^  that  aU  the  points  of  0  can  be  included  in 

7—2 
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a  definite  number  of  intervale  whoee  eum  exceeds  S  by  less  than  an  arbitrarily 
chosen  positive  number  e,  the  number  of  the  intervals  depending  on  e. 

The  number  X  is  called  the  content  of  the  set  0,  and  the  content  may  have 
any  value  between  the  two  numbers  0,  6  —  a,  both  inclusive. 

Those  sets  of  points  for  which  the  content  is  zero  are  of  special  importance 
in  the  Theory  of  Functions.  A  set  of  zero  content  is  said  to  be  an  un- 
extended^  or  a  discrete,  or  an  integrable  set  of  points. 

78.  The  content  of  a  set  of  points  is  the  same  as  the  content  of  its 
derivative. 

Let  S'  be  the  content  of  0'  the  derivative  of  a  set  (? ;  then  the  points  of 
Q'  may  be  included  in  the  interiors  of  a  finite  set  of  intervals  whose  sum  is 
less  than  2'  +  S,  where  S  is  an  arbitrarily  chosen  positive  number.  There 
can  only  be  a  finite  number  of  points  of  0  which  do  not  fall  within  the 
intervals  that  include  the  points  of  0'  in  their  interiors;  and  this  finite 
number  of  points  may  be  included  in  intervals  whose  sum  is  arbitrarily 
small,  say  e.  All  the  points  of  Q  are  now  included  in  a  finite  number  of 
intervals  whose  sum  is  less  than  S'  +  3  +  € ;  and  a  series  of  diminishing 
values  may  be  assigned  to  8  and  e,  each  sequence  having  the  limit  zero ;  and 
therefore  both  2'  +  S  +  €  and  2'  +  S  converge  to  the  value  2' ;  which  proves 
the  theorem. 

It  follows  from  this  theorem,  that  the  content  of  any  set  is  the  same  as 
that  of  any  of  its  successive  derivatives.  In  the  case  of  a  set  which  is  of  the 
first  species,  one  of  the  derivatives  contains  only  a  finite  number  of  points, 
and  consequently  the  set  must  be  of  zero  content. 

79.  A  definition  of  the  content  of  a  set  of  points  has  been  given  by 
Cantor*  which,  though  diflfering  in  form  from  that  of  Hankel  and  Hamack,  is 
in  reality  equivalent  to  it.  Instead  of  enclosing  the  points  of  the  set  0  in 
a  finite  number  of  intervals.  Cantor  encloses  each  point  of  6  in  an  interval 
2/0  of  which  the  point  is  the  middle  point,  the  number  p  being  the  same  for 
each  point  of  the  set,  those  parts  of  intervals  2/0  which  do  not  lie  within 
(a,  b)  being  disregarded.  We  have  in  this  manner  obtained  an  infinite 
number  of  overlapping  intervals  which  contain  all  the  points  of  0,  and,  as  is 
clear,  all  the  points  of  0\  which  is  a  closed  set.  If  we  replace  this  set  of 
intervals  by  the  set  of  non-overlapping  intervals  with  the  same  interior 
points,  each  interval  of  this  latter  set  is  ^  2p.  The  set,  which  is  non-over- 
lapping, and  equivalent  to  the  infinite  set,  is  consequently  a  finite  set,  the 
sum  of  whose  lengths  may  be  denoted  by  11  (p,  0).  When  p  is  diminished 
indefinitely,  the  number  11  (/>,  0),  which  cannot  increase  as  /o  is  diminished, 
must  have  a  definite  lower  limit,  which  defines  the  content  of  either  of  the 

*  Math.  Annalen,  vol.  zxui. 
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sets  0  and  0\  Since  the  infinite  set  of  intervals  which  has  been  employed 
only  covers  a  finite  number  of  detached  lengths,  this  definition  is  equivalent 
to  that  of  Hankel  and  Hamack.  Cantor  applies  this  definition  to  the  case 
of  a  set  of  points  in  a  |>-dimen8ional  continuum,  by  enclosing  each  point  in 
a  "sphere^  of  radius  p  with  its  centre  at  the  point;  the  content  is  then  the 
lower  limit  of  the  volume  of  the  continuum  contained  within  the  spherea 

The  essential  point  in  the  above  definition  of  the  content  of  a  set  of 
points  is  that  all  the  points  are  enclosed  in  a  finite  number  of  intervals 
which  therefore  enclose  all  the  limiting  points*;  and  the  lower  limit  of  the 
sum  of  these  intervals  is  taken  as  defining  the  content  of  the  set.  If  the 
points  are  enclosed  from  the  commencement  in  an  infinite  number  of  intervals 
which  are  of  unequal  length,  in  accordance  with  some  prescribed  law,  and 
the  lengths  of  these  intervals  are  then  diminished,  each  one  in  a  prescribed 
manner  tending  to  the  limit  zero,  then  the  limit  of  the  sum  of  those  parts  of 
the  interval  which  are  included  in  the  infinite  set  of  intervals  is  not  neces- 
sarily equal  to  the  content  as  above  defined.  For  example,  let  us  consider  the 
set  of  rational  points  in  the  interval  (0,  1).  These  points  can  be  arranged  in 
enumerable  order  Pi,  P„  P„  ... :  now  enclose  Pi  in  an  interval  of  length 

5  €,  P,  in  an  interval  —  c,  &c.,  P,»  in  an  interval  of  length  ^  €,  and  so  on ; 

the  total  length  covered  by  these  intervals  cannot  exceed  eS  ^  or  €,  and  this 

has  the  limit  zero,  as  c  is  diminished  towards  zero.  On  the  other  hand,  the 
content  of  the  set  of  rational  points  is  the  same  as  that  of  the  derived  set ; 
but  this  consists  of  all  the  points  of  the  interval  (0, 1),  and  is  therefore  unity. 
In  general,  any  enumerable  set  of  points  can  be  enclosed  in  an  infinite 
number  of  intervals,  which  covers  a  length  that  is  arbitrarily  small,  and  has 
the  limit  zero ;  whereas  the  content  of  the  set  is  not  in  general  zero. 

80.  A  completely  satisfistctory  definition  of  the  content  of  a  set  of  points 
of  the  most  general  character  should  satisfy  the  condition  of  affording  a 
consistent  generalization  of  the  notion  of  the  length  of  a  continuous  linear 
set  of  points,  or  of  the  notions  of  area  and  volume,  in  the  case  of  sets  of 
points  in  two  or  three  dimensions.  In  the  case  of  closed  sets,  the  definition 
given  above  leaves  nothing  to  be  desired  in  this  respect ;  but  in  the  case  of 
open  sets,  the  definition  leads  to  consequences  which  are  at  variance  with  the 
fundamental  properties  of  lengths,  areas,  and  volumes,  as  understood  for  the 
case  of  continuous  domains.  If  O,,  G,  are  two  complementary  sets  of  points 
in  the  continuous  interval  (0,  1),  then,  in  order  that  the  contents  of  the  sets 
&i,  0,  may  accord  with  a  generalization  of  the  notion  of  length,  their  sum 
should  be  unity ;  however,  when  Ox  and  6,  are  unclosed,  this  condition  is  in 

*  Bee  HMmadr,  Uatk,  Amialtn^  toI.  zxm,  p.  241. 
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general  not  satisfied  by  the  definition  given  above.  For  example,  if  Oi  consists 
of  the  rational  points,  and  G,  of  the  irrational  points,  each  of  the  two  sets 
Gi,  63  has  its  content  unity,  the  same  as  that  of  the  continuum  (0,  1)  itself. 
Again,  let  us  consider  an  everywhere-dense  set  of  non-overlapping  intervals 
contained  in  (0, 1);  then  the  internal  points  of  these  intervals  form  an  open  set 
Ou  of  which  the  derivative  consists  of  all  the  points  of  the' continuum  (0,  1); 
the  external  and  the  end-points  of  the  intervals  forming  a  non-dense  closed 
set  (?a.  It  will  be  shewn  subsequently  that  the  everywhere-dense  set  of  . 
non-overlapping  intervals  can  be  so  chosen  that  the  limit  of  the  sum  of  their 
lengths  is  an  arbitrary  number  Z,  where  I  is  subject  to  the  condition  0  <  Z  ^1 ; 
whereas  the  content  of  the  set  0^  is,  in  accordance  with  the  definition  given 
above,  always  unity,  and  therefore  may  differ  from  the  sum  of  the  contents  of 
the  sets  of  points  contained  in  the  separate  intervals.  To  obtain  the  content 
of  the  closed  set  6,,  cut  off,  from  each  of  the  intervals  which  define  61,  the 

^  th  part  of  its  length  at  each  end ;  the  limiting  sum  of  the  intervals  so 
restricted  isZfl ].    Of  these  restricted  intervals,  a  finite  number  can 

be  so  taken  that  their  sum  is  >  Z  f  1  — )  ""  ^>  *^^  <  Z  [  1 j ,  where  €  is  an 

arbitrarily  chosen  positive  number.   All  the  points  of  0^  are  now  enclosed  in  the 
finite  set  of  intervals  which  is  complementary  to  the  finite  set  of  restricted 

intervals.     The  sum  of  these  complementary  intervals  is<l  —  Z[l j 

and  >1  —  Z(l  — j;  the  sum  has  for  its  lower  limit  the  number  1  —  Z,  which 

is  therefore  the  content  of  G^.     The  sum  of  the  contents  of  0^,  O^ha  there- 
fore not  equal  to  unity,  which  is  nevertheless  the  content  of 

G,.h(?,  =  (0,  1). 

81.  For  the  reasons  which  have  been  explained  and  illustrated,  the 
definition  of  the  content  of  a  set  of  points  in  the  form  given  either  by  Hankel 
or  by  Cantor  is  appropriate  only  in  the  case  of  closed  sets. 

A  theory  has  been  developed  by  Borel*  and  Lebesguef ,  and  also  by  W.  EL 
Young^,  of  which  the  aim  is  to  attach  to  each  set  of  points  a  definite  number 
called  its  measwrey  which  shall  be  such  as  to  form  a  natural  extension  of  the 
notion  of  the  length  of  a  continuous  interval,  or  of  the  notions  of  area  and 
volume  in  higher  dimensions.    In  this  theory,  certain  postulates  are  made,  by 

*  See  his  Leipnt  swr  la  thiorie  de»  fonetionM. 

t  See  the  memoir  *<  Integrale,  Longeor,  Aire  "  in  the  Arm,  di  Mat,  Ser.  m,  toI.  Tn  (1902). 

X  **  Open  sets  and  the  theoiy  of  content,*'  Lond,  Math,  Soe,  Proe,  Ser.  u,  voL  n,  where  a 
similar  theoiy  has  been  developed  independently  of  the  work  of  Lebeagae.  Here  the  term 
** content*'  is  osed  for  Lebesgue's  "measure";  the  latter  term  has  been  adopted  in  the  text  in 
order  to  avoid  confusion  with  the  term  ''content "  as  naed  by  Hankel,  Hamack,  and  Cantor. 
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means  of  which  definite  meaBures  are  assigned  to  successive  classes  of  sets  of 
points.  The  question  whether  every  set  of  points,  however  defined,  has  a 
measure,  is  left  open,  but  it  appears  that  all  sets  of  points  which  have  in 
point  of  £eu^  been  defined  have  definite  measures ;  such  sets  are  said  to  be 
fMOBuralble. 

The  problem  of  assigning  definite  measures  to  sets  of  points  is  taken  to 
require  that  the  measure  of  a  set  shall  satisfy  the  following  conditions : — 

(1)  Sets  containing  an  infinite  number  of  points  exist  of  which  the 
measure  is  not  zero. 

(2)  Two  congruent  sets  have  the  same  measure. 

Two  sets  are  said  to  be  congruent  when,  corresponding  to  every  pair 
P,  Q  of  points  of  the  first  set,  there  exist  corresponding  points  P',  Qf  of  the 
second  set,  such  that  the  distance  of  P  finom  Q  is  the  same  as  that  of  P 
finom  Of.    The  second  set  is  therefore  the  first  in  a  displaced  position. 

(3)  The  measure  of  the  sum  of  a  finite  number  of  sets,  or  the  limiting 
sum  of  an  enumerably  infinite  number  of  sets  of  points,  is  the  sum,  or  the 
limit  of  the  sum,  of  the  measures  of  the  different  sets,  provided  that  no  two 
of  the  given  sets  have  a  point  in  common. 

If  (?  is  any  given  set  of  points,  let  the  points  of  0  be  enclosed  in  a  finite 
or  an  infinite  number  of  intervals ;  it  has  been  shewn  that  these  intervals 
are  equivalent  to  an  enumerably  infinite,  or  a  finite  set  of  intervals  which  do 
not  overlap.  The  sum,  or  the  limit  of  the  sum,  of  these  non-overlapping 
intervals  has  a  positive  value  depending  upon  the  mode  in  which  the  intervals 
are  constructed.  This  sum  has  a  lower  limit,  when  every  possible  choice  of 
the  intervals  which  enclose  the  given  set  is  taken  account  of;  and  this  lower 
limit  m«  (0)  is  defined  to  be  the  exterior  measure  of  the  given  set  0,  Every 
set  of  points  0  has  an  exterior  measure ;  and  the  points  of  the  set  can  always 
be  enclosed  in  an  enumerably  infinite,  or  finite,  number  of  intervals,  whose 
sum  does  not  exceed  m^  (6)  -h  6,  where  6  is  an  arbitrarily  chosen  positive 
number. 

Let  C(0)  denote  the  set  which  is  complementary  to  0  relatively  to  the 
interval  (a,  b)  of  length  Z,  in  which  0  is  contained;  if  m^[C(0)}  denotes 
the  exterior  measure  of  C(0),  then  /  —  wie  [C{0)],  which  may  also  be  denoted 
by  niiO,  is  defined  to  be  the  interior  meaewre  of  0. 

An  equivalent  definition  of  the  interior  measure  of  a  set  is  the  following*: — 

The  interior  measure  of  a  set  is  the  upper  limit  of  the  content  of  its  closed 
components. 

For  if  the  complementary  set  C  (0)  be  enclosed  in  a  set  of  non-over- 
lapping intervals  whose  sum,  or  limiting  sum,  is  m«  [C  (0)]  +  €,  then  the 

*  Bee  W.  H.  Yomig,  loe.  eit.,  p.  2S. 
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clofsed  set  formed  by  the  end-points  of  these  intervals  and  the  exterior  points 
is  a  component  of  0,  and  has  a  content  l^me[C  (0)}  —  e.  Since  €  is  arbitrarily 
small,  this  content  is  less  than  /  —  m«  {(7  (0)\  by  less  than  any  arbitrarily 
chosen  small  number;  and  thus  I  — trie [C (6)]  is  its  upper  limit. 

Every  set  o/poirUe  6  has  both  an  exterior  and  an  interior  measure.  When 
the  two  are  equal,  the  set  0  is  said  to  he  measurable,  and  the  number 

m.(G)^mi(0) 

is  defined  to  he  the  measure  of  0,  The  measure  of  a  measurable  set  0  may  be 
denoted  by  m  (0), 

It  will  be  shewn  that  this  definition  satisfies  the  conditions  which  have 
been  stated  above,  whenever  it  is  applicable ;  and  it  will  be  shewn  that  the 
sots  which  ordinarily  arise  are  measurable  in  accordance  with  this  definition. 
Whether  sets  exist  for  which  the  external  and  internal  measures  are  unequal, 
and,  if  so,  whether  it  is  possible  to  give  a  definition  of  the  measure  of  such  a 
set,  so  as  to  still  satisfy  the  conditions  given  above,  are  questions  which  will 
not  be  here  discussed. 

A  single  point  is  clearly  measurable,  and  has  a  zero  measure.  The  points 
in  a  single  continuous  interval,  or  in  a  finite  number  of  such  intervals,  are  at 
once  seen  to  be  measurable,  whether  the  intervals  are  open  or  closed ;  and 
the  measure  is  the  length  of  the  interval,  or  the  sum  of  the  lengths  of  the 
intervals. 

The  condition  that  any  set  of  points  0  is  measurable,  in  the  sense  defined 
above,  may  be  stated  as  follows : — 

A  Sfft  of  points  is  measurable  if  its  points  can  be  enclosed  in  a  finite,  or 
enumm\ibly  infinite,  nunAer  of  non-overlapping  intervals  a»  and  the  comple- 
meiktary  net  can  similarly  be  enclosed  in  intervals  fi,  such  that  the  sum,  of 
limiting  s^tm,  of  the  common  parts  of  a  and  fi  is  arbitrarily  small. 

Any  efwmerable  set  of  points  is  meaeurcMe,  and  has  zero  for  its  measure. 

For  if  -Pj,  -P,, ...  Pm. ...  are  the  points,  they  may  be  enclosed  in  intervals 

of  longtiis  4  «.;;;<•...  5^  €,  ... ,  and  the  sum  of  the  lengths  of  the  equivalent 

mm-ovorlappiug  intervals  is  ^  e,  which  is  arbitrarily  smalL  The  exterior 
nu>Asurt>  Wing  terw  the  set  is  measurable. 

The  points  cvnUxined  in  the  interior  of  am  emmtmerably  imfimile  set  if  non- 
09^apping  intermlsform  a  measmrMe  eeiy  whose  tneasure  is  the  Umitimg  sum 
ort\e  intermls. 

« 

This  theoir^m  has  been  shewn  above  to  be  not  in  genoml  tnie  of  the 
coDieni  of  $uch  a  s^i^  as  the  content  is  defined  in  §  77. 

If  \  is  the  lenj^h  of  vHie  of  the  interrmb^  cat  off  ^  of  X  from  each  end ; 
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we 


have  then  a  curtailed  interval  of  length  X  (1 j ;  do  the  same,  taking 

the  same  value  of  n,  with  each  interval  of  the  set.  Then,  if  we  remove  all 
these  curtailed  intervals  from  {a,  h\  we  have  all  the  points  complementary  to 
the  given  set  enclosed  in  a  set  of  intervals,  such  that  the  part  which  is  common 

to  them  and  to  the  given  set  of  intervals  is  at  most  -  SX,  which  may  be 

made  as  small  as  we  please  by  taking  n  large  enough.  The  condition  that 
the  given  set  of  points  is  measurable  is  therefore  satisfied ;  and  it  follows  that 
the  closed  set  which  is  complementary  to  the  given  set  is  also  measurable. 

It  will  hereafter  be  proved  that  every  closed  set  is  definable  as  the  com- 
plementary set  of  the  points  interior  to  an  enumerable  set  of  intervals. 
From  this  it  follows  that  every  closed  set  is  measurable,  and  that  its  measure 
is  identical  with  the  content  as  defined  in  §  77.  The  measure  of  the  set  of 
points  interior  to  the  intervals  is  however  not  in  general  identical  with  its 
content,  as  we  have  shewn  in  §  80. 

82.  It  will  now  be  proved  that  if  Oi,  (?a,  ...  (?„, ...  are  a  finite,  or  enu- 
merMy  ifi/mite,  number  of  sets  which  are  measurable,  then  M  (Qi,  (?„...  Gn,...) 
19  mea^surable;  and,  if  no  point  belongs  to  more  than  one  of  the  sets,  the  measure 
q/*  (?i  +  (?j  +  ...  +  Gn  +  ...  is  the  sum  of  the  measures  of  (?j,  0^,  ...  On,  ... ; 
the  definition  of  the  measure  thus  satisfying  the  condition  (3). 

Let  Oi  and  its  complement  C{Oi)  be  enclosed  in  sets  of  intervals  ai,  and  fii, 
each  of  which  sets  is  non-overlapping,  and  such  that  the  total  length  of  the 
parts  common  to  aj,  fii  is  the  arbitrarily  small  number  €i.  Let  O2  and 
C  (G,)  be  similarly  enclosed  in  sets  of  intervals  a^,  ^2  which  have  a  common 
part  €,,  arbitrarily  small ;  and  let  a^',  fi^  be  the  parts  of  a^,  fi^  which  they 
have  in  common  with  /3i.  For  G,  and  0(0^),  we  similarly  take  a„  A,  which 
have  a  common  part  6„  arbitrarily  small ;  a,',  A'  are  the  parts  which  a,,  /8, 
have  in  common  with  /?/:  and  so  on. 

The  points  of  M(Oi,  0^,  0^, ...)  can  be  enclosed  in  the  intervals 

®i*  ^>  ®s»  •••  5 

moreover  C{M(Oi,  0%>  Oj,.-»)}  ^^  all  its  points  enclosed  in  /8t',  whatever 
value  i  may  have ;  therefore  the  two  sets  of  intervals  have  the  common  part 

€1  +  €«  +  ...  +  €»  +  w (a »+i)  +  m (aV,)  4- .... 

The  series  Sm(a')  being  convergent,  since  each  term  is  positive,  and  the  sum 
has  a  finite  upper  limit,  i  can  be  chosen  such  that  m  (a  4+1)  +  ...  is  less  than  €, 
where  €  is  an  arbitrarily  small  number;  and  Ci,  €2, ...  may  be  chosen  so  that 
«i  +  €1  +  •••<€  ^  therefore  the  common  part  of  the  two  sets  of  intervals  is  <  2€, 
and  thus  M(Oi,  69,  6„  ...)  is  measurable. 
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If  (?i,  (?a,  G,, ...  have  no  points  in  common,  we  see  that 

m(Gi  +  (?a  +  G8  +  ...)  diflfers  from  m(ai)  + ^(aaO  +  wi(a,0+ ... 
by  less  than  €i  +  Cj  +  e,  +  ... ;  and  therefore 

m  ((?i  +  G,  +  G,  +  ...)=»  m  (ffi)  +  m  (G,)  + ..,, 

and  thus  the  measure  of  the  sum  of  a  finite,  or  enumerably  infinite,  number 
of  measurable  sets  satisfies  the  condition  (3). 

If  one  set  &i,  whidi  is  measurable,  contains  another  set  0^  which  has  the 
same  property,  then  (?i  —  (?j  is  measurable. 

The  complement  of  Gi  — (?a  consists  of  (?,  together  with  C(Gi),  hence 
Gi  —  G,  is  measurable.     Further,  since 

Gi  =  (Gi-Ga)  +  G„  we  have  m (Gi - G,)  =  m (GO - 1» (G,). 

I/Oi,  Ga,  G„  ...  are  a  finite,  or  enumerably  infinite,  number  o/  measurable 
sets,  then  the  set  D(Oi,  G,,  G,,  ...)  of  points  common  to  all  of  them  is 
measurable. 

For  the  complement  of  i)(Gi,  Ga, ...)  is  M [C(Gi),  G(Ga),...},  and  since 
G(Gi),  ^(Ga),  ...are  all  measurable,  it  follows  that  the  complement  of 
D(Oi,  Ga, ...)  is  measurable,  and  therefore  that  the  set  itself  is  measurable. 

If*  Gi,  Ga,  G,, ...  G„,  ...  are  an  enumerably  infinite  number  of  measurable 
sets,  and  H  is  the  set  of  points  each  of  which  belongs  to  an  infinite  number  of 
the  given  sets,  then  H  is  measurable. 

For  the  set  C{H)  complementary  to  H,  consists  of  those  points  which 
belong  to  none,  or  only  to  a  finite  number,  of  the  sets  Gi,  Ga, ...  Gn,  ... ;  and 
hence  C  {H)  consists  of  the  points  which  belong  to  one  or  more  of  the  sets 
Zi,  Xa,  ...  Ln,  ,,,,  where  Z„  denotes  the  set  D[C{Of^,  C(On^i),  ...}  which 
consists  of  the  points  common  to  all  the  sets  0(0^),  G(Gn+i),  ....  The 
sets  Ln  are  all  measurable,  hence  C(H)  is  measurable;  and  therefore  H  is 
measurable. 

If*  Gi,  Ga,  Gj, ...  Ont  ...  ctre  ctn  enumerably  infinite  number  of  measurable 
sets,  and  K  is  the  set  of  points  each  of  which  belongs  to  all  the  sets  On,  Gn+i, ..., 
where  n  has  a  definite  value  for  eaxih  point  of  the  set  K ;  then  the  set  K  is 
measurable. 

For  the  set  C  (K),  which  is  complementary  to  iT,  is  the  set  of  points 
each  of  which  belongs  to  an  infinite  number  of  the  measurable  sets 
G(Gi),  G(Gj),  ...  G(Gn),  ... ;  and  hence,  by  the  last  theorem,  C(K)  is 
measurable.     Therefore  if  is  a  measurable  set. 

4 

*  See  BorePB  Levant  sur  U$  fonctions  de  variables  riellea,  p.  IS.  The  set  H  is  named,  by 
Borel,  the  **  ensemble  lunite  oomplet/*  and  the  set  K  the  '*  ensemble  limite  rertreint,"  of  the 
given  seqnenoe  of  sets. 
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83.  All  the  sets  which  we  have  so  far  proved  to  be  measurable  were 
obtained  from  two  fundamental  sets,  the  single  point,  and  the  single  interval, 
open  or  closed,  by  taking  a  finite,  or  enumerably  infinite,  number  of  these 
fundamental  sets,  and  by  taking  the  set  common  to  a  finite,  or  enumerably 
infinite,  number  of  the  sets  so  obtained,  or  by  taking  the  complements  of  the 
measurable  sets  so  obtained. 

It  can  be  shewn  that  measurable  sets  may  exist  which  are  not  definable 
in  the  manner  we  have  described.  It  will  be  subsequently  shewn  that  perfect 
sets  exist  whose  measure  is  zero ;  any  component  whatever  of  such  a  set  has 
its  external  measure  zero,  and  is  therefore  measurable.  The  cardinal  number 
of  all  such  components  is  usually  regarded  as  greater  than  the  cardinal  number 
of  the  continuum,  which  is  the  cardinal  number  of  all  the  sets  obtainable  in 
the  manner  indicated  above.  It  follows  that  other  measurable  sets  may  be 
definable  besides  those  obtained  by  the  processes  we  have  described.  Whether 
every  set  which  can  be  defined  is  measurable,  is  a  point  which  has  not  been 
settled. 

If  0  be  any  measurable  set  whatever,  the  points  of  0  can  be  enclosed  in 
a  set  of  intervals  a^,  whose  sum  is  m  {0)  +  €, ;  where  €«  is  one  of  a  sequence 

^i>  ^»  •••  €»j  ••• 

of  positive  decreasing  numbers  which  converge  to  zero.  The  set  0^  of  the 
points  which  are  common  to  all  the  sets  of  intervals  ai,  ce,,  ...  a„  ...  is 
measurable,  and  its  measure  is  ni{0)\  also  the  set  Q^  contains  G  as  a  com- 
ponent. The  set  (?i  —  6  has  measure  zero,  and  its  points  can  be  enclosed  in 
a  set  of  intervals  /S^  contained  in  o^,  and  of  measure  6^.  The  set  H  of  points 
common  to  all  the  P^  is  measurable,  and  of  measure  zero;  and  the  set 
Oi^Gi-- H  is  measurable,  and  has  m(0)  for  measure.  •  It  has  thus  been 
shewn  that  every  measurable  set  0  is  contained  in  another  measurable  set 
Ou  and  also  contains  a  third  measurable  set  6,;  where  6i,  6,  are  measurable 
sets  of  the  type  definable  as  the  set  common  to  an  enumerable  number  of  sets 
of  intervala    The  measures  of  Oi,  0^  are  both  m  (0). 

84.  A  definition  has  been  employed  by  Jordan*,  and  by  Peanof,  of  the 
measure  of  a  set  of  points,  which  differs  from  the  one  which  has  been 
developed  above.  It  is  applicable  to  sets  of  points  in  space  of  any  number  of 
dimensions. 

Let  0  be  a  set  of  points  in  a  domain  E,  and  let  C  (6)  denote  the  set 
complementary  to  0 ;  then  a  point  of  0  which  is  not  a  limiting  point  o{  C{0) 
is  said  to  be  an  interior  point  of  0\  and  a  point  of  C  {0)  which  is  not  a 
limiting  point  of  6  is  said  to  be  an  interior  point  of  C{0\ 

*  LicuwilU  (4),  Tol.  Tm  (1S92) ;  also  Cours  d* Analyse,  vol.  i,  p.  28. 
t  ApplicoMioHi  geam,  del  ealc.  infinit.  (1887),  p.  163. 
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Every  point  of  E,  which  is  an  interior  point  neither  of  Q  nor  of  C  (O),  is 
said  to  be  a  point  of  the  frontier  of  0.  Every  such  point  is  either  a  point 
of  G,  which  is  at  the  same  time  a  limiting  point  of  C(G),  or  else  it  is  a  point 
of  C  (0),  which  is  also  a  limiting  point  of  0 ;  and  the  aggregate  of  all  such 
points  constitutes  the  frontier  of  0. 

Divide  E  into  any  finite  number  of  continuous  parts,  consisting  of  linear 
intervals  or  of  rectangular  cells,  some  of  which  may  if  necessary  extend 
beyond  the  domain  E;  and  let  Si  be  the  sum  of  those  parts  which  are 
such  that  every  point  of  each  of  them  is  an  interior  point  of  0,  When  the 
number  of  the  continuous  parts  is  increased  indefinitely,  in  such  a  manner 
that  the  greatest  of  them  converges  to  the  limit  zero,  it  can  be  shewn  that  ^ 
converges  to  a  definite  limit  Sj.  If  the  sum  S,  of  those  parts  of  -ff  is  taken, 
each  of  which  contains  at  least  one  interior  point  of  0,  or  a  point  on  the 
frontier  of  0,  it  can  be  shewn  that  Sj  converges  to  a  fixed  number  8^. 

The  number  Sj  is  called  the  interior  extent  of  G,  and  the  number  S,  is 
called  the  exterior  extent  of  G ;  when  S,  is  equal  to  iS,,  the  set  0  is  said  to 
be  measurable,  and  8^  =  8^  is  its  measure.  The  exterior  extent  of  a  set  G  is 
identical  with  its  content.  In  accordance  with  this  definition,  a  set  which 
does  not  contain  any  part  which  is  a  continuum  has  its  interior  extent  zero ; 
and  such  a  set  is  only  measurable  when  its  content  is  also  zero. 

It  can  be  shewn  that,  in  those  cases  in  which  a  set  is  measurable,  both  in 
accordance  with  this  definition  and  with  that  of  Borel,  the  measure  is  the 
same  in  the  two  cases.  A  set  which  is  measurable  in  accordance  with 
Joi*dan's  definition  is  also  measurable  in  accordance  with  that  of  Borel ;  but 
the  converse  does  not  hold.  The  definition  of  Borel  will  accordingly  be 
employed,  as  being  the  more  widely  applicable  of  the  two  definitions. 

THE  CONTENT  OF  CLOSED  SETS. 

86.  The  content  of  a  non-dense  closed  set  is  zero,  in  case  the  set  is 
enumerable ;  and  in  case  the  set  is  unenumerable,  its  content  may  be  zero,  or 
may  have  any  value  less  than  the  lerigth  of  the  whole  interval  in  which  the  set 
is  contained. 

The  content  of  a  closed  set  being  the  same  as  its  measure,  its  content  is 
the  sum  of  the  content  of  its  perfect  component  and  the  measure  of  its  enu- 
merable component ;  and  this  last  is  zero.  If  the  set  is  enumerable,  it  has 
no  perfect  component,  and  therefore  its  content  is  zero.  Since  the  content 
of  any  closed  set  is  the  same  as  that  of  its  perfect  component,  it  will  suffice 
to  consider  the  content  of  a  non-dense  perfect  set. 

Let  I  be  the  whole  length  of  the  interval  in  which  the  set  is  contained, 
the  end-points  of  which  interval  belong  to  the  set;  let  Si,  St,  $t>  •••  be  the 
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intervals  complementary  to  the  set,  arranged  in  descending  order  of  magnitude. 
Of  these  intervals  no  two  abut,  and  the  set  of  intervals  is  everywhere-dense. 

Let  Si  =  M,  Sa  =  \s(/-Si),  S,  =  X,(/-8i-S,),... 

Sn  =  ^(^  —  Si  —  $,—  ...  —  Sn-i)  . . .  ; 

thus  \i,  Xs,  X,,...  are  proper  fractions. 

We  have        S,  =  X,(l-Xi)i,   $,  =  \,(1-Xi)(l-\,)Z, ... 

hence  /-(8i +  §.  +  ... +  Sn)  =  (l-?ti)(l -X,)...(l -Xn)/. 

The  content  of  the  set  is  therefore*  I  multiplied  by  the  limit  of  the  product 

(1-M(l-X,)...(l-Xn). 

The  values  of  X^,  X,,  ...  Xn, ...  can  be  so  chosen  that  the  content  is  zero; 
for  example,  we  may  take  Xi  =  X,  =  ...  =  Xn  =  ....  Those  perfect  sets,  and 
the  related  closed  ones,  which  have  content  zero,  are  of  special  importance  in 
the  Theory  of  Functions. 

The  values  of  Xi,  Xg, ...  may  be  so  chosen  that  the  content  of  the  set  is 
arbitrarily  nearly  equal  to  I.    For  example,  let 

Xi  =  tf,   Xa  =  tf/2«,   X,  =  tf/3*,  ...Xn  =  tf/n*, ... 

where  d  is  a  fixed  positive  fraction,  then  the  content  of  the  set  is 

/  sin  (ir  ^/0)/7r  ^0, 

and  this  may  be  made  as  nearly  equal  to  2  as  we  please,  by  choosing  a 
sufficiently  small  value  of  0,  That  in  the  interval  I  we  may  place  an  in- 
definitely great  number  of  non-abutting  intervals  whose  sum  is  arbitrarily 
small,  and  so  that  no  interval  exists  whose  points  are  all  external  to  the  set 
of  intervals,  is  one  of  the  paradoxes  of  the  subject. 

86.  A  closed  set  of  the  most  general  type  is  obtained  by  adding  to  a 
non-dense  closed  set  the  internal  points  of  some  of  the  complementary 
intervals.  For,  if  a  closed  set  be  everywhere-dense  in  any  interval  (a,  fi) 
contained  in  (a,  6),  the  interval  in  which  the  set  exists,  it  is  clear  that  every 
point  of  (a,  fi)  belongs  to  the  closed  set.  If  the  interior  points  of  (a,  /3)  be 
removed  finom  the  set,  the  remaining  set  is  still  closed.  We  may  conceive 
this  process  of  removing  the  interior  points  of  intervals  in  which  the  closed 
set  is  everywhere-dense,  to  be  continued,  until  a  closed  set  remains  which  is 
dense  in  no  interval.  It  has  been  shewn  in  §  72,  that  every  non-dense 
closed  set  is  definable  as  the  end-points  of  an  everywhere-dense  enumerable 
set  of  non-overlapping  intervals,  together  with  the  limiting  points  of  these 
end-points.  It  has  thus  been  shown  that  every  closed  set  is  definable  as  the 
complementary  set  of  the  points  interior  to  a  finite^  or  enumerable,  set  of  non- 
overlapping  intervals,  not  necessarily  everywhere-dense. 

*  Hamaok,  Math.  AtmaUn,  vol.  xiz. 
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It  follows  from  this  result,  that  the  content  of  a  closed  set  which  is  dense 
in  some  parts  of  the  interval,  is  the  sum  of  the  content  of  the  non-dense 
closed  set  from  which  it  can  be  derived,  and  of  the  lengths  of  those  intervals 
all  the  points  of  which  belong  to  the  closed  set 


or 


t 
/ 


EXAMPLES. 

1.  The  perfect  set  of  points  defined  by  ^"5  +  ^+  ...  +s+  — »  ''^«*  *^®  numbew 

Ci,  c^y  ...  have  each  one  of  the  values  0,  2  (see  Ex.  1,  §  75),  has  the  content  sero.    For  the 
limit  of  the  sum  of  the  complemeDtar j  intervals  is  unity. 

2.  The  non-dense  closed  set  considered  in  Ex.  3,  §  75,  has  the  content  aero.    For, 
after  k  operations,  the  sum  of  the  exempted  segments  is 

I     m-\     (ra-lf  (m-l)*-i  h'^\ 

When  k  is  increased  indefinitely,  the  limit  of  the  sum  of  the  five  intervals  is  1. 

3.  The  non-dense  closed  set  considered  in  Ex.  4,  §  75,  has  a  content  between  0  and  1. 
After  k  operations,  the  sum  of  the  exempted  segments  is 

j_     m-l     (w-l)(m«-l)  (m-l)(m«-l)...(m*-'-l) 

The  limit  of  the  sum  of  the  exempted  intervab  is  1  -  n  [l &),  and  therefore  the 

content  of  the  set  of  points  is  n  ( 1 ^ ) ,  which  is  between  0  and  1,  depending  upon  the 

!>.]  \      mrj 

value  of  m.    By  taking  m  sufficiently  great,  the  content  of  the  set  may  be  made  arbitrarily 

near  to  imity. 

ASCENDING  SEQUENCES  OF  CLOSED  SET& 

87.  Let  Ox,  01, ...  On, ...  denote  a  sequence  of  non-dense  closed  sets  con- 
tained in  the  interval  (a,  6),  such  that  each  set  contains  the  preceding  one  as  a 
component ;  then  the  set  0^,  the  limiting  set  of  the  sequence,  is  defined  as  a 
set  such  that  any  point  P  belonging  to  it  is  a  point  of  some  definite  On,  and 
consequently  also  of  all  the  subsequent  sets  of  the  sequence ;  and,  further, 
that  every  point  which  belongs  to  any  On  is  a  point  of  (?.. 

The  limiting  set  (?«  is  not  necessarily  a  closed  set ;  and  it  may,  or  may 
not  be  everywhere-dense  in  (a,  6).  Thus  its  derivative  OJ  may  be  a  non- 
dense  closed  set,  or  it  may  be  the  continuum  (a,  6).  To  make  it  clear  that 
Ou  may  have  limiting  points  which  do  not  belong  to  any  Om  we  observe  that, 
if -PiQn  AQjj  •••-PfiOni  •••  are  complementary  intervals  of  Gi,  ft,...  (?i»,...  re- 
spectively, such  that  each  interval  contains  the  next  as  an  interior  interval. 
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the  lengths  of  the  intervals  may  converge  to  zero ;  in  that  case  there  exists 
a  point  p  which  is  interior  to  all  the  above  intervals,  but  does  not  belong  to 
any  of  the  sets  Ou  0%»  •••  ^^m  ••••  Since  this  point  p  is  interior  to  a  com- 
plementary interval  of  each  set,  it  is  the  limiting  point  of  each  of  the 
sequences  Pi,  Pj,  ...  Pn,  ••• ,  d,  Ot,  •••  On»  •••  of  points  all  of  which  belong 
to  (?« :  it  thus  appears  that  |)  is  a  point  of  (?« ,  but  not  of  0^ ;  or  G^  is  an 
open  set. 

It  may  happen  that  the  sequence  of  intervals  PiQi,  PjQa, ...  PnQm  ...  is 
such  that  the  limit  of  PnQn  is  not  zero.  In  that  case  P,,  Pj, ...  Pn, ...  may 
have  a  limiting  point  p  different  from  any  Pn\  and  Q,,  Qai  •••  On.  •..  a  different 
limiting  point  q  different  from  any  Qn.  The  points  p  and  q  are  in  this  case 
not  points  of  6»,  but  are  points  of  0J\  and  the  open  interval  pq  is  a  comple- 
mentary interval  of  OJ, 

If,  from  and  after  some  value  rii  of  n,  all  the  points  P„  are  coincident  with 
p,  then  |>  is  a  point  of  0^ ;  and  a  similar  remark  applies  to  q. 

To  shew  that  the  set  0^  may  be  everywhere-dense  in  (a,  6),  let  Oi  be  a 
perfect  set ;  in  each  complementary  interval  of  Oi  place  a  perfect  set  similar 
to  (?j,  i,e.  identical  with  (?i,  except  that  the  distances  of  every  pair  of  points 
are  reduced  in  the  ratio  of  the  length  of  the  complementary  interval  to  that  of 
(a,  6):  we  have  now  a  new  perfect  set  G,.  Place  in  each  complementary 
interval  of  0^  a  set  similar,  in  the  same  sense,  to  Oi ;  we  thus  obtain  G, ;  and 
so  on  indefinitely.  The  resulting  limiting  set  0^  is  everywhere-dense :  for,  if 
the  greatest  interval  in  Gi  is  0  times  the  length  of  (a,  6),  then  the  gi*eatest 
interval  in  Gn  is  6^  times  the  length  of  (a,  6) ;  and  this  is  arbitrarily  small 
as  n  increases.  Hence,  in  any  interval  whatever  taken  in  (a,  6),  for  a  suf- 
ficiently great  value  of  n,  complementary  intervals,  and  therefore  points  of 
G„,  are  contained;  and  therefore  G^  is  everywhere-dense. 

In  the  case  in  which  6«  is  closed,  it  will  subsequently  appear  that  it  must 
be  non-deose.  In  this  case  a  complementary  interval  of  G^  is  either  the 
whole,  or  a  p€urt,  of  a  complementary  interval  of  Gn,  whatever  value  n  may  » 

have;  for,  if  pq  be  such  a  complementary  interval  of  G«,  no  interior  point 
of  pq  belongs  to  any  (?n.  For  some  value  n^  of  w,  p  belongs  to  Gn^  but  not  to 
Gn,-i ;  and  for  some  value  n,  of  n,  5  belongs  to  Gn,,  but  not  to  (?n,_i ;  and 
therefore,  if  m  is  the  greater  of  the  numbers  Ui  and  n,,  j}g  is  a  complementary 
interval  of  Gn,  for  every  n  which  is  ^  ?/». 

When  G^  is  open  but  non-dense,  it  can  be  shewn*  that,  corresponding  to 
any  coniplementary  interval  pq  of  GJi^  a  number  m  can  be  found  such  that,  for 
every  n  which  is  ^m,  Gn  has  a  complementary  interval  p'q'  which  contains  pq, 
and  exceeds  it  by  less  than  an  arbitrarily  small  number  17. 

*  W.  H.  Yonng,  Proc,  Lond,  Math.  8oe.  vol.  xzxv,  p.  275. 
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Increase  pq  on  each  side  by  ^17,  and  let  PQ  be  the  interval  so  increased. 
If  p  and  q  are  not  both  points  of  6^»,  an  interval  p'q[  contained  in  PQ,  and 
containing  pq,  can  be  found  such  that  p\  q[  are  both  points  of  O^.  Now 
p\  q  are  both  points  of  some  set  Gm ;  then  either  pY  ^  *  complementary 
interval  of  G,»,  or  else  Q^,  has  a  complementary  interval  whose  end-points  lie 
in  (p',  p)  and  (j,  (f)  respectively.  In  either  case  0^  has  a  complementary 
interval  which  exceeds  pq  by  less  than  17,  and  contains  pq. 

If  6,  0*  are  arbitrarily  small  positive  numbers  chosen  independently  of  one 
another,  an  integer  m  can  be  found  such  that,  provided  n^ta,  the  difference 
between  the  sum  «n(€)  of  those  complementary  intervals  of  On,  each  of  which 
is  ^  6,  and  of  those  of  0^  which  are  ^  6,  is  <  0-. 

Let  9  be  the  number  of  such  complementary  intervals  of  OJi\  then  for  each 
such  interval  a  value  of  n  can  be  found  such  that  Q^  has  a  complementary 
interval  which  contains  that  of  (?J,  and  exceeds  it  by  less  than  cr/a.  Hence 
a  value  v  can  be  found  of  n,  such  that  0^  has  a  number  of  complementary 
intervals  all  ^  6,  and  whose  sum  exceeds  the  sum  of  those  of  Q^  which  are 
^6,  by  less  than  0-. 

It  may  however  happen  that  0^  has  other  complementary  intervals  which 
are  ^  e,  but  of  course  only  a  finite  number  of  such  intervals.  Let  PQ  be  such 
an  interval  of  G^ ;  then  PQ  contains  no  interval  of  G^  which  is  »  6.  In  PQ 
we  can  take  a  finite  number  of  points  of  (?«,  say  p,,  p2,...pn>  such  that 
PpifPiPt*  PiPs,'"  are  each  less  than  e  If  we  treat  each  of  the  finite  number 
of  intervals  of  Gy,  such  as  PQ,  in  a  similar  manner,  there  exists  a  value  m 
of  n  (m  >  v)  such  that  all  the  points  p  for  every  interval  PQ  are  points  of  Om  ] 
then  the  set  Gm  has  no  complementary  intervals  which  are  »  6,  except  such 
as  contain  the  intervals  of  GJ  which  are  ^  e;  and  this  proves  the  theorem. 

It  is  clear  that,  in  the  case  when  G^  is  closed,  the  above  theorem  reduces 
to  the  simpler  form,  that  corresponding  to  an  arbitrary  6,  a  number  m  can  be 
found,  such  that,  for  n  ^m,  those  intervals  complementary  to  Gn»  which  are 
^  6,  are  identical  with  those  of  G^,  which  are  ^  6. 

88.  The  set  G^  may  be  regarded  as  the  sum  of  the  sets  Gi,  (?a  — ffi, 
Gz  —  G^,...  each  of  which  contains  no  points  which  belong  to  the  preceding 
ones.  Since  (?i,  G,,  G,,...  are  measurable  sets,  it  follows  fix)m  §82,  that 
Gi-Gif  G3— &8, ...  are  also  measurable;  and  thus  that  G^  is  measurable, 
its  measure  being  the  limiting  sum  of  the  measures  m  (Gi),  m  (Gj  —  Gi), 
m(G,  —  Gj), ... .     Now  it  has  been  proved  that 

m  (Gn  -  Gn^i)  =  m  (Gn)  -  m  (G«-i), 
and  therefore  the  limiting  sum  of  the  measures  of  the  sets  is  the  limit  of 
^(Gn)>  which  is  a  number  that  does  not  decrease  as  n  increases.     It  thus 
appears  that  m(G)  is  the  limit  of  m(Gn)  as  n  is  indefinitely  increased  ;  and 
hence  it  has  been  proved  that : — . 
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The  measure  of  the  limit  of  a  sequence  of  non-dense  closed  sets  is  the  upper 
limit  of  the  measures  of  the  sets  of  the  sequence. 

The  measure  of  a  closed  set  being  identical  with  its  content,  we  obtain 
Osgood's  theorem  *  that : — 

If  the  limit  of  a  sequence  of  closed  sets  is  itsdf  a  closed  set,  then  the 
content  of  the  limiting  set  is  the  upper  limit  of  the  contents  of  the  sets  of  the 
sequence. 

It  should  be  observed  that,  when  O^  is  not  closed,  it  is  in  general  not  true 
that  the  content  of  (?«,  or  of  GJ,  is  the  limit  of  the  content  of  On-  For 
example,  if  all  the  sets  On  have  zero  content,  the  points  of  each  Gn  can  be 
enclosed  in  a  finite  number  of  intervals  of  arbitrarily  small  sum ;  but  this  is 
not  in  general  true  of  (?«,  unless  0^  is  closed.  The  points  of  Q^  can  however 
in  this  case  be  enclosed  in  an  indefinitely  great  number  of  intervals  whose 
limiting  sum  is  arbitrarily  small. 

The  content  of  any  closed  component  of  a  measurable  set  G^  cannot  exceed 
the  measure  of  G«;  we  have  therefore  the  theorem  that : — 

If  Ou  is  the  limiting  set  of  a  sequence  of  non-dense  closed  sets  Oi,  (?2,  •  •  •  Gny . . . 
each  one  of  which  contains  the  preceding  one,  then  no  closed  component  of  G^  can 
have  content  greater  than  the  limit  of  the  content  of  Gn- 

An  important  particular  case  of  this  theorem  arises  when  all  the  sets  (?„ 
have  zero  content;  in  that  case  every  closed  component  of  6^  has  zero 
content. 

If  €  is  an  arbitrarily  small  number,  and  Sn  (e),  s  (e)  are  the  sums  of  those 
complementary  intervals  of  0^  OJ,  respectively,  each  of  which  is  ^  e ;  and 
jRn(€),  i2(€)  the  sums  of  those  complementary  intervals  of  G„,  OJ  each  of 
which  is  <€,  we  have 

Sn (e)  +  Rn(e)^m{C (Gn)l    s (6)  +  iZ (€)  =  m  [C (OJ)] ; 
hence  m  [GJ  -  Gn]  =  K  (e)  -  8  (e)}  +  {Rn  (e)  -  R  (e)}. 

Now,  as  we  have  above  shewn,  if  n  ^  m,  where  m  depends  on  €, 

«n(€)-«(€)<o-; 

and  we  can  choose  €  so  that  R{€)  is  as  small  as  we  please.  Therefore  we 
see  thatf  the  necessary  and  sufficient  condition  for  the  me^asure  of  GJ  being 
the  same  as  that  of  G.  is  that  e  can  be  so  chosen  that,  from  and  after  some 
fixed  value  of  n,  Rn  (e)  may  be  less  than  an  assigned  arbitrarily  small  number. 
If  Rn  (e)  has  not  the  limit  zero,  when  n  is  indefinitely  increased,  it  is  certain 
that  O^  is  unclosed,  and  has  a  measure  less  than  the  content  of  GJ, 

*  American  Journal  of  Math,^  vol.  zrc,  p.  178. 

t  W.  H.  Young,  Proe,  Lond,  Math,  Soc,  voL  xxxv,  p.  284. 
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SETS  OF  THE  FIRST  AND  OF  THE  S£CX)ND  CATEGOEY. 

89.  If  Pi,  Pt,  ...  Pni  ...  w  a  sequence  of  nan-dense  closed  sets,  the  set 
M(Pi,  P„  ...  Pn, ...),  which  contains  all  points  belonging  to  one  ai  least  of  the 
sets,  is  said  to  be  a  set  of  the  first  category. 

A  set  of  the  first  category  can  be  exhibited  as  the  limit  of  a  sequence  of 
non-dense  closed  sets  each  of  which  contains  the  preceding  one.  For  such 
a  sequence  is 

P„   M(Pi,P,\  Jlf(P„P„P,),...Jf(P„P„...Pn,. ..),.... 

It  is  clear  that  a  set  of  the  first  category  is  of  cardinal  number  a  or  c,  the 
former  in  case  all  the  sets  P  are  enumerable,  and  the  latter  in  case  some  or 
all  are  unenumerable. 

It  has  been  shewn  in  §  87  that  a  set  of  the  first  category  may  be  every- 
where-dense in  its  domain ;  or  it  may  be  non-dense. 

A  set  which  is  complementary  to  a  set  of  the  first  calory*  is  said  to  be 
of  the  second  category. 

It  will  be  shewn  that  such  a  set  is  not  of  the  first  category. 

In  the  first  place,  the  set  complementary  to  a  set  of  the  first  category  is 
everywhere-dense.  For  if  (a,  y8)  is  any  interval  of  the  domain,  there  exists  in 
the  interior  of  (a,  y8)  an  interval  (aj,  y8i),  which  contains  no  points  of  Pi ;  and  in 
(«!,  0i)  is  contained  an  interval  (oa,  ySj)  which  contains  no  points  of  Jf  (Pi,  P,) ; 
and  so  on :  there  is  consequently  a  point  interior  to  all  the  intervals  (a,  fi), 
(^ >  A)»  («2>  A), . . .  (on,  0n)» . . .  which  is  not  a  point  of  M  (Pi,  Pg, . . .  Pn, . . .) ; 
hence  the  complementary  set  is  everywhere-dense.  It  follows  from  this 
result  that  the  continuum  (a,  b)  is  not  a  set  of  the  first  category. 

Next,  suppose  if  possible  that  the  set  complementary  to 

is  itself  the  limit  of  a  sequence  Q,,  Qj, ...  Q^, ...  of  non-dense  closed  sets.  The 
sets  Pi  +  Oi,  P2 H-  Qa, ...  Pn  +  Qn, ...  are  all  closed  non-dense  sets,  and  their 
limiting  sum,  which  is  of  the  first  category,  is  identical  with  the  continuum ; 
but  this  we  have  shewn  to  be  impossible.  Hence  the  complement  of  a  set  of 
the  first  category  is  not  of  the  first  category. 

A  set  of  the  second  category  has  the  cardinal  number  c  of  the  continuum. 

This  is  obvious  in  case  the  limiting  set  G^  of  a  sequence  Oi,  Ot,  •••  On, ... 
of  non-dense  closed  sets,  each  of  which  is  contained  in  the  following  one,  has 
any  complementary  intervals.  We  can  therefore  confine  ourselves  to  the  case 
in  which  0^  is  everywhere-dense;    in  which  case  the  greatest  intervals 

*  The  distinotion  between  sets  of  the  first  and  seoond  category  is  due  to  Baire,  AnnaU  di 
Mat,  (3),  vol.  ui,  p.  65. 
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Si,  S„...  8,1, ...  which  are  coraplementary  to  Gi,  (?2, ...  Gn, ...  respectively, 
form  a  sequence  which  converges  to  zero.  Taking  any  complementary 
interval  A  of  Gu  &  number  n^  can  be  found  such  that  A  contains  at  least  two 
intervals  complementary  to  Gn,  in  its  interior,  and  these  we  denote  by  A©,  Ai. 
Again  n,  >ni,  can  be  found  such  that  in  each  of  the  intervals  Ao,  A^  are  con- 
tained at  least  two  intervals  complementary  to  Gn, ;  those  interior  to  Ao  we 
denote  by  A«„  Aoi,  and  those  interior  to  Ai  by  A^,  Aw  Proceeding  in  this 
way  we  obtain  a  sequence  of  intervals 

each  of  which  contains  the  next  in  its  interior,  and  p,  g,  r,  . . .  have  definite 
values  each  of  which  is  either  0,  or  1.  The  point  interior  to  all  the  intervals 
of  this  sequence  is  a  point  of  G«  which  does  not  belong  to  G«,  unless,  from 
and  aft^r  some  fixed  index,  all  the  indices  are  alike  0,  or  alike  1.  Therefore 
those  points  of  GJ  which  do  not  belong  to  G«  have  a  (1,  1)  correspondence 
with  all  those  numbers  between  0  and  1,  expressed  in  the  dyad  scale,  which 
do  not  contain  identical  digits  from  and  after  some  fixed  one;  and  it  thus 
appears  that  the  points  complementary  to  G«  form  a  set  of  cardinal  number  c. 

Any  two  sets  of  the  second  category  have  in  common  a  set  of  points  which 
is  also  of  the  second  category. 

If  G«  is  the  limit  of  On*  and  H^  is  the  limit  of  Hn,  where  On,  H^  are  the 
nth  sets  of  two  ascending  sequences  of  non-dense  closed  sets,  then  the  set 
M{Ont  Bn)y  which  is  also  closed,  has  for  its  limit  a  set  of  the  first  category. 
But  the  complement  of  this  set  is  the  set  common  to  the  two  sets  of  the 
second  category  which  are  complementary  to  G«,  H^\  and  this  common  set 
is  itself  of  the  second  category. 

The  definitions  of  sets  of  the  first  and  of  the  second  category  can  be 
extended  to  the  case  in  which  all  the  sets  concerned  are  contained  in  a  perfect 
set  H,  which  takes  the  place  of  the  continuous  interval  (a,  6). 

If  Gi,  Ga, ...  G«, ...  are  closed  sets  all  contained  in  H,  and  each  one  non- 
dense  in  H,  then  the  set  M(Gi,  Gj, ...  G», ...)  is  said  to  be  a  set  of  the  first 
category  rdcUively  to  the  perfect  set  H,  and  its  complement  relatively  to  H 
is  said  to  he  a  set  of  the  second  category  relatively  to  H. 

The  perfect  set  H  may  be  non-dense  in  the  continuum ;  or  it  may  contain 
continuous  intervals,  finite  or  indefinitely  great  in  number. 

It  will  appear,  bom  the  theory  of  order-types  developed  in  the  next 
chapter,  that  the  points  of  any  perfect  set  can  be  made  to  correspond 
uniquely  with  the  points  of  a  continuous  interval  (a,  6),  in  such  a  manner 
that  the  relative  order  of  two  points  of  the  perfect  set  is  the  same  as  the 
relative  order  of  the  corresponding  points  in  the  continuum,  the  end-points 
of  a  complementary  interval  of  the  perfect  set  corresponding  to  one  point  of 

8—2 
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the  coDtiuuum.  To  a  closed  set  non-dense  in  H,  there  corresponds  a  closed 
set  non-dense  in  the  continuum ;  and  a  set  of  the  first  or  second  category 
relatively  to  H  corresponds  to  a  set  of  the  first  or  the  second  category,  re- 
spectively, in  the  continuum.  It  thus  appears  that  the  properties  of  sets  of 
the  first  and  of  the  second  categories  in  the  continuum,  which  have  been  above 
established,  can  be  immediately  extended  to  the  case  of  sets  of  the  first  and 
second  categories  relatively  to  any  perfect  set  H. 

This  is  a  particular  case  of  the  general  property  of  any  perfect  set  H 
considered  as  the  domain  in  which  sets  of  points  are  defined ;  viz.  that  H 
plays  the  same  part  relatively  to  such  sets,  as  a  continuous  interval  does 
relatively  to  sets  of  points  defined  in  it. 

EXAMPLES. 

1.  Let  Ply  P2i  Pii  '"  Pny  "•  be  an  emunerable  set  of  points  in  an  interval  (a,  b) ;  the 
set  may  be  everywhere-dense  in  (a,  6).    The  finite  sets 

(■*  i)>  (-*  i>  ■*  a)*  (-*  i>  P^i  ■*  s)  •••  \Pi9  P%9  •••  Pni  ••• 

are  each  closed,  and  the  given  set  is  the  limiting  set,  which  is  therefore  of  the  first  category. 
The  remaining  points  of  (a,  6)  form  a  set  of  the  second  category. 

2.  Denoting  the  points  of  the  interval  (0,  1),  as  in  £z.  5,  §  75,  by 

1      •  8  •  K 

^^  IT   '   Y,  YT  '    * "    '  T,  Tt        It     '    *  *  * 

where  c^^Kk^;  let  the  fixed  integers  Ir^,  Xr,*  •••  ^m  •••  form  a  sequence  which  increases 
without  limit.  If*  a^,  a,,  ...  a„,  ...  is  any  sequence  of  positive  integers  which  increase 
without  limit,  let  6^„  denote  the  set  of  those  numbers  a?,  which  are  such  that  the  integers 
C],  C3, ...  c^f ...  are  all  <a^.  The  sets  (?i,  O^j  O^^  ...  O^^  ...  are  a  sequence  of  perfect  sets, 
each  one  of  which  contains  the  preceding  ones ;  the  set  (?m  is  then  a  set  of  the  first  category. 

3.  The  numbers  of  the  continuum  (0,  1 )  may  be  divided  into  sets,  of  the  first  and  the 
second  categories,  in  the  following  manner : — All  the  numbers  in  (0,  1)  may  be  expressed 
as  endless  decimals ;  the  finite  decimals  being  therefore  not  used.  Lett  the  set  H  consist 
of  all  those  numbers  in  which  the  digit  9  occurs  only  a  finite  number  of  times,  and  of 
those  numbers  also  in  which,  from  and  after  some  place,  all  the  figures  are  9.  The  com- 
plementary set  K  consists  of  all  those  numbers  in  which  9  occurs  an  infinite  number  of 
times,  except  those  in  which  every  figure  is  9  from  and  after  some  place.  The  set  H  is 
the  limit  of  a  sequence  of  non-dense  closed  sets  jET^,  jETj,  ...  H^^  ...  each  of  which  is  of 
cardinal  number  c.  For,  let  Hi  consist  of  the  numbers  of  the  form  *a6c...  1^99 ...,  in 
which  every  figure  is  9,  after  some  fixed  place,  and  in  which  none  of  the  figures  a,  5,  c, ...  it 
is  9 ;  together  with  those  decimals  in  which  no  figure  is  9.  No  number  of  the  set  Hy  can 
lie  within  the  interval  (*a&c ...  it899 ...,  'abc ...  iE:999 ...)  which  is  therefore  a  complementary 
interval  of  the  set.  The  set  H^  may  be  taken  to  consist  of  the  uiunbers  of  the  form 
'abc  ...  A^99  ...,  in  which  k  is  not  9,  and  not  more  than  n  — 1  of  the  figiures  c^h^c^ ...  A, 
are  9 ;  together  with  those  decimals  in  which  9  does  not  occur.  That  each  of  the  sets  H^ 
is  of  cardinal  number  c,  follows  from  the  fact  that  it  contains  all  the  decimals  in  which  9 

*  Brod^n,  Math,  Annalen^  vol.  u. 

t  See  Sohdnflies,  Bericht  Uber  die  MengetUehre,  p.  106. 
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does  not  occur ;  and  these,  if  interpreted  in  the  scale  of  9,  represent  all  the  numbers  of  the 
continuum  (0,  1).  The  set  ^  is  everywhere-dense,  since  it  contains  that  everywhere-dense 
set  of  numbers  in  which  every  figure  is  9,  after  some  place.  The  set  JT,  being  of  the  second 
cat^ory,  is  also  everywhere-dense,  and  of  cardinal  number  c. 

4.  The  following  method  of  dividing  the  continuum  (0,  1)  into  two  portions,  each  of 
which  is  everywhere-dense,  and  of  cardinal  number  c,  has  been  given  by  Brod^n* : — Let 
/o+'i+^ +...+/«+...  denote  a  divergent  series  of  positive  numbers,  such  that  the  limit 
of  ^»,  as  n  is  indefinitely  increased,  is  zero.  Let  a  be  a  positive  number  <1,  and  let 
H|,  M,,  ...  n^,  ...  be  a  sequence  of  increasing  positive  integers.     It  is  possible  to  choose  the 

divergent  series  so  that  each  of  the  ratios  l^l^^y  W^m)  •*•  is  <a :  if  this  be  done,  the 

«  I 

series    2/.^  is  conveigent,  its  sum  being  <:r^^^—.    Each  of  the  series  obtained  from 
t— 1  1  — a 

2  /»«,  by  leaving  out  a  finite  number  of  terms,  is  also  convergent.    The  convergent  series 

so  obtained,  form  an  uuenumerable  set :  for  they  are  obtained  by  multiplying  the  terms  of 
the  series  2  ^,  each  either  by  0,  or  by  1 ;  and  thus  there  is  a  series  corresponding  to  each 

fractional  number  expressed  in  the  dyad  scale.  Corresponding  to  each  convergent  series, 
there  is  a  divergent  series  which  consists  of  /o+^]  +  *--+^n+*")  ^i^^  ^^  convergent  series 
removed  from  it.  We  obtain  in  this  manner  an  unenumerable  set  of  divergent  series.  The 
convergent  and  divergent  series,  each  of  which  consists  of  terms  of  ^o+^| +  ...  +  /,»+..•) 
may  now  be  correlated  with  the  numbers  of  the  continuum  (0,  1).  Let  these  numbers  be 
expressed  in  the  dyad  scale,  in  the  form  'a^c^a^...,  where  every  a  is  0,  or  1,  and  the 
case  in  which  every  figure  is  zero  after  some  place,  is  excluded.  To  one  of  the  series 
^p+^«+'r+-->  we  may  take  that  number  in  which  Op,  a^,  a,.,  ...  are  all  1,  and  the 
remaining  digits  0.  The  points  of  (0,  1)  are  thus  divided  into  two  classes  ;  one  of  these 
consisting  of  all  the  numbers  which  correspond  to  convergent  series,  and  the  other  of  those 
corresponding  to  divei^nt  series. 

• 

DIMINISHING  SEQUENCES  OF  CLOSED  SETS. 

90.    A  closed  set  may  be  either 

(1)  a  non-dense  closed  set  defined,  as  we  have  shewn,  as  tl^e  end-points 
of  an  everywhere-dense  set  of  non-overlapping  intervals,  together  with  the 
limiting  points  of  the  end-points,  or 

(2)  a  finite  number  of  non-abutting  closed  intervals,  or 

(3)  the  set  obtained  by  adding  to  a  non-dense  closed  set  the  internal 
points  of  some  of  the  complementary  intervals. 

The  sets  (2)  may  be  regarded  as  the  particular  case  of  (3),  which  arises 
when  the  non-dense  closed  set  is  a  finite  one. 

The  closed  sets  here  considered  will  be  taken  to  be  of  any  one  of  the 
types  thus  indicated. 

Let  Pi,  P„  Ps*  •••  Pm  •••  be  an  unending  sequence  of  closed  sets,  each  one 
of  which  contains  the  one  which  succeeds  it;  then  it  will  be  shewn  that  a 

*  CrelWa  Joumai,  vol.  cxvin,  p.  29. 
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set  P«  exists  the  points  of  which  are  contained  in  every  one  of  the  closed 
sets,  and  that  ihis  set  P«  =  i)(Pi,  Pa,  ...  Pny  ...)  w  itself  a  closed  set,  which 
may  however  contain  only  one  point  or  a  finite  number  of  points. 

To  prove  this  theorem,  suppose  (a,  b)  divided  into  a  finite  number  of  parts ; 
then  in  one  at  least  of  these  parts  (oi,  bi)  there  must  exist  points  which 
belong  to  Pn  for  every  value  of  n ;  for  otherwise  the  sequence  would  be  a 
finite  one.  Dividing  (a,,  61)  into  a  finite  number  of  parts,  in  one  (a,,  6,)  at 
least  of  these  there  are  points  which  belong  to  every  P^-  Proceeding  in 
this  manner,  and  choosing  the  mode  of  division  so  that  (o^,  bn)  converges  to 
the  limit  zero,  the  point  which  is  in  the  interior  of  all  the  intervals 

(oi,  bi),  (oa,  6,), ...  (a»,  bn), ... 

is  a  point  which  belongs  to  every  Pn,  and  is  therefore  a  point  of  P^;  thus 
Pm  contains  one  point  at  least. 

To  shew  that  P«  is  a  closed  set,  let  pi,  p^f^pr,-"  be  a  sequence  of 
points  in  it  which  has  p  for  its  limiting  point.  Then  pi,  pj, ...  Pr, ...  are  all 
points  of  Pn  whatever  n  may  be ;  and  since  Pn  is  closed,  jp  is  a  point  of  P*. 
This  holds  for  every  value  of  n,  hence  p  is  a  point  of  P^  ;  which  establishes 
the  result. 

The  theorem  is  a  generalization  of  the  results  of  §  63.  In  fact,  if  Pi, 
P„  ...  Pn, ...  are  taken  to  be  the  derivatives  G^^\  G^, ...  (?***^ ...  of  a  set  G, 
the  existence  of  the  closed  set  G^"^  follows  from  the  theorem. 

Again  we  may  take  Pi  =  (?<»»^  P2=  G^^\  ,..  Pn=  G<*»^, ...  where  a^,  a„  ... 
On, ...  is  any  sequence  of  numbers^ of  the  second  class,  of  which  y8  is  the 
limiting  number.  The  existence  of  the  closed  set  (?^'  then  follows  from  the 
theorem. 

91.  Let  us  now  suppose  that,  for  the  sequence  Pi,  ...  Pm  ...  of  closed 
sets,  each  one  of  which  contains  the  next,  a  positive  number  C  exists  such 
that  the  content  In  of  Pn  is,  for  every  w,  greater  than  C.  It  will  then  be 
shewn*  that  the  content  I^  of  P^  is  ^C. 

In  order  to  establish  this  theorem,  the  following  lemma  is  required : — 

U  Gi,  G3  he  two  closed  sets  with  contents  /i,  /,  respectively,  then  the  set 
D(Gi,  G2)  of  points  common  to  Gi,  G2  is  a  closed  set  of  content  P;  and  the 
set  M(Gi,  Gi)  of  points  belonging  either  to  Gi  or  to  (?„  or  to  both,  is  a  closed 
set  of  content  /",  where  /'  4-  P'  =  /i  4-  /«. 

That  D{Gi,  Gj)  is  closed,  follows  from  the  fact  that  any  limiting  point  of 
it  must  be  a  limiting  point  both  of  Gi  and  of  (?a,  and  therefore  belongs  to  the 
set.  That  M(Gi,  G^)  is  closed,  follows  from  the  fact  that  any  limiting  point 
of  it  must  be  a  limiting  point  of  one  at  least  of  the  sets  Gi,  G2*    If  the  points 

*  This  theorem  was  given  by  W.  H.  Young,  in  his  paper  on  *'Open  seta  and  the  theory 
of  content,"  Lond,  Math.  Soc.  Proc,  Ser.  2,  vol.  11,  p.  25. 
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of  Oi  be  removed  from  the  set  M{Oi,  0^),  the  remainder  is  a  measurable  set 
of  measure  /''  —  /i,  in  accordance  with  the  theorem  of  §  82.  But  the  set  so 
obtained  could  also  be  obtained  by  removing  from  O2  those  points  which 
belong  to  D(Oi,  ff,);  hence  the  measure  of  the  set  is  also  I^  —  I',  Therefore 
it  follows  that  /'  +  r  =  /i  +  /,. 

Let  us  now  suppose  that,  if  possible,  the  set  P^  has  its  content  /«,  less 
than  G.  Now  the  set  P|  —  P«  is  measurable,  and  has  for  its  measure  Ii  — 1„\ 
hence  Pi  —  P«  contains  as  component  a  closed  set  Qi  of  content  greater  than 
/i  — /,,— e,  where  €  is  arbitrarily  small,  and  is  taken  <C7— /«. 

This  closed  set  Qi  has,  in  accordance  with  the  lemma,  in  common  with 
P,,  a  closed  component  Q,  whose  content  is  >/a  +  /i  — /„-€  —  «/,  where  J 
is  the  content  of  the  set  of  all  points  belonging  to  the  closed  component  Qi 
of  P,  only,  or  to  P,  only,  or  to  both  of  these;  and  it  is  clear  that  J >•  /j. 
Therefore  the  component  Qt  of  P,  has  its  content  greater  than  the  positive 
number  /,  — /^  — €,  and  is  itself  contained  in  the  component  Qi  of  Pi,  of 
which  the  content  is  greater  than  /i  —  /„  —  e.  Proceeding  in  a  similar 
manner,  we  obtain  closed  components  Q,,  Q^,  ...  of  P„  P4,...Pn, ...,  each 
of  which  contains  the  next,  and  none  of  which  contains  points  of  P«.  Now 
these  closed  sets  Qi,  Q21  •••  Qn*  •••  have,  in  accordance  with  the  theorem  of 
§  90,  at  least  one  point  in  common ;  hence  Pi,  P2, ...  have  a  point  in  common 
which  does  not  belong  to  P« ;  and  this  is  contrary  to  the  definition  of  P«. 

THE  COMMON   POINTS   OF  A   SYSTEM   OF  OPEN   SETS. 

92.  If*  Ou  Of,  ...  On,  ...  be  a  sequence  of  sets  of  points,  such  that  each 
set  Gn  contains  the  next  Gn+i>  c^^d  if  tf^  inteHor  measure  of  each  set  is 
greater  than  some  fixed  number  (7,  whatever  n  may  be,  then  the  set  0^  of  points 
common  to  all  the  sets  ha^  an  interior  measure  ^  C. 

It  will  be  observed  that  the  sets  are  not  assumed  to  be  measurable. 

Let  fiij  (Gn)  denote  the  interior  measure  of  a  set  On ',  then,  by  §  81,  closed 
components  Pj,  Q,*  Qs»  •••  Qn,  •••  of  the  sets  61,  0^,  ...  can  be  found  such 
that  the  content  of  Pi, 

/(P.)>m.(<?,)-|^, 


I(Qn)>m,{Gn)-^e, 


*  W.  H.  Toang,  loe.  eit.  p.  36. 
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« 

where  €  is  an  arbitrarily  small  positive  pumber.     The  set  Q^  has  a  closed 
component  Pa  which  is  also  a  component  of  Pi,  of  content 

/  (P,)  =  /  (Q,)  +  I{P,)-I[M (Pu  Q,)]  S  / (P,)  +  / (Q,)  - »».  (<?.) 


>fn.  iQ,)-{\  +  l)e. 


Next  take  that  closed  component  of  Q,  which  is  also  a  component  of  P, ; 
it  can  be  shewn  as  before  that 


7(P.)>»».((?.)-(|  +  i  +  |)e. 


and  so  on.  We  have  now  a  sequence  of  closed  sets  Pi,  Pj,  ...  Pn,  ...  each  of 
which  contains  the  next,  and  such  that  the  content  of  each  of  them  is 
>  C  —  € ;  therefore  the  set  P„  of  points  common  to  all  these,  has  its  content 
^  (7  -  €,  and  P«  is  a  component  of  (?«.  It  follows,  since  e  is  arbitrarily  small, 
that  the  inner  measure  of  0„  cannot  be  less  than  C, 

93.  We  are  now  in  a  position  to  establish  the  following  general 
theorem : — 

If*  Gi,  O2,  ...  (?n>  •••  w  a  sequence  of  sets  of  points,  each  of  which  sets  is 
a  component  of  a  closed  set  of  finite  content  /,  and  if  the  interior  measure  of 
each  of  the  sets  Gi,  Gj,  ...  Gn,  ...  is  greater  than  a  fixed  number  C,  then  there 
exists  a  set  of  points  of  interior  measure  ^  (7,  and  of  the  power  of  the  con- 
tinuum, such  that  each  point  of  the  set  belongs  to  an  infinite  number  of  the 
given  sets. 

The  conditions  of  the  theorem  are  satisfied  if  all  the  sets  lie  in  the 
same  finite  interval  of  length  /;  also  the  sets  are  not  assumed  to  be 
measurable  ones. 

Choose  a  closed  component  of  each  of  the  given  sets,  of  content  >  C ; 
let  these  components  be  Qi,  Qs,  ...  Qn,  ....  Choose  an  integer  m  such  that 
7/i(7^  Z  <  (m  + !)(/,  and  let  us  consider  the  first  n(>7n  +  l)  of  the  sets 
QuQ%y  —  'I'h^  points  common  to  any  pair  of  these  closed  sets  form  a  closed 
set,  and  the  set  which  contains  all  the  points  which  belong  to  at  least  two  of 
the  n  closed  sets  is  also  a  closed  set  Qi^n  of  content  /m.  Those  points  of  Qi^^ 
which  belong  to  Qi  form  a  closed  set  of  conteut  ^  /,«,  hence  there  is  a  set  of 
points  of  Qi,  of  measure  ^  /(Qi)  —  /,n,  which  do  not  belong  to  any  of  the  seta 
Qa,  Os*  •••  Qn ;  and  the  measure  of  this  set  is  >  (7  —  /m.  Similarly  each  of  the 
sets  Qj*  Qs,  •••  Qn  has  a  component  of  measure  >  (7  —  /m,  consisting  of  points 
which  do  not  belong  to  any  of  the  other  sets,  or  to  Qi.     The  measure  of  all 

•  W.  H.  Young,  loe,  eiu  p.  25. 
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these  sets  added  together  is  >n{C  t  Im) ;  &nd  it  must  be  less  than  I,  since 
the  sets  do  not  contain  any  points  common  to  two  of  them,  and  they  are  all 
enclosed  in  a  set  of  measure  I.     Hence 

n(C-/,n)<(m+l)C,  or  /,„>(l-!?^)a 

It  has  thus  been  shewn  that  the  closed  set  Q,,n  has  the  power  of  the  con- 
tinuum, since  its  content  is  proved  to  be  positive ;  and  this  holds  for  every 
value  of  n  which  is  > m+  1.     Considering  now  the  next  n  sets  Qn+i>  Qn^^t  ••• 

1  — J  (7,  consisting  of  points  each 

of  which  belongs  to  two  at  least  of  the  sets ;  and  a  similar  result  holds  for 
each  system  of  n  sets  Q„h.„  Q^+j,  ...  Q(r+i)n. 

We  have  now  an  infinite  sequence  of  closed  sets  Qj,ni  Q2,n»  Qs^m  ...  Qr,nf' 

1  —     j  C,  and  the  points  of  each  of  them 

belong  to  two  at  least  of  the  given  sets.  By  applying  similar  reasoning,  and 
taking  n'  sets  at  a  time,  we  see  that  there  are  an  infinite  number  of  sets  each 

of  content  >  f  1 j  [1 7— J  C,  and  such  that  each  point  of  any  one 

of  them  belongs  to  four  at  least  of  the  given  sets.  Proceeding  in  this 
manner  we  obtaia  sets  of  points,  each  of  content 

>(,.E±i)(x.!-i)(..^)...(,_^)a, 

and  such  that  each  point  of  each  set  belongs  to  at  least  2'^*  of  the  given 
sets.     Now  let  n,  n\  ...  n<*^  be  so  chosen,  that 

m-f  1      1       m  +  l     1  m  +  1     J^ 

then  the  content  of  each  of  the  sets  which  contains  points  belonging  to  2'+* 
at  least  of  the  given  sets  is 

>C(l-^e)(l-ie)...(l-2J,.)>c{l-.(l  +  l+...+^)) 

>a(i~€). 

The  process  can  be  carried  on  without  limit;  and  we  see  that  the  set 
which  consists  of  all  points  belonging  to  2'"'"^  at  least  of  the  given  sets  con- 
tains closed  components  of  content  >C(1  — e).  Considering  the  sequence 
-^if  Pif  ...  of  sets  such  that  Pi  contains  all  points  that  belong  to  two  at  least 
of  the  given  sets,  P,  contains  all  points  that  belong  to  2^  at  least  of  the 
given  sets,  and  so  on,  it  is  clear  that  Pi  contains  P„  and  Pa  contains  Pj,  etc. 
But  the  interior  measure  of  each  set  is  >  (7(1  —  e) ;  hence,  in  accordance  with 
the  theorem  of  §  92,  there  exists  a  set  of  points  common  to  all  the  sets 
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Pi,  Pa,  ...  of  interior  measure  ^  (7(1  —  e).  This  set  consists  of  points  which 
belong  each  to  an  infinite  number  of  the  given  sets ;  and  its  interior  measure 
is  ^  (7,  since  e  is  arbitrarily  small.  The  set  has  the  power  of  the  continuum, 
since  it  contains  closed  components  of  content  greater  than  zero. 

The  theorem  that  has  been  now  established  is  of  considerable  importance 
on  account  of  the  applications  oC  it  which  can  be  made  in  various  parts  of 
the  theory  of  functions;  it  is  due*  to  W.  H.  Young.  That  particular  case 
of  the  theorem  in  which  the  sets  are  all  measurable  was  first  stated  f,  without 
proof,  by  Borel. 

An  important  case  of  the  theorem  arises  if  we  suppose  each  of  the  sets 
to  consist  of  a  finite,  or  an  enumerably  infinite,  set  of  closed  intervals ;  in 
which  case  the  sets  are  all  measurable.  The  theorem  may  then  be  stated  as 
follows : — 

If  there  he  given  an  infinite  number  of  sets  of  intervals,  in  a  finite 
segment,  each  set  consisting  of  a  fim^ite,  or  enumerably  infinite,  number  of  non- 
overlapping  intervals,  and  if  the  measure  of  eax^h  set  of  intervals  is  greater 
than  some  fixed  positive  number  G,  then  there  exists  a  set  of  points  having  the 
power  of  the  continuum,  and  of  interior  measure  ^  C,  such  that  each  point  of 
the  set  belongs  to  an  infinite  number  of  the  given  sets  of  intervals. 

This  theorem  contains  the  completion,  and  generalization,  of  a  theorem  due 
to  Arzeli J  which  is  stated  by  him  as  follows : — 

Let  yo  be  a  limiting  point  of  any  set  of  numbers  (y),  and  let 

Oo  =  (yu  y^y ...) 

be  a  sequence  of  numbers  of  {y)  which  converges  to  the  limit  y^.  Assuming 
the  variables  to  be  orthogonal  coordinates  of  a  point  in  a  plane,  let  the  set  of 
straight  lines  y  =  yi,  y=yi,  y=y8,  ...  i  be  drawn,  and  let  a  set  of  intervals 
be  taken  on  the  portion  of  each  of  these  straight  lines  which  is  in  the  interval 
{a,  b)  of  X,  Suppose  that  each  set  of  intervals  is  finite  in  number,  and  that 
this  number  is  variable  from  one  straight  line  to  another,  but  increases 
indefinitely  as  the  index  in  y,  increases  indefinitely.  Let  the  sum  of  the 
intervals  S,,„  S,,,,  ...  in,t  on  the  line  y  —  y^,  be  d,.  If  for  every  value  of  s, 
dg  is  greater  than  C,  a  determinate  positive  number,  there  necessarily  exists 
at  least  one  point  Xo  in  the  interval  (a,  b),  such  that  the  straight  line  x  =  Xq 
intersects  an  infinite  number  of  the  intervals  B. 

Arzelk  subsequently  removed  the  condition  that  each  set  of  intervals  is  a 
finite  one. 

*  Proe,  Lond,  Math,  Soc.  Ser.  2,  vol.  n,  p.  26. 
t  Comptes  Rendut,  December  1908. 

X  Rend.  deW  Ac,  dei  Lincei  (4)  1,  (1885),  p.  637;  a  second  proof,  which  is  however  not  rigorous, 
has  been  given  by  ArzelA  in  the  Metnorie  delta  R.  Ace,  d,  8c,  di  Bologna,  Ser.  5,  vol.  vm,  1899. 
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THE  ANALYSIS  OF   SETS   IN   GENERAL. 

94.  It  has  been  proved  that  a  closed  set  can  always  be  analysed  into  an 
enumerable  set  and  a  perfect  one,  either  of  which  may  be  absent ;  we  now 
proceed  to  consider  the  case  of  a  set  which  is  not  necessarily  closed.  Before 
doing  so,  it  is  necessary  to  classify  the  points  of  a  set,  according  to  the  cardinal 
number  of  those  points  of  the  set  which  are  contained  in  the  immediate 
neighbourhoods  of  such  points*. 

An  isolated  point  of  a  set  0  is  such  that  in  a  sufficiently  small  neighbour- 
hood of  the  point  there  are  no  other  points  of  6.  For  this  reason  on  isolated 
point  may  be  said  to  be  of  degree  zero  in  the  set 

A  point  P,  which  is  a  limiting  point  of  6,  and  is  such  that  in  a  sufficiently 
small  neighbourhood  of  P  there  is  an  enumerable  set  of  points  of  (?,  is 
said  to  be  a  point  of  enumerable  degree  in  the  set,  or  of  degree  a  in 
the  set. 

If  a  limiting  point  P  of  the  set  G  is  such  that  in  any  neighbourhood  of 
Py  however  small,  there  is  an  unenumerable  set  of  points  of  G,  the  point  P  is 
said  to  be  of  unenumerable  degree  in  the  set  G. 

In  case  the  point  P  is  such  that,  in  every  neighbourhood  of  it,  the  cardinal 
number  of  the  points  of  G  contained  in  such  neighbourhoods  is  c,  the  point 
is  said  to  be  of  degree  c  in  the  set 

It  is  not  definitely  known  whether  cardinal  numbers  exist  which  lie 
between  a  and  c;  but  if  any  such  cardinal  number  x  exists,  a  point  would  be 
of  degree  x  in  the  set,  if  a  neighbourhood  of  P  exists  such  that  in  that 
neighbourhood,  and  in  every  smaller  neighbourhood,  there  is  contained  a 
part  of  the  set  which  is  of  cardinal  number  x. 

The  points  of  unenumerable  degree  consist  of  all  the  points  whose  degrees 
in  the  set  are  greater  than  a. 

If  a  set  G  contains  no  point  which  is  of  unenumerable  degree  in  the  set,  the 
set  is  enumerable  or  finite. 

If  P  be  any  point  of  the  set,  an  interval  which  contains  P  can  be  found, 
such  that  the  part  of  G  contained  in  this  interval  is  enumerable;  and  the  same 
holds  for  any  point  Q  of  G  which  is  not  contained  in  the  interval  round  P. 
In  this  manner  we  can  proceed  until  we  have  a  non-overlapping  set  of 
intervals  which  contain  all  the  points  of  G.  Since  these  intervals  form  an 
enumerable  or  a  finite  set,  and  in  each  of  them  there  is  a  finite  or  enumerable 
part  of  0,  it  follows  that  0  is  an  enumerable  set. 

*  The  analyaiB  here  carried  oot,  of  eets  in  general,  was  given  by  Cantor,  Acta  Math.  voL  vn. 
A  more  elementary  presentation  of  the  subject  has  been  given  by  W.  H.  Toung,  Quart,  Joum,  of 
Math,  vol.  zzzy,  1908. 
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Pi,  Ps,  ...  of  interior  measure  £  C(l  —  e).     This  set 
belong  each  to  an  infinite  number  of  the  given  sets  : 
is  £  C,  since  e  ia  arbitrarily  small.     Tbe  set  has  thi 
since  it  contains  closed  components  of  coutent  grc 

The  theorem  that  baa  been  now  establiahed  i> 
on  account  of  the  applications  of  it  which  can   ■ 
tbe  theory  of  functions;  it  is  due*  to  W.  H. 
of  the  theorem  in  which  the  sets  are  all  measur 
proof,  by  Borel. 

An  important  case  of  the  theorem  arise- 
to  consist  of  a  finite,  or  an  enumerably  i' 
which  case  the  sets  are  all  measurable.    T 
follows : — 


If  there   be  given  an  infinite  maul- 
segment,  each  set  consisting  of  a  finite,  •■ 
overlapping  intervais,  and  if  iJie  meas 
than  some  fixed  positive  number  C,  th:- 
power  of  the  continuum,  and  of  inter 
the  set  belongs  to  an  infinite  number  '■ 

This  theorem  contains  the  com{^>' 
to  ArzelJtl  which  is  stated  by  him 
Lot  y„  be  a  limiting  point  of  :' 


ll-lu-lKlofP 

:,i-iyhbi)urbood 

.  -f  raiinot  all  be 

iiimriitilcsetof  such 

[^hbourhood  of  P, there 

■  i.j;ri'o  in  G;  therefore  P 

wluL'h  arc  of  nnenumerable 

.  ivx  G  which  is  unenamerable 
■  .:.  An  enumemble  set  may  or 
^^iu-itaelf ;  but  if  it  does  contain 
1  perfect  set,  and  thus  tbe  enu- 


be  a  sequence  of  numbers  of  f 
the  variables  to  be  orthogonnl 
straight  lines  y=yj,  yc^y,,  / 
be  taken  on  the  portion  of  c. 
(a,  b)  of  X.    Suppose  that  f-    ' 
this  number  is  variable 


^  .^lablislied  that,  if  0  it  an  unenumer- 

,ft  1/ tin  tame  degree  x(^a)   in  G 

^^  jMHot  egeeed  x,  and  which  ia  d«nse- 

g^  P,  in  in  interval  such  that  x  is  the 
(  ^  otoval.  Doing  the  same  with  any 
k  V  not  in  the  interval  round  P,  and 


indefinitely  as  the  index  -  ""     .^  ^  m  intervals,  we   have  a  finite,  or 
intervals  S),„  fi^„  ...  5_  ,  .  -^  ^^^^^^•ow*l'> '°  ***^  **'^  which  is  a  set  of 


d,  is  greater  thaa  C,  a  dr^ 
at  least  one  point  «^  in  ^ 
intersects  an  infinite  ul 

Arzetik  subsequentf- 
finite  one. 


"^Jjl  the  points  of  degree  x  are  included 

jtfgwaeial  theoiy  of  cardinal  numbers, 

^^  iMita  of  ^  included  in  this  enumerable 

the  set  of  points  P^  cannot  have  a 

ie«)r.  *^  observe  that,  in  a  sufficiently 

_  a  let  of  points  of  G,  of  cardinal 

■*       *^m  (»n  be  of  degree  in  6  higher  than  x. 

-^— Bft  higher  than  x,  in  some  interval 
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O  in  its  interior,  there  would  be 

.  than  x\  but  this  is  impossible, 

:,  the  points  of  0  in  (a,/8)  cannot 

•  V  were  so,  their  cardinal  number 

iMiy  to  the  hypothesis.     Moreover, 

•iirliood  of  Px  there  are  points  of  the 

!:i;  ]joint  for  such  points.     Therefore  the 

-in- itself. 

'MS  dense-in-itself,  and  of  cardinal  number  c. 

is  of  isolated  points  which  form  an  enumerable 
<ii  (/,  and  of  limiting  points  which  form  a  set  called 
I )» noting  the  adherence  and  the  coherence  of  0  by  Ga, 
ii:ive  G  =  Ga-\-  Gc. 

■nw  in  a  similar  manner  be  split  up  into  its  adherence  and  its 
ji.li  wo  denote  by  Gca  and  Gc^  respectively;  thus 

Gc  =  Gca  +  Gd". 

:  ^'crt  is  an  isolated  set,  and  therefore  enumerable ;  and  if  we  proceed 
.    ".Ive  Gc^  in  a  similar  manner  into  its  adherence  Gc^a,  and  its  coherence 
,  fuid  then  to  resolve  Gc^,  it  is  clear  that  the  process  may  be  continued 
aiiV  number  n  of  timed.     We  thus  obtain 

0==Ga-\-  Gca  +  Gd^a  +  ...  +  Gc^'-^a  +  (?c~. 

The  set  Gif^^a  may  be  named  the  adherence  of  G  of  order  n,  and  Gc"  may  be 
denominated  the  coherence  of  G  of  order  n. 

It  may  happen  that,  for  some  value  of  n,  Gc^  vanishes ;  in  that  case  G 
has  been  split  up  into  a  finite  number  of  enumerable  sets,  and  is  consequently 
itself  enumerable.  If  this  be  not  the  case,  the  process  may  be  continued 
indefinitely,  and  0<f^  then  exists  for  every  value  of  n.     We  then  define 

D(G,  Gc,  Od",  ...  Gc~,  ...), 

the  set  of  points  common  to  all  the  coherences  of  G,  to  be  the  coherence  of 
order  »,  and  denote  it  by  (?c*.  It  is  clear  that  every  point  of  G  which  does 
not  belong  to  one  of  the  sets  Gc^*~^a,  belongs  to  (?c*,  hence  we  have 

G  =  tOd^-'a  +  Gc-, 

the  summation  being  taken  for  all  values  of  n. 

We  now  split  up  ChT  into  its  adherence  Gd^a,  and  its  coherence  Gc-"^*,  and 
proceed  further  to  obtain  the  adberences  and  coherences  of  G  of  the  orders 
of  the  various  numbers  of  the  second  class.  If  ai,  a,,  ...  On,  ...  is  a  sequence 
of  numbers  of  the  second  class,  which  has  jS  for  its  limit,  the  coherence  of 
order  fi  is  defined  by 

0<fi»D{G<f^,  Gc^,  ...  Gc^, ...). 
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We  now  obtain  a  resolution  of  0  of  the  form 

where  7  is  any  number  of  the  first  or  second  class,  and  the  summation  refers 
to  all  values  of  p  which  are  less  than  7.  Each  adherence  Oc^a  is  an  isolated 
set,  and  therefore  enumerable;  and  if  0  contains  a  component  which  is  dense- 
in-itself,  this  component  is  contained  in  (?c^. 

First  suppose  0  to  be  an  enumerable  set ;  the  process  of  analysis  must 
then  cease  for  some  number  7  of  the  first  or  second  class.  For  if  Oc^a  existed 
for  every  number  7  of  the  second  class,  we  should  have  obtained  an  unenu- 
merable  set  of  adherences  containing  no  points  in  common,  and  all  belonging 
to  G :  thus  0  could  not  be  enumerable. 

The  cessation  of  the  process  may  take  place  in  two  different  manners : — 

(1)  if  for  some  number  7  of  the  first  or  second  class,  Gc"^  =  0,  6?  has 
been  resolved  into  an  enumerable  set  of  adherences,  and  it  contains  no  com- 
ponent which  is  dense-in-itself : 

(2)  if  for  some  number  7, 

in  which  case  Gd*  =  Gc^^^,  the  set  Gc^  then  contains  no  adherence,  and 
every  point  of  it  is  a  limiting  point,  and  Gc^  is  therefore  dense-in-itself  The 
set  G  has  consequently  been  resolved  into  an  enumerable  component  which 
contains  no  part  that  is  dense-in-itself,  and  into  a  set  which  is  enumerable 
and  dense-in-itself. 

Next,  let  us  suppose  that  (r  is  an  unenumerable  set.  Then  it  has  been 
shewn  that  those  points  of  G  which  are  of  unenumerable  degree  in  G  form  a  set 
that  is  dense-in-itself;  and  those  points  which  belong  to  the  adherences  of  all 
orders  are  points  of  zero,  or  of  enumerable,  degree,  and  thus  form  an  enumer- 
able set.  It  follows,  since  all  points  that  do  not  belong  to  that  part  of  G  which 
is  dense-in-itself  belong  to  the  adherences,  that  the  number  of  adherences 
must  be  enumerable ;  and  thus  that,  for  some  number  7  of  the  first  or  second 
class,  Gey  is  dense-in-itself.  The  set  Gc^  may  consist  of  an  enumerable  set 
dense-in-itself,  and  of  sets  of  higher  cardinal  numbers  dense-in -themselves. 

It  has  thus  been  shewn  that  any  set  G  may  be  represented  by 

0  =  U+Va  +  l.V,+  V,, 

where  U  is  an  enumerable  set  which  contains  no  component  that  is  dense-in- 
itself,  Va  is  an  enumerable  set  of  points  of  degree  a  dense-in-itself  Veis  a  set 
of  cardinal  number  c  consisting  of  points  of  degree  c  dense-in-itself  Vx  is  a 
set  dense-in-itself  consisting  of  points  of  degree  a?,  where  a<x<c. 
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If,  as  is  probable,  no  cardinal  numbers  exist  between  a  and  c,  the  sets  F^; 
can  be  omitted.  A  set  such  as  Va,  Vx,  V^  is  denominated  a  homogeneous  set 
of  degree  a,  x^  c,  in  the  set  0. 

If  (?  is  a  closed  set,  then  as  has  been  shewn  in  §  73,  Vc  is  perfect,  and 
liVg  cannot  exist. 

IN^ER  LIMITING  SETS. 

96.     Let  us  suppose  that  each  rational  point  ^  in  the  interval  (0,  1)  is 

enclosed  in  the  interval  ( ^  — ; ,   -  +  -,),  where  X  has  the  same  value  for  all 

the  points.     In  this  manner  the  rational  points  are  enclosed  in  a  set  of  over- 

2  1 

lapping  intervals,  whose  sum  is  less  than  X2  (9  —  1)  -^ ,  or  than  2X2  -  ,  which 

can  be  made  as  small  as  we  please  by  choosing  X  small  enough.  The 
equivalent  set  of  non-overlapping  intervals  defines,  by  means  of  the  end- 
points  and  their  limits,  a  closed  set  {^i},  such  that  for  any  point  of  the  set 

^  -r ,  for  all  points  - . 
^  9 

Now  consider  the  set  of  points  defined  by 


I  p 


10 ■*■  10"    io»'    •••    io~' "^ •••' 

where  each  a  is  ^9,  and  the  a  are  such  that  an  infinite  number  of  them  are 
different  fix)m  zero.  It  has  been  shewn  by  Liouville  that  these  numbers  x  are 
transcendental     Let 

?  =  ^  4.  _?L,  -L       4.  .^     thus  a  =  10»»J 
J     10^1^^'"^10~''  *  ' 

then  a;-?  =  ^^,,-h...<^(^^  +  ...)<^. 

q    10**+*''  q  \  q        /    q 

It  follows  that,  if  a?  is  one  of  the  above  transcendental  numbers,  whatever 

value  X  may  have,  it  is  interior  to  an  interval  {        "i  1       +  Is)*   ^^^  suppose 

f)  1       X  1 

gr  =  10*^ ;  then    -  —  a:   <  "l»  <  ;j »  provided  X  ^    ^^_3^^, ;  and,  however  small 

X  may  be,  values  of  n  can  be  found  for  which  this  inequality  is  satisfied.  There- 
fore rational  points  -  can  be  found  however  small  X  may  be,  such  that  x  lies 

within  the  intervals  f- — 5,  -  +  -^).  It  thus  appears  that,  besides  the 
original  points  -  enclosing  which  the  intervals  are  drawn,  there  are  other 
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points  which  lie  inside  the  intervals  for  all  values  of  \  when  X  is  diminished 
indefinitely. 

This  example,  which  is  due  to  Borel*,  shews  that  if  each  point  a;  of  a  set 
be  enclosed  in  a  series  of  intervals  Bi(x),  SqC^)*  •••  8n(^), ...  assigned  according 
to  some  prescribed  law,  and  such  that  the  upper  limiting  value  of  8n  (^)  for 
all  the  points  of  {x}  has  the  limit  zero  when  n  is  increased  indefinitely,  the 
magnitude  and  position  of  Sn(x)  being  assigned  for  each  n  and  each  x,  then, 
in  general,  there  are  points  which  do  not  belong  to  the  given  set  [x]  remaining 
in  the  interior  of  the  set  of  intervals  {S«  (x)],  however  great  n  may  be.  It 
is  clear  that  every  point  a?'  not  belonging  to  [x],  which  is  in  the  interior  of  an 
interval  of  the  set  {Sn(^)}>  for  every  value  of  n,  must  be  a  limiting  point  of  the 
set  {x}.  For  if  |>  is  a  point  which  is  not  a  limiting  point  of  {x},  the  distances 
of  p  from  the  points  of  the  set  have  a  definite  finite  minimum  c;  hence, 
when  n  is  so  great  that  the  upper  limit  of  Sn  (^)i  for  a  fixed  value  of  n,  and 
for  all  points  of  [x],  is  less  than  c,  the  point  p  is  exterior  to  all  the  intervals 
of  the  set  {8n(^)l- 

The  points  not  belonging  to  the  unclosed  set  [x]  which  are  interior  to  the 
sot  lSn(^)}  for  every  value  of  n,  are  among  the  limiting  points  of  the  set  [x] : 
and  it  will  appear  that  some  or  all  of  the  limiting  points  of  [x]  may  have  this 
property,  according  to  the  law  of  choice  of  the  intervals  of  the  set. 

If  all  the  intervals  {Sn(^)}  he  taken  of  equal  length  2cn.  with  the  x  in  the 
centre  of  its  interval,  where  Cn  has  the  limit  zero  when  n  is  indefinitely 
increased,  then  every  limiting  point  of  [xn]  lies  within  the  set  jSn(«)}.  For, 
however  small  Cn  may  he,  there  are  points  of  the  set  whose  distance  from  a 
limiting  point  p  is  less  than  Cn- 

If  the  points  of  a  set  G  be  enclosed  in  a  series  of  sets  of  intervals  [Sn{x)], 
which  are  subject  to  the  condition  that  the  maximwm  of  the  lengths  in  {x)for  all 
points  of  the  set  has  the  limit  zero,  when  n  is  increased  indefinitely ,  then  the 
set  (?,  together  with  those  points ,  if  any,  of  the  derivative  0\  not  being  points  of 
(?,  which  are  within  the  intervals  [in  (pc)]  for  every  value  of  n,is  said  to  be  the 
inner  limiting  set  f  for  the  sequence  {Sn{^)]  of  sets  of  intervals. 

If  0  is  a  given  set  of  points,  and  it  is  possible  so  to  choose  the  sequence  of 
set$  {S»(^)}i  that  no  points  which  do  not  belong  to  0  remain  in  the  interior 
of  the  inte^^ils  {S»  (a?) j  for  every  value  of  n,  then  the  set  G  is  said  to  be  an  inner 
Uniting  set  of  points. 

It  haH  been  shewn  above  that  every  closed  set  is  an  inner  limiting  set. 

*  t0^Ht  $w  la  tMorie  det  fonctiofu,  p.  44. 

^  TbU  term  ii  dae  to  W.  H.  Totmg,  who  has  investigated  the  properties  of  suoh  sets, 
«vv  i  <}iH«|^r  BerichU,  Aagast  1908,  **  Zar  Lehre  der  nicht  abgeschlosseDen  Mengen."  For  farther 
^vitik^liMM  mt^  also  Proe,  Land,  Math,  Soc.  Ser.  2,  vol.  i,  p.  262. 
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If  a  point  which  does  not  belong  to  an  inner  limiting  set  is  interior  to  one 
or  more  of  the  intervals  {S,i_i(a7)},  but  is  not  interior  to  any  of  the  intervals 
{Sn  (^)}>  then  that  point  will  be  said  to  be  shed  from  the  sequence  of  sets  of 
intervals  at  the  index  n. 

In  accordance  with  the  theorem  of  §  66,  the  set  {Sn  {x)]  may  be  replaced 
by  a  set  of  non-overlapping  inters^als  {An}  which  have  the  same  internal 
points  as  {£«  (^)} ;  &nd  the  points  which  are  not  interior  to  {An}  or  to  {Sn  (^)} 
form  a  closed  set.  It  thus  appears  that  every  inner  limiting  set  is  complemen- 
tary to  a  set  of  points  which  is  the  limit  of  a  sequence  On  of  closed  sets,  such  that 
Qn  is  contained  in  (?»+!•  Conversely,  every  set  which  is  complementary  to 
Q^j  the  limit  of  an  ascending  sequence  of  closed  sets,  is  an  inner  limiting  set, 
the  intervab  complementary  to  On  being  taken  as  {An}. 

In  case  the  closed  sets  On  are  all  non-dense,  the  set  (j»  is  a  set  of  the  first 
category,  and  the  complementary  set  is  of  the  second  category.  Therefore 
it  follows  that  every  set  of  the  second  category  is  an  inner  limiting  set. 

Every  enumerable  set  is  a  set  of  the  first  category,  for  it  may  be  exhibited 
as  the  limit  of  a  sequence  of  finite  sets ;  hence  the  complementary  set  is  of 
the  second  category,  and  is  therefore  an  inner  limiting  set. 

In  the  case  of  any  enumerable  set  [P],  those  of  its  limiting  points  which  do 
not  belong  to  [P]  form  an  inner  limiting  set. 

To  prove  this,  let  Q  be  the  set  of  those  limiting  points  of  the  set 
P,,  Pj,  ...P»,  ...  which  do  not  belong  to  that  set;  then  the  points  of  Q 
can  be  enclosed  in  intervals  {Si}  which  do  not  contain  P^;  and  in  the  interior 
of  the  intervals  {Si}  a  set  {S,}  may  be  chosen  enclosing  the  set  Q,  and  excluding 
the  point  P,,  and  so  on.  Then  the  sequence  of  sets  {Sn}  has  for  its  inner 
limiting  set  [Q] ;  and  the  only  limiting  points  of  [Q]  which  do  not  belong  to 
[Q]  are,  or  may  be,  the  points  Pi,  P,, ...  Pn,  ••.  which  have  each  been  shed  at 
a  definite  index. 

It  can  easily  be  seen  that  an  inner  limiting  set  remains  such,  if  a  finite 
number  of  points  be  added  to,  or  subtracted  from  the  set.  Also  the  sum  of  a 
finite  number  of  inner  limiting  sets  is  itself  an  inner  limiting  set ;  but  this  is 
not  in  general  true  of  the  sum  of  an  indefinitely  great  number  of  inner 
limiting  sets. 

97.  It  will  now  be  shewn  that  every  inner  limiting  set  is  either  enumer- 
able or  else  of  the  power  of  the  continuum. 

Let  an  inner  limiting  set  P  be  defined  by  means  of  a  sequence  of  sets 
{A»^^  A»**, ...  A»<^, ...},  each  of  which  consists  of  non-overlapping  intervals. 
The  set  {A»}  is  measurable,  and  its  measure  is 

L  {A«»>-l-An«  +  ...  +  An<^'  +  ...}=mn, 

R.  9 
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where  m^  diminishes  as  n  increases.  If  m^  has  a  limit,  when  n  is  in- 
definitely increased,  which  is  greater  than  zero,  say  (7,  then  win  >  C,  for 
every  value  of  n ;  and  thus,  in  accordance  with  the  theorem  of  §  92,  the 
inner  limiting  set  has  a  measure  ^  C,  and  therefore  contains  closed  com- 
ponents of  positive  content ;  therefore  in  this  case  the  inner  limiting  set  has 
the  power  c  of  the  continuum. 

There  remains  now  to  consider  the  c€U9e  in  which  m^  has  the  limit 
zero,  when  n  is  increased  indefinitely.  It  is  clear  that  in  this  case  no 
interval  of  {An}  can  also  be  an  interval  of  all  the  sets  {An+i},  {An+s}, ... ;  for,  if 
it  were  so,  the  measure  of  all  these  sets  would  exceed  the  length  of  the 
particular  interval,  which  is  contrary  to  the  hypothesis  Lmn'=0.  Let  us 
first  suppose  that  the  sets  {An}  are  all  everywhere-dense  in  the  interval  in 
which  they  are  all  contained;  then  any  particular  interval  An^,  since  it 
cannot  be  an  interval  of  all  the  following  sets,  must  contain  at  least  two 
intervals  of  one  of  the  following  sets  (An}.  Let  us  denote  these  two  intervals 
by  (2oi  ^1*  Applying  the  same  argument  to  each  of  the  intervals  (2o>  <^>  ea^h 
must  contain  two  intervals  of  isome  following  set ;  and  thus  we  have  four 
intervals  dw,  ^i.  ^o>  ^^  all  contained  in  An^^  Proceeding  in  this  manner, 
we  have  intervals  d  with  indices  consisting  of  every  permutation  of  the  digits 
1  and  0;  and  if  we  consider  any  sequence,  such  as  d^,  d^i,  c2quo,  (^m*  •••  > 
the  indices  form  a  sequence  of  radix  fractions  expressed  in  the  dyad  scale, 
each  interval  containing  the  next  in  its  interior ;  for  it  is  clear  that  at  each 
stage  of  the  process  the  intervals  in  a  particular  interval  may  be  so  chosen 
that  they  have  no  end-point  in  common  with  it.  Since  a  sequence  of  intervals 
can  thus  be  found  which  corresponds  to  any  irrational  fraction  expressed  in 
the  dyad  scale,  and  since  there  must  be  a  point  of  P  in  the  interior  of  all  the 
intervals  of  such  sequence,  it  appeai-s  that  in  An^*^  there  is  a  set  of  points  of 
P  which  has  the  same  power  as  the  set  of  irrational  numbers  between 
0  and  1 ;  and  that  power  is  c. 

Next,  let  us  suppose  that  the  sets  of  intervals  {An}  are  not  all  of  them 
everywhere-dense  in  their  domain ;  and  suppose  that  the  inner  limiting  set 
P  contains  a  part  Q  which  is  dense-in-itself,  so  that  the  derivative  Q'  is 
perfect.  The  perfect  set  Q'  may  be  placed  into  correspondence  with  ail  the 
points  of  the  continuum  (0,  1)  so  that  the  order  of  corresponding  points  in 
the  two  sets  is  the  same ;  and  to  each  point  in  the  second  continuum  there 
corresponds  a  single  point  of  Q\  except  that  the  end-points  of  an  intei-val 
complementary  to  Q'  correspond  to  a  single  point  in  the  second  continuum. 
The  points  of  Q  correspond  to  points  of  a  set  Qi  everywhere-dense  in  the 
second  continuum ;  and  those  intervals  of  the  set  {An}  which  contain  points 
of  Q,  correspond  to  intervals  of  a  set  {An'},  which  is  everywhere-dense  in  the 
second  continuum. 

Those  points  of  the  second  continuum  which  are  interior  to  all  the  sets 
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{An'},  form  a  set  of  power  c,  as  has  been  shewn  above ;  it  therefore  follows 
that  the  set  Q  has  also  the  power  of  the  continuum.  For  the  points  interior 
to  all  the  sets  {A»'}  are  all  either  points  of  Q^  or  else  points  which  corre- 
spond to  the  end-points  of  intervals  complementary  to  Q\  and  these  latter 
form  at  most  an  enumerable  set. 

The  following  theorem  has  now  been  established : — 

An  inner  limiting  set  has  the  power  of  the  continuum  if  it  contains  a 
component  which  is  dense-in-itself,  and  if  it  contains  no  such  component  it  must 
be  enumerable.  Its  measure  is  the  lower  limit  of  the  measures  of  the  non- 
overlapping  set  of  intervals  by  which  it  is  defined. 

For  the  only  sets  which  contain  no  component  dense-in-itself  are  enumer- 
able ;  and  it  has  been  shewn  that  an  inner  limiting  set  which  contains  such 
component  has  the  power  of  the  continuum. 

It  thus  appears  that  an  enumerable  set,  which  contains  a  component 
which  is  dense-in-itself  cannot  be  an  inner  limiting  set. 

98.  It  will  now  be  shewn  that  every  enumerable  set,  which  contains  no 
component  thai  is  dense-in-itself,  is  an  inner  limiting  set. 

Let  P  be  an  enumeiuble  set,  and  let  us  first  suppose  that  the  derivative 
P'  is  also  enumerable ;  then  in  this  case  P  contains  no  component  dense-in- 
itself,  for  the  derivative  of  such  a  component  would  be  perfect,  and  would  be 
a  component  of  P\  which  is  impossible  when  P'  is  enumerable.  Divide  P 
into  two  parts  Pi  and  Pt ;  and  of  these  let  Pi  consist  of  those  points  which  are 
not  limiting  points  of  the  set  P'  —  D{P,  P'),  composed  of  those  points  of  P' 
which  do  not  belong  to  P;  while  the  other  part  P,  consists  of  those  points  which 
are  limiting  points  of  P'-  D{P,  P').  Since  all  the  limiting  points  of  the 
enumerable  set  P'  ^  D  (P,  P')  which  do  not  belong  to  the  set  itself  belong 
to  P,,  the  set  P,  is,  as  has  been  shewn  in  §  96,  an  inner  limiting  set.  The 
points  of  Pi  not  being  limiting  points  of  P'  —  Z)  (P,  P'),  each  point  of  P,  can 
be  enclosed  in  an  interval  which  contains  no  points  of  P'  —  D  (P,  P') ;  and  the 
set  of  intervals  thus  obtained  can  be  taken  as  the  set  {Sj}  of  intervals 
enclosing  Pi.  It  follows  that,  since  the  points  of  P'  —  D{P,  P')  are  not 
contained  in  a  properly  chosen  sequence  of  sets  of  intervals  enclosing  the 
points  of  Pi,  and  are  each  shed  at  a  definite  index  from  a  properly  chosen 
sequence  of  intervals  enclosing  the  points  of  P,,  the  set  Pi  4-  P2  or  P  is  an 
inner  limiting  set.     We  have  now  shewn*  that : — 

Every  reducible  set  is  an  inner  limiting  set 

Next  let  us  suppose  that  P\  the  derivative  of  the  enumerable  set  P,  has 
the  power  of  the  continuum.  If  P'  contained  all  the  points  of  any  interval 
(a,  fi),  P  could  not  be  an  inner  limiting  set ;  for  the  points  of  P  in  (a,  /8)  would 

*  See  Hobeon,  Froc,  Lend*  Math.  Soc.  Ser.  2,  vol.  ii. 
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be  everywhere-dense  in  this  interval,  and  would  form  a  set  dense-in-itself,  which 
has  been  shewn  to  be  impossible.  Since  P'  does  not  contain  all  the  points  in 
any  interval,  and  is  closed,  it  can  be  resolved  into  the  sum  of  a  perfect  set  Oi 
and  an  enumerable  set  Li,  consisting  of  points  interior  to  the  intervals  comple- 
mentary to  Gi.  The  set  P  may  be  divided  into  two  parts  Pi  and  Qi,  where  P, 
consists  of  those  points  which  are  interior  to  the  complementary  intervals  of  Oi, 
and  Qi  consists  of  those  points  which  belong  to  0^ :  it  may  happen  that  Qi  does 
not  exist.  It  can  be  shewn  that  P^  is  an  inner  limiting  set,  whether  Q, 
exists  or  not.  For  Pj  consists  of  a  series  of  sets  Pn,  P^, ...  Pi», ...  interior  to 
the  complementary  intervals  (oi,  61),  (a,,  6,), . . .  (on,  bn\  . . .  of  Gj ;  but  the  set  Pm 
in  {am  bn)  has  all  its  limiting  points  in  that  interval,  and  those  belonging  to 
Li  are  enumerable ;  and  therefore,  in  view  of  what  has  been  proved  above,  Pm 
is  an  inner  limiting  set. 

The  sequence  of  sets  of  intervals  which  enclose  the  points  of  P,».may  be 
so  chosen  that  all  the  intervals  of  every  set  are  interior  to  (on,  &n)  ]  thus  no 
limiting  points  of  P  not  belonging  to  Pj,  except  those  belonging  to  Pm\  are 
ever  interior  to  any  interval  of  the  sequence  assigned  to  Pm ;  and  as  this  holds 
for  every  n,  it  follows  that  Pi  is  an  inner  limiting  set,  and  its  points  are  such 
that  they  can  be  enclosed  in  a  sequence  of  sets  of  intervals  which  from  the 
beginning  contain  no  points  of  Oi. 

The  set  Qi  consists  of  points  which  belong  to  Oi,  and  therefore  Qi  has  no 
limiting  points  in  L^,  If  every  point  of  Oi  were  a  limiting  point  of  Qi,  the  set  Qi 
being  dense  in  Oi,  would  be  dense-in -itself ;  were  it  so,  Qi  could  not  be  an  inner 
limiting  set.  It  follows  that  Qi  is  not  dense  in  Oi,  and  thus  Q/  does  not  contain 
all  the  points  of  Gi.  Let  Q/  be  resolved  into  an  enumerable  set  Z,  and  a 
perfect  set  G^ :  the  latter  may  be  absent.  The  set  Qi  may  then  be  resolved 
into  a  component  P,  contained  in  the  intervals  complementary  to  6„  and  a 
component  Q,  contained  in  G9 ;  thus  P  =  Pi  -h  Pg  -h  Qj.  The  same  argument 
applied  to  P,,  as  was  applied  to  Pj,  shews  that  Pg  is  an  inner  limiting  set ; 
and  the  intervals  of  the  sequence  which  encloses  its  points  may  be  taken 
to  be  all  interior  to  the  complementary  intervals  of  G,.  The  set  Q,  in  G^ 
may  be  treated  as  Q,  in  Gi  was  treated,  and  we  thus  have  Q8=Pj-hQj, 
where  P,  is  an  inner  limiting  set,  and  Q,  is  contained  in  a  perfect  set  6,. 
Proceeding  in  this  manner,  it  may  happen  that  for  some  integer  n,  Q^  does 
not  exist,  and  then  P  is  expressed  as  the  sum  of  a  finite  number  n  of  inner 
limiting  sets,  and  is  itself  therefore  an  inner  limiting  set  If  no  integer  n 
exists  for  which  this  happens,  we  consider  the  set  if  (Pi,  P,, ...  Pn, ...), 
where  n  has  every  integral  value.  It  may  happen  that  this  set  contains 
every  point  of  P ;  but  if  not,  we  take  the  set 

and  resolve  it  as  before  into  an  inner  limiting  set  P«,  and  a  set  Q^  contained 
in  a  perfect  set  (j«,  but  which  cannot  be  dense  in  G^,  since  it  cannot  be  dense- 
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in-it8el£  We  then  proceed  to  resolve  Q«  into  P^+i  and  a  set  Q«^.,  contained  in 
a  perfect  set  (7»+i.  We  proceed  further,  and  may  obtain  in  this  manner  sets 
whose  index  is  any  transfinite  ordinal  number  of  the  second  class ;  and  thus 
P  is  resolved  into 

Pi  +  P,  +  ...  +  P.  +  P«+i  -h...  +  Pfi  +  Q^, 

where  ^  is  a  non-limiting  number  of  the  second  class,  or  else  into 

Pl  +  P,  +  ...  +  P«  +  ...+P^  +  ... 

with  no  last  term.  Since  P  is  enumerable,  this  process  must  come  to 
an  end  at,  or  before,  some  definite  number  a  of  the  second  class ;  and  the  end 
can  only  come,  either  when  there  is  no  component  Q«  in  G«,  or  when  there 
is  no  Oa» 

It  has  thus  been  shewn  that,  when  P  contains  no  component  that  is  dense- 
in-itself,  it  can  be  resolved  into  a  finite,  or  enumerably  infinite,  set  of  inner 
limiting  sets,  of  which  there  may,  or  may  not,  be  a  last  set.  Let  Py  be  one 
of  the  components  into  which  P  has  been  resolved,  7  denoting  a  number  of 
the  first  or  second  class.  We  now  fix  on  a  sequence  of  sets  of  intervals  enclosing 
the  points  of  Py,  such  that  all  the  intervals  are  interior  to  the  intervals 
complementary  to  Oy ;  then  the  set  Py^i  +  P^+j  +  ... ,  which  is  contained  in  Gyy 
has  no  limiting  points  in  any  of  the  intervals  which  enclose  the  points  of  Py, 
for  all  its  limiting  points  must  be  in  Gy,  The  sequence  of  sets  of  intervals 
having  thus  been  fixed  for  every  Py,  we  can  now  shew  that  each  limiting  point 
p  of  P,  which  does  not  belong  to  P,  is  shed  from  the  whole  sequence  of  sets  of 
intervals,  at  a  definite  index.  The  point  p  is  either  a  limiting  point  of  Pj, 
belonging  to  X,,  or  is  contained  in  (jj.  In  the  former  case  it  is  shed  from  the 
intervals  enclosing  Pi  at  a  definite  index ;  and,  not  being  a  limiting  point  of 
P,  +  Pf  +  ... ,  it  is  shed  from  the  intervals  enclosing  the  points  of  that  set,  at  a 
definite  index ;  consequently  it  is  shed  from  the  intervals  enclosing  P,  at  a 
definite  index,  the  greater  of  the  two  former  ones.  In  the  latter  case,  unless  p 
is  in  &9  or  in  P,',  it  is  not  a  limiting  point  of  Pj  +  P,  +  . . . ,  and  never  comes 
into  any  of  the  intervals  enclosing  the  points  of  Pi ;  it  is  therefore  shed  at 
a  definite  index.  If  p  belongs  to  Oi,  G,, ...  and  to  every  0  before  G«,  but  is 
not  in  Oa,  it  may  be  a  point  of  Pa'.  In  that  case  it  is  not  a  limiting  point 
of  the  set  P^i  +  P«+a  +  . . . ,  and  does  not  come  into  the  interior  of  any  of  the 
intervals  which  enclose  the  points  of  Pi,  P2, ...,  or  any  P  with  index  less 
than  OL  It  is  therefore  shed,  at  a  definite  index,  from  the  sequence  of  sets 
of  intervals  enclosing  the  points  of  P.     It  has  thus  been  established  that : — 

The  necessary  and  sufficient  condition  that  an  enumerable  set  may  be 
an  inner  limiting  set  is  tiuU  it  contains  no  component  which  is  dense-in- 
itself. 

A  corollary  to  the  above  proof  is  that  every  enumerable  set  is  the  sum 
of  an  inner  limiting  set,  and  of  a  set  which  is  dense-in-itself. 
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99.  Any  unenumerable  set  can,  in  accordance  with  the  result  of  §  95, 
be  expressed  in  the  form  P=  [7'+  F^  +  %Vx-\'Vc\  and  we  observe  that  if  Vc 
is  absent,  the  necessary  and  suflBcient  conditions  that  P  may  be  an  inner 
limiting  set  are  that  Va  and  XV^  should  both  be  absent;  this  follows  from 
the  preceding  results. 

If  Ve  exists,  we  observe  that  no  point  of  J7+  F.  +  SF,  can  be  a  limiting 
point  of  Vc ;  for  any  limiting  point  of  Vc  must  be  a  point  of  degree  c  in  the 
set  P.  If  Vc  is  everywhere  dense  in  (a,  6)  it  follows  that  J7+  F.  +  2F,  is 
absent.  The  set  Vc  may  be  non-dense  in  (a,  6),  or  it  may  be  dense  in .  some 
parts  of  (a,  h)  and  non-dense  in  other  parts. 

It  will  be  shewn  that  Vc  is  in  general  made  up  of  a  part  which  is  non- 
dense  in  (a,  6)  and  of  a  finite,  or  indefinitely  great,  number  of  parts  each  of  which 
is  everywhere-dense  in  a  particular  interval  in  which  it  lies.  Suppose  that  an 
interval  (a,  /8)  can  be  found  in  which  Vc  is  everywhere-dense ;  and  let  a;  be  a 
point  in  (a,  b)  such  that  x^^.  Then  those  values  of  x  for  which  Vc  is  every- 
where-dense in  (a,  x\  together  with  those  values  for  which  this  is  not  the  case, 
define  a  section  of  all  the  numbers  of  the  continuum  (^,  h) ;  and  this  section 
defines  a  number  /8i  ^  /8.  Similarly  we  may  assign  a  number  ffi  ^  a,  so  that 
(tti>  A)  ^  ^h^  greatest  interval  containing  (a,  /3)  which  is  such  that  Vc  is 
everywhere-dense  in  it.  If,  in  the  parts  of  (a.  6)  external  to  («!,  A),  the  set 
Vc  is  dense  in  any  interval,  then  we  proceed  to  fix  the  greatest  interval  for 
which  it  is  everywhere-dense.  In  this  manner  we  obtain  a  finite,  or  enumer- 
ably  infinite,  set  of  detached  intervals  contained  in  (a,  6),  in  each  of  which  Vc 
is  everywhere-dense ;  and  the  remainder  of  (a,  6)  may  consist  of  a  set  of 
detached  intervals  and  of  a  set  of  pointa  In  this  remainder  the  points  of  Vc 
form  a  non-dense  set. 

No  point  of  CT-h  Fa-h.2Far  can  be  in  an  interval  («!,  A)  in  which  Vc  is 
everywhere-dense.  If  Vc  is  the  part  of  Vc  which  is  non-dense  in  (a,  6),  every 
point  of  £7'+  Fa  +  2  Fa;  must  lie  in  one  of  the  intervals  complementary  to  the 
perfect  set  F/.  It  is  to  be  observed  that  in  Vc  are  included  the  end-points  of 
the  intervals  (aj,  /Sj),  in  case  those  end-points  belong  to  F^. 

In  order  that  P  may  be  an  inner  limiting  set,  it  is  necessary  that  the 
part  of  CT-h  Fa  +  SFar,  which  is  in  each  interval  complementary  to  F/,  should 
be  an  inner  limiting  set ;  and  this  cannot  be  the  case  unless  Va  and  SF^  are 
absent. 

It  has  thus  been  shewn  that : — 

In  order  that  an  unenumerable  set  of  points  may  he  an  inner  limiting  set,  it 
is  necessary  that  the  set  should  contain  no  points  whose  degrees  in  the  set  are 
other  ilian  0,  a,  or  c,  and  thai,  it  shovld  contain  no  component  which  is  dense- 
in-itself,  and  of  which  the  points  are  of  degree  ainthe  seL 
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The  determination  of  the  necessary  and  sufficient  conditions  that  any  given 
unenumerable  set  of  points,  however  defined,  may  be  an  inner  limiting  set  has 
now  been  reduced  to  the  problem  of  determining  the  criteria  for  the  case  of 
a  set  which  is  dense-in-itself  and  all  the  points  of  which  are  of  degree  c  in 
the  set.  The  case  in  which  the  latter  set  is  non-dense  in  its  domain  may  be 
reduced,  by  the  method  of  correspondence,  to  that  in  which  it  is  everywhere 
dense;  and  the  problem  is  therefore  reducible  to  that  of  determining  the 
conditions  under  which  a  given  everywhere-dense  set  of  points  all  of  degree  c 
in  the  set  may  be  a  set  of  the  second  category.  No  investigation  of  all  the 
possible  types  of  such  sets  has  yet  been  carried  out,  and  therefore  the  problem 
remains  as  yet  unsolved.  A  set  which  is  everywhere-dense  in  (a,  6),  and  of 
which  the  points  in  every  sub-interval  have  the  power  of  the  continuum, 
may  be  of  the  first  category,  and  thus  not  be  an  inner  limiting  set ;  or  it 
may  be  of  the  second  category,  and  therefore  be  an  inner  limiting  set.  The 
question  has  been  raised  by  Schonfiies*  whether  every  such  set  is  necessarily 
either  of  the  first  or  of  the  second  category ;  this  question  must  certainly 
be  answered  in  the  negative.  For,  if  we  divide  (a,  h)  into  any  finite  number  of 
parts,  and  place  in  them  alternately  inner  limiting  sets  which  are  dense  and 
of  power  c,  and  dense  sets  of  the  first  category  and  of  power  c,  it  is  clear 
that  the  whole  set  so  constituted  cannot  be  either  of  the  first  or  of  the  second 
category.  The  outstanding  question  as  to  the  criteria  that  such  sets  may  be 
of  the  second  category,  is  of  considerable  importance  in  relation  to  the  Theory 
of  Functions. 

NON-LINEAR  SETS   OF   POINTS. 

100.  Most  of  the  properties  of  linear  sets  of  points  can  be  extended 
without  essential  modification  to  the  case  of  sets  of  points  in  two,  three,  or 
more  dimensions ;  and  those  respects  in  which  sets  of  points  in  more  than  one 
dimension  differ,  as  regards  the  formulation  of  their  properties,  from  linear 
sets  are  sufficiently  exemplified  by  the  case  of  plane  sets.  It  will  therefore  be 
sufficient,  for  the  purpose  of  indicating  the  principal  properties  of  non-linear 
sets,  to  confine  our  account  to  the  case  of  plane  sets. 

Each  point  (a?,  y)  of  a  plane  set  is  defined  by  the  two  numbers  a?,  y 
which  are  the  rectangular  Cartesian  coordinates  of  a  point.  A  set  which 
extends  over  the  whole  plane  may  be  made  to  correspond  with  the  points  of 
a  set  which  lies  in  a  finite  rectangle ;  this  correspondence  may  be  made  by 

means  of  the  relations  x  =  tan  -^ ,  y  =  tan  -^ ,   when  X,    Y  are  each 

restricted  to  have  values  between  -h  1  and  —  1.  We  shall  consequently 
assume  that  the  plane  sets  under  consideration  consist  of  points  lying  in  a 
finite  rectangle  whose  sides  are  parallel  to  the  axes  of  coordinates. 

*  See  Sehdnflies,  OdtHnger  Naehriehten,  1S99,  p.  2S2,  also  Berieht  Oher  die  Mengenlehre,  p.  SI. 
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In  the  case  of  plane  sets,  a  rectangular  area  whose  sides  are  parallel  to 
the  coordinate  axes,  plays  the  same  part  as  a  linear  interval  in  the  case  of 
linear  sets.     A  set  contained  in  such  a  rectangle  is  said  to  be  hounded. 

Corresponding  to  the  fundamental  principle  that  a  series  of  intervals, 
each  of  which  contains  the  subsequent  ones,  has  one  point  interior  to  all  the 
intervals,  provided  that  the  lengths  of  the  intervals  converge  to  zero,  we  have 
the  principle  that  the  points  interior  to  a  set  S^,  S^,  ...  Sn>  •••  of  rectangles 
each  of  which  contains  the  next,  consist  of  a  single  point  or  of  a  linear 
interval,  according  as  both,  or  only  one,  of  the  pairs  of  sides  of  the  rectangles 
have  the  limit  zero,  when  n  is  indefinitely  increased. 

The  theorem,  that  every  infinite  bounded  plane  set  has  at  least  one  limiting 
point,  is  then  proved  by  dividing  the  rectangle,  in  which  the  set  is  contained, 
into  a  finite  number  of  parts  by  means  of  lines  parallel  to  the  axes.  At  least 
one  of  the  resulting  rectangles  must  contain  an  infinite  number  of  points  of 
the  set  either  in  its  interior  or  on  its  boundary ;  choosing  such  a  rectangle,  we 
proceed  to  divide  it  as  before  into  a  finite  number  of  parts,  and  continually 
apply  the  same  argument ;  in  all  these  rectangles,  there  is  at  least  one  point 
which  must  be  a  limiting  point  of  the  given  set,  since  we  may  choose  the 
mode  of  subdivision  so  that  both  pairs  of  sides  of  the  rectangles  have  their 
limit  zero.  In  any  rectangular  area  whatever,  which  has  a  limiting  point  P 
of  the  set  in  its  interior,  there  are  an  infinite  number  of  points  of  the  set. 

A  plane  set  is  everywhere-dense  when  points  of  the  set  lie  within  every 
rectangle,  with  sides  parallel  to  the  aaes,  which  can  be  drawn  in  that  rectangle 
in  which  the  set  lies. 

A  plane  set  is  non-dense  when  in  every  such  rectangle  another  can  he  found 
which  contains  no  points  of  the  set. 

The  definition  of  the  successive  derivatives  of  a  plane  set,  and  the  proof 
that  all  these  derivatives  are  closed  sets,  is  on  exactly  the  same  lines  as  in  the 
case  of  linear  sets. 

101.  The  frontier  of  a  set  of  points  0  in  plane  space  or  space  of  any 
number  of  dimensions,  being  defined,  as  in  §  84,  to  be  the  set  of  points  each  of 
which  belongs  to  one  of  the  sets  G,  C  {0\  and  is  a  limiting  point  of  the  other 
set,  it  will  be  shewn  that*: — 

If  the  complementary  set  C(0)  exists,  then  the  frontier  of  0  and  C{G) 
always  exists,  and  is  a  closed  set. 

Let  P  be  any  point  of  G,  and  P'  a  point  of  the  complementary  set  0{G), 
and  consider  those  points  of  0  which  are  on  the  straight  segment  PP\  i.e. 

those  points  of  which  the  coordinates  are  -= i- ,  ^ — -?- »  where  (x,  y)  and 

^  1  +  A?       1  +*  ^ 

*  Jordan,  Court  d* Analyse,  vol.  i,  p.  20. 
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{af,  j/)  are  the  coordinates  of  P  and  P'  respectively,  and  k  denotes  a  positive 
number  (including  zero).  The  linear  set  of  points  of  0  on  PP'  has,  in  accord- 
ance with  the  theorem  of  §  46,  an  upper  boundary  Q.  This  point  Q  which 
may  coincide  with  P,  is  a  point  of  the  frontier  of  G  and  C  ((?) ;  for  if  Q  is  a 
point  of  0  it  is  also  a  limiting  point  of  C{G)y  and  if  it  is  a  point  of  G{Q\  it 
is  a  limiting  point  of  O.  Therefore,  if  C{0)  exists,  there  is  always  a  frontier 
of  Q  and  C{0\  Again  let  Qi,  Q,,  ..,Qn>-.  be  an  infinite  set  of  points  of 
the  frontier ;  this  set  has  at  least  one  limiting  point  Q.  Such  a  point  Q  is 
itself  a  point  of  the  frontier ;  for,  in  the  set  {Qn{y  there  is  an  infinite  number 
of  points  all  of  which  belong  to  G,  or  all  to  G(0\  of  which  Q  is  the  limiting 
point.  If  these  points  all  belong  to  G*  and  to  C(&),  then  Q  belongs  to 
G'  and  to  [G{G)\\  if  they  belong  to  G  and  to  [G{G)]\  then  Q  belongs  to  G' 
and  to  {C ((?)}'.  In  either  case  Q  is  a  point  of  the  frontier;  and  thus,  since 
every  limiting  point  of  the  frontier  belongs  to  it,  the  frontier  is  a  closed  set. 

If  all  points  of  the  plane  belong  to  the  frontier  of  G  and  C{G\  then  G  has 
no  interior  points.  If  every  point  of  C((?)  belongs  to  the  frontier,  then  there 
are  no  points  exterior  to  G. 

102.  If  (a?,  y)  and  {x\  y')  are  two  points  P,  P\  then  the  positive  number 
[{x  —  afy  +  (y  —  y'y]^  is  said  to  measure  the  distance*  of  P  from  P\ 

If  P  is  a  point  of  a  set  (?i,  and  P'  a  point  of  another  set  (jj,  then  the 
distance  PP'  has  either  a  lower  limit  or  a  lower  extreme  value,  for  all  pairs 
of  points  of  the  sets  Gi^  G^.  In  case  this  lower  limit,  or  lower  extreme,  is  a 
positive  number  A  (>  0),  the  sets  Gi  and  G^  are  said  to  be  detached  from  one 
another. 

If  two  bounded  and  closed  sets  Gi,  G2  are  detax^hed  from  one  another ^  they 
contain  at  least  one  pair  of  points  P,  P'  such  that  their  distance  from  one 
another  is  measured  by  A. 

For  let  €i,€t,...  €n, ...  be  a  sequence  of  decreasing  positive  numbers 
converging  to  the  limit  zero.  A  pair  of  points  Pj,  P/  of  Gi,  G,  can  be 
determined,  such  that  Pi  Pi*  <  A*  +  €1 ;  again  a  pair  P„  P^  can  be  determined, 
such  that  P,P/'<  A*  +  €j,  and,  in  general,  a  pair  Pn,Pn  of  points  can  be 
determined,  for  which  PnPn*<^*  +  €n.  If  {Xn,yn)  and  (xn.yn)  are  the 
coordinates  of  Pn^ Pn\  the  coordinates  (a?n, yn, ^n»  yn)  determine  a  point  p^ 
in  the  four-dimensional  continuum.  The  set  of  points  je>i,  J02>  •••  i>n>  ••*  has  at 
least  one  limiting  point  (a?,  y,  of,  y') ;  let  P,  P'  denote  the  two  points  (a?,  y), 
{af,  y)  in  the  two-dimensional  domain.  It  will  be  shewn  that  P,  P'  belong  to 
Oi,G^  respectively,  and  that  PP'  is  measured  by  A.  A  number  m  can  be 
found  such  that  a?  — «♦»,  V^Vnt  ^-^n,  jf  —  yn  are  all  numerically  less  than 
an  arbitrarily  chosen  positive  number  17,  provided  n'^m\  it  follows  that  P  is 

*  Inst6ftd  of  the  distonoe  so  defined,  Jordan  employs,  in  this  oonnection,  the  **6cart,*'  defined 

as|x-*'|  +  |y-y'|. 
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a  limiting  point  of  the  set  Pi,  P,*  •••  -f^ni  •••»  and  that  P'  is  a  limiting  point 
of  the  set  P^',  P/, . . .  P»', ....  Since  these  sets  belong  to  the  closed  sets  Oi ,  6, 
respectively,  it  follows  that  P  belongs  to  Gu  and  Pg  to  6,.    We  have,  further, 

and  similarly,  \  y  —  y  \  ^  2ff  +  \  y^^ yn  \ ,  for  n  ^ m.  From  these  inequalities, 
we  see  that  (^^-^^'^^-(y-y  )'<  817' +  -4 17  + PnP»'*,  where  A  is  some  fixed 
number ;  hence  FP'^  <  817*  +  iliy  +  €»  +  A',  and  since  17,  €»  are  both  arbitrarily 
small,  it  follows  that  PP'^  ^  A';  and  thus  PP\  which  is  certainly  not  less 
than  A,  must  be  equal  to  A.     The  theorem  has  thus  been  established. 

103.  A  bounded  and  closed  set  of  points  is  said  to  be  connex  or  single- 
sheeted  (d'lm  seul  tenant),  when  it  cannot  be  decomposed  into  two  or  more 
detached  closed  sets. 

If  P,  P'  are  any  two  points  of  a  connex  closed  set  (?,  then  if  e  is  any  positive 
number  whatever,  points  pi,  pji  jPsi  •  •  •  Pn  oan  be  determined,  all  of  which  belong 
to  the  set,  and  are  such  that  the  distances  Ppi,  PiPa  p%p$t  •  •  •  PnP'  «^^  all  1^  e; 
and  conversely^  if  this  condition  is  satisfied,  then  0  is  connex. 

The  condition  stated  in  the  theorem  is  sufficient  to  ensure  the  connexity 
of  the  set  0.  For  if  0  can  be  divided  into  two  separated  closed  sets  Oi,  0^, 
such  that  A  is  the  lower  limit,  or  the  lower  extreme,  of  the  distances  of  pairs 
of  points  of  Gi,  (?9,  we  may  choose  €  to  be  <  A.  If  P  is  a  point  of  &i,  and  pi  is 
a  point  such  that  Ppi  <  €,  the  point  pi  belongs  to  Gi ;  again  if  pa  is  a  point  such 
that  piPi<  €,  Pj  also  belongs  to  Gi,  and  so  on.  Since  pn  belongs  to  Gi,  what- 
ever finite  value  n  may  have,  it  is  impossible  that  PnP'  =  «,  because  PnP'  =  A. 
Again  the  condition  is  a  necessary  one.  For  let  us  suppose  that,  for  some  value 
of  e,  the  condition  is  not  satisfied  for  every  pair  of  points.  If  P  be  a  point 
belonging  to  such  a  pair,  the  set  G  may  be  divided  into  two  parts  Gi  and  (?a» 
where  Gi  is  such  that,  for  each  point  P'  belonging  to  it,  a  definite  set  of  points 
of  (?i,  viz.  pi, p„  ... pn>  exists  such  that  Ppi,  pip^t ...  pnP'  are  all  ^  €,  and  (?, 
is  such  that  for  each  point  of  it  this  condition  is  not  satisfied.  The  two  sets 
Gi,  Gi  are  closed,  and  are  such  that  the  lower  limit,  or  the  lower  extreme,  of 
the  distance  between  pairs  of  points  in  them  is  >  €.  For  if  p  is  a  limiting 
point  of  Gi,  it  belongs  either  to  Gi  or  to  G, ;  and  since  there  are  points  pn  of 
Gi,  such  that  ppn<€,  the  point  p  clearly  belongs  to  (?, ;  therefore  ft  is  a 
closed  set.  Again  if  9  is  a  limiting  point  of  ft,  it  cannot  belong  to  ft ;  for  a 
point  P'  of  ft  can  be  found  such  that  qP'<  e,  hence  if  q'  belonged  to  ft,  so 
also  would  P\  It  is  clear  that  no  pair  of  points  of  ft,  ft  can  exist,  of  which 
the  distance  is  ^  e,  hence  for  these  sets  A  >  e  It  has  thus  been  shewn  that, 
if  for  any  €  the  condition  is  not  satisfied,  O  can  be  divided  into  two  detached 
closed  sets,  and  it  is  therefore  not  connex. 

A  connex  closed  set^  which  does  not  consist  of  a  single  pointy  is  a 
perfect  set. 
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111  of  the  set  could  be  considered  as  a  set  detached 
heists  of  all  the  remaining  points,  and  hence,  if  such  an 
-led.  the  set  could  not  be  connex. 

•  ■L      ^-*  rved  that  a  connex  closed  one-dimensional  set  can  only 
'  ri  .-iigle  interval. 

•*i«-(>rv  of  plane  sets  and  of  sets  of  three  or  more  dimensions  is  of 
:|>ortance  in  relation  to  its  application  to  the  Analysis  Situs,  Jordan*, 
■.^  ^iven  an  arithmetical  definition  of  a  simple  closed  curve,  has  esta- 
^.;-iiod  the  fundamental  theorem  that  such  a  curve  divides  the  plane  into 
rwo  parts,  respectively  external  and  internal  to  the  curve.  The  subject  has 
been  further  developed  by  Schonflieaf ,  from  the  point  of  view  of  the  theory 
of  sets  of  points. 

104.  The  mode  in  which  a  non-dense  plane  set  is  determined  by  means 
of  areas,  free  in  their  interiors  from  points  of  the  set|,  is  not  in  all  respects 
similar  to  the  mode  in  which  a  non-dense  linear  set  is  determined  by  means 
of  the  complementary  intervals.  In  the  latter  case  each  point  P  which  does 
not  belong  to  the  set  is  enclosed  in  an  interval  which  contains  no  points  of 
the  set,  and  this  interval  has  a  maximum  length  in  both  directions  from  the 
point  P,  the  end-points  of  such  maximum  interval  h  being  points  of  the 
closed  and  non-dense  linear  set,  and  this  maximum  interval  is  identical  with 
S,  for  alt  points  P  interior  to  8.  But  in  the  case  of  a  plane  set,  if  we  confine 
ourselves  to  areas  of  given  shape,  such  as  rectangles,  and  these  take  the 
place  of  the  linear  intervals  S,  it  is  not  the  case  that  a  closed  set  is  defined 
as  the  set  of  boundary  points,  together  with  their  limits,  of  a  unique  system 
of  such  rectangles. 

If  P  be  a  point  which  does  not  belong  to  a  given  non-dense  plane  closed 
set,  and  if  we  draw  through  P  a  straight  line  parallel  to  the  line  whose 
equation  is  y  =  mo?,  then  those  points  of  the  given  set  which  lie  on  this  straight 
line  are  easily  seen  to  form  a  closed  set,  and  the  point  P  must  be  interior  to 
a  complementary  interval  A,ii(P))  of  this  closed  set.  If  on  one  side  of  P 
there  are,  in  this  straight  line  through  P,  no  points  of  the  given  set,  then  on 
this  side  the  extremity  of  the  interval  At„  (P)  may  be  regarded  as  the  point 
in  which  the  straight  line  intersects  a  side  of  the  rectangle  in  which  the 
plane  set  is  contained.  The  interval  A^  (P)  exists  for  every  value  of  m,  and 
the  extremities  of  the  intervals  A^  (P),  for  a  fixed  P,  are  in  general  points 
of  the  plane  set;  the  region  of  plane  space  Ap,  in  which  these  intervals 
Am(P)  lie,  is  fi*ee  in  its  interior  boxn  points  of  the  plane  set;  and  such  a 
region  is  the  true  analogue,  for  plane  sets,  of  the  complementary  interval  of  a 

*  See  the  Coum  d^Aualyte,  vol.  i,  pp.  90—100. 

t  Gditinger  NaehnehUn^  1899,  also  Math.  Annalen,  vols.  Lvm  and  ux.    The  sabjeot  has  also 
been  treated  by  Yeblen,  Trant.  of  the  American  Math.  Soc.  vol.  yi. 

X  See  Seh&nfdes,  GHHnger  Naehrichtent  1899,  p.  282,  also  Berieht  Uber  die  MengenUhre,  p.  81. 
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linear  set  The  plane  closed  set  consists  of  points  on  the  boondaries  of  a 
system  of  such  regions  Ap  which  do  not  overlap,  and  of  the  limiting  points 
of  these  points  on  the  boundaries ;  and  every  point  which  does  not  belong  to 
the  set  is  interior  to  one  of  the  regions  Ap.  In  this  sense  there  is  for  each 
point  P  of  the  complementary  set  a  single  region  Ap  which  is  the  maximum 
free  region  containing  P  in  its  interior ;  and  all  points  interior  to  Ap  have 
their  maximum  free  regions  identical  with  Ap, 

If,  however,  we  work  only  with  rectangular  areas,  which  are  usually  the 
most  convenient  in  view  of  applications  of  the  theory  to  the  theory  of  inte- 
gration, there  exists  in  general  no  rectangular  area  corresponding  to  a  point 
P  which  has  analogous  properties  to  the  region  A  p.  If  we  describe  a  square 
of  sides  2p  parallel  to  the  axes  of  coordinates  and  with  its  centre  at  P,  then, 
for  any  point  P  of  the  complementary  set,  when  p  is  small  enough  there  are 
no  points  of  the  given  set  interior  to  or  on  the  boundary  of  the  square ;  and 
p  may  be  increased  until  one  of  the  sides  of  the  square  contains  a  point  of  the 
set,  or  is  coincident  with  a  side  of  the  rectangle  in  which  the  whole  set  is 
contained.  When  either  of  these  things  happens,  we  may  keep  this  particular 
side  fixed  in  position,  letting  the  other  three  increase  their  distances  from  P 
by  the  same  amounts;  if  a  comer  of  the  square  comes  to  be  a  point  of  the  set, 
then  both  the  sides  intersecting  at  that  comer  are  kept  fixed ;  the  square  now 
becomes  a  rectangle,  and  ultimately  another  side  will  either  contain  a  point 
of  the  set,  or  will  fall  on  a  boundary  of  the  space  in  which  the  set  exists. 
Proceed  in  this  way  until  we  have  a  rectangle  such  that  each  of  its  sides 
contains  one  or  more  points  of  the  plane  set,  or  else  falls  upon  a  boundary  of 
the  domain  of  the  set ;  we  have  then  a  definite  rectangle  corresponding  to  the 
point  P.  But  if  we  take  a  point  Q  inside  this  rectangle,  and  construct  the 
corresponding  rectangle  for  Q,  this  need  not  coincide  with  the  rectangle  con- 
stmcted  for  P ;  because  a  side  of  the  rectangles,  drawn  with  Q  as  centre,  may 
come  into  a  fixed  position,  by  meeting  a  point  of  the  given  set,  before  it  has 
reached  the  final  position  of  the  corresponding  side  of  the  rectangles  con- 
stmcted  for  P ;  and  the  maximum  free  rectangle  for  a  point  P,  does  not  then, 
in  general  coincide  with  the  maximum  free  rectangles  for  points  inside  the 
first. 

106.  It  is  however  possible,  for  a  given  closed  non-dense  plane  set  0,  to 
construct  an  enumerable  set  of  rectangles  which  is  everywhere-dense,  and 
such  that  every  point  of  0  lies  on  the  boundary  of  a  rectangle,  or  is  a  limiting 
point  of  points  which  lie  on  the  boundaries  of  such  rectangles.  Let  us 
denote  by  S  the  rectangle  in  which  the  whole  set  0  lies,  and  let  S  be  the 
rectangle  constructed  as  above  for  a  point  P  of  the  set  0,  Produce  the  sides 
of  S,  when  necessary,  until  they  cut  the  sides  of  S,  thus  dividing  S  into  at 
most  nine  different  rectangles,  of  which  one  is  S,  and  the  others  may  be 
denoted  by  Sr,  where  r  =  1,  2,  ...  8.    In  each  rectangle  8r  take  any  point  P, 
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which  does  not  belong  to  Cr,  and  construct  for  P^  the  maximum  free  rectangle 
hr  ^^  before ;  let  the  sides  of  it  be  produced  when  necessary  until  they  meet 
the  sides  of  8^  then  Sr  is  divided  into  at  most  nine  rectangles,  which  consist 
of  tr  ^^^  At  most  eight  rectangles  Sr,  when  «  =  1,  2,  ...  8. 

Proceeding  in  this  manner  we  obtain  a  set  of  rectangles 

fi>,   Sn   Srg,  Srtt  •••» 

and  in  them  a  set  of  rectangles  S,  Sr,  Sr«*  Srtt  »•-,  each  of  which  contains  no 
points  of  Cr  in  its  interior,  each  of  the  numbers  r, «,  i, . . .  being  one  of  the  digits 
1,  2,  3,  ...  8.  If  p  be  a  point  of  0  which  is  not  on  a  boundary  of  any  rect- 
suigle  Sn,  it  must  be  in  the  interior  of  each  of  an  unending  series  of  rectangles 
Sr,  Srg,  Srttt  •••»  whcre  r,  «,  t,  ...  have  definite  values;  and  this  set  of  rect- 
angles must  converge  either  (1)  to  a  point  in  the  interior  of  all  of  them,  or 
(2)  to  a  linear  interval,  or  (3)  to  a  definite  rectangle  S^  in  the  interior  of  all 
of  them.  In  case  (1),  the  point  to  which  the  rectangles  converge  is  a  limiting 
point  of  those  points  of  G  which  lie  on  the  boundaries   of  the   definite 

sequence  of  rectangles  Sr,  Srg,  Srgt, In  case  (2),  there  must  be,  on  the 

limiting  linear  interval,  at  least  one  point  which  is  a  limiting  point  of  Q :  for, 
if  not,  the  whole  interval  could  be  enclosed  in  a  rectangle  which  contains  no 
points  of  0 ;  and  this  is  impossible.  In  case  (3),  we  start  with  the  rectangle 
S^,  and  take  a  point  P«  not  belonging  to  Q  inside  it,  construct  the  maximum 
free  rectangle  S«,  produce  its  sides  as  before  to  meet  those  of  S^^  and  proceed 
as  before  to  construct  S,,rgt  •••  ^^^  ^««r«e  ••••  This  process  can  be  continued 
until  an  index  is  reached  which  may  be  any  number  of  the  second  class,  but 
the  point  p  must  be  reached  before  some  definite  number  of  the  second  class 
appears  as  index ;  this  following  from  the  fact  that  the  number  of  non-over- 
lapping regions  which  are  contained  in  a  given  space  must  be  enumerable. 
Thus  the  point  p  is  reached  after  an  enumerable  set  of  steps  of  the  process. 

It  has  therefore  been  shewn  that : — 

If  0  is  a  non-dense  dosed  plane  set  of  points,  an  everywhere-dense 
enumerable  set  of  rectangles  can  be  determined,  such  that  every  point  of  0  is 
on  a  boundary  of  one  or  more  of  the  rectangles,  or  is  a  limiting  point  of  such 
points,  or  lies  in  a  linear  interval  which  is  the  limit  of  a  sequence  of  the 
rectangles. 

In  case  the  set  0  is  perfect,  the  rectangles  of  the  set  must  eitJier  not  ahut 
on  one  another,  or  every  common  side  must  contain  either  no  points  of  0,  or 
else  a  perfect  set  of  points  of  0, 

106.  That  a  perfect  plane  set  0  has  the  power  of  the  continuum*  may  be 
proved  by  projecting  the  set  on  a  straight  line  which  we  may  take  to  be 
a  side  of  the  rectangle  in  which  the  set  is  contained.     The  set  of  points 

*  See  Bendixflon,  Bib.  Svemk.  Vet.  Handl.  vol.  ix  (1SS4),  where  the  first  proof  of  this  theorem 
was  given. 
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which  are  the  projections  of  points  of  Cr  is  a  closed  set.  For,  if  P  be  one  of 
the  limiting  points  of  the  set  of  projects,  let  pp'  be  an  arbitrarily  small  neigh- 
bourhood of  P,  of  which  P  is  the  centre ;  draw  straight  Jines  PQ,  pq,  p'q' 
perpendicular  to  pp'  to  the  side  qq  of  the  containing  rectangle.  Then  in 
the  rectangle  pqq'p'  there  are  an  infinite  number  of  points  of  0 ;  and  if  we 
divide  this  rectangle  into  (2n  + 1)*  equal  parts  by  means  of  straight  lines 
parallel  to  pp'  and  to  PQ,  then  in  one  of  these  parts  at  least  there  are  an 
infinite  number  of  points  of  0  in  the  interior  or  on  one  of  the  boundaries 
parallel  to  pp'.  Also  one  such  rectangular  part,  at  least,  exists  with  its  centre 
on  PQ ;  for  otherwise  P  could  not  be  a  limiting  point  of  the  projection  of  (?. 
Divide  this  rectangle  into  (2/1+1)*  equal  parts  as  before,  then  in  one  of 
these  at  least  with  its  centre  on  PQ,  there  must  be  an  infinite  number  of 
points  of  G;  proceeding  in  this  manner  we  shew  that  there  is  one  point 
at  least  on  PQ  which  is  a  limiting  point  of  Q,  and  this  point  therefore 
belongs  to  0;  thus  the  projection  of  G  is  a  closed  set.  An  isolated  point 
P  of  the  projected  set  must  be  such  that  there  is  a  perfect  component  of 
P  on  the  straight  line  PQ,  If  the  projected  set  is  perfect,  then  it  has  the 
power  c  of  the  continuum ;  and  if  it  contains  isolated  points  these  must  be 
the  projections  of  perfect  linear  components  of  0 ;  therefore  in  either  case 
Q  has  the  power  of  the  continuum. 

It  is  clear  that  this  method  can  be  extended  to  the  case  of  a  set  in  any 
number  of  dimensions;  and  we  shew  that  the  power  of  an  n-dimensional 
perfect  set  is  c,  if  that  of  an  n  —  1  dimensional  perfect  set  is  c. 

107.  The  content  of  a  closed  plane  set  may  be  defined  in  a  manner 
strictly  analogous  to  Hamack's  definition  of  the  content  of  a  linear  closed 
set.  If  the  rectangle  in  which  the  set  is  contained  be  divided  into  rect- 
angular portions,  by  drawing  a  finite  number  of  straight  lines  parallel  to  the 
sides  of  the  rectangle,  and  the  sum  of  the  areas  of  those  rectangular  portions 
be  taken  which  contain  in  their  interiors,  or  on  their  boundaries,  points  of 
the  closed  set,  then  the  content  of  the  set  is  the  limit  of  the  sum  when  the 
number  of  the  rectangular  portions  is  increased  indefinitely  in  such  a  manner 
that  the  greatest  of  the  sides  of  all  the  rectangles  has  the  limit  zero.  That 
the  content  so  defined  has  a  definite  value  independent  of  the  mode  in  which 
the  successive  subdivisions  of  the  original  rectangular  area  are  carried  out, 
provided  only  that  the  greatest  of  all  the  sides  of  the  rectangular  areas 
diminishes  indefinitely  as  the  number  of  the  rectangles  is  increased  in- 
definitely, may  be  proved  in  precisely  the  same  manner  as  in  the  case  of 
linear  sets. 

For  plane  sets  in  general,  the  exterior  and  interior  measure  may  be 
defined  as  in  the  case  of  linear  sets. 

The  exterior  measure  me  ((?)  of  a  set  0  is  the  lower  limit  of  the  sum  of  the 
areas  of  a  finite,  or  indefimitely  great,  numher  of  rectangles  which  enclose  aU 


106-108] 


Non-linear  sets 


143 


the  paints  of  G  in  their  interiors,  when  every  possible  svch  system  of  rectangles 
is  taken  account  of.  The  interior  measure  mi  (0)  is  the  excess  of  the  area  of 
the  rectangle  in  which  G  is  contained  over  the  exterior  measure  of  the  set 
complementary  to  G;  or  we  may  take  the  equivalent  definition,  that  the  interior 
measure  is  the  upper  limit  of  the  contents  of  the  closed  components  of  G. 

A  plane  set  is  measurable  when  the  exterior  and  interior  measures  have 
identical  values. 

All  the  theorems  which  have  beeo  proved  in  §§  81-84  relating  to  the 
measures  of  linear  sets  hold  also  for  plane  sets,  and  for  sets  in  any  number  of 
dimensions. 

In  the  case  of  a  set  of  points  on  a  straight  line,  the  content,  or  the 
measure  of  the  set,  considered  as  a  set  in  two  dimensions,  is  always  zero, 
whatever  value  the  content,  or  the  measure  of  the  set,  considered  as  a  linear 
set,  may  have.  The  latter  may  be  spoken  of  as  the  linear  content,  or  the 
linear  measure  of  the  set. 

108.  If  Cr  be  any  closed  set  of  points  in  the  rectangle  ABCD,  and  through 
the  points  P  o{  AB  straight  lines  PP'  are  drawn  perpendicular  to  AB,  and 
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if  f{P)  denote  the  linear  content  of  the  linear  component  of  G  which  is 
on  the  straight  line  PP',  then  the  set  of  points  P  on  AB,  which  is  such  that 
f{P)  ^  €r,  M  a  dosed  set,  a  denoting  any  positive  number. 

Let  Pi  be  a  limiting  point  of  the  set;  and  if  possible,  let  the  linear 
content  of  that  component  of  G  which  is  on  PiP/  be  <a;  we  can  then  find 
a  finite  number  of  intervals  Si,  S,,  ...  S^  on  PiPi  whose  sum  is  >  AD—  a, 
and  which  are  free  in  their  interiors  and  at  their  ends  from  points  of  G.  On 
each  of  these  intervals  S  we  can  describe  a  rectangle  which  contains  no  points 
of  G  in  its  interior  or  on  its  boundaries :  this  may  be  done  on  either  side  of 
PiP/;  for  each  point  of  S  can  be  enclosed  in  a  rectangle  free  from  points  of 
G,  and  by  the  Heine-Borel  theorem,  a  finite  number  of  these  rectangles, 
enclofling  all  the  points  of  B,  exists.  Take  a  point  Q  belonging  to  the  set  of 
points  for  which  f(Q)  «  a,  and  let  PiQ  be  less  than  the  breadth  of  all  the 
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rectaDgles  described  on  the  intervals  [h]  on  one  side  of  PiPi'.  On  QQ^  there 
is  a  finite  number  of  ijitervals  free  from  points  of  0,  whose  sum  is  >AD'-a, 
by  the  assumption  as  to  PiP/ ;  hence  the  linear  content  of  the  component 
of  0  which  is  on  QQ'  must  be  <  cr,  which  is  contrary  to  the  hypothesis.  It 
follows  that  /(Pi)  B  a ;  hence  the  set  of  points  on  AB  is  closed. 

It  will  now  be  shewn  that,  for  a  closed  set  of  points  G,  if  for  every 
position  of  P  on  AB,  the  linear  content  of  the  component  of  0  upon  PP  is 
<  cr,  then  the  content  of  0  is  <  a .  AB. 
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Taking  any  point  P  o{  AB,  on  PP'  a  finite  number  of  intervals,  whose 
sum  is  >  AD  —  a,  can  be  found  which  are  free  from  points  of  0 ;  and  on  each 
of  these  intervals  a  rectangle  can  be  drawn  on  each  side  of  PP  containing 
no  points  of  0  in  its  interior  or  on  its  boundary.  We  can  now  draw  two 
straight  lines  pp',  qq\  one  on  each  side  of  P,  so  that  each  of  them  passes 
through  the  interiors  of  all  the  rectangles  so  described.  We  have  now  found 
an  interval  pq  containing  P,  such  that  in  pqq'p'  there  is  an  area 

>pq{AD"a) 

free  from  points  of  0.  Corresponding  to  each  point  P  of  AB  such  an  interval 
pq  can  be  found ;  and,  in  accordance  with  the  Heine-Borel  theorem,  a  finite 
number  of  these  intervals  can  be  selected  such  that  every  point  of  AB  is  in 
the  interior  of  one  at  least  of  them.  The  end-points  of  these  intervals 
divide  AB  into  a  finite  number  of  parts  such  that,  above  any  one  part  of 
length  a,  there  is  an  area  >  a  (AD  —  a)  free  from  points  of  G ;  and  hence 
there  is  altogether  an  area  >  AB(AD  —  a)  free  from  points  of  G.  It  follows 
therefore  that  the  content  of  G  is  <  AB .  a. 

We  shall  now  establish  the  following  theorem,  which  is  of  importance  in 
the  theory  of  double  integration : — 

If  0  be  a  closed  set,  and  if  the  linear  content  of  the  set  of  points  P  on  AB 
for  which  the  linear  content  of  that  component  of  G,  which  lies  on  PP\  is  ^a, 
have  the  value  zero  for  every  positive  value  of  a,  then  the  set  O  is  of  zero  content. 
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The  points  on  AB,  for  which /(P)  ^  <r,  can  be  enclosed  in  a  finite  number 
of  intervals  whose  sum  is  <  6,  where  €  is  an  arbitrarily  small  number ;  and  in 
each  of  the  remaining  parts  of  AB,  the  value  of /(P)  is  <  cr;  hence  by  the 
foregoing  theorem  the  content  of  0  \h  <  a {AB  —  €)-\-  € ,  AD \  and  since  this 
holds  for  arbitrarily  small  values  of  a  and  6,  it  follows  that  the  content  of  0 
must  be  zero. 

Conversely,  it  may  be  shewn  that : — 

If  0  he  a  closed  set  of  zero  plane  content,  the  set  of  points  P  on  AB,  for 
which  the  linear  content  of  the  component  of  Q  on  PP'  is  ^a,  hus,  for  every 
positive  value  of  a,  content  zero. 

Let  /  denote  the  linear  content  of  the  set  (P)  for  which /(P)  ^  a ;  divide 
AB  into  n  equal  parts,  and  AD  also  into  n  equal  parts,  and  through  the  end- 
points  of  these  parts  draw  straight  lines  dividing  the  rectangle  into  equal  parts 

each  of  area  — .  AB .  AC,    Then  the  sum  of  those  parts  of  AB  which  contaiu 

points  of  the  set  (P),  is  always  greater  than  / ;  and  in  each  such  part  there  is 
at  least  one  point  P,  such  that  the  sum  of  the  parts  of  PP'  which  contain 
points  o{  0  ia  >a.  It  follows  that  the  sum  of  those  rectangular  portions 
which  contain  points  of  G  is  >  al,  however  great  n  may  be ;  and  hence  that 
the  content  of  G  is  ^  al.  Therefore  it  follows  that  0  cannot  have  zero 
content  unless  /  is  zero. 

EXAMPLES. 

1.  Let  a  set  of  points  (ar,y)  in  the  rectangle  for  which  0^a;^l,0^y^l,be  defined 
as  follows*  : — The  numbers  or,  y  are  expressed  in  the  dyad  scale,  and  only  those  values  of  x 
and  y  are  taken  which  are  expressed  by  terminating  radix-fractions,  the  number  of  digits 
being  the  same  for  x  as  for  y.  If  of  denotes  a  terminating  radix-fraction,  there  are  only  a 
finite  number  of  points  (of,  ^)  of  the  set  on  the  straight  line  x=af\  similarly  if  y  denotes 
a  terminating  radix-fraction,  there  are  only  a  finite  number  of  points  of  the  set  on  the 
straight  line  y^^^.  The  two-dimensional  set  is  however  everywhere-dense ;  for,  considering 
a  straight  line  y^x-^-c^  where  a  is  a  positive  or  negative  radix-fraction  with  a  finite 
numbor  of  digits,  we  see  that,  corresponding  to  any  number  x  expressed  by  a  finite  number 
of  digits  greater  than  the  number  of  digits  by  which  a  is  expressed,  there  is  a  point  {x^  y) 
on  the  straight  line  belonging  to  the  set.  The  comi)onent  of  the  set  on  the  straight  line 
y=4r  +  a,  being  everywhere-dense,  and  the  values  of  a  being  everywhere-dense  in  the 
interval  (  —  1,  1),  it  follows  that  the  set  is  everywhere-dense  in  the  rectangle. 

This  example  shews  that  an  everywhere-dense  two-dimensional  set  may  be  linearly 
non-dense  on  each  straight  line  belonging  to  two  parallel  sets.  It  also  shews  that  a  two- 
dimensional  set  may  exist  which  is  extended,  but  is  unextendcd  on  straight  lines  belonging 
to  either  of  two  parallel  sets. 

2.  Let  a  croflsf  formed  by  two  pairs  of  straight  lines  parallel  to  the  pairs  of  sides  of 
a  square  be  oonatmcted,  and  so  that  the  remainder  of  the  square  consists  of  four  equal 

*  Pringsbeim,  Sitzungtherichte  d,  Afilnchener,  Akad,  vol.  zxix,  p.  48. 
t  Yeltmann,  SehllhMkh't  ZeiUch,  vol.  xxvn,  pp.  178,  S14. 
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squares  at  the  corners.  Let  the  interior  points  of  the  cross  be  removed  from  the  square, 
and  then  let  a  similar  cross  be  removed  from  each  of  the  remaining  four  squares.  Pro- 
ceeding in  this  manner,  let  the  crosses  be  so  chosen  that  the  area  of  each  square  after  the 

-J? 
mth  stage  of  the  process  is  a&   2"*  times  the  area  of  each  square  after  the  preceding  stage. 

The  sum  of  the  areas  of  the  squares  which  remain  after  the  mth  stage  is 

where  Q  is  ihe  area  of  the  original  square.  A  non-dense  closed  set  of  points  is  defined 
as  the  points  which  remain  when  this  process  is  carried  on  indefinitely.  The  limit  of  the 
sum  of  the  crosses  is  that  of 


Ll-(4a)«6'^^^"2*^JC; 


and  this  is  Q  or  <  Q,  according  as  a  ^  ^ ;  it  follows  that  the  closed  set  has  zero  content  if 
a<:J,  but  if  a=J,  the  content  is  &^§. 

SETS  OF  SEQUENCES  OF  INTEGERS. 

109.  A  theory  of  sets  of  sequences  of  integers,  of  which  the  formal 
character  is  similar  to  the  theory  of  sets  of  points  in  any  number  of 
dimensions,  has  been  developed  by  Baire*,  with  a  view  to  application  to 
the  Theory  of  Functions. 

A  group  of  integers  («!,  Oj, ...  Op),  of  order  p,  consists  of  a  system  of  p 
positive  integers  arranged  in  a  definite  order. 

The  group  (aj,  Og, ...  a^),  of  order  />,  is  said  to  be  contained  in  each  of  the 
groups  (tti),  (^1,03),  («!,  asitts),  ...(a,,a2,  ...aj:^i)  of  orders  1,  2,  3,  .../>- 1, 
respectively. 

A  sequence  of  integers  (aj,  Oa, ...  Op, ...)  consists  of  an  infinite  number  of 
integers,  defined  in  any  manner,  and  arranged  in  an  order  similar  to  the 

sequence  1,2,3, This  sequence  is  said  to  be  contained  in  each  of  the 

groups  (a,),  (flfi,  Ota), ...  («!,  ««, ...  Op), ....  Let  P  be  a  set  of  such  sequences  of 
integers,  and  let  A  be  any  other  sequence  of  integers;  then  if,  for  every  n, 
there  are  sequences  in  P,  other  than  A  itself,  which  are  contained  in  the  same 
group  of  order  w  as  il  itself  is  contained  in,  i,e.  sequences  having  their  first 
n  integers  the  same  as  the  first  n  integers  in  A,  then  the  sequence  A  is  said 
to  be  a  limit  of  the  set  of  sequences  P,  The  sequence  A  may  or  may  not 
itself  belong  to  P, 

The  set  P  is  said  to  be  closedy  in  case  all  its  limits  belong  to  it.  The  set 
is  said  to  be  perfect  when  it  is  closed,  and  also  every  sequence  in  the  set  is  a 
limit  of  the  set. 

A  set  E  of  groups  of  integers  is  said  to  be  complete  if,  when  g  is  any  group 
of  order  p  belonging  to  j&,  the  groups  of  orders  1, 2, 3, ...  p  —  1,  which  contain 
g,  also  belong  to  E. 

*  Comptes  Rendus,  vol.  cxxix,  1899,  p.  946. 
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A  complete  set  E  of  groups  of  integers  is  said  to  be  closed^  if  every  group 
g  belonging  to  E  contains  at  least  one  group  of  higher  order  than  itself,  which 
is  also  contained  in  E. 

Having  given  a  complete  set  of  groups  E,  a  sequence  A  may  exist  such 
that  all  the  groups  containing  A  belong  to  E.  The  set  F  of  all  sequences 
such  as  il,  is  said  to  be  determined  by  the  set  of  groups  E,  The  set  Fy  if  it 
exists,  is  closed. 

Every  closed  set  of  groups  E  determines  a  closed  set  of  sequences  F,  and 
conversely,  every  closed  set  of  sequences  F  is  determined  by  a  unique  closed 
set  of  groups  E.  In  case  F  is  perfect,  E  is  also  said  to  be  perfect.  In  order 
that  E  may  be  perfect,  it  is  necessary  and  sufficient  that  every  group  belonging 
to  E  should  contain  at  least  two  groups  of  one  and  the  same  order  superior  to 
its  own  order,  and  belonging  to  E, 

If  P  is  a  set  of  sequences,  then  the  set  P'  of  those  sequences  which  are 
limits  of  the  set  P  is  said  to  be  the  derived  set  of  P,  and  may  be  denoted  by 
P'.    The  derived  set  P'  is  closed. 

The  successive  derivatives  P"yP"\  ...  P<"*, ...  P<*^  of  finite  or  transfinite 
orders,  are  then  defined  as  in  the  theory  of  sets  of  points.  If  P  is  a  closed 
set  of  sequences,  there  exists  a  number  a  of  the  first  or  the  second  class,  such 
that  P<*^  =  P<«+«.  Unless  P  is  an  enumerable  set,  it  can  be  resolved  into  the 
sum  of  an  enumerable  set  and  a  perfect  set. 

Let  us  consider  a  perfect  set  of  groups  E  determining  a  perfect  set  of 
sequences  F.  A  set  P  of  sequences  all  belonging  to  P  is  said  to  be  non-dense 
in  P  or  in  E,  provided  that  every  group  of  E  contains  at  least  one  group  of  E 
which  contains  no  sequence  of  P. 

A  set  of  sequences  P  all  belonging  to  F  is  said  to  be  of  the  first  categcyry^ 
relative  to  P,  if  there  exists  an  enumerable  sequence  of  sets  P^jPi,...  Pny-y 
each  of  which  is  non-dense  in  P,  and  such  that  each  sequence  of  P  is  pait  of 
one  at  least  of  the  sets  Pi, Pa, ...  Pm""  The  set  obtained  by  removing  the 
set  P  from  F  is  said  to  be  of  the  second  category  relative  to  P.  The  same 
generic  distinction  between  sets  of  the  first  and  of  the  second  category  holds, 
as  in  the  theory  of  sets  of  points. 
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CHAPTER  III. 


TRANSFINITE  NUMBERS  AND   ORDER-TYPES. 

110.  A  PREUMINART  account  has  been  given  in  Chapter  n,  of  the 
theory  of  transfinite  ordinal  and  cardinal  numbers;  it  was  shewn  that  the 
introduction  of  such  numbers  was  suggested  by  the  exigencies  of  the  theory 
of  linear  sets  of  points,  and  that,  in  particular,  the  necessity  for  the  use  of 
transfinite  ordinal  numbers  arises  whenever  a  convergent  sequence  of  points  is 
transcended  by  adjoining  to  the  points  of  the  sequence  their  limiting  point  and 
any  further  points  which  it  may  be  desirable  to  regard  as  belonging  to  the  same 
set  as  the  points  of  the  sequence.  The  fundamental  discovery  of  G.  Cantor, 
that  the  rational  points  of  an  interval  form  an  enumerable  set,  whereas  the 
set  of  points  of  the  continuum  is  unenumerable,  by  establishing  the  existence 
of  a  distinction  between  the  characters  of  two  infinite  sets,  suggests  the 
development  of  a  general  theory  of  cardinal  numbers  of  infinite  aggregates. 
The  procedure  we  adopted,  of  introducing  the  fundamental  notions  of  trans- 
finite ordinal  and  cardinal  numbers  in  connection  with  the  theory  of  sets  of 
points,  is  in  accord  with  the  historical  order  in  which  the  whole  theory  of 
transfinite  numbers  and  order-types  was  developed.  The  account  of  the 
theory  of  transfinite  numbers  given  in  Chapter  ii,  is  in  general  agreement 
with  Cantor's  earlier  presentation*  of  his  ideas;  his  laterf  and  more  abstract 
treatment  of  the  subject  is  the  one  upon  which  the  account  given  in  the 
present  Chapter  is  founded. 

In  order  that  the  reader  may  be  put  into  a  position  to  form  his  own 
conclusions  as  to  the  validity  of  a  scheme  which  must  be  regarded  as  still, 
to  some  extent  at  least,  in  the  controversial  stage,  it  has  been  thought  best 
to  postpone  any  discussion  of  the  diflBculties  of  the  theory,  until  after  the 
conclusion  of  the  detailed  account  of  the  theory  in  its  constructive  aspect. 

*  See  his  **  Grandlagen  einer  aUgemeinen  MannigfaltigkeitBlehre,''  Leipzig,  1S88,  or  Math, 
Annalen,  vol.  zxi ;  see  also  Zeitschrift  fUr  Phil,  und  phil.  Kritikf  vols,  lxxxyiu,  zci  and  zcn. 
Cantor's  ideas  were  foreshadowed  in  a  paradoxical  form  by  Bolzano  in  his  **Paradoxien  des 
Unendlichen,"  Leipzig,  1851 ;  and  although  infinite  nambers  had  been  disoasaed  by  earlier 
writers,  Bolzano  is  the  only  real  predecessor  of  Cantor  in  this  department  of  thought. 

t  This  is  contained  in  the  two  articles  **  Beitrage  zur  Begriindang  der  transfiniten  Mengen- 
lehre,"  in  the  Math.  Annalejit  vol.  xlvi  (1895),  and  vol.  zlix  (1897). 
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In  the  last  part  of  the  Chapter,  some  critical  remarks  upon  the  logical 
basis  of  the  theory  will  be  made ;  these  must  necessarily  be  of  an  incomplete 
character,  partly  bom  considerations  of  space,  and  also  because  any  complete 
criticism  of  such  a  scheme  as  Cantor's  theory  of  transfinite  numbers  would 
involve  the  consideration  of  questions  of  an  epistemological  character  which 
for  obvious  reasons  cannot  be  adequately  dealt  with  in  a  work  of  a  pro- 
fessedly mathematical  complexion.  Objections  which  may  be  urged  against 
some  parts  of  the  theory,  will  however  be  fully  stated.  Some  consideration 
will  also  be  given  to  the  question,  whether,  and  how  far,  the  theory  is  in- 
dispensable as  a  logical  basis  of  continuous  Analysis. 


THE  CARDINAL  NUMBER  OF  AN   AGGREGATE. 

111.  A  collection*  of  definite  distinct  objects  which  is  regarded  as  a  migle 
whole  is  called  an  aggregate. 

An  aggregate  may  be  denoted  symbolically  by  a  large  letter  M,  the 
elements  of  the  aggregate  by  small  letters  m;  and  the  constitution  of 
the  aggregate  may  be  denoted  by  the  equation  M=[m], 

The  consideration  of  questions  which  arise  in  connection  with  this 
definition,  as  to  the  mode  in  which  the  objects  of  the  aggregate  must  be 
specified,  in  order  that  the  aggregate  may  be  adequately  defined,  and  as 
regards  the  conditions,  if  any,  which  must  be  satisfied  in  order  that  a 
collection  may  be  regarded  as  a  whole,  or  aggregate,  of  such  a  character 
that  it  can  be  an  object  of  mathematical  thought,  will  be  postponed.  For 
the  present,  it  is  sufficient  to  remark,  that  an  adequate  definition  of  any 
particular  aggregate,  which  is  not  necessarily  finite,  must  contain,  as  a 
minimum,  a  set  of  rules  or  specifications  by  means  of  which  it  is  theoretically 
determinate,  in  respect  of  any  object  whatever,  whether  such  object  does  or 
does  not  belong  to  the  aggregate.  The  set  of  prime  numbers,  for  example, 
is  regarded  as  an  aggregate,  although  when  a  particular  number  is  presented 
to  us,  we  may  be  practically  unable  to  decide  whether  that  number  is  prime 
or  not.  In  this  case  however,  a  finite  number  of  processes  will  suffice  to 
decide  the  question.  If  however,  we  take  the  case  of  the  algebraical 
numbers,  the  state  of  things  is  diflFerent ;  for  we  are  not  in  possession  of  any 
general  method  which  enables  us  to  decide  whether  a  given  number  is 
algebraic  or  not.  Nevertheless,  the  question  being  regarded  as  having  a 
definite  answer,  the  algebraical  numbers  are  regarded  as  forming  an  aggre- 
gate, in  the  sense  here  employed. 

*  This  definition  is  given  by  Cantor,  Math.  Annalen,  vol  xlyi,  p.  481,  as  foUows :— "  Unter 
einer  *  Menge  *  verstehen  wir  jede  Znsammenfassang  M  von  bestimmten  wohl  ontersohiedenen 
Objecten  m  iinserer  Ansohanung  oder  onseres  Denkens  (welohe  die  '  Elemente '  von  M  genannt 
warden)  za  einem  Qanzen." 
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An  aggregate  does  not  depend,  for  its  validity  as  a  mathematical  entity, 
upon  the  possibility  of  producing  all  its  members,  successively  or  otherwise, 
but  upon  the  sufficiency  of  the  rules  by  which  its  elements  are  to  be 
distinguished,  as  belonging  to  it,  in  that  particular  kind  of  objects  to  which 
they  belong ;  that  is,  upon  the  sufficiency,  in  this  direction,  of  its  definition 
of  membership. 

Two  aggregates  M,  N  are  said  to  be  equivaleiit  to  one  another  when 
they  are  such  that  a  law  of  correspondence  can  be  established  between  the 
elements  of  one  aggregate  and  those  of  the  other,  such  that  to  each  element 
of  one  of  the  aggregates,  there  corresponds  one  and  only  one  element  of  the 
other  aggregate. 

This  relation  of  equivalence  between  two  aggregates  M  and  N,  may  be 
expressed  symbolically  by  M^N,  or  N  ^  M. 

It  is  clear  that,  if  each  of  two  aggregates  is  equivalent  to  a  third,  the  two 
aggregates  are  equivalent  to  one  another. 

Aggregates  which  are  equivalent  to  one  another  are  said  to  have  the  same 
power  or  cardinal  number. 

^  cardinal  number  is  accordingly  characteristic  of  a  class  of  equivalent 
aggregates. 

The  question  whether  two  defined  aggregates  have  or  have  not  the  same 
cardinal  number,  is  thus  equivalent  to  the  question  whether  it  is,  or  is  not, 
possible  to  establish  a  systematic  (1,  1)  correspondence  between  the  elements 
of  the  two  aggregates,  in  accordance  with  the  above  definition  of  equivalence. 

A  particular  aggregate  can  ordinarily  be  shewn  to  be  equivalent  to  itsel£ 
The  law  of  correspondence  between  an  element  and  another  element  which 
can  be  set  up,  is  in  general  of  a  character  which  admits  of  a  certain 
arbitrariness.  The  cardinal  number  is  accordingly  regarded  as  independent 
of  the  notion  of  order  in  the  aggregate. 

The  power  or  cardinal  number  of  an  aggregate  M  has  been  defined  by 
Cantor  as  the  concept  which  is  obtained  by  abstraction  when  the  nature 
of  the  elements  of  if,  and  the  order  in  which  they  are  given,  are  entirely 
disregarded. 

Cantor  regards  the  fact,  that  equivalent  aggregates  have  the  same 
cardinal  number,  as  a  deduction  from  this  definition.  Some  critical  remarks 
upon  the  definition  of  the  cardinal  number  of  an  aggregate  will  be  made 
in  §  155. 

The  cardinal  number  of  if  is  a  characteristic  of  if  which  may  be  denoted 
by  if,  to  indicate  that  both  the  order  of  the  elements,  and^  their  precise 
individual  nature,  are  iirelevant  as  regards  the  cardinal  number.  • 
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The  relation  of  equivalence  M^N^  between  two  aggregates,  implies  the 
equality  M=N;  and  this  equation  expresses  the  necessary  and  sufficient  con- 
dition for  the  equivalence  of  M  and  N. 

Since  Cantor  regards  the  cardinal  number  of  i/  as  independent  of  the 
precise  nature  of  the  elements  of  if,  we  may  in  accordance  with  this  view, 
substitute  for  each  element  the  number  unity.  We  have  thus  a  new 
aggregate  which  is  a  collection  of  elements  each  of  which  is  the  number  1, 
and  is  equivalent  to  if;  and  this  new  aggregate  is  regarded  by  Cantor 
as  a  symbolical  representation  of  the  cardinal  number  M, 

THE  RELATIVE  OBDER  OF  CARDINAL  NUMBERS. 

112.  Every  aggi*egate  Mi,  which  is  such  that  all  its  elements  arc  also 
elements  of  if,  is  called  a  part  or  sub-aggregate  of  M, 

If  if,  is  a  part  of  if^,  and  if i  is  a  part  of  M,  then  M^  is  a  part  of  M. 

A  finite  aggregate  cannot  be  equivalent  to  any  of  its  sub-aggregates ;  but, 
as  will  be  seen  in  detail  further  on,  an  infinite  aggregate  always  possesses 
sub-aggregates  which  are  equivalent  to  itself  This  is  the  characteristic 
distinction  between  finite  and  infinite  aggregates,  and  has  in  fact  been 
employed  by  Dedekilid  and  others  to  define  an  infinite  aggregate,  as  one 
which  is  equivalent  to  one  of  its  parts. 

If  two  aggregates  M,  N  with  the  cardinal  numbers  ol^M,  /8  =  -ST,  are 
such  that,  (1)  there  exists  no  part  of  M  which  is  equivalent  to  N,  and 
(2)  there  exists  a  part  N^  of  N  which  is  equivalent  to  if,  it  is  clear  that  the 
corresponding  conditions  are  satisfied  for  any  two  aggregates  which  are 
equivalent  to  if,  iV  respectively;  and  thus  the  two  conditions  characterise 
a  relation  between  the  cardinal  numbers  a,  /8  of  the  two  aggregates.  When 
the  above  conditions  are  satisfied  we  say  that  a  is  less  than  /8,  and  that  /8  is 
greater  than  a ;  which  is  expressed  symbolically  by  a  <  /8,  /8  >  cr.  This  is  the 
definition  of  inequality  for  two  cardinal  numbers,  and  of  the  relations  greater 
and  less  in  the  purely  ordinal  sense  in  which  they  are  here  used. 

The  condition  contained  in  the  definition  is  inconsistent  with  the  relation 
of  equality  between  a  and  /8  being  satisfied.  For  if  a  =  /8,  then  M^N,  hence 
since  Ni^M,  we  have  Ni^N :  therefore,  since  M^N,  there  must  be  a  part 
of  M,  say  M^,  such  that  Mi^M,  which  would  involve  Mi^N\  but  this  is 
contrary  to  one  of  the  conditions  contained  in  the  definition  of  inequality. 

It  is  easily  seen  that  if  a  <  /9,  and  /3  <  7,  than  a  <  7. 

113.  It  has  been  seen  that  the  three  relations  a  =  fi,  a<fi,  /3>a  are 
mutually  exclusive;  but  the  question  arises  whether  any  two  cardinal  numbers 
a,  /8  whatever  must  satisfy  one  of  these  relations.  An  affirmative  answer  to 
this  question  would  be  required  before  it  could  be  maintained  that  all  cardinal 
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numbers  can  be  regarded  as  being  alike  capable  of  having  relative  rank 
assigned  to  them,  in  a  single  ordered  aggregate. 

Two  aggregates  if,  N  of  which  we  may  denote  parts  by  Jfj,  N^^  must 
satisfy  one  and  only  one  of  the  following  four  conditions : — 

(1)  M,N  have  parts  ifi,  N^,  such  that  M^  ^  N,  and  Ni  -^  M, 

(2)  M  has  a  part  Jfi,  such  that  Mi^^N;  but  no  part  of  N  exists  which 
is  equivalent  to  M. 

(3)  There  is  no  Mi  which  is  equivalent  to  N;  but  there  is  an  i^i  which 
is  equivalent  to  M. 

(4)  There  exists  no  Mi  equivalent  to  N]  and  also  no  i^i  equivalent  to  M. 

It  will  be  proved  that,  if  the  condition  (1)  is  satisfied,  then  if  =  27.  The 
condition  (2)  expresses  the  relation  defined  dA  M  >  N.  The  condition  (3) 
expresses  the  relation  defined  as  M  <  N, 

It  has  not  yet  been  proved  that  the  relation  (4)  is  an  impossible  one; 
except  that,  in  the  case  of  finite  aggregates,  it  may  be  easily  seen  that  it 
involves  if  =  N,  Until  this  point  is  cleared  up,  it  cannot  be  maintained  as 
an  established  fact  that  the  cardinal  numbers  a,  /3  of  any  two  aggregates 
whatever  satisfy  one  of  the  three  relations  a  =  /8,  a  >  /8,  a  <  /8. 

Two  aggregates  which  are  such  that  their  cardinal  numbers  a,  /8  stand  to 
one  another  in  one  of  the  relations  a  =  /8,  a  >  /8,  or  a  <  /8,  may  be  said  to  be 
comparable  with  one  another.  Otherwise  they  are  incomparahle  with  one 
another. 

THE   ADDITION   AND  MULTIPLICATION  OF  CARDINAL  NUMBERS. 

114.  If  M,  N  are  two  aggregates  which  have  no  element  in  common, 
then  the  aggregate  which  has  for  its  elements  all  those  of  M  and  all  those  of 
N  is  called  the  sum  of  the  two  aggregates  My  N,  and  may  be  denoted  by 
{My  N).  A  similar  definition  applies  to  the  case  of  the  sum  of  any  number 
of  aggregates  no  two  of  which  have  an  element  in  common. 

If  M'y  JV'  are  two  other  aggregates  with  no  element  in  common,  such 
that  if^if',  N^N\  it  is  clear  that  (My  N)^{M'y  N');  and  thus  the 
cardinal  number  of  (M,  N)  depends  only  on  those  of  M  and  N, 

IfM—OLy  N^^yWe  define  the  result  of  the  operation  of  addition  of  aand  ^ 
to  be  (WTT). 

From  the  independence  of  cardinal  numbers  of  the  order  of  elements,  we 

deduce 

a  +  /3  =  /3  +  a,    a  +  (/8  +  7)=(a  +  /8)  +  7; 

thus  the  operation  of  addition  of  cardinal  numbers  obeys  the  commutative 
and  associative  laws. 
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116.  If  an  element  m.  of  if  be  associated  with  an  element  n  of  iV,  so 
as  to  form  a  new  element  (m,  n),  the  aggregate  of  all  possible  elements 
which  can  be  formed  in  this  way  is  called  the  product  of  M  and  iV,  and  may 
be  denoted  by  {M.N), 

If  M^M\  N^N\  it  is  clear  that  to  each  element  (m,  n)  of  {M,N\  ^ 
there  is  a  corresponding  element  of  (Af\N%  hence  {M  ,N)'^{M',N*\  and 
thus  {M .  N)  depends  only  on  M  and  N. 

The  cardinal  number  of  ihe  prodixt-aggregate  (M .  N)  is  defined  to  be  the 
product  of  the  cardinal  numbers  of  M  and  N, 

The  product  of  M  and  N  may  also  be  defined  as  the  cardinal  number  of  the 
aggregate  which  is  obtained  by  substituting  for  each  element  of  N,  an  aggregate 
which  is  equivalent  to  M. 

It  is  seen  on  reflection  that  this  definition  is  equivalent  to  the  first  one. 

Since,  as  can  be  shewn  from  the  definition, 

(M.N)^(N.M),    (M,(N'.R))^{(M.N).E) 

and  (M.  (N,  R))  ^  {(M .  N),  (M .  iJ)), 

we  see  that  cardinal  numbers  satisfy  the  relations 

a./8  =  /8.a,    a.{l3.y)  =  {a.fi)r    a(/8  +  7)  =  a/8  +  a7. 

It  has  thus  been  shewn  that  the  multiplication  of  cardinal  numbers  obeys 
the  commutative,  associative,  and  distributive  laws. 

The  definition  of  multiplication  may  be  extended  *  to  the  case  in  which 
the  number  of  factors  is  not  necessarily  finite.  Let  us  consider  a  class  of 
aggregates  M,  where  the  class  contains  either  a  finite  or  an  infinite  number 
of  aggregates,  and  suppose  no  two  of  the  aggregates  have  an  element  in 
common.  Let  there  be  chosen  from  each  of  the  aggregates  in  the  class,  one 
element,  and  conceive  that  this  is  done  in  every  possible  way ;  we  have  now 
a  new  aggregate,  each  element  of  which  consists  of  an  association  of  elements, 
one  from  each  of  the  aggregates  of  the  given  class.  The  new  aggregate  is 
said  to  be  the  product-aggregate  of  the  given  class  of  aggregates,  and  its 
cardinal  number  is  defined  to  be  the  product  of  the  cardinal  numbers  of  all 
the  aggregates  of  the  given  class. 

CARDINAL  NUMBERS  AS  EXPONENTS. 

116.  If  we  have  two  finite  aggregates  M,  N  containing  x  and  y  elements 
respectively,  we  may  suppose  that  to  each  of  the  y  elements  of  N,  one 
element  of  if  is  made  to  correspond,  so  that  the  same  element  of  M  may 
be  used  any  number  of  times ;  any  particular  such  correspondence  we  call 

*  See  Whitehead,  American  Journal  of  Math.  vol.  zxiv,  where  the  theory  of  cardinal  numbers 
is  treated  by  the  Peano-Rnfesell  symbolical  method. 
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a  covering  (Belegung)  of  N  by  M,  The  total  number  of  ways  of  coveriog  N 
by  M  is  xy.  To  put  the  matter  in  a  concrete  form,  the  total  number  of  ways 
of  distributing  y  things  among  x  persons,  where  any  number  of  the  y  things 
may  be  given  to  one  person,  is  xy\  any  particular  mode  of  distribution  is 
what  we  have  called  a  mode  of  covering  the  aggregate  of  y  things  by  the 
aggregate  of  x  persons. 

The  definition  of  covering  an  aggregate  jiV"  by  an  aggregate  M  is 
immediately  extensible  to  the  case  of  infinite  aggregates.  As  before,  the 
covering  denotes  any  system  by  which  to  each  element  of  iV^  is  made  to 
correspond  a  particular  element  of  Jlf,  the  same  element  of  M  being 
employed  any  number  of  times,  or  not  at  all.  Denoting  by  NjM  each 
particular  mode  of  covering  N  by  Jf,  we  thus  form  the  new  aggregate  {NjM) 
which  contains  as  its  elements  all  such  coverings. 

It  is  seen  at  once  that,  if  M^  M\  N^  N\  then  (NIM)'s.(N'IM').  Thus 
the  cardinal  number  of  {NjM)  depends  only  on  the  cardinal  numbers  of  M 
and  N, 

The  cardinal  number  of  the  aggregate  {NjM^  each  element  of  which  is 
a  covering  of  N  by  M,  and  in  which  every  possible  mode  of_such  covering 
occurs  as  an  element,  is  denoted  by  the  symbol  a^,  where  a=  if,  /8  =  iV^;  thus 

It  is  easy  to  shew  that 

{{NIM).{RIM))>.{{N,R)IM) 
({RIM).(R/N))^{RKM.N)) 
^RJiN/M))^{iR.N)IM). 

Hence  if  if=a,  N=/3,  R  =  y,  we  see  that,  in  accordance  with  the 
above  definition  of  exponentials, 

a^ .  ay  =  a^+r,    ay .  /S^  =  (a .  /8)y,    (a^)^  =  a^  •  ^ ; 

and  thus  the  same  laws  hold  as  for  exponents  in  which  only  finite  cardinal 
numbers  are  involved. 

THE  SMALLEST  TRANSFINITE   CARDINAL  NUMBER. 

117.     The  cardinal  number  of  the  aggregate  of  all  the  finite  integers 

1,  2,  3, ...  n, is  called  Alef-zero,  and  is  denoted  by  Mq;  thus  Mo={n}. 

The  number  No  is  identical  with  the  number  which  has  previously  been 
denoted  by  a. 

If  we  add  to  [n]  a  new  element  e,  we  obtain  the  sum-aggregate  ({n},  e), 
and  this  is  equivalent  to  {n},  for  we  may  make  e  in  the  first  of  these 
aggregates  correspond  to  1  in  the  second,  and  in  general  n  to  n  + 1 ;  and  thus 
({??],  e)'w  [n].  From  this,  we  obtain  No  +  1  =  No,  a  relation  which  diflTerentiates 
Np  from  all  the  finite  cardinal  numbers. 
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The  cardinal  number  Ko  ^  greater  than  all  the  finite  cardinal  numberSy 
and  it  is  less  than  any  other  transfinite  cardinal  number. 

m 

Since  the  finite  aggregate  (1,  2,  3, ...  &)  is  a  part  of  (n},  but  no  part  of 
the  finite  aggregate  is  equivalent  to  [n],  by  the  definition  of  inequality  we 
have  tto  >  ib. 

To  prove  that,  if  a  is  any  transfinite  number,  say  that  of  an  aggregate  M, 
which  is  not  equivalent  to  {n},  then  Kq  <  a,  we  have  to  shew  that  M  contains 
a  part  which  is  equivalent  to  {n},  and  that  there  exists  no  part  of  [n] 
which  is  equivalent  to  M.  A  first,  second,  third,  ...  nth  element  can  be 
chosen  from  the  elements  of  M  in  any  manner,  and  this  process  can  be  con- 
tinued without  limit ;  thus  M  always  contains  a  part  which  is  equivalent  to 
[n].  Any  part  of  the  aggregate  [n]  which  is  not  finite,  consists  of  finite 
numbers  chosen  from  1,  2,  3, ...  n, ... ;  and  of  these  there  must  be  one  which 
is  smallest:  denote  it  by  Ci.  Then  the  next  greater  can  be  denoted  by  e^, 
and  so  on.  Thus  this  part  of  [n]  is  (ei,  es,  e^,  ...),  which  is  equivalent  to 
[n] ;  and  therefore  the  theorem  is  established. 

118.  It  has  been  shewn  that  Mo  + 1  =  t^o :  a  similar  proof  would  shew  that 
Ko  +  n  =  Ho,  where  n  is  any  finite  integer. 

In  accordance  with  the  definition  of  addition,  Mq  +  Kq  ^  ^he  cardinal 
number  of  the  aggregate  (1,  3,  5, ...  2,  4,  6, ...),  for  Ko  is  the  cardinal  number 
of  each  of  the  aggregates  (1,  3,  5, ...)  (2,  4,  6, ...);  hence,  since  the  cardinal 
number  of  (1,  3,  5,  ...  2,  4,  6,  ...)  is  the  same  as  that  of  {n},  we  have 
Ko  +  Mo  =  Mo»  which  we  may  write  as 

^eo.2  =  2.^eo  =  ^eo. 

From  this  relation;  by  repeated  addition  of  Mq  to  both  sides  of  the  identity, 
we  find 

Ko  •  71  =  71 .  Ko  =  Ma. 


10  .  /<r  -^   rir  .  W^Q  —  V^0i 


In  order  to  express  the  product  Mq  .  M©  we  form  the  aggregate  {(n,  n  )}  oi 
which  the  elements  (n,  n)  consist  of  every  pair  of  finite  *  cardinal  numbers. 
Let  71  +  n'  = «,  then  a  has  the  values  2,  3,  4, ... ;  and  for  any  fixed  value  of  s 
the  numbers  n,  n'  have  a  definite  number  of  sets  of  values.  Let  «  =  2,  we 
then  have  one  element  (1,  1):  let  s  =  3,  we  then  have  two  elements  (1,  2), 
(2,  1):  for  «  =  4,  we  have  (1,  3),  (2,  2),  (3, 1),  and  so  on.  The  elements  of 
{(n,  n')]  may  thus  be  arranged  in  order  so  that  the  element  (n,  n)  is  at  the 

pth  place,  when  p  =  n  +  ^ ^^ ^ ;  thus  the  aggregate  {(n,  n')] 

is  equivalent  to  [p],  which  has  the  cardinal  number  Kq. 

It  has  now  been  proved  that  M©.  Mo  =  Mo»  or  M©'  =  M©;  and  from  this  the 
theorem  Kt^^^Mo*  follows  by  repeated  multiplication  by  M©. 
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The  theorems  n.J{o  =  i*oi  i<o'  =  i<o.  express  in  a  symbolical  form  the 
results  which  have  been  proved  in  §  54,  that  a  finite,  or  enumerably  infinite, 
number  of  enumerable  aggregates  makes  an  enumerable  aggregate. 


THE   EQUIVALENCE  THEOREM. 

119.  The  proof  referred  to  in  §  113,  will  now  be  given,  that  if  M,  N  are 
any  two  aggregates  such  that  M  contains  a  part  Mi  which_is  equivalent  to 
N,  and  N  contains  a  part  N^  equivalent  to  M,  then  M  —  N.  This  theorem, 
which  may  be  called  the  equivalence  theorem,  was  first  proved  by  Schroder* 
and  independently  by  Bernstein  f ;  but  the  form  in  which  the  proof  is  here 
given  is  due  to  Zermelo  j. 

Lemma  I.  If  a  cardinal  number  a  remains  unaltered  by  the  addition  of 
any  one  of  the  enumerable  set  of  cardinal  numbers  j)i,  p:i,...j)n,  ...yi^i'emains 
unaltered  if  all  these  cardinal  numbers  p  are  added  to  it  at  once. 

If  if,  Pi,  P„  ...  P^, ...  be  aggregates  of  which  the  cardinal  numbers  are 
^  Pii  Pi>  ...  Pn,  ...;  and  such  that  Pj,  P,,  ...  Pnt  ...  are  all  parts  of  M, 
We  have  then,  if  =  (P„  M^)  =  (P„  M^)  =  ...  =  (Pn,  Mn)  ... ;  where  M^,  At^,... 
are  all  parts  of  M,  and  in  virtue  of  the  hypothesis  made  in  the  statement  of 
the  theorem, 

M  =  if  1  =  if  J  =  . . .  =r  if ^  .... 

We  may  denote  the  (1,  1)  correspondence  which  can  be  set  up  (see  §  111) 
between  M  and  ifn,  by  Mn  =  <f>nM]  and  this  for  every  tl  Now  it  is  clear 
that  this  relation  of  correspondence  is  such  that 

if>M  =  (4>P„  <f>M,)  =  (<f>P,.  <I>M,) 

Hence  M  =  (Pt,  M,), 

Jf,  =  .^M=  (4„P„  4,,M,)  =  (P;,  it/,'), 

where  P,',  M,  are  those  aggregates  which  correspond  to  Pj,  Jf,  respectively 
in  the  correspondence  denoted  by  d>i. 

Also,  with  a  similar  notation, 
if/  =  <^^if  =  (^<^P„  <Ih<I>^.M,)  =  (P,\  M:\ 


M'r-i  =  <l>i<t>2  ...  «^r-iif  =  (<^<fri  ...  <^r-iPr,   i>i4>2  ...  ^-li^r)  =  (Pr  >   Mr). 

From  these  results  we  deduce 

Jlf=(P„   P;,P^,    ...    Pr'.Mr')\ 

and  no  two  of  the  parts  Pj,  P^',  Pj',  ...  Pr  of  if,  have  elements  in  common. 

*  See  Jakresherichtd,  Deutsch,  Math,  Verg.  vol.  v,  p.  81  (1896) ;  also  Notfa  Acta  Leop,  vol.  Lxxi, 
p.  808  (1898). 

t  See  Borel*8  LeQon$  sur  la  thiorie  des  fonctiont,  p.  103. 

X  Gdttinoer  Nackrichten,  1901,  p.  84,  '*Ueber  die  Addition  transfiniter  Cardinalzahlen.*' 
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This  process  of  division  of  M  can  be  continued  indefitiitely  ;  and  we  then  have 

M={P„  P,'.  P:.  ...MJ), 

where  P/  for  every  r  is  included,  and  MJ  consists  of  those  elements  which 
belong  to  if/  for  every  value  of  r.     From  this  we  see  that 

a  =l>i +l>i +1>8  + ...  +  a' ; 
where  c^  is  the  cardinal  number  of  MJ, 

Let  us  now  consider  the  special  case  of  the  lemma  which  arises  when 
Pi>  Pt9  ...  &i'6  all  equal,  say  to  p.  In  this  case,  we  see  that,  from  the 
hypothesis  o=|)-f  a,  the  result  a  =  No|>  +  a'  follows,  where  Mo  denotes  the 
cardinal  number  of  the  series  of  finite  integers. 

Now  since  Ko  =  2Mo,  we  have  J{oP  +  a'=2MoP  +  a'  =  i<oP  +  «;  it  has  thus 
been  shewn  that  if  a  =  a+p,  then  a  =  a  +  Mo/>. 

Returning  to  the  general  case,  we  have 

a  =  a  +  MoPi  =  a+Mol>2=...  J 
it  now  follows  that  a  =  Mol>i  +  Mol>2  +...  +  «", 

where  a"  is  the  value  which  a  takes  when  Mo/>i,  MoP2> ...  are  substituted  for 
Pi>  Pti  •••• 

We  now  have 

o  =  2MoCPi +l>j +...)  + a"  =  a+ *fo  (Pi +1>2  + -.-) 
=  (Mo  +  1) (jPi  +P2  +  .-.)  +  a"  =  a  +pi  +i)a  +  ...  : 
and  therefore  the  Lemma  has  been  established  in  an  extended  form. 

Lemma  II,  If  the  sum  of  two  cardinal  numbers  p  and  q  when  added  to 
a  leaves  a  unaltered,  then  a  is  unaltered  by  the  addition  of  either  p  or  q. 

For  if  a  =  a  +|)  +  g, 

we  have  seen  that  a  =  a  +  M©  (p  +  j) ; 

hence  a  =  a  +  (Mo  +  l)p  +  Mo?, 

and  also  a  =  a  +  Mop  +  (Mo  +  l)9; 

from  these  equalities  we  have 

a  =  a  +p,  and  a  =  a  +  9. 
We  are  now  in  a  position  to  prove  the  equivalence  theorem.     If 

a^l3+p,  and  I3  =  a  +  q, 
we  have  a  =  a+|)  +  g', 

and  hence,  by  Lemma  II,      a  =  a  +  p  =  aH-g  =  ^; 

therefore  if  M  has  a  part  equivalent  to  N,  and  N  has  a  part  equivalent  to  M, 
it  follows  that  ¥  =  a  =  ^  =  27. 
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In  case  the  condition  a  =  ^+j>,  holds,  but  there  is  no  corresponding 
condition  ^  =  a  +  g,  we  have  in  accordance  with  the  definition  in  §  112,  a  >  )8. 
It  follows  that  the  sum  of  two  or  more  cardinal  numbers  is  greater  than,  or 
eqiwi  to,  any  one  of  the  cardinal  numbers. 

• 

The  following,  theorem  may  be  established  : — 

If  the  cardinal  number  a  is  unaltered  by  the  addition  of  p,  then  iffi  ^  a, 
the  cardinal  number  13  is  unaltered  by  the  addition  of  q,  where  J  =p. 

For  let  ^  =  a  +  7,  prsj  +  r;  then' from  a  =  a+|)  =  a  +  g  +  r,  we  deduce 
that  a  =  a  +  9.     It  then  follows  that 

^  =  a  +  7  =  a  +  9  +  7  =  a  +  r  +  7  =  )8-f5r  =  ^  +  r. 

120.  A  proof  has  been  given  by  Cantor*  that  if  an  aggregate  exists  of 
which  the  cardinal  number  is  a,  then  an  aggregate  always  exists  of  which  the 
cardinal  number  is  greater  than  a. 

The  proof  is  a  generalization  of  the  second  proof  given  in  §  56,  that  the 
cardinal  number  c  of  the  continuum  is  greater  than  that  of  the  rational 
numbers.     The  proof  may  be  put  into  the  following  form : — 

Suppose  M  =  [m]  to  be  an  aggregate  of  cardinal  number  a;  which  aggregate 
M  may  be  supposed  to  be  simply  ordered  in  any  manner.  In  M  let  each 
element  m  be  replaced  either  by  A  or  by  B,  where  A,  B  are  two  given 
objects  ;  then  M  is  replaced  by  a  similar  aggregate  (see  §  122),  in  which  each 
element  is  either  A  or  B,  An  infinity  of  such  aggregates  will  be  obtained 
diflfering  from  one  another  in  respect  of  whether  A  or  B  has  been  put  in  the 
place  of  each  element  of  M  \  denoting  the  aggregate  of  all  such  possible 
aggregates  3f^B>  by  [M^^^,  it  will  be  shewn  that  the  cardinal  number  of 
{Jf^^}  is  greater  than  that  of  Jf.  In  the  first  place,  it  can  be  seen  that  the 
cardinal  number  of  [M^^  is  equal  to,  or  greater  than,  that  of  [m] ;  for,  taking 
any  one  element  m©  of  [m],  replace  it  by  -4,  and  all  the  other  elements  by  B\ 
we  have  then  an  element  of  {if^^},  and  there  is  such  an  element  corre- 
sponding to  each  element  mo  of  [m] ;  thus  those  elements  of  [MjJ^,  in  which 
there  is  only  one  A,  form  an  aggregate  of  cardinal  number  equal  to  that  of 
[m].  Next,  let  us  assume  that,  if  possible,  all  the  elements  of  {Jf^e}  *"^ 
placed  into(l,  1)  correspondence  with  those  of  {m}  ;  it  will  then  be  shewn  that 
an  Mj^^  can  always  be  found  which  is  not  included  in  the  correspondence.  E^h 
^^AB  ^^  [^AB^  ^^^  corresponds  to  a  definite  m^  in  [m] ;  form  a  new  aggregate 
M^s  in  the  following  manner: — For  each  element  Jf ^^^  in  {if^^},  in  which  A 
takes  the  place  of  m^  in  {m},  write  B\  and  for  each  element  Jf^^B  ^^  [^a^^  ^ 
which  B  takes  the  place  of  m^  in  [m],  write  A ;  in  this  manner  we  form  an 
aggregate  M\s  ^^  which  each  element  is  either  A  or  B,  which  is  similar  to 
[m],  and  which  is  not  identical  with  any  if ^^  that  occurs  in  the  correspondence 

*  See  Jahretbericht  d,  DetUsch,  Math.  Vereinigung,  1S97. 
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between  [Mj^^  and  [m].  It  has  thus  been  shewn  that  the  cardinal  number  of 
the  aggregate  of  all  the  Mj^^  is  greater  than  that  of  Jf.  If  M  is  the  aggregate 
a,,  a,,  a,, ...  On* ...  which  is  similar  to  the  aggregate  of  integral  numbers,  and  if 
for  A  and  B  we  write  0  and  1,  then  the  aggregate  {Jfoi}  may  be  interpreted  as  the 
aggregate  of  all  the  rational  and  irrational  binary  fractions ;  and  this  aggregate 
is  thas  shewn  to  be  unenumerable.  Instead  of  replacing  the  elements  of 
[m]  by  two  letters  A,  B,  we  might  have  taken  any  finite  number  of 
letters  without  altering  the  principle  of  the  proof.  In  §  56,  the  ten  digits 
0, 1,  ...  9|  were  taken  instead  of  A  and  B.  It  will  be  observed  that,  even  if 
[m]  is  normally  ordered  (see  §  130),  the  new  aggregate  {M}  ia  not  given  as  a 
normally  ordered  aggregate ;  and  in  default  of  proof  it  cannot  be  assumed 
that  it  is  capable  of  being  arranged  in  normal  order. 

To  replace  all  the  elements  of  an  aggregate  either  by  A  or  by  B,  is 
equivalent  to  taking  a  part  *  of  the  given  aggregate.  The  theorem  has  thus 
been  established  that,  the  cardinal  number  of  the  aggrega^,  ea4>h  element  of 
which  is  a  part  of  a  given  aggregate,  is  greater  than  the  cardinal  number  of  the 
given  aggregate,  ail  possible  parts  being  contained  in  the  new  aggregate. 

DIVISION  OF  CARDINAL  NUMBERS  BY  FINITE  NUMBERS. 

121.  If  two  aggregates  have  the  same  cardinal  number,  and  if  each  of  the 
two  aggregates  be  divided  into  the  same  finite  number  n  of  parts,  such  that 
the  n  parts  of  the  first  aggregate  all  have  the  same  cardinal  number,  and 
also  the  n  parts  of  the  second  all  have  the  same  cardinal  number,  then  it 
can  be  proved  that  the  cardinal  number  of  one  of  the  parts  of  the  first 
aggregate  is  the  same  as  that  of  one  of  the  parts  of  the  second  aggregate. 
Symbolically,  the  theorem  may  be  stated  in  the  form : — ^if  a,  13  are  cardinal 
numbers  such  that  na  =  n/S,  then  a  =  ^. 

This  theorem  has  been  proved  by  Bernstein  f.  It  will  be  sufficient  to 
give  the  detailed  proof  in  the  case  n  =  2,  as  the  proof  in  the  general  case  is 
obtained  by  generalization  of  that  employed  in  the  particular  case. 

Since  an  aggregate  is  equivalent  to  itself,  any  special  mode  of  exhibiting 
such  equivalence,  by  which  each  element  is  made  to  correspond  to  a  definite 
other  element,  is  called  a  transformation  of  the  system  into  itself.  As  regards 
all  such  possible  transformations  the  following  propositions  may  be  seen  to 
hold:— 

(1)  The  transformations  of  an  aggregate  M  into  itself  form  a  group  <f>^. 

(2)  Let  1,  Xi9  X«»  X»>  •••  denote  a  sequence  of  transformations  of  M  into 
itself,  1  denoting  the  identical  transformation,  and  let  this  sequence  form  a 
group  which  is  necessarily  a  sub-group  of  <t>^;   then  the  condition  that  the 

*  See  Borel,  Le^oru  tur  la  thiorie  det  fonetiotUf  p.  108. 

t  Inaogoral  DissertetioD,  **  UBtersuchimgen  aus  der  Mengenlehre,''  HaUe,  1901.     This  U 
reprodaoed  in  Math.  Armalen,  vol.  iixi. 
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sequence  forms  a  group  is  that,  corresponding  to  any  two  integers  m,  n,  there 
is  a  third  r,  such  that  x^Xn  =  X»-  Further,  let  us  suppose  that  to  every  Xn 
there  corresponds  a  definite  x'nf  such  that  XnXn  ~  1-  If  m  be  an  element  of 
M  such  that  m^Xn  (^)>  for  »i  =  1,  2, 3, . , . ,  then  Xn  (^i)  ^  Xn'  (^)i  where  n  and  nf 
are  any  unequal  integers. 

(3)  If  m  and  mf  are  any  two  distinct  elements  of  M,  and  it  m^Xn  (^0> 
forn  =  1,  2,  3, . . . ,  then  Xn  (rn)  ^  Xn'  (^')-  For  if  Xn  (m)  =  Xn'  (^0.  we  should 
deduce  that  t?i  =  ;^';fn(w)  =  x'x»'(^')~X»"(^')»  which  is  contrary  to  the 
hypothesis  made. 

(4)  I{  Ti,  Ti,  ...  are  parts  of  M,  such  that  each  one  T  has  no  element  in 
common  with  another  T,  we  may  say  that  the  T's  form  a  system  of  separate 
parts  of  M. 

If  T={t]  is  a  part  of  if,  and  if  t  +  i\>n{t'\  for  n=l,  2,  3,  ...,  then  the 
equivalent  aggregates  T,  X\  (^)>  Xa  (^»  •  •  •  ^'^'"'^  *  system  of  separate  parts  of  M. 

(5)  If  7  is  a  part  of  M  which  satisfies  the  condition  stated  in  (4),  then 

For  T,  Xi(2^),  Xa(^)>  •••  *^  ^'^  parts  of  M  having  the  cardinal  number  T ; 
and  if  R  is  the  part  of  M  which  remains  when  all  these  separate  parts  are 
removed,  we  have  

hence  1+f  =  F+(jeo+l)F 

To  proceed  to  the  proof  of  the  theorem : — Let 
(a)  Af  =  ii  +  ?a  =  is  + 14, 

(6)  ij  =  f J, 

(c)  ^8  =  ^4; 

then  it  is  required  to  shew  that  ii  =  iji  which  involves  1,  =  14. 

The  three  equations  (a),  (6),  (c)  may  be  regarded  as  denoting  that  there 
are  three  reversible  transformations  of  the  aggregate  M  into  itself,  which 
may  be  denoted  by  ^a>  ^6»  ^c  respectively ;  the  reversibility  of  these  trans- 
formations is  expressed  by  ^a'  =  <f>^  =  ^^  =  1. 

The  transformation  ^^  involves  a?i  =  (a^j,  x^^y  where  a?w  are  those  elements 
of  x^  which  are  transformed  into  elements  of  x^,  and  Xi^  those  which  are 
transformed  into  elements  of  x^ ;  on  the  whole  we  have 


(6) 


where  x^^  =  apk. 

a?4=(^41»    ^42), 
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If  Ti  is  any  part  of  a?i,  and  T,  an  equivalent  part  of  a?,,  we  may  denote  by 
a?,*,  x^  the  aggregates  obtained  by  interchanging  those  elements  of  a?i  which 
belong  to  Tj  with  those  of  x^  which  belong  to  T^\  we  have  then  a  similar  set 
of  equations  to  (6)  for  the  new  starred  aggregates,  and  Si*  =  Si,  ia*=^«i 
5,*  =  S,,  «4*  =  14.  If  then  the  theorem  be  proved  for  the  starred  aggregates, 
it  holds  for  the  original  ones. 

We  have  to  shew  that,  after  suitable  transformations,  a  system  of  division 
of  the  aggregates  into  parts,  of  the  form  in  (6),  can  be  found,  such  that 
^  +  ^14  =  ^14,  and  in  +  5a  =  5,8.  For  from  these  equations  we  deduce 
^i  =  ^s  =  5i4, 1,  =l4  =  la,  and  then  the  aggregates  ^,  x^  are  such  that  each 
has  a  part  which  is  equivalent  to  the  other ;  and  consequently,  in  accordance 
with  the  equivalence  theorem,  x^,  x^  are  equivalent  to  one  another ;  or  Ij  =  x^. 
It  has  in  fact  to  be  shewn  that  x^  can  be  so  chosen,  that  it  is  negligible 
with  respect  to  cardinal  number,  in  comparison  both  with  x^^  and  with  x^. 

We  form  the  systems  of  transformation 

^c=X8»    ^e<l>b  =  7Cfii   4>e<l>b<l>t=^X7*    "'f 

each  transformation  x  in  this  system  has  one  inverse,  given  by  the  scheme 
X4nX4»+i  =  1,  Xi'H^X*n+2  =  1,  X4n+3X4n+j  =  1 ;  thus  the  transformations  x  form  a 
group  of  reversible  transformations  of  Jf  =  (x^ ,  x^)  into  itself. 

'An  element  ei^  of  x-j^  is  either,  (i)  transformed  into  an  element  of  ^  by  a 
transformation  x  with  finite  index,  or  else,  (ii)  e^  is  not  transformed  into  an 
element  of  x^^  by  any  of  the  transformations  x-  Suppose,  then,  that  for  every 
element  Cj,  of  a^,  the  second  of  these  cases  arises,  then  x»>  X»+i  transform 
the  elements  of  x^  into  aggregates  which  are  respectively  in  x^^  and  a?^,  and 
in  them  these  aggregates  form  an  enumerable  system  of  separate  parts  of 
each.  For,  in  the  case  contemplated,  x^  ti-ansforms  Xj^  into  a  part  oi  x^]  by 
Xiy  the  elements  of  x^  become  elements  of  a^  or  0734 1  consequently  in  accordance 
with  (ii),  X4  (^i»)  is  a  part  of  x^.  In  this  manner  it  is  seen,  that  a:,j  is  trans- 
formed, by  every  Xan>  into  a  part  of  x^,  and  by  every  ^an+i  into  a  part  of  x^^. 
It  then  follows,  by  Lemma  (5),  that  Si8  +  5i4=5i4,  5i8  +  5a  =  5a3„  and  the 
theorem  is  then  completely  established.  The  remainder  of  the  proof  consists 
in  shewing  that,  by  an  exchange  of  elements  of  ^3  with  elements  of  x^,  it  is 
possible  to  arrange  so  that  the  case  just  considered  always  arises. 

Suppose  a?,/  are  those  elements  of  x^^  which  are  transformed  by  X2  into 
elements  of  x^^ ;  let  x^''  denote  those  elements  different  from  Xj^  which  are 
transformed  by  ^s  into  elements  of  x^  which  were  not  affected  by  X2>  and  so 
on ;  we  have  then  the  scheme 

xj  X*  (^" )  i^  ^> 

a?ii'  i"  ajjs''  X,  (a?!,')  ^fe  x»  (^w")  i^  ^«*' 

x^i^^'i^x^"     X«(^.')5tX»(^«')  5^X4(^13'")  ina:^, 

.X^+...+  a?r,*~>       Xa  (^')  +  X«  (^w")  •  •  •  =^  Xn  (^"^"0      '^  ^• 

11 
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We  take  now  the  equivalent  sums 

[x^  =  2  a;i8<*»),  and  [a^]  =  1  ^n+i  (^^^X 

and  we  carry  out  an  exchange  of  [a?!,]  with  \x^  ;  we  then  have 

«i8  =  Ks]  +  [(^3)],  ^84  =  [aJw]  +  [(^)]. 
When  the  exchange  has  been  made  of  the  elements  of  [a?^]  with  those  of 
[^]i  we  denote  the  new  aggregates  by  starring  the  original  ones;  we  have 
then,  in  accordance  with  the  formulae  (6),  expressions  for  a?i*,  x^,  ^*>  ^4*. 
and  we  can,  as  has  been  shewn  above,  attend  to  these,  instead  of  to  the 
original  a^,  x^,  a?,,  x^.  Now  no  element  of  iTw*  is  transformed  into  an  element 
of  iCai*  by  any  of  the  transformations  x»  ^^  being  understood  that  the 
transformations  x  ^^^  ^^^  ^  affect  the  substituted  elements ;  and  thus  by  the 
reasoning  which  has  been  given  above  for  the  case  in  which  no  element  of 
fl?,8  is  transformed  into  an  element  of  x^y  the  theorem  is  established.  Bernstein 
has  also  proved  that  if  2a  =  a  +  ^,  where  a,  ^  are  cardinal  numbers,  then  a  ^  ^. 

THE  ORDER-TYPE  OF  SIMPLY  ORDERED  AGGREGATES. 

122.  An  aggregate  M  is  said  to  he  a  simply  orden^ed  aggregate  when  each 
element  m  has  a  definite  rank  relatively  to  the  other  elements  of  M,  so  thai,  of 
any  two  elements  m,  m'  whatever,  it  is  knoum  which  has  the  higher  and  which 
hus  the  lower  rank. 

If  m  has  a  lower  rank  than  m\  the  fact  is  denoted  symbolically  by  m  <  m'; 
and  if  a  higher  rank,  by  m  >  m\ 

If  an  aggregate  is  given  at  firet  unordered,  it  may  be  possible  to  order 
the  aggregate  in  a  variety  of  essentially  distinct  ways.  If  the  aggregate  is 
finite,  the  ordering  of  it  may  be  accomplished  by  arbitrarily  assigning  to  each 
element  its  rank  relatively  to  the  others.  In  case  the  aggregate  is  an  infinite 
one,  the  ordering  of  it  consists  in  the  setting  up  of  some  general  rule  which 
suffices  logically  to  assign  the  relative  order  of  any  two  elements. 

Besides  simply  ordered  aggregates  there  exist  also  doubly  or  trebly 
ordered  aggregates,  or  also  aggregates  with  higher  degrees  of  multiplicity 
of  order.  Each  element  of  such  an  aggregate  possesses  two,  three,  or  more 
distinct  characteristics  of  an  ordinal  character.  Simply  ordered  aggregates 
only  will  be  here  considered. 

Two  simply  ordered  aggregates  M,  N  are  said  to  be  similar,  when  a 
(1,  1)  cojTespondence  can  be  established,  in  accordance  with  some  law,  such 
that  to  any  two  definite  elements  m,  m'  of  M  there  correspond  two  definite 
elements  n,  n  of  N,  in  such  a  manner  that  the  relative  order  of  m,  m'  in  M, 
is  the  same  as  that  of  the  corresponding  elements  n,  n'  in  N, 

This  relation  of  similarity  may  be  represented  symbolically  by  Jf  —  if. 
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Every  simply  ordered  aggregate  is  similar  to  itself. 

Two  simply  ordered  aggregates  which  are  similar  to  a  third  are  similar  to 
one  another. 

All  simply  ordered  aggregates  which  are  similar  to  one  another  are  said  to 
have  the  same  order-type. 

An  order- type  is  accordingly  characteristic  of  a  class  of  similar  aggregates. 

The  order-type  of  a  simply  ordered  aggregate  M  is  defined  by  Cantor 
as  the  concept  which  is  obtained  by  abstraction  when  the  nature  of  the 
elements  of  Jf  is  disregarded,  their  order  being  alone  retained.  The  order- 
type  of  Jf  is  then  denoted  by  M,  This  definition  will  be  further  discussed 
in  §  165.  That  similar  aggregates  have  the  same  order-type  is  regarded 
by  Cantor  as  a  deduction  from  this  definition. 

If  in  M,  we  further  disregard  the  order  of  the  elements,  we  obtain  3f,  the 
cardinal  number  of  M. 

The  order-type  of  M  is,  from  Cantor  s  point  of  view,  regarded  as  a  simply 
ordered  aggregate  similar  to  Jf,  such  that  each  element  is  the  number  1.  If  any 
order- type  be  denoted  by  a,  the  corresponding  cardinal  number  is  denoted  by  o. 

Corresponding  to  any  given  transfinite  cardinal  number,  there  is  a 
multiplicity  of  order-types,  which  form  a  class  of  order-types  ;  each  such  class 
of  order-types  is  characterised  by  the  common  cardinal  number  of  all  the 
order-types  of  the  class. 

The  order-types  which  belong  to  the  class  corresponding  to  a  cardinal 
number  a,  form  an  aggregate  which  has  a  cardinal  number  a .  It  will  appear 
that  a'  is  always  greater  than  a. 

If  the  order  of  every  pair  of  elements  in  a  simply  ordered  aggregate  M  be 
reversed,  the  aggregate  in  the  new  order  is  denoted  by  *M, 

It  M=a,  then  the  order- t3rpe  *M  is  denoted  by  *a. 

The  order-tyjpe  of  the  aggregate  of  all  the  finite  integers  in  their  natural 
order  (1,  2,  3,  ...),  is  denoted  by  (d.  This  is  therefore  the  order-type  of 
every  aggregate  (a,,  a,,  ...  «»  ...)  which  is  similar  to  (1,  2,  3,  ...). 

The  aggregate  (...  On ...  a,,  a,,  a,)  has  the  order-type  *(d. 

THE  ADDITION  AND  MULTIPUCATION   OF  ORDER-TYPES. 

123.  If  M,  N  denote  two  simply  ordered  aggregates,  and  if  the  aggregate 
(Jf,  N)  be  formed,  in  which  all  the  elements  of  both  M  and  N  occur,  and 
which  is  such  that  any  two  elements  of  M  have  the  same  relative  order  as  in 
My  and  that  any  two  elements  of  N  have  the  same  relative  order  as  in  JV, 
and  further  that  each  element  of  M  has  a  lower  rank  than  all  the  elements 
of  N,  then  the  new  simply  ordered  aggregate  (M,  N)  is  said  to  be  the  sum 
of  the  two  simply  ordered  aggregates  M  and  N.    It  is  clear  that  ii  M  =-  M\ 

11—2 
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N  -  N\  then  (if,  N)  -  (if',  N'),  and  thus  that  the  order-type  of  (if,  iV) 
depends  only  on  the  order-types  of  M  and  N. 

If  M—a,  iV  =  ^,  the  sum  a  +  fi  is  defined  to  he  the  order-type  of  the  sum 
(if,  N)  of  the  two  simply  ordered  aggregates,  cw  defined  above. 

This  defines  the  operation  of  addition  of  order-types.  It  will  be  seen 
that  the  addition  of  order-types  does  not  obey  the  commutative  law. 
For  if  a  =  M,fi^N,  then  a  +  ^  =  {M,  N):  but  ^  +  a  =  (iT,  if);  and  the  two 
order- types  (M,  N),  (-AT,  M)  are  in  general  different  from  one  another. 

If  n  denotes  a  finite  integer,  ck>-|-n  is  the  order-type  of  the  ordered 
aggregate  (si,  eg.  ^s»  -"  fi>  f*  ...  /n),  whereas  n  +  <D  ia  the  order-type  of 
(/ii/a,  ...  /n,  ^>  ^,  ^s, ...).  It  is  clear  that  the  first  of  these  aggregates  is 
not  similar  to  (gug2,gi'"X  but  if  we  let/,/,, .../«  correspond  iogug^,g^...gn, 
then  Bi  to  gn-k-u  ^  to  gn^-^y ...  and  in  general  e,n  to  ^r,^^,^,  it  is  seen  that  the 
second  of  the  above  order- types  is  similar  to  (gr^,  ^Tj,  ^, ...).  It  thus  appears 
that  n  +  ck)  =  0),  but  cd  -h  n  ^  co. 

124.  In  the  simply  ordered  aggregate  iV,  let  us  suppose  that  in  the  place  of 
each  element  is  substituted  a  simply  ordered  aggregate  similar  to  M,  whereby 
a  new  simply  ordered  aggregate  is  formed;  this  may  be  denoted  hy  M.N. 
It  is  clear  that  if  M^^  M\  N^  N\  then  M.  N^  M' .  N\  thus  the  order-type 
o{  M  .N  depends  only  on  the  order-types  of  M  and  N. 

Ifa  =  M,l3  =  N,the  product  a.  13  is  defined  to  be  M . iV,  the  order-type  of 
M .  Ny  as  just  defined. 

It  will  be  seen  that  the  product  a .  )8  is  in  general  different  from  ^ .  o,  and 
thus  that  the  multiplication  of  order-types  does  not  obey  the  commutative 
law.  For  example  cd  .  2,  is  the  order-type  of  the  aggregate  formed  by  sub- 
stituting in  (oi,  Oa)  for  each  of  the  two  elements  an  aggregate  of  type  cd; 
ck).  2  is  therefore  the  order- type  of  (6i,  ftg*  ^si ...  Ci,  Cg,  Cj ...),  in  which  there  is 
no  last  element,  and  no  element  immediately  preceding  Ci.  On  the  other 
hand,  2.0)  is  the  order- type  obtained  by  substituting  for  each  element  in 
(Oi,  Os,  a,  ...),  an  aggregate  consisting  of  two  elements;  and  2.0)  is  thus 
the  order-type  of  the  enumerable  aggregate  (on,  Ou,  On,  a^,  Oji,  0,2  ...)>  which 
is  similar  to  (6i,  62,  6, ...),  as  may  be  seen  by  making  am  correspond  to  h^^i 
and  am  to  ban*     It  has  thus  been  shewn  that  2 .  eo  =  o),  but  eo .  2  5^  eo. 

THE  STRUCTURE  OF  SIMPLY  ORDERED  AQOREQATES. 

125.  An  examination  of  the  structure  of  a  simply  ordered  aggregate  if 
can,  in  general,  only  be  attempted  by  considering  the  nature  of  those 
aggregates  which  are  its  parts,  and  in  each  of  which  parts  the  order  of 
the  elements  is  the  same  as  that  of  the  same  elements  in  the  whole 
aggregate.  The  simplest  transfinite  part  of  an  ordered  aggregate  is  that 
which  has  one  of  the  types  a>,  *to.  Such  parts  we  speak  of  as  ascending 
sequences,  and  descending  sequences,  respectively,  contained  in  At. 
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Two  ascending  sequences  {on},  {ctn^},  contained  in  M,  are  said  to  be  related 
to  one  another^  provided  that,  corresponding  to  any  element  On  of  the  first, 
there  are  elements  a V  of  the  second,  such  that  an  <  a V ;  and  provided  also 
that,  corresponding  to  any  element  a^  of  the  second,  there  are  elements  arc 
of  the  first  sequence,  such  that  ctn"  <  On'. 

Two  descending  sequences  {6n},  [W]  contained  in  Jf,  are  said  to  be  related 
to  one  another,  provided  that,  corresponding  to  any  element  &n  of  the  first 
sequence,  there  are  elements  Vn'  of  the  second,  such  that  hn  >  i V ;  and 
provided  also  that,  corresponding  to  any  element  6„'  of  the  second,  there 
are  elements  hn*  of  the  first  sequence,  such  that  hn  >  hn'* 

An  ascending  sequence  [a^],  and  a  descending  sequence  {&„},  contained  in 
M,  are  said  to  be  related  to  one  another,  if  an <  hn,  for  every  n  and  n' ;  and 
further,  provided  there  exists  in  M  no  element,  or  only  one  element  r?i,  which 
ia  such  that  an<f>^<hn,  for  every  n. 

Two  sequences  contained  in  an  ordered  aggregate,  which  are  both  related 
to  a  third  sequence,  ai*e  related  to  one  another. 

Two  sequences  in  an  ordered  aggregate,  which  are  both  ascending,  or 
both  descending,  and  of  which  one  is  a  part  of  the  other,  are  related  to  one 
another. 

126.  Suppose  that  in  an  ordered  aggregate  M,  there  is  an  element  mo 
which  satisfies  the  following  conditions,  with  respect  to  an  ascending  sequence 
contained  in  M: 

(1)  for  every  n,  OnKtrio; 

(2)  for  every  element  m  of  M  which  is  <  ttio,  there  exists  a  number  n 
such  that  On,  o^+i,  an+2»  •••  are  all  >m;  then  the  element  Wo  is  said  to  be 
the  limiting  element,  or  limit  of  [a^]  in  M\  and  m^  is  said  to  be  a  principal 
element  of  M. 

Similarly,  if  we  suppose  that  in  M,  there  is  an  element  m©,  which  satisfies 
with  reference  to  a  descending  sequence  [obf^  contained  in  if,  the  following 
conditions : 

(1)  for  every  n,a^>m^\ 

(2)  for  every  element  m  of  M  which  is  >  Tn©,  there  exists  a  number  n 
such  that  On,  fltfH-i>  ^*n-i-a»  •••  ^rc  all  <  m;  then  the  element  m^  is  said  to  be  a 
limiting  element^  or  limit  of  [a^^  in  M\  and  m©  is  said  to  be  a  principal 
element  of  M, 

A  sequence  contained  in  M  can  never  have  more  than  one  limiting 
element  in  M, 

If  a  sequence  in  M  has  a  limiting  element  m^  in  M,  then  m^  is  the 
limiting  element  of  every  sequence  in  M  which  is  related  to  the  first  one. 
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Two  sequences  which  have  the  same  limiting  element  in  M,  must  be 
related  to  one  another. 

It  is  clear  that,  i{  M,  M'  are  similar  ordered  aggregates,  an  ascending  or 
a  descending  sequence  in  M  corresponds  to  a  sequence  of  the  same  kind  in 
M\  To  every  principal  element  in  if,  there  corresponds  a  principal  element 
in  if'. 

An  ordered  aggregate  which  is  such  that  every  element  is  a  principal 
element  is  said  to  be  dense-in-itself. 

If,  in  an  ordered  aggregate,  every  sequence  which  is  contained  therein  has 
a  limiting  element  in  the  aggregate,  then  the  ordered  aggregate  is  said  to  be  a 
closed  aggregate. 

An  ordered  aggregate  which  is  dense-in-itself,  and  also  closed,  is  said  to  be 
perfect. 

A71  ordered  aggregate  which  is  such  that  between  any  two  whatever  of  its 
elements,  there  are  other  elements  of  the  aggregate,  is  said  to  be  everywhere- 
dense. 

The  properties  of  an  ordered  aggregate  thus  defined,  are  also  properties  of 
any  similar  aggregate;  hence  the  terms  may  be  applied  to  the  order-types 
which  are  symbolised  by  replacing  the  elements  of  the  ordered  aggregates 
by  1 ;  there  can  exist  therefore  an  order-type  which  is  dense-in-itself,  or 
closed,  or  perfect,  or  everywhere-dense. 

The  terms  which  have  been  here  employed  for  the  purpose  of  describing 
certain  peculiarities  which  may  exist  in  an  ordered  aggregate,  or  in  the 
corresponding  order-type,  are  identical  with  those  which  we  have  employed 
in  analogous  senses  in  Chapter  li,  in  the  case  of  sets  of  points  or  numbers. 
There  is  however  a  distinction  which  must  be  noticed  between  the  use  of  the 
terms  in  the  two  cases.  To  illustrate  this  distinction,  let  (Pi,  P,,  P^..,Pn'") 
be  a  sequence  of  points  on  a  straight  line,  which  sequence  has  a  limiting 
point  P„  on  the  right  of  the  points  Pn\  then  if  Q  be  any  poiot  of  the 
straight  line  on  the  right  of  P^,  the  two  ordered  aggregates  (Pi,  P,,  P,,  ... 
Pn,  ...  P«),  and  (Pi,  Pa,  P3,  ...  Pny  ...  Q),  are  similar,  and  have  the  same 
order-type  cd  + 1.  In  the  first  of  these  aggregates,  P^  is  the  limiting  element 
of  the  sequence  (Pi,  Pj,  ...  Pn  ...);  and,  in  the  second  aggregate,  Q  is  the 
limiting  element  of  the  same  sequence;  and  therefore  both  the  ordered 
aggregates  are  closed,  in  the  sense  explained  above.  The  ^x^i  of  these 
aggregates  forms  a  closed  set  of  points,  in  the  sense  of  the  term  defined  in 
Chapter  li ;  but  the  second  does  not,  since  Q  is  not  a  limiting  point  of  the 
set  of  points  [Pn^»  The  distinction  rests  upon  the  different  use  of  the  terms 
limiting  element  and  limiting  point,  in  the  two  cases  of  an  ordered  aggregate 
of  elements  in  general,  and  that  of  a  set  of  points  in  the  continuum.  The 
question  whether  an  element  is  a  limiting  element  of  an  aggregate  to  which 
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it  beloDgs,  or  not,  in  the  sense  defined  above,  is  answered  by  examining  the 
structure  of  the  ordered  aggregate  itself.  In  the  case  of  a  set  of  points  in 
the  continuum,  a  particular  point  may  be  a  limiting  element  of  the  aggregate 
of  points  considered  merely  as  an  aggregate  of  elements  with  a  particular 
order-type;  but  the  question  as  to  whether  the  same  point  is  a  limiting 
point  of  the  set  of  points,  considered  as  chosen  out  of  the  continuum,  can 
only  be  answered  after  an  examination  of  the  ordinal  relation  of  the  point 
to  other  points  of  the  continuum  which  do  not  belong  to  the  set ;  in  fact, 
the  set  must  be  regarded,  for  this  purpose,  as  an  aggregate  which  is  only  a 
part  of  another  aggregate,  the  continuum.  It  is  now  clear  that  a  set  of 
points  considered  solely  as  an  ordered  aggregate  of  elements,  without 
reference  to  the  fact  that  it  is  essentially  a  part  of  the  continuum,  may  be 
closed,  or  perfect ;  and  yet  that  the  same  set  of  points  need  be  neither  closed 
nor  perfect,  in  the  sense  of  the  terms  employed  in  the  theory  of  sets  of  points, 
which  has  been  dealt  with  in  Chapter  li. 

THE  OKDER-TYPES  17,   0,  TT. 

127.  Certain  order-types  which  are  of  special  importance  will  be  now 
examined. 

The  first  of  these  is  the  order- type  17,  of  the  set  R  of  rational  numbers 
between  0  and  1  (both  exclusive),  in  their  order  as  defined  in  Chapter  I. 

It  will  be  shewn  that  the  order-type  ?;,  is  exhaustively  characterised  by 
the  following  properties : — 

(1)  ^  =  ^e,  =  a. 

(2)  In  1;,  there  is  no  lowest  and  no  highest  element. 

(3)  1;  is  everywhere-dense. 

In  fiwt,  every  simply  ordered  aggregate  if,  which  has  these  three 
characteristics,  is  similar  to  the  aggregate  R. 

To  prove  this,  we  first  observe  that,  on  account  of  the  condition  (1),  the 
order  of  the  elements  in  both  M  and  R  can  be  so  altered  that  each  of 
them  is  reduced  to  the  order-type  o).  Let  this  be  done ;  and  denote  by  M^, 
i2o  the  new  ordered  aggregates 

We  have  to  shew  that  M^R;  and  to  do  this  we  have  to  shew  how  to 
establish  the  requisite  correspondence  between  the  elements  m  of  M,  and 
r  of  R.  Let  m^  be  made  to  correspond  to  ri ;  then  there  are  an  indefinitely 
great  number  of  elements  of  M,  which  have  the  same  relation,  as  regards 
order,  to  roj,  as  r,  has,  in  22,  relatively  to  r^ ;  of  all  these  elements  choose  that 
one  m^,  which  has  the  smallest  index  as  it  appears  in  ifo ;  and  let  m^^  be 
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made  to  correspond  to  rs.  Of  all  the  elements  of  M,  which  are  related  to 
rrii  and  m,,,  in  the  same  manner,  as  regards  order  in  M,  as  r,  is  related  to 
Ti  and  T],  as  regards  order  in  22,  choose  that  one  fn«,,  which  has  the  smallest 
index  as  it  appears  in  ifo  >  <^d  make  m«,  correspond  to  r,. 

Proceeding  in  this  manner,  we  make  the  elements  r^  r,,  r^.,.r^  of  iJ, 
correspond  to  the  elements  mi,  m,,,  m,,  ...  m,^  of  M\  and  so  far  as  these 
elements  are  concerned  the  relations  of  rank  are  preserved  in  the  corre- 
spondence :  we  proceed  then  to  choose,  in  the  same  manner  as  before,  the 
element  m.^^,  which  is  to  be  made  to  correspond  to  rn+i;  and  thus  we  obtain, 
for  every  r^,  the  corresponding  m,^.     It  must  however  be  shewn  that  this 
process   exhausts  all  the   elements  m  of  if,   that  is  to  say,  that  in  the 
sequence  1,  6a,  6,,  ...€«,  ...  every  integral  number  p  occurs  in  some  definite 
place.     This  can  be  proved  by  the  method  of  induction.     Let  us  assume 
that  the  elements  mj,  rn^t  m^,  ...  vnn  all  occur  in  the  correspondence  that 
has  been  set  up  between  the  whole  of  R  and  at  least  a  part  of  M,  then 
wc  shall  prove  that  7»n+i  also  occurs.     Upon  this  assumption,  let  X  be  so 
great  that  among  the  elements  ttij,  m,^,  m,,,  ...  m,  ,  all  the  elements  nii,  m,, 
m„  ...  rriri  occur.     Then  Mron+i  is  not  also  among  those  elements,  choose  out 
of  ta+i,  rx+j,  7'a+s»  •••  that  element  rx+,  with  the  smallest  index  which  has  the 
same  relation  to  rj,  r,,  ...  r^,  as  regards  order  in  J2,  that  mn+i  has  relatively 
to  mi,  m,,,  m,,,  ...  m,  ,  as  regards  order  in  M,     Then  the  element  m„+i  has 
the  same  relation  to  m,,  m,^,  m,,,  ...  m,         ,  as  regards  order  in  Jf,  as  rA+, 
has  to  ?•,,  Ta,  ...  rx+,-1,  as  regards  order  in  R,     It  thus  appears  that  mn+i  is 
the  element  with  the  smallest  index  as  it  appears  in  JIfo,  which  has,  in  M, 
the   same   relation   as  regards  order  to  ttIi,  m,^,  ...  m,         ,  that  r^+t  has 
relatively  to  r^yV^,  ...  rx+,-i  in  R\  hence  m,      =?/in-|.i;  that  is,  the  element 
m;n.i  occurs  in  the  correspondence  which  has  been  established  between  M 
and  R,    It  has  now  been  shewn  that  if  and  R  are  similarly  ordered  aggregates. 

Examples  of  the  order-type  17  are  the  following : — 

(1)  The  aggregate  of  all  negative  and  positive  rational  numbers  in- 
cluding zero,  in  their  natural  order. 

(2)  The  aggregate  of  all  rational  numbers  which  are  greater  than  a,  and 
less  than  6,  where  a,  b  are  two  real  numbers  such  that  a  <  6. 

(3)  The  aggi'egate  of  all  real  algebraical  numbers  in  their  natural  order 
in  the  continuum,  or  of  all  such  of  these  numbers  as  lie  between  two  real 
numbers  a,  h. 

(4)  The  aggregate  of  a  set  of  non-abutting  linear  intervals  which  are 
such  that  their  end-points  and  the  limiting  points  of  these  end-points  form 
a  non-dense  perfect  set  of  points  in  a  linear  interval 

The  rational  numbers  of  the  interval  (0,  1),  including  0  and  1,  form 
an  aggregate  of  the  order-type  1  + 17  +  1. 
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128.  We  now  proceed  to  the  consideration  of  the  order-type  By  of  points 
forming  a  linear  continuum. 

It  will  be  shewn  that  any  simply  ordered  aggregate  M  is  similar  to  the 
aggregate  X  of  all  real  numbers  of  the  continuum  (0,  1),  in  their  natural 
order,  provided  (1)  M  is  perfect,  and  (2)  in  M,  an  aggregate  fif,  with  the 
cardinal  number  Mo>  is  contained,  which  is  so  related  to  M,  that,  between  any 
two  elements  wio,  vh  of  My  there  are  elements  of  S, 

If  8  has  a  lowest  and  a  highest  element,  these  can  be  removed  without 
affecting  its  relation  to  M ;  and  thus  we  may  suppose  fif  to  be  of  the  t3rpe  17, 
of  the  aggregate  R  of  rational  numbers  which  lie  between  0  and  1,  both 
exclusive,  in  their  natural  order. 

Since  S  — i2,  we  may  suppose  the  elements  of  S  to  be  made  to  correspond 
in  order  to  the  elements  of  R ;  and  it  will  be  shewn  that  this  correspondence 
enables  us  to  establish  a  correspondence  between  the  elements  of  M  and  of  X. 

We  suppose  that  each  element  of  if,  which  belongs  to  S,  corresponds  to 
that  element  of  X  which  belongs  to  R,  just  as  in  the  correspondence  of  S 
with  R  already  established.  Any  element  m  of  3f,  which  does  not  belong  to 
<S,  is  the  limiting  element  of  a  sequence  {7»„}  of  elements  of  S,  To  this 
sequence  {»?i»j,  there  corresponds  a  sequence  {r„}  iu  X,  all  the  elements  of 
which  belong  to  R\  and  this  sequence  {rn}  has  a  limiting  element  x  in  X 
not  belonging  to  iJ ;  we  take  therefore  m  in  M  to  correspond  to  x  in  X.  If 
we  take  a  different  sequence  [xn]t  which  has  the  same  limiting  element  m  as 
before,  in  M,  then  there  corresponds  to  it  a  sequence  [r^]  in  /i,  which  has  the 
same  limiting  element  x  as  before,  in  X.  It  will  now  be  shewn  that,  in 
the  correspondence  so  established  between  the  elements  of  M  and  of  X,  the 
relative  order  of  two  elements  of  M  is  the  same  as  that  of  the  corresponding 
elements  of  X,  This  clearly  holds  of  any  two  elements  of  M  which  are  also 
elements  of  8.  Consider  next  two  elements  m  and  5,  of  if,  the  first  of  which 
does  not,  and  the  second  of  which  does,  belong  to  8 ;  and  let  a^i ,  r  be  the  corre- 
sponding elements  of  X,  If  r  <  Xi,  there  exists  an  ascending  sequence  in  J2, 
of  which  x^  is  the  limiting  element,  such  that  all  its  elements  are  >  r ;  then  to 
this  sequence  there  corresponds  an  ascending  sequence  in  £1,  all  the  elements 
of  which  are  >  «,  and  of  which  m  is  the  limiting  element ;  hence  8  <m.  If 
r  >  a^,  it  can,  in  a  similar  manner,  be  shewn  that  8>m,  The  proof  that, 
corresponding  to  any  two  elements  r?ii,  tw,  of  if  which  do  not  belong  to  fi», 
the  elements  fl?i,  x^  of  X  are  such  that  r?ii  ^  m^,  according  as  x^^x^y  is  of 
a  precisely  similar  character  to  that  just  given.  It  has  thus  been  shewn  that 
M  and  X  are  similar  aggregates,  and  that  the  type  6  is  characterised  by  the 
conditions  (1)  and  (2). 

The  above  characterisation*  of  the  type  0  contains  Cantor's  ordinal  theory 
of  the  constitution  of  the  linear  continuum. 

*  See  Bnssell,  Principles  of  Mathematics^  vol.  x,  p.  303,  also  Veblen,  Trans.  Amer,  Math.  Soc., 
Tol.  Ti,  and  Hantioigtoii,  Annals  of  Math.,  Ser.  2,  toIs.  vi  and  yii. 
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A  non-dense  perfect  set  of  points  in  a  linear  interval  has  not  the  order- 
type  6,  but  the  set  of  complementary  intervals  together  with  the  limiting 
points  of  their  end-points  does  form  an  aggregate  of  order-type  0,  when  the 
elements  consisting  partly  of  points  and  paitly  of  intervab  are  taken  in  the 
order  in  which  they  occur  in  the  continuum. 

129.  The  order-type  *a>  +  o)  may  be  denoted  by  tt,  and  is  the  order-type 
of  the  negative  and  positive  integers  in  their  natural  order.  This  order-type 
has  properties  distinct  from  that  of  oi.  For  example,  n  -I-  oi  has  been  shewn 
to  be  identical  with  a>,  where  n  is  a  finite  integer,  but  n  +  tt  is  not  identical 
with  TT.  From  either  of  the  equations  n  +  7r  =  m  +  7r,  or  7r  +  n  =  7r  +  m, 
there  follows  m  =  w,  or  more  generally  f: — 

If  n,  n'  are  finite  integers,  f  and  f  other  order- types,  from  the  equation 
n  +  TT+f  =n'  +  7r  +  f',  there  follows  n  —  n\  ?=?'. 

To  prove  this  theorem,  we  observe  that,  if  the  two  aggregates  be  placed 
into  similar  correspondence,  the  lowest  elements  correspond  to  one  another, 
then  the  second,  and  so  on ;  hence  n  =  n'  is  proved  at  once :  and  we  now  have 

When  two  simply  ordered  aggregates  M^  +  Z,  N^-^-Z'  of  order-types 
^  +  (r>  •T  +  f '  are  placed  in  correspondence  in  order,  either  M^  corresponds 
to  iV,,  or  M^  corresponds  to  a  part  of  i\r»,  or  else  N^  corresponds  to  a  part 
of  M^.  In  the  last  two  cases  the  order- type  ir  must  be  split  up  into 
7r  =  7ri-f  TTa,  where  7r  =  7ri,and  tt,  is  some  other  order- type;  but  from  the 
definition  tt  =  *(»  -f  o),  it  is  clear  that  every  mode  of  dividing  tt  into  two 
parts  without  altering  the  relative  order  of  the  elements,  leaves  it  in  the 
form  *a>  -f  a> ;  hence  it  is  impossible  that  tt  =  ttj  -f  tt,,  and  tt  =  ttj,  and  there- 
fore Mn  corresponds  to  N,,,     Hence  also  Z  corresponds  to  Z\  or  $"=  $"'. 

NORMALLY  ORDERED  AOGREGiXES. 

130.  The  order-type  of  a  simply  ordered  aggregate  is,  as  we  have  already 
seen,  such  that  the  structure  of  the  aggregate  as  revealed  by  an  examination 
of  the  sequences  contained  in  it,  may  be  of  the  most  varied  character ;  the 
various  sequences  may  be  ascending  or  descending  ones,  and  may  or  may  not 
have  a  limiting  element  within  the  aggregate. 

Of  all  the  possible  order-types,  those  are  of  especial  importance  which 
have  been  defined  by  Cantor  as  the  order-types  of  normally  ordered  aggregates 
(wohlgeordnete  Mengen). 

A  normally  ordered  aggregate  M  is  one  which  satisfies  the  following 
conditions : — 

(1)    M  has  an  element  m,  of  lower  rank  than  ail  the  other  dements, 

t  Bernstein,  loc,  ctt.,  p.  9. 
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(2)  If  Ml  is  any  part  of  M,  and  if  M  contains  one  or  more  elements 
which  are  of  higher  rank  than  all  the  elements  of  Mi,  then  there  exists  one 
element  m'  of  M,  which  immediately  follows  the  part-aggregate  Mi,  so  that 
there  are  no  elements  of  M  which  are  intermediate  in  rank  between  m'  and  all 
the  elements  of  Mi. 

The  special  case  of  (2)  which  arises  when  Mi  consists  of  one  element, 
shews  that  a  normally  oixlered  aggregate  is  such  that  each  element  has  one 
which  immediately  follows  it,  unless  the  element  is  the  highest  element  of 
M.    It  is  however  not  necessarily  the  case  that  M  has  a  highest  element. 

If  01,  09,  ^, ...  6n>  •••  is  an  ascending  sequence  of  elements  contained  in  M, 
and  such  that  elements  exist  in  M,  which  are  of  higher  rank  than  every  e^ 
then  there  exists  an  element  e'  of  M  which  is  higher  than  all  the  0„,  and 
such  that  every  element  e"  of  M  which  is  lower  than  e  is  lower  than  e^  0n-i-i» 
en+tf  ...  for  some  definite  value  of  n. 

Every  part  of  a  normally  ordered  aggregate  has  a  lowest  element. 

Let  Jf  1  be  a  part  of  M;  if  Mi  contains  7?ii  the  lowest  element  of  M,  then 
nil  is  the  lowest  element  of  Mi.  If  Mi  does  not  contain  m^,  consider  that 
part  of  M  which  contains  all  those  elements  every  one  of  which  is  of  lower 
rank  than  all  the  elements  of  Mi ;  this  part  of  M  must  have  an  element 
which  immediately  follows  it;  and  this  element  belongs  to  Mi,  and  is  its 
lowest  element. 

If  a  simply  ordered  aggregate  M  itself  and  also  every  part  of  M,  has  a 
lowest  element,  M  is  normally  ordered. 

The  condition  (1)  is  fulfilled.  Let  Jfi  be  a  part  of  M  such  that  M  contains 
elements  which  are  higher  than  all  those  of  Mi]  let  these  form  the  aggregate 
Ifs,  and  let  m  be  the  lowest  element  of  M^.  Then  m  is  the  element  which 
immediately  follows  Mi ;  and  thus  the  condition  (2)  is  satisfied. 

This  property  of  a  normally  ordered  aggregate,  that  every  part  of  it  has  a 
lowest  element,  might  be  adopted  as  the  definition  of  a  normally  ordered 
aggregate. 

A  somewhat  simpler  property  which  might  be  employed  to  define  a 
normally  ordered  aggregate  is  the  following : — 

An  aggregate  M  is  normally  ordered^  if,  and  only  if,  it  contains  wo  part  of 
which  the  order-type  is  *q>. 

If  ilf  is  not  normally  ordered  at  least  one  part  of  it  must  have  no  lowest 
element,  and  this  part  contains  a  sequence  whose  order-type  is  *a>.  An 
aggregate  which  has  a  lowest  element,  and  is  also  such  that  each  element 
has  one  that  immediately  succeeds  it,  is  not  necessarily  normally  ordered, 

t  Bee  JoordAiD,  Phil.  Mag.,  Ser.  6,  vol.  vu,  p.  65. 
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even  if  each  element  has  one  immediately  preceding  it.      This  can  be  seen 
by  considering  an  aggregate  with  the  order-type  o)  +  *c». 

131.  The  following  properties  of  normally  ordered  aggregates  can  be 
proved  in  a  very  simple  manner: — 

Every  part-aggregate  of  a  normally  ordered  aggregate  is  itself  normally 
ordered. 

Every  ordered  aggregate  which  is  similar  to  a  normally  ordered  aggregate 
is  itself  normally  ordered. 

If  in  a  normally  ordered  aggregate  M  there  be  substituted  for  the 
elements  normally  ordered  aggregates,  in  such  a  manner  that  if  M^,  M^- 
are  the  aggregates  substituted  for  any  two  elements  m,  m',  then  -4f,»  $  M^', 
according  as  m'^m\  the  resulting  new  aggregate  is  normally  ordered. 

132.  The  part  of  a  normally  ordered  aggregate  M  which  consists  of  all 
those  elements  which  are  of  lower  rank  than  an  element  m,  of  M,is  called  the 
segment  of  M  determined  by  the  element  m. 

The  aggregate  which  remains  when  the  -segment  of  M,  determined  by 
the  element  m,  is  removed  from  J/,  is  called  the  remainder  of  M  determined 
by  the  element  m.     The  element  m  is  the  lowest  element  of  the  remainder. 

If  8  is  the  segment  of  M  formed  by  m,  and  R  is  the  remainder,  then 
M={8,R). 

Of  two  segments  S,  8'  determined  by  the  elements  m^  m'  of  which  m  <  m\ 
we  say  that  8  is  the  smaller  and  8*  the  larger  segment,  or  8<  8\ 

It  can  easily  be  seen  that,  if  if,  Mi  are  two  similar  normally  ordered 
aggregates,  a  segment  of  M  corresponds  to  a  similar  segment  of  ifi,  the 
element  by  which  the  segment  of  M  is  determined  corresponding  to  the 
elemeht  of  Mi  by  which  the  segment  of  Mi  is  determined. 

A  normally  ordered  aggregate  is  not  similar  to  any  of  its  segments. 

Assume  that,  if  possible,  8  ^  M,  and  suppose  the  elements  of  8,  M  are 
put  into  correspondence.  To  the  segment  8  of  M,  there  must  correspond  a 
segment  8i  of  fif,  so  that  8i^  M^S,  where  8i  <  8.  Since  8i  ^  M,  we  find  in 
a  similar  manner  a  segment  /Sa<  £fi,  which  is  similar  to  M,  and  so  on ;  and  in 
this  way  we  obtain  an  unending  sequence  8  >  Si>  8t...  >  Sn  ...  of  segments 
of  M  which  are  all  similar  to  M,  Let  m,  lUi,  m,...mn...  be  the  elements 
which  determine  the  segments  fif,  Si,  Sg,  .../Sn...;  thenm  >mi>ma...  >m».... 

The  aggregate  ( TWn,  ...  m^,  mi,  m)  would  be  a  part  of  M  which  has  no 

lowest  element,  and  is  of  type  *a>,  which  is  impossible  if  if  is  normally 
ordered. 

If  M  is  an  infinite  normally  ordered  aggregate,  it  always  has  parts  which 
are  similar  to  if,  although  such  a  part  cannot  be  a  segment. 
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A  normally  ordered  aggregate  cannot  be  similar  to  any  part  of  one  of  its 
segments. 

Let  us  assume  that,  if  possible,  8'  a  part  of  a  segment  £»,  of  M,  is  similar 
to  M,  Since  S'  —  M,  we  can  place  the  elements  of  S\  M  in  correspondence, 
then  to  the  segment  8  o{  M  there  will  correspond  a  segment  8i  of  8\  where 
Si^  8]  let  then  8i  be  determined  by  the  element  e,  of  8'.  Since  ei  is  also 
an  element  of  M,  it  determines  a  segment  Mi  of  Jf,  of  which  /S,  is  a  part, 
and  which  has  a  part  similar  to  M.  Proceeding  in  the  same  manner,  we 
determine  a  segment  M^  of  Mi  which  has  a  part  that  is  similar  to  M] 
and  in  this  way  we  obtain  an  unending  sequence  of  segments  of  M,  all 
similar  to  M,  so  that  M>Mi>M^,,.>  Mn  ....  The  elements  which  determine 
these  sequences  form  a  part  of  M  which  is  of  type  *«,  and  this  is  contrary  to 
the  hypothesis  that  M  is  normally  ordered. 

Two  different  segmsnts  of  a  normally  ordered  aggregate  cannot  be  similar. 

For  one  of  these  segments  is  a  segment  of  the  other. 

There  is  only  one  mode  of  patting  the  elements  of  two  similar  normally 
ordered  aggregates  into  correspondence,  so  that  the  reUitive  orders  of  the 
elements  are  unaltered  in  the  correspondence. 

For  if  in  two  modes  of  placing  the  aggregates  in  correspondence  two 
elements/,/'  of  one  aggregate  Jf,  correspond  to  one  element  e  of  the  other 
M\  the  segments  of  jlf  determined  by//'  are  each  similar  to  the  segment  of 
M'  determined  by  e;  but  it  has  been  shewn  to  be  impossible  that  M  can  have 
two  different  segments  which  are  similar  to  one  another. 

A  segment  of  one  of  two  normally  ordered  aggregates  has  at  most  one 
segment  of  the  other  aggregads  which  is  similar  to  it 

If  8,  8'  are  similar  segments  of  two  normally  ordered  aggregates  if,  M', 
then  to  every  smaller  segment  8i  <  8,  of  M,  there  corresponds  a  similar 
segment  S/  <  8\  of  M'. 

If  <8i,  8i  are  two  segments  of  the  normally  ordered  aggregate  M,  and 
8i\  Sj'  are  two  similar  segments  of  a  normally  ordered  aggregate  M\  then  if 
8i  <  8u  it  follows  that  S,'  <  8^. 

If  a  segment  8  of  M  i&  not  similar  to  any  segment  of  another  normally 
ordered  aggregate  M',  then  no  segment  8'  >8  o{  M  ia  similar  to  any  segment 
of  M'  nor  to  M'  itself ;  and  the  same  holds  of  M  itself. 

If  M,  M\  two  normally  ordered  aggregates  are  so  related  that,  to  any 
segment  of  either,  there  corresponds  a  similar  segment  of  the  other,  then  Jf  —  M\ 

Any  element  e  of  M  determines  a  segment  of  M  which  corresponds  to  a 
similar  segment  of  M\  Let  this  latter  be  determined  by  an  element  e'  of 
M' ;  we  then  take  e  to  correspond  to  e'.     To  every  element  of  M  we  therefore 
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find  a  correBponding  element  of  M\  and  it  is  seen  by  appljring  the  foregoing 
theorems  that  the  relative  order  of  the  elements  is  preserved 

133.  If  two  normally  ordered  aggregates  M,  M'  are  so  related  thcU,  (1)  to 
every  segment  So/M,  there  corresponds  a  similar  segment  8'  of  M\  and  (2) 
at  least  one  segment  of  M'  eodsts  to  which  there  is  no  corresponding  similar 
segment  of  M ;  then  there  eodsts  a  definite  segment  fif/  ofM'  such  that  Si'^  M. 

Consider  all  those  segments  of  M\  which  do  not  correspond  to  similar 
segments  of  M,  Among  these,  there  must  be  one  iS|'  which  is  the  least  of 
all;  this  follows  from  the  fact  that  the  elements  which  determine  these 
segments  of  M'  form  an  aggregate  which  has  a  lowest  element,  and  this 
lowest  element  determines  the  segment  iS|'.  Every  segment  of  M'  which  is 
greater  than  £•/,  is  such  that  there  exists  no  corresponding  similar  segment 
of  M ;  but  every  segment  of  M'  which  is  less  than  8i  has  a  corresponding 
similar  segment  of  M,  Since  to  every  segment  of  M  there  corresponds  a 
similar  segment  of  Sx,  and  to  every  segment  of  8i  there  corresponds  a  similar 
segment  of  Jf,  it  follows  that  Jf  —  /Sf/. 

If  the  nonnally  ordered  aggregate  M'  has  at  leaM  one  segment  to  which 
there  corresponds  no  similar  segment  of  M,  then  to  every  segment  of  M  there 
corresponds  a  similar  segment  of  M\ 

Let  Si  be  the  smallest  segment  of  JIf  ^  to  which  there  corresponds  no 
similar  segment  of  Af.  If  there  existed  segments  of  if  to  which  no  corre- 
sponding similar  segments  of  Af'  exist,  let  Sj  be  the  smallest  of  all  such 
segments  of  M.  To  every  segment  of  Si  there  corresponds  a  similar  segment 
of  Si\  and  conversely;  hence  Si^Si,  which  is  contrary  to  the  hypothesis 
that  there  exists  no  segment  of  M  which  is  similar  to  Si, 

If  M,  M'  are  any  two  normally  ordered  aggregates,  then  either  (1)  Af  and 
M'  are  similar,  or,  (2)  there  exists  a  segment  S'  of  M'  which  is  similar  to  JIf, 
or,  (3)  there  exists  a  segment  S  of  M,  which  is  similar  to  M\  and  these 
possibilities  are  mutually  exclusive. 

The  following  four  possibilities  may  be  contemplated,  as  regards  the 
relation  of  M  to  M'\ — 

(1)  To  every  segment  of  either  M  or  M'  there  corresponds  a  similar 
segment  of  the  other  aggregate. 

(2)  To  every  segment  of  M  there  exists  a  corresponding  similar  segment 
of  M'\  but  there  is  at  least  one  segment  of  M'  to  which  no  similar  segment  of 
M  corresponds. 

(3)  To  every  segment  of  M'  there  corresponds  a  similar  segment  of  M\ 
but  there  is  at  least  one  segment  of  if  to  which  no  similar  segment  of  M' 
corresponds. 
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(4)  There  is  at  least  one  segment  of  Jlf  to  which  no  similar  segment  of 
M'  corresponds,  and  also  at  least  one  segment  of  M*  to  which  no  similar 
segment  of  M  corresponda 

It  has  been  shewn  that  (4)  is  impossible.  In  the  case  (1),  it  has  been 
proved  that  M^M\  In  the  case  (2),  it  has  been  shewn  that  a  definite 
segment  8^  of  M'  exists,  such  that  Si^M;  and  in  the  case  (3),  that  there 
is  a  definite  segment  8i  o{  M  such  that  Si  ^  M', 

It  is  impossible  that  at  the  same  time  M^  M\  and  also  M^Si  :  for,  in 
that  case,  M'  ^  5/;  and  it  has  been  shewn  to  be  impossible  that  M'  is  similar 
to  one  of  its  own  segmenta 

It  is  also  impossible  that  M^ Si',  and  also  M'  =- Si;  for  there  must  then 
exist  a  segment  of  8i',  which  is  similar  to  S^  and  therefore  to  M' ;  but  this 
is  contrary  to  the  theorem  that  a  normally  ordered  aggregate  cannot  be 
similar  to  one  of  its  segments. 

If  any  part  o/M  is  such  that  that  part  is  not  similar  to  any  segment  o/M, 
then  that  part  is  similar  to  M  itself. 

Any  part  Mioi  M  \b  normally  ordered ;  if  then  Mi  be  similar  neither  to  M 
nor  to  any  segment  of  M,  there  must  exist  a  segment  of  J//  of  Mi  which  is 
similar  to  M ;  and  if/  is  a  part  of  that  segment  of  M  which  is  determined 
by  the  same  element  that  determines  the  segment  Mi  of  Mi.  Therefore  Mi 
would  be  similar  to  a  part  of  one  of  its  segments,  which  has  beeo  shewn  to 
be  impossible. 

THE  THEORY   OF  ORDINAL   NUMBERS. 

134.  The  order- type  M  of  a  normally  ordered  aggregate  Jf,  is  said  to  be 
the  ordinal  number  which  belongs  to  M ;  all  similar  normally  ordered 
aggregates  have  consequently  the  same  ordinal  number. 

If  M,  M'  are  two  normally  ordered  aggregates  such  that  M  has  a  segment 
which  is  similar  to  M\  whilst  M'  has  no  segment  which  is  similar  to  M,  then 
the  ordinal  number  a  =  M,  is  said  to  be  greater  than  the  ordinal  number 
fi  =  M';  and  this  relation  is  denoted  by  a>  fi.  If  M  has  no  segment  similar 
to  M\  but  M'  has  a  segment  similar  to  M,  the  ordinal  number  a  is  said  to  be 
less  than  )9,  and  the  relation  is  denoted  by  a<  /3. 

It  follows  from  th^ie  definitions  in  conjunction  with  the  theorem  of  §  133 
that  if  a,  fi  are  any  two  ordinal  numbers  whatever,  they  satisfy  one,  and  one 
only,  of  the  relations  a  =  fi,  a>/3,  a<l3  ;  and  that  if  a  >  /8,  then  /3<ou 

Further  it  is  seen  that  if  a  <  /8  and  )9  <  7,  then  a  <  7 ;  hence  the  aggregate 
of  all  ordinal  numbers  is  a  simply  ordered  aggregate,  when  arranged  in  such 
a  manner  that  any  one  a,  which  has  been  defined  as  less  than  another  one  jS, 
precedes  it. 
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The  sum  a-^-fi  of  two  ordinal  numbers  is,  in  accordance  with  the  general 
definition  of  the  sum  of  two  order-types,  the  order-type  of  the  normally  ordered 
aggregate  {M,  N),  where  M,  N  are  two  normally  ordered  aggregates  such  that 
a  =  M,  I3  =  N. 

Since  M,  N  each  contains  no  part  of  type  *(»,  the  same  is  true  of  (if,  N). 
Hence  the  aggregate  {M,  N)  is  normally  ordered;  and  thus  a  +  i9  is  an  ordinal 
number. 

Since  itf  is  a  segment  of  (if,  N),  we  see  that  aKa  +  fi. 

JT  is  a  remainder  of  (if,  N)  determined  by  the  lowest  element  of  N, 
hence  N  may  be  similar  to  (M,  N) ;  or,  if  not,  it  is  similar  to  a  segment  of 
(M,  N):   thus  either  /S^a-^-fi,  or  fiKa-^-fi. 

The  addition  of  ordinal  numbers  obeys  the  associative  law,  but  not  in 
general  the  commutative  law ;  thus  (a  +  y8)  +  7  =  a  +  (y8  +  7),  but  a +  13  is  in 
general  ^13  +  a. 

136.  The  product  a .  yS  of  two  ordinal  numbers  is,  in  accordance  with  the 
definition  of  §  124,  the  order- type  of  the  aggregate  obtained  by  substituting 
for  each  element  of  an  aggregate  of  order-type  )8,  an  aggregate  of  order-type  a. 
In  accordance  with  the  theorem  of  §  131,  the  aggregate  thus  obtained  is 
normally  ordered,  and  of  type  dependent  only  on  a  and  fi. 

In  general  a./S  is  not  equal  to  /8 . a. 

It  is  easily  seen  that  a.fi>a,  provided  y8  >  1 ;  and  that  if  afi  =  ay, 
then  /8  =  7. 

If  OL,  ^  are  two  ordinal  numbers  such  that  a</3,  there  exists  an  ordinal 
number  7  sv^h  that  a  +  7  =  y8 ;  and  this  number  7  is  defined  to  be  fi  —  a. 

For  if  M=  13,  there  is  a  segment  of  Af  which  may  be  denoted  by  Mi,  such 
that  Mi  =  a;  let  then  M={Mi,  S),  therefore  M=  Mi  + S,  Bxid /3-a  =  S. 

136.  Let  /3i,  /Sa,  ...  I3ny  ...  denote  a  simple  sequence  of  ordinal  numbers, 
and  suppose  ifiji/,,  ...  Mnt  ...  are  aggregates  of  which  the  order-types  are 
respectively  the  numbers  of  the  sequence.  The  aggregate  {Mi,  M^, . . .  ifn, . . .), 
which  is  obtained  by  replacing  each  element  of  the  normally  ordered  aggregate 
(1,  1,  1,  ...)  of  type  0),  by  a  normally  ordered  aggregate,  is,  in  accordance  with 
the  theorem  of  §  131,  itself  normally  ordered;  and  its  type  defines  the  sum 
A  +  A  -h  . . .  +  /8n  +  . . .  =  )8.     If  a„  denotes  the  sum  y8i  +  A  +  . . .  +  y8n,  we  see 

that  ftn  =  (Ml,  Mi,  ...  ifn) ;  £ki^d  it  is  clear  that  ccn+i  >  ffn :  hence 

It  will  now  be  shewn  (1)  that  ^  >  On,  for  every  value  of  n;  and,  (2)  that,  if  /^  is 
any  ordinal  number  <  /3,  there  is  some  definite  value  of  n  such  that  o^ 
On^i,  ...  are  all  >/3'. 
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(1)  follows  from  the  £Ehct  that  each  Sn  is  the  ordinal  number  of  a  segment 
of  (Ml,  JIf,,  ...  Mm  ...)  of  which  fi  is  the  ordinal  number. 

To  prove  (2),  we  observe  that  a  segment  of  (Jfi,  Jfg,  ...  Mn,  ...)  exists,  of 
which  j8'  is  the  ordinal  number,  and  therefore  the  element  which  determines 
this  segment  must  belong  to  one  of  the  aggregates  if i,  if  a, ...  Mn, ...  say  J/„,. 
It  follows  that  the  segment  is  also  a  segment  of  (ifi,  M2,  ...  Mn^);  and  there- 
fore, ff  <(in^y  or  an> P ,  n  being  ^  n^. 

It  has  thus  been  proved  that  )9  is  the  ordinal  number  which  immediately 
follows  all  the  ordinal  numbers  a^,  or,,  ...  0^,  ... ;  and  it  may  be  spoken  of  as 
the  limit  of  the  sequence  ai,  ott,  ...  «»!  •••• 

Thus  every  ascending  sequence  ai,  a,,  ...  On,  ...  c/  ordinal  numbers  deter- 
mines a  limiting  number  jS^  L  On,  which  immediately  follows  all  the  numbers 

0/ the  sequence. 
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137.  Every  finite  ordered  aggregate  is  normally  ordered,  and  its  order- 
type  is  the  ordinal  number  of  the  aggregate.  The  finite  ordinal  numbers 
may  be  spoken  of  as  the  ordinal  numbers  of  the  first  class ;  to  each  such 
ordinal  number  there  corresponds  a  single  cardinal  number,  and  the  properties 
of  the  finite  ordinal  numbers  are  identical  with  those  of  the  finite  cardinal 
numbers,  the  terms  ordinal  and  cardinal  simply  defining  the  two  uses  of  the 
same  number.  In  the  case  of  transfinite  aggregates  there  is  no  such 
identity  between  ordinal  and  cardinal  numbers ;  in  fact  the  arithmetic  of  the 
one  kind  of  numbers  is  essentially  different  from  that  of  the  other  kind. 

Corresponding  to  a  single  transfinite  cardinal  number  there  is  an  infinity 
of  transfinite  ordinal  numbers;  all  those  transfinite  ordinal  numbers  which 
correspond  to  aggregates  that  have  one  and  the  same  cardinal  number  a  are 
said  to  form  a  class  Z{a\  the  class  of  normal  order- types  which  have  the 
cardinal  number  a. 

The  ordinal  numbers  of  all  those  order-t3rpes  which  have  the  same 
cardinal  number  M©  as  the  aggregate  of  finite  numbers,  are  said  to  be  of 
the  second  class  ^(^to). 

The  ordinal  number  a>  =  L  .  n,  and  is  the  smallest  number  of  the  second 

class, 

KM  denotes  the  aggregate  (mj,  m,,  ...  m^,  ...),  then  if  =«,  and  w  =  No. 
Any  number  fi  which  is  <  a>,  must  be  the  order-type  of  a  segment  of  if,  and 
M  has  only  segments  (mi,  m,,  ...  mn)  with  finite  ordinal  numbers  n;  thus  /8 
must  be  a  finite  number ;  and  therefore  the  only  ordinal  numbers  <  a>  are 
finite  ones. 

H.  12 
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Every  number  a  of  the  second  class  has  a  member  a  + 1  immediately 
following  it 

For  if  a  =  ^,  o  =  No,  we  have  a  -h  1  =  {M,  e\  where  e  is  a  new  element;  and 
since  J/  is  a  segment  of  (Jf ,  e),  we  have  a  + 1  >  a.     Also 

o+T  =  a  +  l  =  Mo  +  l=Ko. 

It  has  thus  been  shewn  that  a  + 1  is  a  number  of  the  second  class.  Every 
number  <  a  +  1,  is  the  order-type  of  a  segment  of  (Jf,  e)\  and  such  segment 
can  only  be  M,  or  a  segment  of  M ;  hence  no  number  <  a  + 1  is  >  a :  therefore 
a+1  is  the  next  number  greater  than  a. 

//*«!,  a,,  ...  On,  ...  is  any  sequence  of  numbers  of  the  second  classy  there  is 
a  number  L . «»,  also  of  the  second  class,  which  is  the  smaUest  number  that  is 
greater  than  every  number  a„  of  the  sequence. 

If,  as  in  §  136,  we  write  /8,  =  Oi,  /8a  =  a«  — «!  •••  Pn^^-^^^^n-u  ...  then  if 
Gn  —  ^ny  WO  havc  Zan  =  (G^i,  Gj,  ...  (rn,  ...);  and  this  number  La^  h€is  been 
shewn  to  be  the  smallest  number  which  is  >  an  for  every  value  of  n.  To 
shew  that  this  number  Lin  is  of  the  second  class,  we  have,  since  fi^,  ^  ^^o,  for 
every  value  of  n, 


// .  On  ^  Ko  •  ^^0  ^  (^0 ;  And  since  Z .  On  is  not  finite  it  must  therefore  =  Ko- 

Two  sequences  {an}f  {a'nl  of  numbers  of  the  second  class,  have  the  same 
limiting  number,  when,  and  only  when,  the  sequences  are  related  to  one  another, 
in  axxiordance  with  the  definition  of  §  125. 

Let  /8, 7  be  the  two  limiting  numbers,  and  first  assume  that  the  sequences 
are  related  to  one  another.  If  13  <y,  then  for  some  value  of  n,  a^  >  13, 
a'n+i  >  /8,  . . . ;  and  hence  for  some  value  of  n',  we  must  have  a^,'  >  fi,  On'+i  >  /3,  ... 
which  is  inconsistent  with  13  being  the  limit  of  the  sequence  {on]; 

If  we  assume  /3  =  y,  then,  since  an<y,  for  some  fixed  number  r  we  must 
have  a'r>any  a'r+i>ani---;  and  similarly,  since  a'n<y8,  for  some  fixed 
number  s  we  must  have  a,  >a'n,  a«+i  >«'»»»  •••;  hence  the  two  sequences  are 
related  to  one  another. 

If  n  is  a  finite  ordinal  number,  and  a  a  number  of  the  second  class,  then 
n-ha  =  a,  and  hence  a  —  w  =  a. 

For  n  +  ft)  =  0), 


smce  n  +  o)  =  (6„e„  ...  Cn]  fuf2>  -^-fn,  ...) 

where  gi  =  ei,  g^^e^,  >-.gn  =  en,  S^n+i=/i,  9n+i^fi,  .... 

Further,  n  +  a  =  n  +  oi+(a—  ft>)  =  ft>  +  (a  —  oi)  =  a. 

If  r?  is  a  finite  number,  then  no)  =  ft).  This  is  seen,  by  taking  an  aggregate 
of  the  type  ft),  and  replacing  each  element  by  n  new  elements;  then  it  is  clear 
that  the  new  aggregate  is  also  of  type  oi. 
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It  can  easily  be  proved  that  (a  +  n)  oi  =  aa>,  where  a  is  of  the  second  class, 
and  n  of  the  first  class. 

138.  If  a  18  any  number  of  the  second  class,  then  tite  numbers  of  the 
first  and  second  classes,  which  are  less  than  a,  form  a  normally  ordered  aggregate 
of  type  a,  when  they  are  arranged  in  order  as  defined  above. 

If  if  is  an  aggregate  such  that  M=a,  and  if  a  is  an  ordinal  number  <  a, 

then  there  is  a  segment  M'  of  Af  such  that  M'  =^a;  and,  conversely,  every 
segment  of  M  determines  a  number  of  the  first  or  second  class  which  is  <  a. 
For,  since  M  =  K^,  any  segment  if'  must  have  either  a  finite  cardinal  number,  or 
else  must  have  Mq  for  its  cardinal  number.  If  d  is  the  lowest  element  of  M, 
a  segment  if'  is  determined  by  an  element  e'  >ei',  and  every  element  e\  of  M, 
determines  a  segment  M\  If  e\  e"  are  two  elements  of  if,  both  >  Cj,  and  M\ 
M"  the  segments  of  if  determined  by. these  elements,  and  a',  a"  their  order- 
types,  then  if  e'  <  e",  it  follows  by  §  132,  that  M'  <  M'\  and  hence  a  <  a". 

If  then  if  =(^1,  M'\  and  to  the  element  e  of  if',  we  make  the  element  a 
of  {a'},  correspond,  the  two  aggregates  M'  and  {a'}  are  placed  in  the  relation 

of  similarity.     It  has  thus  been  shewn  that  [a]  =  M* ;  now  if '  =  a  —  1  =  a, 

hence  {a'}  =  a. 

Since  5  =  M©,  we  have  {«'}  =  Mo ;  and  therefore  the  following  theorem  is 
established : — 

The  aggregate  {«'}  of  all  those  numbers  a!  of  the  first  and  second  classes, 
which  are  erdinally  smaller  than  a  number  a  of  the  second  class,  has  the 
cardinal  number  Mq. 

139.  Every  number  a  of  the  second  class  is  either  (1)  such  that  it  is 
obtained  from  a  number  of  the  sam£  class  immediately  preceding  it,  by  the 
addition  of  unity,  or  else,  (2)  su^h  that  there  eodsts  a  sequence  {ami  of  numbers 
of  the  first  or  second  class,  having  a  for  its  limit. 

Let  a  =  if;  then  if  if  has  a  highest  element  e,  M  =^{M\  e)  where  M'  is 
the  segment  of  M  determined  by  6 ;  in  this  case  M=^  if '  +  1,  or  a  =  (a  —  1)  +  1. 

If  M  has  no  highest  element,  then  the  aggregate  {a'}  of  all  numbers  <  a, 
which  is  similar  to  if,  has  no  greatest  number ;  and  this  aggregate  {a'}  being 
of  cardinal  number  Mo  can  be  re-arranged  as  an  aggregate  {a'„}  of  type  w.  In 
this  aggregate  [oLf^y  some  of  the  numbers  a,',  a,',  ...  will  in  general  be  less 
than  a/,  but  others  must  be  greater  than  a/ ;  for  a/  cannot  be  greater  than 
all  the  other  numbers  of  the  aggregate,  there  being  in  {a'}  no  greatest 
number.  Let  a'^  be  that  number  of  [a!n\  with  the  smallest  index,  such  that 
^p*  >  ^i' »  similarly  let  af^  be  that  number  with  the  smallest  index  such  that 
*V.  >  ^'9%'  *^d  ^  ^0'     We  have  now  an  infinite  sequence 


«/>  «Vi»   "'ft' 
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of  numbers  such  that  they  are  in  ascending  order,  and  such  that  their  indices 
are  also  in  ascending  order.  Since  w  ^  pn,  we  have  a'n  =  a'p.;  hence  for  every 
number  a'  which  is  less  than  a  there  exists  a  number  a'p^  which  is  >  a'. 
Since  a  is  the  number  which  follows  next  after  all  the  numbers  a\  it  is  also 
the  number  which  follows  next  after  all  the  numbers  ax',  a',,,,  a'p,, ...,  which  we 
may  write  as  ai,  a,,  a,,  ...  o^,  ...;  thus  a^Zo^. 

It  has  thus  been  shewn  that  there  are  two  kinds  of  numbers  of  the 
second  class,  (1)  thos^  which  have  an  immediate  predecessor  in  the  aggregate 
of  all  such  numbers  arranged  in  ascending  order,  and  (2)  those  which  have 
no  such  immediate  predecessor,  and  are  called  limiting  numbers, 

A  number  of  the  first  kind  is  obtained  by  means  of  the  first  principle  of 
generation,  (see  §  61),  from  the  immediately  preceding  number. 

A  number  of  the  second  kind  is  obtained  by  the  second  principle  of 
generation,  as  the  number  a  which  next  follows  all  the  numbers  an  of  any 
sequence  {on}  of  numbers  of  the  second  class. 
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140.  The  totality  of  the  numbers  of  the  second  doss  arranged  in  ascending 
order  forms  a  normally  ordered  aggregate. 

If  ^.  denotes  the  ordered  aggregate  of  all  those  numbers  of  the  second 
class  which  are  less  than  the  given  number  a,  then  il.  is  normally  ordered 
and  of  type  a  —  o).  For  the  aggregate  {a'}  of  numbers  of  the  first  and  second 
classes,  which  consists  of  {n]  and  i4«,  has  been  shewn  in  §  138,  to  be  normally 
ordered,  and  thus 

{a'}  =  ({n},  A.\ 

hence  {«'}  =  {n}  +  i4«,  or  -4,  =  a  —  o). 

Let  M  denote  any  part  of  the  aggregate  {a}  of  all  the  numbers  of  the 
second  class,  such  that  in  {a}  there  are  numbers  which  are  greater  than  all 
the  numbers  in  if ;  and  let  a©  be  one  such  number :  then  Af  is  a  part  of  il«,+i, 
which  is  such  that  all  the  numbers  of  M  are  less  than  at  least  one  number  Oo 
of  i4a,+i.  Since  -4a,+i  is  normally  ordered,  there  must  be  a  number  a'of  il.^^.i, 
being  itself  consequently  a  number  of  [a],  which  is  the  next  greater  number 
than  all  the  numbers  of  M,  Thus,  since  {a]  has  a  lowest  number  o),  the 
conditions  are  satisfied  that  {a}  is  a  normally  ordered  aggregate. 

It  follows  by  applying  the  results  of  §  130,  that : — 

Every  part  of  the  aggregate  [a]  of  all  numbers  of  the  second  class  has  a 
least  number. 

Every  such  part,  in  order,  ia  normally  ordered. 
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It  will  now  be  shewn  that  the  aggregate  {a}  of  all  the  numbei^s  of  the 
second  doss,  has  a  cardinal  number  greater  than  Mq. 

If  \%\  =  Mo,  the  numbers  of  {a}  could  be  arranged  in  the  form 

of  type  01,  in  which  of  course  the  order  would  not  be  that  of  generation. 
Starting  from  71,  let  7^,  be  the  7  with  the  smallest  index  which  is  such  that 
7p^  >  7i ;  then  let  7p,  be  that  7  with  the  smallest  index  such  that  7,^  >  7^, ; 
and  so  on.     We  obtain  in  this  manner  a  sequence 

7i»  7pt>  7/>t»  ••• 
in  ascending  order,  the  indices  1,  p^,  j),,  ...  being  also  in  ascending  order.     In 
accordance  with  §  137,  there  must  be  a  definite  number  S  of  the  second  class, 
namely  &  =  Lyp^,  such  that  S>7p^,  for  every  jo^,  and  consequently  such  that 
S  is  greater  than  every  7„ ;   but  this  is  impossible  since  [yn]  contains  every 

number  of  the  second  class ;  hence  [a]  cannot  equal  Mq. 

Every  part  of  the  aggregate  {a]  of  all  numbers  of  the  second  class  has 
either  the  cardinal  number  of  {a},  or  else  the  cardinal  nwmber  Ko,  unless  it  is  a 
finite  part 

Every  such  part,  when  the  elements  of  it  are  in  order  of  generation,  being 
part  of  the  normally  ordered  aggregate  {a},  is  either  similar  to  {a),  or  else  to 
some  segment  Aa^  of  {a} ;  hence  the  cardinal  number  is  either  that  of  {a}  or 
is  A^^aQ—w,  and  this  last  is  either  Ko,  or  is  finite. 

The  cardinal  number  of  [a]  is  the  cardinal  number  next  greater  than  Ko. 

If  there  existed  a  cardinal  number  less  than  {a],  and  greater  than  Ko,  it 
must  be  the  cardinal  number  of  some  part  of  [a] ;  but  it  has  been  shewn  that 
every  such  part  of  {a)  has  either  the  cardinal  number  of  {a},  or  is  Ko,  or  is 
finite. 

The  cardinal  number  of  [a],  or  of  Z  {Ko}  is  denoted  by  Ki. 

THE  GENERAL  THEORY  OF  ALEPH-NUMBERS. 

141.  It  has  now  been  shewn  that  the  ordinal  numbers  of  the  second 
class  in  their  order  of  generation,  form  a  normally  ordered  aggregate  of  which 
the  cardinal  number  is  Ki,  the  next  greater  cardinal  number  to  Ko.  The 
ordinal  type  of  the  normally  ordered  aggregate  {a}  of  all  numbers  of  the 
second  class,  is  a  number  fl,  which  is  the  smallest  number  of  the  third  class. 
In  analogy  with  the  definition  of  the  second  class,  and  in  accordance  with 
what  Cantor  has  denominated  the  principle  of  limitation  (Hemmungsprinzip), 
the  third  class  is  taken  to  include  all  the  ordinal  types  of  normally  ordered 
aggregates,  of  which  the  cardinal  number  is  Ki,  and  this  class  is  consequently 
denoted  by  Z{JA^    The  number  fi,  which  is  the  order-type  of  all  the  numbers 


182  Transfinite  numbers  and  order-types  [oh.  in 

of  the  first  and  second  classes,  in  the  order  of  generation,  and  which 
comes  after  all  those  numbers,  is  not  the  limiting  element  of  any  sequence 
«!,  OEj,  ...  On,  ...  of  numbers  of  the  second  class;  for,  as  we  have  seen,  every 
such  sequence  has  a  limiting  number  within  the  second  class.  From  the 
point  of  view  adopted  by  Cantor  in  his  earlier  writings,  and  explained  in 
§  61,  in  which  the  successive  ordinal  numbers  are  regarded  as  successively 
generated,  in  accordance  with  postulated  principles  of  generation,  the  number 
fl  must  be  regarded  as  generated  by  a  third  principle  of  generation,  different 
from  the  two  principles  of  generation  employed  in  the  case  of  the  numbers  of 
the  first  and  second  classes.  This  third  principle  of  generation  affirms  that 
every  set  of  ordinal  numbers  similar  to  the  aggregate  of  all  the  numbers  of 
the  first  and  second  classes,  in  their  order  of  generation,  is  immediately 
succeeded  by  a  new  number,  ordinally  greater  than  all  the  numbers  of  the 
set,  so  that  every  number  which  is  less  than  this  new  number  is  also  less 
than  some  of  the  numbers  of  the  set.  When,  proceeding  from  ft,  the 
numbers  ft  +  1,  ft +  2,  ...  ft  +  ft,  ...  are  formed,  all  three  principles  of 
generation  will  be  required,  in  forming  the  numbers  of  the  third  class. 

From  the  point  of  view  adopted  later  by  Cantor,  and  explained  in  the 
present  chapter,  ft  is  simply  defined  to  be  the  order-type  of  the  totality  of 
the  numbers  of  the  first  and  second  classes,  in  their  normal  order.  The 
numbers  higher  than  ft  are  then  defined  in  the  same  manner,  each  one  as 
the  order- type  of  the  totality  of  the  preceding  numbers  in  normal  order. 

The  existence  of  a  whole  series  of  classes  of  order-types  of  pormally 
ordered  aggregates,  Le,  of  ordinal  numbers,  has  been  speculatively  asserted 
by  Cantor*,  who  has  however,  up  to  the  present  time,  in  his  published  works, 
confined  his  detailed  investigations  to  numbers  of  the  first  and  second  classes. 

To  each  of  the  successive  classes  of  numbers,  there  corresponds  a  single 
cardinal  number,  that  of  the  totality  of  the  ordinal  numbers  up  to,  and 
including  all  the  ordinal  numbers  of  that  class.  The  first  ordinal  number  of 
each  class  is  the  order-type  of  all  the  numbers  of  the  preceding  classes  in 
their  order  of  generation.  A  new  principle  of  generation  is  required  for  the 
first  number  of  each  new  class,  since  that  number  cannot  be  regarded  as  the 
limiting  number  of  any  sequence  of  which  the  ordinal  number  is  less  than 
that  of  the  number  in  question.  All  the  successive  principles  of  generation 
are  however  included  in  the  one  principle,  that  an  aggregate  of  normally 
ordered  ordinal  numbers  has  itself  an  order-type  which  is  a  new  number ; 
and  thus,  from  this  point  of  view,  all  the  principles  of  generation,  from  the 
second,  onwards,  are  replaced  by  this  one  principle. 

142.     In  accordance  with  this  theory,  there  exists  an  ordered  aggregate 
1,  2,  3,  ...  n,  ...  a>,  ft>  +  l,  ...  w',  ...  ©••,  ...  ft,  ft  +  1,  ...  7,  ... 

*  See  Math,  Annalefiy  vol.  xxi,  pp.  687,  588,  also  vol.  ZLVi,  p.  495. 
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which  contains  every  ordinal  number  of  every  class ;  and  there  also  exists  a 
similar  aggregate 

of  cardinal  numbers,  each  element  of  which  is  the  cardinal  number  of  a  single 
class  of  numbers  of  the  first  aggregate. 

That  the  first  of  these  aggregates  is  normally  ordered,  may  be  seen  by 
remarking  that  if  it  contained  any  part,  of  the  type  *ft>,  then  such  part  would 
also  be  part  of  the  normally  ordered  aggregate  formed  by  the  numbers 
1,  2,  3,  ...  01,  ...  a;  where  a  is  the  highest  number  in  the  hypothetical  part, 
of  type  *«.  This  is  impossible,  and  hence  the  first  aggregate  is  normally 
ordered. 

Cantor  has  proved  (see  §  117)  that  Ko  is  less  than  or  equal  to  the  cardinal 
number  of  any  transfiiiite  aggregate,  and  that  K^  is  the  cardinal  number  next 
greater  than  Mg.  A  proof  has  been  given  by  Jourdainf,  that  Nj  is  the  next 
greater  cardinal  number  than  Ki,  who  has  also  considered  in  some  detail,  the 
ordinal  numbers  of  the  third  class,  and  has  given  indications  of  extension  to 
the  higher  classes. 

The  question  whether  every  transfinite  cardinal  number  is  necessarily  an 
Aleph-nnmber,  which  is  equivalent  to  asking  whether  every  aggregate  is 
capable  of  being  normally  ordered,  has  engaged  a  considerable  amount  of 
attention.  That  the  answer  should  be  an  affirmative  one,  has  been  regarded 
by  Cantor  as  probable.  Some  discussion  of  attempts  which  have  been  made 
to  settle  this  matter,  will  be  considered  in  §  161.  A  case  of  great  importance 
is  that  of  the  continuum,  which  is  defined  as  a  simply  ordered,  but  not  as  a 
normally  ordered  aggregate.  No  proof  has  yet  been  discovered,  of  the  cor- 
rectness of  Cantor's  view,  that  c  =  M,.  In  case  c  occurs  at  all  in  the  aggregate 
of  Aleph-numbers,  the  continuum  is  capable  of  being  normally  ordered.  The 
possibility  has  also  been  contemplated  that  c  may  be  greater  than  all  the 
Aleph-numbers. 

THE  ARITHMETIC  OF  ORDINAL  NUMBERS  OF  THE  SECOND  CLASS. 

143.  The  ordinal  numbers  of  the  second  class  have  been  defined  as  the 
order-types  of  normally  ordered,  enumerably  infinite,  aggregates;  and  the 
operations  of  addition  and  multiplication  have  been  defined  for  these  numbers, 
in  §§  134  and  135.  It  now  remains  for  us  to  define  exponentials  for  numbers 
of  this  class ;  and  the  definition  is  founded  upon  the  following  theorem : — 

If  ^  is  a  variable  of  which  the  domain  consists  of  the  numbers  of  the  first 
and  second  classes,  including  zero,  and  if  7,  h  denote  two  constants  belonging 

t  See  Phil.  Mag,  for  1904,  "  On  the  transfinite  cardinal  numbers  of  number-classes  in  general.*' 
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to  the  same  domain,  such  that  S  >0,  7  >  I,  then  there  exists  a  single-valued 
determinate  function  /(^),  which  satisfies  the  conditions 

(1)  /(0)  =  S. 

(2)  If  f,  f '  are  any  two  values  of  f,  such  that  f  <  f ,  then/(n  </(r)- 

(3)  For  every  value  of  f  /(f  + 1)  =/(f ) .  7. 

(4)  If  {fnj  is  a  sequence  of  which  f  is  the  limiting  number,  then  [/{^n)] 

is  a  sequence  of  which  /(f)  is  the  limiting  number. 

In  the  case  S  =  l,  the  function /(f)  is  denoted  by  7^;  and  then  /(f), 
satisfying  the  above  conditions,  defines  the  exponential  function  y,  for  all 
numbers  7,  f  of  the  first  and  second  classes. 

To  prove  the  theorem,  in  the  first  place  we  have 

/(i)  =  ^.  /(2)= V.  ...,/(»)  =  V; 

thus/(l)</(2)</(3),  ...,and  the  function  is  determined  for  every  f<«. 
Next  assume  that  the  function  is  determined  for  every  f  <  a,  a  number  of  the 
second  class.  If  a  is  not  a  limiting  number,  /(«)=/(«  — 1)7  >/(a  —  1); 
and  thus  /(a)  is  determined.  If  a  is  a  limiting  number,  and  is  preceded  by 
the  sequence  {a„},  then  {/(fn)}  is  a  sequence,  and /(a)  = //(on).  If  {a„'}  is 
another  sequence  such  that  a  =  La^,  then  the  two  sequences  {/(a»)},  {/(on')} 
are  related  to  one  another,  and  therefore  have  the  same  limit ;  and  thus  /(a) 
is  uniquely  determined,  /(f)  is  now  determined  for  every  f :  for  if  there  were 
values  of  a  for  which  it  were  not  determined,  there  must  be  a  smallest  of 
such  values ;  the  theorem  would  then  hold  for  f  <  a,  but  not  for  f  =  a ; 
which  is  contrary  to  what  has  been  proved  above. 

144.     If  a,  P  are  numbers  of  the  first  or  second  class,  7*+^  =  7*  •  7^- 
The  function  ^(f)  =  7*^^  satisfies  the  conditions 
(1)     ^(0)  =  7-. 

(2)  ifr<r.<^(r)<<^(r). 

(3)    4,{i+\)  =  4>{i).'i. 

(4)     If  {fn}  is  a  sequence  such  that  Zfn  =  f ,  then  ^  (f)  =  Z^  (f„). 

It  follows  by  §  143  that,  if  we  take  8  =  7*,  then  ^(f)=7*7^;  hence  if 

f  =  /},  we  have 

7*+^  =  7«  .  7^. 

Again,  if  a,  fi  are  two  numbers  of  the  first  or  second  class 

7^ = iff- 

If  we  put /(f)  =  7*^,  we  find  by  applying  the  theorem  of  the  last  section, 
that/(f)  =  (7*)^,  where  7*  replaces  7. 

7  being  >  2,  it  can  be  proved  that,  for  every  f ,  7^  ^  f.  The  theorem  holds 
for  f  =  0,  f  =  1 ;  and  if  it  be  assumed  to  hold  for  all  values  of  f  which  are 
less  than  a  given  number  a,  then  it  holds  also  for  f  =a. 
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For,  first  let  a  be  not  a  limitiDg  number :  then,  if  a  —  1  ^  '/^^  we  have 

(a-l)7^7*; 

hence  7*  ^  (a  —  1)  +  (a  —  1)  (7  —  1)  :  therefore  since  a  —  1  and  7  —  1  are  >  1, 
and  (a  —  1)  +  1  =  a,  we  have  7*  ^  a.  If  a  is  a  limiting  number  =  Lon,  then 
since  On  ^  7*",  we  have  Zon  ^  -£7*-,  or  a  ^  7*.  If  there  were  values  of  f  such 
that  ^  >  7^,  there  must  be  one  of  such  values  which  is  the  least  of  all ;  and  if 
this  were  a,  then  f  =  7*,  if  f  <  a,  but  a  >  7* ;  which  is  contrary  to  what  has 
been  proved  above. 

145.  Of  all  the  numbers  of  the  second  class,  the  smallest  ones  are  those 
which  are  algebraical  functions  of  ca,  of  the  form 

where  p^^pi,  -•>  Pn  are  finite  numbers.     If  we  write 

ft)l  =  ft)",  012  =  ft>**',  ft>s  =  ft>"»,   . . . 

then  we  obtain  the  number  60  =  £ft>n*  This  number  e^  is  the  smallest  of  a 
species  of  numbers  of  the  second  class  which  are  characterised  by  the  property 
€  =  01*,  and  which  Cantor  has  designated  €-numbers.  Cantor  has  shewn  that 
the  €-numbers  form  a  normally  ordered  aggregate  of  type  Xl,  and  therefore 
similar  to  the  whole  second  class  of  numbers.  He  has  further  shewn  that 
every  number  a  of  the  second  class  is  uniquely  representable  in  the  form 

a  =  fo'^K^  +  ft)*»/ici  +  ...  -I-  ft)*'/c,., 

where  Oq,  ai,  a,,  ...  a^  are  numbers  of  the  first  or  second  class  which  satisfy 
the  conditions  ao  >  a,  >  aj  ...  >  a,.  ^  0,  and  Kq,  ^,,  /ca,  ...  ic^t  r  + 1,  are  numbers 
of  the  first  cla.ss  which  are  different  from  zero.  For  the  detailed  investigation 
of  the  normal  form,  and  for  that  of  the  special  class  of  6-numbers,  we  must 
refer  to  Cantors  original  discussion*. 

THE  THEORY  OF  ORDER-FUNCmONS. 

146.  A  method  of  representation  of  any  mode  of  ordering  a  given 
aggregate  M  has  been  given  by  Bernsteinf.  When  the  elements  of  the 
aggregate  are  numbers,  this  method  lends  itself  to  a  diagrammatic  repre- 
sentation of  the  aggregate  as  ordered  in  any  particular  order-type. 

An  aggregate  M  is  ordered,  in  the  most  general  sense  of  the  term,  when 
it  is  known  as  regards  every  pair  of  elements  a,  6,  whether  a  <  6 ;  but  a 
particular  mode  of  ordering  the  aggregate  can  be  represented  by  means  of 
a  function  /(a,  6)  of  the  pairs  of  elements,  which  is  defined  by 

/(a,  6)  =  1,  if  a  <  6 ;  /(a,  6)  =  —  1,  if  a  >  6,  and  /(a,  a)  =  0. 

*  MatK  AmuUen,  yol  vjx,  pp.  285—246. 

t  See  his  Dissertation,  also  W.  H.  TouDg,  on  "  Closed  sets  of  points  and  Cantor's  numbers,*' 
Proe.  Lend.  Math,  Soe.,  Ser.  2,  vol.  i. 
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This  function  /(a,  6)  may  be  denominated  an  order-function  of  the  aggre- 
gate M ;  and  there  is  one  order-function  for  each  possible  mode  of  ordering  the 
aggregate.  The  function  must  satisfy  the  condition  that,  if  /(a,  6)=s/(6,  c), 
then  each  equals  /(a,  c). 

Two  order- functions  /i  (a,  6),  /,  (a,  b)  of  a  given  aggregate  M,  represent 
two  methods  of  ordering  the  aggregate  in  one  and  the  same  order-type, 
provided  there  exist  a  reversible  transformation  ^,  of  the  aggregate  M  into 
itself,  such  that /i  j^  (a),  ^  (6)}  =^  (a,  6). 

All  those  order-functions  of  a  given  aggregate  JIf,  which  correspond  to  an 
arrangement  of  M  in  one  and  the  same  order-tjrpe,  constitute  a  &mily  of 
order-functions;  and  there  is  one  such  family  of  order- functions  corresponding 
to  each  order- type  in  which  the  given  aggregate  M  can  be  arranged. 

It  is  clear  that  the  order-functions  of  a  family  corresponding  to  M  form 
an  aggregate  with  the  same  cardinal  number  as  the  group  of  transformations 
of  M  into  itself 

If,  in  particular,  the  aggregate  M  is  that  of  the  positive  integers,  then  a 
pair  of  elements  (a,  6)  is  represented  by  a  cross-point  of  the  rectangular  trellis 
formed  in  the  positive  quadrant  by  drawing  all  the  straight  lines,  a;  =  a,  y=a, 
for  positive  integral  values  of  a,  referred  to  rectangular  Cartesian  coordinates 

a?,  y. 

The  natural  order  of  the  numbers  1, 2, 3, ...  will  be  represented  by/(af,y), 
defined  for  all  the  cross-points,  so  that  f{x,  y)  =  I,  when  x<y,  and  f(x,  y)  =  —  1 , 
when  X  >  y,  and  also  /(a?,  x)  =  0. 

Any  particular  mode*  of  ordering  the  numbers  1,  2,  3,  ...  will  be  repre- 
sented by  marking  one  set  of  cross-points  -h  1,  and  another  set  —  1,  those  on 
the  diagonal  x=^y,  being  marked  zero. 

It  is,  however,  not  every  mode  of  so  marking  the  cross-points  that  repre- 
sents a  possible  ordering  of  the  aggregate.  That  a  mode  of  marking  may 
represent  a  possible  order,  two  conditions  must  be  satisfied.  First,  we  must 
have/(;r,  y)  =  — /(y,  J*);  and  thus  points  which  are  optical  images  relatively  to 
the  dingoual  y  =  ^,  must  be  marked  with  unities  of  opposite  sign.  Secondly, 
the  condition  that  if /(a,  6i)=/(6i,  c),  then  each  =/(a,  c)  must  be  satisfied. 
This  condition  may  be  expressed  as  follows : — Join  every  cross-point  which  is 
marked  + 1,  or  0,  with  every  other  such  cross-point,  then  the  resulting  figure 
may  be  called  the  positive  frame- work ;  join  similarly  all  the  pairs  of  points 
marked  —  I,  0;  in  this  way  we  obtain  the  negative  firame-work.  Let  lines 
joining  the  two  pairs  of  points  (jj,  yj,  (js,,  y,),  and  (a?,,  y,),  (j^,  yO  be  called 
conjugate  lines.  The  condition  which  must  be  satisfied  is  that  no  side  of  the 
positive  frame-work  can  be  ci>njugate  to  a  side  of  the  negative  firame-work. 
It  can  easily  be  seen  that  the  condition  so  stated  is  necessary  and  sufficient. 

*  Some  examples  of  otdet-typea  represented  in  this  manner  are  given  l^  W.  H.  Young, 
L^md.  Math,  Soc,  Pfdc..  Ser,  %  rol.  i,  p.  844. 
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THE  CABDINAL  NUMBER  OF  THE  CONTINUUM. 

147.  The  arithmetic  continuum  has  been  defined  as  an  aggregate  of  the 
order-type  0  (see  §  128),  and  it  is  thus  not  normally  ordered.  It  has  been 
held  by  Cantor*  that  this  aggregate,  and  perhaps  every  aggregate,  is  capable 
of  being  arranged  as  a  normally  ordered  aggregate;  but  no  proof  of  the 
correctness  of  this  view  has  been  obtained.  If  the  continuum  be  capable  of 
arrangement  as  a  normally  ordered  aggregate,  its  cardinal  number  c  must  be 
identical  with  one  of  the  Aleph-numbers;  and  in  faxit  Cantor  has  believed 
that  c  =  Mi,  the  cardinal  number  of  the  aggregate  of  all  the  order-types  of 
normally  ordered  enumerable  aggregates.  As  evidence  of  the  probable  truth 
of  this  view,  the  facts  may  be  cited  that  all  the  sets  of  points  which  have 
actually  been  defined  in  connection  with  the  theory  of  sets  of  points,  have  one 
or  other  of  the  two  cardinal  numbers  Kq  and  c,  and  that  no  such  set  of  points 
has  been  defined  of  which  it  is  known  that  the  cardinal  number  is  >  Mo  and 
<  c.  This  negative  evidence  is  however  clearly  insuflScient  to  settle  the 
question  whether  every  part  of  the  continuum  has  one  of  the  powers  Mq 
or  c,  a  question  which  has  hitherto  defied  all  attempts  to  obtain  a  conclusive 
answer.  As  has  already  been  pointed  out,  it  cannot  be  assumed  that  every 
two  cardinal  numbers  are  such  as  to  be  comparable  with  one  another;  but 
a  proof  has  been  given  by  G.  H.  Hardyf  that  c,  and  presumably  any  cardinal 
number  whatever,  must  either  be  an  Aleph-number,  or  else  be  greater  than 
all  the  Aleph-numbers.  The  mode  of  reasoning  is  a  generalization  of  that 
employed  by  Cantor  in  his  proof  (see  §  117)  that  K©  is  less  than  any  other 
transfinite  cardinal  number. 

Because  c  «  Mi,  it  is  possible  to  take  elements  from  the  number-continuum 
corresponding  to  all  the  numbers  of  the  first  and  second  classes  of  ordinals. 
For  if  this  process  came  to  an  end,  we  should  have  c  =  Mo,  which  has  been 
proved  by  Cantor  not  to  be  the  case.  It  follows  that  a  set  can  be  selected 
from  the  continuum  equivalent  to  the  aggregate  of  ordinal  numbers  of  the 
first  and  second  classes.  Now  if  a  set  could  be  selected  from  this  aggregate 
equivalent  to  the  continuum,  it  would  follow  from  the  equivaleuce  theorem, 
proved  in  §119,  that  c  =  Mi;  and  if  no  such  set  could  be  selected  it  follows 
from  the  definition  of  inequality  in  §  112,  that  c>  Kj ;  thus  it  has  been  proved 
that  c  ^  M,.  If  now  o  >  Ki,  a  similar  proof  would  shew  that  c  ^  K,,  and  so 
on.  If  c>  Mn  for  every  finite  n,  then  c  ^  M«,  and  this  process  may  be  con- 
tinued indefinitely  through  the  Aleph  series.  A  criticism  of  the  validity 
of  this  proof  will  be  given  in  §  160. 

It  is  known  that  every  infinite  closed  linear  set  of  points  has  one  or  other 
of  the  two  cardinal  numbers  Mo,  c;  and  if  a  set  of  points  can  exist  of  which 

*  MatK  Annalen,  vol.  zzi,  p.  550. 
t  Quarterly  J.  of  Math,  1903,  p.  S7. 
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the  cardinal  number  has  neither  of  these  two  values,  it  must  be  unclosed,  and 
may  without  loss  of  generality  be  taken  as  dense-in-itself.  The  difficulties  of 
dealing  with  open  sets  dense-in-themselves  are  so  great,  that  attempts  to  find 
a  contradiction  involved  in  the  assumption  of  the  existence  of  such  a  set, 
possessing  a  cardinal  number  different  from  both  Mo  and  c,  have  hitherto  been 
a  complete  failure. 

148.  A  very  remarkable  relation  has  been  given  by  Cantor  between  the 
cardinal  number  of  the  continuum  and  that  of  the  integral  numbers.  This 
relation  is  expressed  by  c  =  2^%  or  more  generally  c  =  n^,  where  n  is  a  finite 
integer. 

This  theorem  was  applied  by  its  discoverer  to  obtain  a  simple  arithmetical 
proof  that  the  Ko-dimensional  continuum  has  the  same  power  as  the  one- 
dimensional  continuum. 

In  accordance  with  the  definition  of  an  exponent  given  in  §  116,  2^«  is  the 
cardinal  number  of  the  proper  fractions  in  the  dyad  scale, 

6i     b»     bm 

2  ^2*^2'  ' 

where  every  6  is  either  0  or  1.  In  this  aggregate  each  number  of  the  form 
-^^^r —  <  1,  where  p  and  q  are  integers,  occurs  twice ;  hence 


2«.=  («,Z), 

where  X  is  the  aggregate  of  real  numbers  between  0  and  1,  and  «  is  an 
enumerable  aggregate. 

It  follows  from  the  above,  that  2^»  =  c  +  Ho-  Now  c  +  Mo  =  c  +  2Ko,  since 
Ko  =  2Ko;   therefore  c  =  c  +  N©  5  whence  we  have  2*^  =  c. 

From  this  theorem  we  deduce  c.c  =  2^«.2^«  =  2^«  =  2*^  =  c;  and  hence 
by  repeated  multiplication  by  c,  we  find  c^^c,  where  n  is  any  finite  integer. 

Again  c^®  =  (2^)^  =  2^-  ^  =  2^«  =  c, 

and   therefore  the   continuum   of  finite,   or  of  enumerable  dimensions,   is 
equivalent  to  the  one-dimensional  continuum. 

The  aggregate  defined  by  all  possible  modes  of  covering  the  numbers  of 
the  continuum  by  themselves,  has  the  power  (f  =/,  and  this  number  /  is 
greater  than  c.  This  has  been  proved  in  §  120 ;  for  a  part  of  the  new  aggregate 
is  equivalent  to  that  obtained  by  replacing  the  numbers  of  the  continuum 
either  by  A  or  by  JS,  and  taking  all  possible  aggregates  which  arise  in  this 
way.  Since  this  pait  has  been  shewn  to  have  a  cardinal  number  greater  than 
that  of  the  original  aggregate,  it  follows  then  that/>  c. 

More  generally,  if  a  is  any  cardinal  number,  we  have  a*  >  a. 

If  the  continuum  be  divided  into  any  finite  number  n  of  parts^  such  that 
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aU  the  parts  have  ike  same  cardinal  number^  then  that  cardinal  number  is  the 
same  as  that  of  the  continuum*. 

The  parts  may  consist  of  sets  of  points  of  any  kind. 

The  theorem  may  also  be  stated  thus : — if  na  =  c,  then  a  =  c. 

To  prove  it,  we  have  na=^c  —  nc\  and  therefore  by  applying  the  theorem 
of  §  121,  it  follows  that  a  =  c. 

149.  The  continuum  is  equivalent  to  the  aggregate  of  all  possible  order- 
types  of  simply  ordered  aggregates  of  cardinal  number  Mq. 

This  theorem  points  the  contrast  between  the  aggregate  of  all  order- 
tjrpes  of  simply  ordered  enumerable  aggregates,  which  is  of  power  2^«,  and 
the  aggregate  of  all  the  order-types  of  normally  ordered  enumerable  aggre- 
gates, which  is  Ki-  The  latter  aggregate  is,  of  course,  a  part  of  the  former 
one,  and  thus  the  theorem  K^  ^  2^0,  can  be  deduced. 

The  theorem  may  be  also  stated  in  the  form  :  The  total  number  of  ways 
of  ordering  the  integral  nwmbers  1,  2,  3, ...  is  c. 

If  /i  is  the  order- type  of  an  enumerable  aggregate  arranged  as  a  simply 
ordered  aggregate,  then  a  part  of  an  aggregate  of  the  type  17,  considered  in 
§  127,  can  always  be  found  which  is  of  the  type  fi.  To  establish  this,  it  can 
be  shewn  that  an  aggregate  of  tjrpe  fi  can  always  be  changed  into  one  of 
tjrpe  17,  by  insertion  of  new  elements.  If,  between  every  pair  of  elements 
mi,  m,  of  /i,  there  are  other  elements,  then  ft  is  of  one  of  the  types  17, 
1+17,  17  +  1,  14-17-1-1;  so  that  fi  is  reduced  to  17  by  the  removal  of  the 
lowest  and  the  highest  elements,  when  such  elements  exist.  In  any  such 
case,  if  we  add  to  fi,  aggregates  of  type  17,  at  the  beginning  and  at  the  end, 
we  obtain  an  aggregate  of  type  17 -h /a +  17  which  is  of  type  17,  whichever  of 
the  types  17,  l+rj,  17-hl,  l-f-i74-l  may  be  identical  with  fi.  If  pairs  of 
elements  exist  in  the  aggregate  of  type  fi,  such  that  there  are  no  elements 
between  them,  an  aggregate  of  type  17  can  be  inserted  between  every  such 
pair,  until  a  new  aggregate  of  one  of  the  types  17,  1  +17,  17 -f- 1,  1  4- 17 -f- 1,  is 
obtained ;  then  as  before,  by  adding  aggregates  of  type  17,  at  the  beginning 
and  end,  we  obtain  an  aggregate  of  t}rpe  17.  It  has  thus  been  shewn  that 
any  aggregate  of  type  ft  is  a  part  of  another  aggregate  of  type  17.  Since  the 
rational  numbers  in  their  totality  naturally  exist  in  the  order- type  17,  it  follows 
that  an  aggregate  of  any  type  fi  can  be  made  by  taking  a  part  of  the  aggre- 
gate of  rational  numbers,  of  type  17.  It  follows  that  the  aggregate  of  all 
types  /i  has  a  cardinal  number  less  than,  or  equal  to,  that  of  the  aggregate 
of  all  part-aggregates  of  the  set  of  rational  numbers  arranged  in  type  17. 

Now  every  aggregate  (r,,  rg, ...),  of  which  all  the  elements  are  rational 
numbers,  corresponds  to  a  single  point  of  a  continuum  of  an  enumerable  number 

*  Bernstein,  loe,  cit,,  p.  81. 
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of  dimensions,  of  which  the  coordinates  are  ^i=ri,  dTs^r,, ....  Hence  the 
cardinal  number  of  the  aggregate  of  all  part-aggregates  of  the  set  of  rational 
numbers  is  less  than,  or  equal  to,  the  cardinal  number  of  the  M^-dimensional 
continuum,  that  is,  ^  c ;  and  therefore  the  cardinal  number  of  the  aggregate 
of  all  types  ft  is  ^  c. 

It  will  now  be  proved  that  c  ^  the  aggregate  of  all  types  ft.  To  every 
real  number  between  0  and  1,  there  corresponds  an  infinite  sequence  &i6,6,... 
where  every  h  is  either  0  or  1,  expressing  the  number  in  the  dyad  scale. 
After  each  6,  insert  an  aggregate  of  type  ir,  and  we  then  have  an  aggregate 
6i7r62TTfc,7r...,  of  type  i/  =  6i  +  7r  +  62  +  7r4-6a  +  7r+....  Here,  some  of  the  6's 
may  be  zero,  and  these  may  be  simply  omitted;  thus  7r  +  0  +  7r  =  7r  +  7r. 
Hence  to  any  real  number  x  between  0  and  1,  there  correq>onds  the  type 

1/  =  6l  4-  TT  +  6j  +  . . . . 

It  is  now  necessary  to  shew  that  the  two  order-types  i/,  v\  which  correspond 
to  two  different  numbers,  a?,  x\  are  necessarily  distinct  from  one  another. 
If  i;  =  v\  we  can  write  the  equality  Cj  4  tt  +  ^i  =  C^/  -!-  7r  +  f/,  where  0,,  (7/  are 
each  either  0  or  1 ;  and  from  this  we  obtain,  by  means  of  the  theorem  of 
§  129,  Gi  =  Ci,  and  fi  =  5i'.     The  last  equation  can  be  written 

(7a  +  7r4.&  =  C/  +  7r+g';, 

and  from  this  we  conclude  that  C,  =  Cj',  ?t  =  Si';  and  we  can  proceed  onwards 
in  the  same  manner.  From  6i  =  6i'>  b%  —  Wf ...,  we  conclude  that  m^a!.  It 
has  thus  been  shewn  that  \x\  —  \v\ ;  and  from  this,  we  conclude  that  c  ^  the 
cardinal  number  of  all  order-types  ft. 

This  part  of  the  theorem  is  due  to  Cantor*,  and  the  first  part  to 
Bernstein.  By  combining  the  two  results,  the  complete  theorem  is  estab- 
lished. 

This  important  result  may  also  be  expressed  by  saying  that  the  totality 
of  all  permutations  of  the  sequence  of  positive  integers  has  the  power  of  the 
continuum. 

It  may  also  be  shewn  that  the  totality  of  all  parts  of  the  sequence  1, 2,3, ... 
has  the  power  of  the  continuum. 

'  For  if  we  form  a  sequence  by  writing  0  for  each  of  the  numbers  1,  2, 3, ... 
which  does  not  occur  in  a  given  part  of  (1,  2,  3,  ...);  and  1  for  each  number 
which  does  occur  in  the  given  part,  then  the  sequence  of  O's  and  I's  thus 
obtained,  corresponds  to  a  real  number  expressed  in  the  dyad  scale,  and 
therefore  the  numbers  of  the  continuum  are  put  into  correspondence  with 
the  parts  of  the  sequence  (1,  2,  3,  ...). 

160.  It  can  be  shewn  that  the  aggregate  of  all  sets  of  points  in  the 
n-dimensional  continuum  has  a  cardinal  number  greater  than  c. 

*  See  BeniBtein*8  Dissertation,  p.  7. 
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For  in  the  aggregate  [P]  of  all  points  in  an  n-dimensional  continuum, 
we  can  substitute  0  for  each  point  P  which  does  not  occur  in  a  given  set 
of  points  of  the  continuum,  and  1  for  each  point  P  which  does  occur;  we 
then  obtain  an  aggregate  consisting  of  O's  and  I's:  but  it  is  known  that 
the  totality  of  all  such  aggregates  has  the  power  2^,  which  is  >  c. 

On  the  other  hand,  the  totality  of  all  closed  sets  of  points  in  the  n-dimen- 
sioncU  continuimi  has  the  same  power  c  as  the  continuum. 

Every  closed  set  is  the  derivative  of  an  enumerable  set  of  points ;  and  to 
every  euumerable  set  of  points  there  corresponds  a  single  closed  set. 

It  follows  that  the  cardinal  number  of  the  totality  of  closed  sets  is  ^  the 
cardinal  number  of  the  totality  of  enumerable  sets  of  points  chosen  out  of  the 
continuum.  To  shew  that  the  latter  is  c,  we  observe  that  it  is  ^  the  aggre- 
gate of  all  combinations  of  points  of  the  continuum  in  sets  of  Kq  elements, 
that  is,  ^  c^,  or  ^  c. 

Again,  every  single  point  of  the  Mo-dimensional  continuum  corresponds 
to  a  single  point  of  the  one-dimensional  continuum,  and  this  point  is  an 
enumerable  part  of  the  continuum ;  hence  the  totality  of  enumerable  sets 
of  points  of  the  n-dimensional  continuum  is  ^  c.  On  combining  this  with 
what  has  been  proved  above,  we  see  that  the  totality  of  all  enumerable  sets 
of  points  in  the  n-dimensioual  continuum  is  c;  hence  the  totality  of  all 
closed  sets  of  points  in  the  n-dimensional  continuum  is  ^  c. 

Again,  the  totality  of  all  closed  sets  of  points  in  the  n-dimensional 
continuum  is  ^  c.  For  one  such  closed  set  can  be  taken  in  each  of  an 
infinity  of  the  domains  Xi  =  a,  where  a^  is  one  of  the  n  coordinates  which 
determine  the  position  of  a  point  in  the  n-dimensional  continuum ;  and  the 
Agg^g^te  of  ^1  possible  values  of  a  has  the  power  c.  We  thus  obtain 
an  aggregate  of  closed  sets  which  has  the  power  c ;  and  it  follows  that  the 
aggregate  of  all  closed  sets  in  the  n-dimensional  continuum  is  ^  c. 

Since  the  totality  of  all  closed  sets  of  points  in  the  n-dimensional 
continuum  is  ^c,  and  at  the  same  time  is  ^c,  it  must  have  the  cardinal 
number  c. 

Since*  every  curve  or  surface  in  a  continuum  is  formed  by  a  closed  set  of 
points,  we  see  that  every  possible  curve  or  surface  corresponds  uniquely  to 
a  single  definite  real  number. 

151.  A  method  of  constructing  a  set  of  points  of  which  the  cardinal 
number  is  Ki,  has  been  given  i*  by  G.  H.  Hardy. 

If  we  start  from  the  sequence 

1,  2,  3,  4,  5, (1) 

*  Bernstein,  loe.  cit.,  p.  43. 

f  Quarterly  Journal  of  Math.^  voL  xzxv,  1903,  *'A  theorem  oonoeming  the  infinite  cardinal 
nnmbers."    A  eritioiBm  of  this  oonstraotion  wiU  be  given  in  §  162. 
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of  integral  numbers,  a  new  sequence 

juy     Of     4}     d,    .  .  • 

...  (2) 

is  formed  by  omitting  the  first  term. 

Continuing  this  process,  we  form 

<5|  4,  Of  0,  ••• 

...  (3) 

4,  0,  u,    1,  ••• 

...  (4) 

5,  6,  /,  8,  ... 

...  (5) 

We  now  form  a  new  sequence 

1,    3,     5,    7,    9, («) 

by  traversing  the  above  infinite  array  of  sequences  diagonally.    Then  we  form 

3,     5,     7,     9,  11, («  +  !) 

5,    7,    9,  11,  13, (ft>  +  2) 

7,    9,  11,  13,  15, (ft>  +  3) 

9,  11,  13,  15,  17, («  +  4) 


1,     5,     9,  13,  17 (a).2) 

5,    9,  13,  17,  21, (©.24-1) 

9,  13,  17,  21,  25, (a>.2  +  3) 


1,     9,  17,  25,  33, (cD.S) 


Thus  sequences  corresponding  to  all  the  numbers  (o.fi-^p  can  be  formed. 
To  form  the  sequences  corresponding  to  ea',  we  take  the  array  of  sequences 

1.    3,    5,    7,      9, («) 

5.    9,  13,     17, (ft>.2) 

9,  17,  25,     33, (a).3) 

17,  33,  49,     65, (a).4) 

33,  65,  97,  129, (©.5) 


1 
1 
1 


and  traverse  it  diagonally ;  we  thus  obtain 

1,     5.  17,  49,  129, (ft>«). 

Generally,  if  6i,  62,  6,,  64,  ...  is  the  sequence  corresponding  to  fi,  the 
sequence  621  t«i  ^4,  ^b,  •••  corresponds  to  /8  +  1.  To  obtain  a  sequence  cor- 
responding to  a  number  7  which  is  a  limiting  number  of  the  second  class, 
we  take  the  array  of  sequences  corresponding  to  any  ascending  set  of 
numbers  A,  /Sj, ...  of  which  the  limit  is  7,  and  traverse  it  diagonally.  It  is 
clear  that,  in  this  manner,  a  sequence  can  be  found  for  any  given  number  of 
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the  second  class ;  but  that  the  set  of  sequences  so  obtained  is  not  unique.  For 
example,  w  might  have  been  taken  as  the  limit  of  1,  3,  5,  7, ... ,  or  a>'  might 
have  been  taken  as  the  limit  of  ca  + 1,  a> .  2  +  2,  o) .  3  +  3, ... . 

It  will  be  shewn  that  the  sequences  &i,  &s,  6s,  ...  can  be  so  chosen  that 
in  every  case  6i  <  6,  <  6,, . . . ;  and  that,  if  the  sequences  6i,  69, . . .  and  6/,  6/, . . . 
correspond  to  any  two  numbers  /8,  ff,  where  ^<0\  then  there  exists  a 
number  N  such  that  6/>6n>  for  n^N;  and  thus  that  the  sequences  are 
distinct  from  one  another. 

Let  us  assume  that  sequences,  corresponding  to  all  numbers  <  7,  have 
been  constructed  in  such  a  manner  that  this  condition  is  satisfied.  First, 
let  7  be  a  non-limiting  number,  so  that  7  =  7' 4-1.  Then  if  fi<y,  there  is 
a  number  N  such  that  a/  >  bm  forn  ^  N,  where  Oj',  a,',  a,', ...  is  the  sequence 
which  corresponds  to  y.  But  if  Oi,  a,,  a,,  ...  is  the  sequence  which  cor- 
responds to  7,  we  have  an  =  a'n+i  >  On'  >  6n*  for  n^N. 

Hence,  if  the  construction  is  possible  for  all  numbers  <  7,  it  is  possible 
for  all  numbers  ^  7,  where  7  is  a  non-limiting  number. 

Next,  let  us  suppose  that  7  has  no  immediate  predecessor,  and  that 
7  =  i./8H,;  then  also  7  = -£ (/8,»  + 1/^),  where  the  1/,^  are  finite  numbers. 
Now  there  is  a  number  Ni,  such  that  6j,n>6i,n.  for  n^iVi,  where  6„^n 
denotes  the  nth  number  in  the  sequence  corresponding  to  /8m.  ^  fortiori,  if 
7m  =  /8m  +  vm,  we  have  c^n=^ 6a,n+r,  >Kn>  Kny  for  n ^ iV„  whcro  Cm,n  18  the 
nth  number  in  the  sequence  corresponding  to  7^.  But  if  we  take  1/9  >  6i,jv^,-i» 
we  have  c^»  =  69,»+r,  «  n  -h  1/9  >  61. jsr^-i  >  6i,n  for  n  <  Ni,  and  hence  we  have 
Cj,i»  >  \n»  for  all  values  of  n.  Similarly  i/,  can  be  so  chosen  that  71  >79»  and 
<^n>Ct^n,  for  all  values  of  n;  and  so  on  generally.  If  we  write  71  for  /8i, 
and  Ci^n  for  &i,n>  we  have  a  doubly  infinite  array 

Ci,i>  Ci,9,  Ci,a,  ... 
^9,11  C^9t  Pi,a>  ••• 
C»,i>      ^,8>      ^i,i»  ••• 

and  we  define  the  sequence  corresponding  to  7,  by  traversing  it  diagonally, 
so  that  Cn^Cn^n'  If  then  0  <y,  we  can  find  m  so  that  /8  <  7m;  then  there 
is  a  niunber  K,  such  that  Cin,n>Kt  for  n^K.  But  if  n>m,  we  have 
Cn=^Cn,n>Cm,n'y  and  thus  if  71  is  greater  than  the  greater  of  the  two  numbers 
m,  K,  we  have  Cn,  >  &n*  It  has  thus  been  shewn  that  if  the  construction  is 
possible  for  all  numbers  <  7,  it  is  possible  for  all  numbers  ^  7,  whether  7  is 
a  limiting  number  or  not. 

In  this  manner  a  sequence  is  obtained  which  corresponds  to  any  assigned 
number  7  of  the  second  class,  and  this  sequence  is  distinct  from  those  which 
correspond  to  the  numbers  <  7,  such  sequences  being  also  distinct  6rom  one 
another. 

H.  13 
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The  sequences  may  be  correlated  with  points  in  the  linear  continuum 
(0, 1).  To  correlate  a  sequence  6i,  62,  631  •••>  we  may  take  the  binary  radix 
fraction  in  which  the  61th,  ijth,  6,th, ...  figures  are  all  1,  and  the  remaining 
figures  all  0.  In  this  manner  a  set  of  points  is  shewn  to  exist,  such  that 
one  point  of  the  set  corresponds  to  each  number  of  the  first  or  of  the  second 
class.  This  amounts  to  the  construction  of  a  set  of  points  of  cardinal 
number  K^.  Just  as  an  enumerable  set  of  points  is  determinate,  when  the 
point  which  corresponds  to  any  assigned  number  n  of  the  first  class  is 
determinate,  so  the  set  of  cardinal  number  Ki  is  determinate,  in  the  sense 
that  a  definite  point  is  determined  con*esponding  to  any  assigned  number 
)9  of  the  first  or  of  the  second  clasa 

It  may  be  remarked  that  a  set  of  points  of  cardinal  number  Mi,  or  q/"  any 
cardinal  number  >Ko}  when  arranged  in  normal  order,  cannot  possibly  be  in 
the  order  in  which  they  occur  in  the  continuum. 

For  if  a  set  of  points,  in  the  order  in  which  they  occur  in  the  continuum, 
forms  a  normally  ordered  aggregate,  ea^h  point  and  the  next  succeeding  one 
define  a  linear  interval  of  which  they  are  the  end-points.  We  have  thus  a 
set  of  intervals  which  must  have  the  same  cardinal  number  as  the  given 
set  of  points.  Each  interval  of  the  set  abuts  on  the  next  one,  and  thus  the 
end-points  together  with  their  limiting  points  define  an  enumerable  closed 
set     Hence  the  given  set  must  be  enumerable. 

GENERAL  DISCUSSION  OF  THE  THEORY. 

152.  An  account  having  now  been  given  of  the  abstract  theory  of  aggre- 
gates, as  developed  by  Cantor  and  others,  the  remainder  of  this  chapter  will 
be  devoted  to  a  critical  discussion*  of  the  theory. 

In  accordance  with  Cantor's  general  theory  of  ordinal  numbers,  and  of 
aleph-numbers,  there  exist  two  aggregates 

1,     2,  ...  71,    • . .  ca,  ca  -|*  1,  . . .  O,  O  +  1,  ...  /3,  . . . , 

the  first,  the  aggregate  of  all  ordinal  numbers,  and  the  second  that  of  all 
M  cardinal  numbers.  These  aggregates  are  both  normally  ordered,  and  are 
similar  to  one  another ;  and  they  contain,  respectively,  every  ordinal  number, 
and  every  cardinal  number  which  belongs  to  a  normally  ordered  aggregate. 

In  accordance  with  the  principle  which  is  fundamental  in  the  whole 
theory,  that  every  normally  ordered  aggregate  has  a  definite  order-tjrpe, 
which  is  its  ordinal  number,  aod  has  also  a  definite  cardinal  number,  it  is 
seen  that  the  above  aggregates  have  an  ordinal  number  7,  and  a  cardinal 

*  Most  of  the  oritioal  remarks  here  made  have  been  pablished  in  the  PriK.  Lond,  Matk,  8oe,, 
Ber.  2,  vol.  iii. 
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number  tt^.  The  ordinal  number  y  must  itself  occur  in  the  first  aggregate, 
and  must  therefore  be  the  greatest  ordinal  number,  %,e,  the  last  element  of 
the  aggregate ;  moreover  tt^  must  occur  in  the  second  aggregate,  and  must 
be  the  last  element  of  that  aggregate.  There  can,  however,  be  no  last 
ordinal  number;  for,  on  the  assumption  of  the  existence  of  7,  an  aggregate  of 
ordinal  number  7  + 1,  can  be  formed.  For  example,  by  placing  the  first 
element  of  either  of  the  above  aggregates  after  7  or  after  My  respectively; 
it  can  at  once  be  shewn  that  there  is  no  last  ordinal  number,  and  con- 
sequently no  last  aleph-number  My.  We  have  thus  arrived  at  a  contra- 
diction. 

Burali-Forti,  who  first  pointed  out  this  contradiction  f,  accounted  for  it 
by  denying  the  truth  of  the  theorem,  that  any  two  distinct  ordinal  numbers 
Si,  a,  must  necessarily  satisfy  one  of  the  relations  a,  >  a^,  Ai  <  a,,  in  accordance 
with  the  definition  which  has  been  given  in  §  134,  of  the  meaning  of  these 
relatione  However,  Cantor's  proof  of  this  theorem  (see  §  133),  does  not 
appear  to  be  capable  of  refutation,  and  consequently  the  origin  of  the  con- 
tradiction cannot  be  explained  in  the  manner  indicated. 

B.  Russell  has  suggested}  that  the  aggregates  of  all  ordinal  numbers 
and  of  all  aleph-numbers  are  not  normally  ordered,  and  therefore  that  these 
aggregates  have  no  ordinal  number,  and  that  their  cardinal  number  is  con- 
sequently not  necessarily  an  aleph-number.  He  admits,  however,  that  the 
segments  of  either  aggregate  are  normally  ordered.  This  explanation  is 
confuted  by  the  argument  that,  if  the  above  aggregates  are  not  normally 
ordered,  then  they  must  contain  parts,  of  tjrpe  *(»;  such  a  part  would  then 
be  a  part  also  of  a  segment  of  one  of  the  aggregates,  and  such  segment 
would  not  be  normally  ordered. 

The  contradiction  has  been  explained  by  Jourdain§,  by  means  of  the 
suggestion  that  there  are  ordered  aggregates  which  have  no  order-type, 
and  no  cardinal  number;  and  that  the  above  aggregates  belong  to  such 
class.  To  such  aggregates  he  gives  the  name  inconsistent  aggregates,  in 
virtue  of  the  £Gtct  that,  of  such  an  aggregate  it  is  impossible  to  think, 
without  contradiction,  as  a  "  collection  by  the  mind  of  definite  and  distinct 
objects  to  a  whoUr  It  appears  from  a  statement  made  by  Jourdain  ||,  that 
Cantor  had  himself,  some  years  previously,  arrived  at  the  same  conception 
and  name. 

In  accordance  with  this  view  of  the  matter,  there  exists  an  ordered 
aggregate,  viz.  that  of  all  the  ordinal  numbers,  every  segment  of  which  is 
normally  ordered,  and  has  a  cardinal  number,  and  yet  such  that  the  aggregate 

t  Rend,  dek  eiredo  mai,  di  Palermo,  yol.  xi,  1897,  "  Una  questione  sni  nameri  transfiniti." 

X  The  PrincipU$  of  MathematicM,  vol.  i,  p.  328. 

f  PkU.  Mag.  1904,  *'  On  the  transfinite  nambers  of  well-ordered  aggregates.** 

B  Loe.  eU,  p.  67,iiote;  lee  also  Hilbert,  Jahreiberiehtderdeutich,  math,  Vereinig,  vol.  ym,  p.  184. 
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itself,  being  "  inconsistent,"  cannot,  without  contradiction,  be  thoaght  of  as 
having  a  definite  order-type.  This  amounts  to  a  denial  of  the  universal 
validity  of  the  fundamental  principle  that  every  ordered  aggregate  has  a 
definite  order-tjrpe ;  and  yet  it  is  by  means  of  this  very  principle  that  the 
existence  of  the  successive  ordinal  numbers  is  regarded  as  having  been 
established.  Each  successive  ordinal  number  was  defined  to  be  the  order- 
type  of  the  ordered  aggregate  of  all  the  preceding  ordinal  numbers.  The  doubt 
thus  thrown  upon  the  validity  of  the  principle  by  means  of  which  the  exist- 
ence of  the  complete  series  of  ordinal  numbers,  and  simultaneously,  that  of 
the  aleph-numbers,  is  established  in  Cantor's  theory,  naturally  suggests  that 
a  further  scrutiny  of  the  foundations  of  that  theory  is  required.  It  is  not 
clear,  d  priori,  that  an  aggregate  which  is  inconsistent,  in  the  sense  employed 
above,  may  not  be  reached  at  an  earlier  stage  of  the  process  of  forming  the 
successive  classes  of  ordinal  numbers,  before  the  aggregate  of  all  such 
numbers,  in  the  sense  of  Cantors  theory,  is  reached.  Moreover,  it  would 
seem  reasonable  to  expect,  that  so  fundamental  a  distinction,  as  that  in- 
volved in  the  notion  of  an  inconsistent  aggregate,  should  be  indicated  in  the 
general  definition  of  an  ordered  aggregate,  or  in  close  connection  therewith. 
In  any  case,  an  explanation  of  the  contradiction,  on  these  lines,  cannot  be 
regarded  as  satisfactory,  until  criteria  have  been  obtained  which  shall  suffice 
to  decide,  in  respect  of  any  particular  ordered  aggregate,  whether  such 
aggregate  has  an  order-type  and  a  cardinal  number,  or  whether  it  is  an 
inconsistent  aggregate. 

163.  Before  proceeding  to  attempt  the  consideration  of  how  far  Cantor's 
general  theory  of  ordinal  numbers  and  aleph-numbers  can  be  accepted, 
we  shall  examine  the  definition  of  an  aggregate  in  general,  with  a  view  to 
discovering  whether  it  has,  in  the  form  given  in  §111,  the  requisite  degree 
of  precision.  An  attempt  will  then  be  made  to  decide  what  limitations 
or  qualifications  must  be  imposed  upon  the  nature  of  an  aggregate,  so 
that,  in  the  development  of  the  theory,  the  possibility  of  being  confronted 
by  such  a  contradiction  as  that  which  was  pointed  out  by  Burali-Forti,  may 
be  removed  at  its  source. 

The  term  aggregate  being  taken  as  denoting  a  collection  of  distinct  objects, 
in  the  most  general  sense,  the  difficult  question  arises  as  to  the  conditions 
under  which  the  elements  that  form  the  aggregate  can  be  regarded  as 
adequately  defined.  In  the  case  of  a  finite  aggregate,  the  elements  may 
be  defined  by  means  of  individual  specification,  but  this  is  not  possible  in 
the  case  of  a  transfinite  aggregate ;  individual  specification  must  then,  in 
the  latter  case,  be  replaced  by  a  law,  or  by  a  finite  set  of  laws,  forming  the 
norm  by  which  the  aggregate  is  defined.  Primd  faune  the  most  general 
definition  of  an  aggregate  which  presents  itself  is  that  an  aggregate  consists 
of  all   objects,  such  that  each  satisfies  certain  specified  conditions.    It  is 
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however  convement  to  admit  the  case  of  two  or  more  alternative  sets  of 
conditions ;  thus  an  aggregate  may  contain  all  objects,  each  of  which  satisfies 
either  the  conditions  {A\  or  else  one  of  the  sets  of  conditions  (B),  ...  (K), 
The  conditions  forming  the  norm  by  which  the  aggregate  is  defined  must 
be  of  a  sufficiently  precise  character  to  make  it  logically  determinate,  as 
regards  any  particular  object  whatever,  whether  such  object  does  or  does  not 
belong  to  the  aggregate.  As  we  have  seen,  for  example,  in  the  case  of  the 
aggregate  of  algebraical  numbers,  the  means  at  our  disposal  may  not  suffice 
to  render  the  actual  determination  possible,  in  any  particular  case ;  we  there- 
fore agree  to  fall  back  upon  the  logical  determinacy  as  sufficient ;  thus  it  is 
logically  determinate  as  regards  a  number,  defined  in  any  particular  manner, 
whether  that  number  is  algebraic  or  not,  and  consequently  we  regard  all  the 
algebraical  numbers  as  forming  an  aggregate  in  accordance  with  the  definition 
of  that  notion.    We  shall  accordingly  define  the  term  aggregate,  as  follows : — 

AU  objects  which  are  such  as  to  satisfy  a  prescribed  norm  are  said  to  belong 
to  an  aggregate  defined  by  that  norm.  The  norm  consists  of  a  set  of  specified 
conditions,  or  of  a  specified  set  of  alternative  specified  conditions ;  and  this 
norm  must  be  sufficient  to  render  it  logically  determinate,  as  regards  any 
particular  object  whatever^  whether  that  object  belongs  to  the  aggregate  or  not. 

It  is  clear  that  the  elements  of  an  aggregate,  being  subject  to  a  common 
norm,  must  have  a  certain  community  of  nature  which  constitutes  the  ground 
of  the  aggregation. 

In  the  case  of  a  finite  aggregate,  the  norm  may  take  the  form  of  individual 
specification  of  the  objects  which  form  the  aggregate. 

164.  It  is  not  clear  that  an  aggregate  defined  in  the  above  sense  is 
necessarily  capable  of  being  ordered  at  all.  For  example,  it  is  difficult  to 
see  that  such  an  aggregate  as  that  of  "  all  propositions  "  could  conceivably  be 
ordered ;  where  it  is  assumed  that  the  meaning  of  the  word  "  proposition  "  is 
taken  as  so  definite,  that  this  aggregate  has  a  norm  in  accordance  with  the 
definition  abova  Again,  to  take  an  example  among  aggregates  of  the  kind 
usually  considered  in  Mathematical  theory,  we  may  consider  the  aggregate 
obtained  by  covering  the  aggregate  of  real  numbers  by  itself.  This  aggregate 
which  has  the  cardinal  number  f=  (f,  is  equivalent  to  the  aggregate  of  all 
the  functions  of  a  real  variable;  it  is  difficult,  if  not  impossible,  to  see  how 
order  could  be  imposed  upon  this  aggregate.  If  then,  a  transfinite  aggregate 
is  to  be  given  as  an  ordered  aggregate,  or  is  to  have  an  order  imposed  upon 
it,  or  rather  discovered  in  it,  it  would  appear  to  be  necessary  that  the  norm, 
which  constitutes  the  definition  of  the  aggregate,  should  be  of  such  a  character, 
that  a  principle  of  order  is  contained  therein,  or  can  at  all  events  be  adjoined 
thereto;  so  that,  when  any  two  particular  elements  are  considered,  the  con- 
ditions which  they  satisfy  in  virtue  of  their  belonging  to  the  aggregate,  when 
individualized  for  the  particular  elements,  may  be  sufficient  also  to  allow  of 


198  TransfinUe  numbers  and  order-types  [ch.  m 

relative  rank  being  assigned  to  those  elements  in  accordance  with  a  principle 
of  order.  This  is  in  fact  the  case  in  such  aggregates  as  those  of  the  integral 
numbers,  the  rational  numbers,  or  the  real  numbers.  In  the  case,  for  example, 
of  the  positive  rational  numbers,  the  relative  rank  of  any  two  particular  elements 
(P>  ?)>  (P  >  ^)  ^  assigned  by  the  system  of  postulations,  contained  in  §  11, 
which  defines  the  aggregate.  It  may,  of  course,  also  be  possible  in  other 
cases,  as  in  this  one,  to  re-order  the  aggregate,  in  accordance  with  some 
other  law,  extrinsically  imposed  upon  the  aggregate ;  but  the  nature  of  the 
elements  must  be  such  that  this  is  possible. 

We  can  now  state  that : — 

In  order  that  a  transfinite  aggregate  defined  as  %n^  153,  may  be  capable 
of  being  ordered,  a  principle  of  order  must  be  explicitly  or  implicitly  contained 
in  the  norm  by  which  the  aggregate  is  defined. 

The  relative  order  of  any  two  elements  chosen  from  an  ordered  aggregate 
depends  upon  the  individual  characteristics  of  those  elements,  in  accordance 
with  the  principle  of  order. 

In  the  definition  of  order-type  given  by  Cantor  (see  §  122),  according  to 
which  the  order-type  of  an  aggregate  is  obtained  by  making  abstraction  of 
the  particular  nature  of  the  elements  of  the  aggregate,  it  is  assumed  that 
the  aggregate  is  given  as  an  ordered  aggregate.  Again,  in  his  definition 
of  cardinal  number  (see  §  111),  Cantor  has  assumed  that  the  aggregate  is 
given  as  an  ordered  one ;  the  cardinal  number  there  appears  as  the  result  of 
a  double  abstraction,  viz.  of  the  particular  nature  of  the  elements,  and  of  the 
order  in  which  they  are  given.  The  question  however  arises,  whether  the 
definition  of  cardinal  number  should  not  be  such  as  to  be  also  applicable  in 
the  case  of  aggregates  which  are  not  given  as  ordered  aggregates.  Cantor  has 
himself,  in  fact,  in  his  theory  of  exponentials  involving  transfinite  cardinal 
numbers,  contemplated  certain  aggregates  as  having  cardinal  numbers, 
whilst  such  aggregates  were  not  given  as  ordered  aggregates,  and  primd 
facte,  at  all  events,  are  not  capable  of  being  ordered. 

165.  Taking  the  case  of  an  aggregate  defined  as  an  ordered  aggregate, 
we  now  approach  the  consideration  of  the  fundamental  question,  whether, 
and  under  what  conditions,  if  any,  such  an  aggregate  can  be  regarded  as 
having  a  definite  order-type,  and  a  definite  cardinal  number.  This  is  equi- 
valent to  asking  whether,  or  when,  meanings  can  be  given  to  those  terms, 
in  accordance  with  general  definitions,  of  such  a  character  that  they  can 
be  treated  as  permanent  objects  for  thought,  or  as  mathematical  entities 
which  may  themselves  be  elements  in  aggregates. 

With  reference  to  Cantor's  definition  (see  §111)  of  the  cardinal  number 
of  a  transfinite  aggregate,  by  abstraction,  in  accordance  with  which  the 
cardinal  number  is  represented  by  replacing  each  element  by  an  abstract 
unity,  it  must  be  observed  that  such  a  substitution  would  replace  the  given 
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aggregate  by  another  one  which  had  no  longer  any  intelligible  relation  with 
the  norm  by  which  the  original  aggregate  is  defined.  The  abstract  unities 
woald  be  indistinguishable  from  one  another,  and  the  new  aggregate  would 
be  indistinguishable  from  any  other  non-finite  aggregate  of  such  vmities.  It 
would  be  impossible  to  decide,  as  regards  any  particular  abstract  unity, 
whether  it  belonged  to  the  aggregate  or  not;  in  fact,  to  make  complete 
abstraction  of  the  individual  nature  of  the  elements  of  an  aggregate  is  to 
destroy  the  aggregate.  A  definition  by  abstraction  could  be  justified  only 
by  the  interpretation,  that  abstraction  is  made  of  those  characteristics  only, 
in  which  the  elements  of  the  aggregate  differ  from  the  corresponding 
elements  of  all  possible  equivalent  aggregates.  Thus  the  existence  of 
aggregates  equivalent  to  the  given  aggregate  would  appear  to  be  essential, 
if  the  latter  is  to  be  regarded  as  having  a  cardinal  number  to  which  any 
definite  meaning  can  be  attached.  On  the  grounds  stated,  the  definition  of 
a  cardinal  number,  as  the  chars^cteristic  or  class-name,  of  a  class  of  equi- 
valent aggregates,  is  to  be  preferred  to  the  definition  given  by  Cantor. 
Accordingly,  an  aggregate  has  a  caixlinal  number,  ouly  when  it  is  one  of  a 
plurality  of  equivalent  aggregates  distinct  from  one  another.  The  elements 
of  one  of  these  aggregates  must  be  essentially  different  from  those  of  another 
of  them ;  it  would  not,  for  example,  be  admissible  to  consider  two  equivalent 
normally  ordered  aggregates  as  essentially  different  from  one  another,  when  the 
one  can  be  obtained  from  the  other  by  replacing  the  elements  of  some  segment 
by  other  elements,  the  remainder  being  lefb  unaltered.  In  all  cases  the  corre- 
spondence between  equivalent  aggregates  must  be  definable  by  some  norm. 

We  are  thus  led  to  the  following  statement  containing  a  definition  of 
cardinal  number: — 

The  members  of  any  particular  class  of  equivalent  aggregates  have  a 
quality  in  common  in'  virtue  of  their  equivalence.  The  name  of  this  quality  of 
mutual  equivalency  is  the  cardinal  number,  and  may  be  regarded  as  character- 
istic  ofe€tch  aggregate  of  the  particular  does. 

In  Cantor's  definition  of  the  order-type  of  a  simply  ordered  transfinite 
aggregate  (see  §  122),  abstraction  is  made  of  the  nature  of  the  elements, 
their  order  in  the  aggregate  being  alone  retained.  The  order-type  is  then 
regaided*  as  represented  by  an  aggregate  of  abstract  unities,  in  the  order 
of  the  elements  of  the  given  aggregate.  In  any  ordered  aggregate,  it  is 
however  the  individual  characteristics  of  any  two  elements  which  determine 
their  relative  order  in  the  aggregate,  in  accordance  with  some  principle  of 
Older  vidid  for  the  whole  aggregate.  If  complete  abstraction  be  made  of 
the  characteristics  of  the  various  elements,  order  has  then  disappeared  from 
the  aggregate.  It  must  be  supposed,  that  in  Cantor's  representation  of  the 
order-type,  there  are  attached  to  the  abstract  unities  marks  of  some  kind, 

*  See  Math,  AnntUen,  vol.  zlti,  p.  497. 
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which  may  in  particular  cases  be  marks  indicating  position  in  space  or  time, 
by  which  the  order  of  the  various  abstract  unities  is  denoted ;  the  given 
aggregate  is  then  really  replaced  by  an  aggregate  of  these  marks,  and  the 
abstract  unities  are  superfluous.  These  marks,  by  which  order  is  determined, 
must  also  have  been  associated  with  the  elements  of  the  original  aggregate. 
It  thus  appears,  that  in  a  defiuition  by  abstraction,  it  can  be  only  those 
characteristics  (if  any)  of  the  various  elements  which  are  irrelevant  in 
determining  the  order,  of  which  abstraction  is  made:  thus  the  aggregate  is 
really  replaced  by  a  similar  one.  On  these  grounds,  that  definition  of  an 
order-type  is  to  be  preferred,  in  which  the  order-type  is  defined  as  the 
characteristic,  or  class-name,  of  a  class  of  similar  aggregates.  Accordingly, 
in  order  that  a  given  aggregate  may  have  an  order-type,  to  which  a  definite 
meaning  can  be  attached,  it  is  necessary  that  the  aggregate  be  one  of  a 
plurality  of  similar  aggregates. 

We  may  accordingly  state  that : — 

The  members  of  any  particular  class  of  similar  aggregates  have  a  quality 
in  common,  in  virtue  of  their  relation  of  similarity.  This  quality  of  mutval 
similarity  possessed  by  the  aggregates  is  their  order-type,  and  may  be  repre- 
sented by  a  name  or  symbol,  regarded  as  characteristic  of  each  aggregate  of 
the  particular  cUiss. 

The  considerations  above  adduced  may  be  applied  in  the  case  of  an 
aggregate  which  is  a  segment  of  the  hypothetical  aggregate  of  all  ordinal 
numbers.  In  this  case  it  is  impossible  to  make  abstraction  of  the  nature 
of  the  individual  elements  of  the  aggregate,  without  destroying  the  order, 
because  the  elements  are  themselves  nothing  more  than  marks  indicating 
order.  Hence  it  would  appear,  that  the  aggregate  cannot  in  any  intelligible 
sense  be  considered  as  having  an  order-type,  unless  it  be  possible  to  define 
an  aggregate  of  objects  of  some  other  kind,  which  shall  be  similar  to  the 
one  under  consideration. 

156.  We  proceed  to  consider,  from  a  somewhat  different  point  of  view, 
those  aggregates  which  consist  of  ordinal  numbers  in  their  order  of  generation. 

There  are  two  distinct  methods  of  establishing  the  existence  of  a  class 
of  mathematical  entities. 

(1)  Their  existence,  as  definite  objects  for  thought,  may  be  shewn  to 
follow  as  a  logical  consequence  of  the  existence  of  other  entities  already 
recognized  as  existent,  or  of  principles  already  recognized  as  valid ;  so  that 
the  existence  of  the  new  entities  in  question  cannot  be  denied  without 
coming  into  contradiction  with  truths  already  known.  This  method  may 
be  termed  the  genetic  method. 

(2)  The  existence  of  the  entities  may  be  postulated ;  and  their  mutual 
relations,  and  their  relations  with  other  entities  already  known  to  exist,  may 
be  defined  by  means  of  a  complete  system  of  definitions  and  postulations. 
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Accordingly,  the  objects  in  question  are  a  relatively  free  creation  of  our 
mental  activity.  The  validity  of  the  scheme  thus  set  up  is  established  when 
it  is  shewn  to  be  free  fix>m  internal  contradiction.  Its  utility  is  to  be  judged 
by  its  applicability  to  the  general  purposes  of  the  science,  and  by  the  light 
it  may  throw  upon  the  fundamental  principles  of  that  science,  in  virtue 
of  the  scheme  containing  a  generalization  of  what  was  previously  known. 
This  method  may  be  termed  the  method  of  postviation.  It  may,  however, 
be  urged  that  the  failure  to  discover  contradictious  within  a  scheme  which 
has  been  postulated  is  no  proof  that  such  contradictions  do  not  exist,  and  that 
such  proof  can  only  be  supplied  by  the  exhibition  of  a  system  of  entities 
ahready  known  to  exist,  such  that  the  relations  between  them  are  in  accord- 
ance with  those  postulated  in  the  scheme  in  question. 

Both  these  methods  have  been  employed  by  Cantor  in  his  theory  of  trans- 
finite  numbers  and  order-tjrpes.  In  his  earlier  treatment  of  the  subject,  he 
employed  the  second  of  the  above  methods.  The  existence  of  the  new 
number  a>,  and  of  the  limiting  numbers  of  the  second  class,  was  postulated, 
in  accordance  vrith  the  second  principle  of  generation.  Freedom  from 
contradiction,  and  utility  in  connection  with  the  theory  of  sets  of  points, 
which  suggested  the  postulations,  were  relied  upon  as  the  grounds  upon 
which  the  system  of  new  numbers  was  to  be  justified.  The  first  number  O, 
of  the  third  class,  was  introduced  by  a  new  postulation. 

In  his  later  and  more  abstract  treatment  of  the  subject,  an  account  of 
which  has  been  given  in  the  present  chapter,  Cantor  applied  the  genetic 
method.  The  existence  of  the  number  a>  is  not  directly  postulated,  but  is 
taken  to  follow  from  the  existence  of  the  aggregate  {n},  of  integral  numbers ; 
a>  is  defined  to  be  the  order-type  of  this  aggregate,  and  it  is  assumed  that 
such  order-type  is  a  definite  object  which  can  itself  be  an  element  of  an 
aggregate.  The  existence,  as  definite  entities,  of  the  cardinal  numbers  being 
assumed,  the  successive  ordinal  numbers  of  the  successive  classes  are  obtained 
by  assuming  as  a  general  principle,  that  an  ordered  aggregate  necessarily 
possesses  a  definite  order-type  which  can  be  regarded  as  itself  an  object,  the 
ordinal  number  coming  immediately  after  all  those  that  are  the  elements  of 
the  aggregate  of  which  it  is  the  order-type. 

It  has  been  seen  above,  that  the  assumptions  that  an  ordered  aggregate 
necessarily  possesses  a  definite  order-type,  and  that  it  also  possesses  a 
definite  cardinal  number,  both  of  which  can  be  regarded  as  objects,  lead  to 
the  contradiction  pointed  out  by  Burali-Forti.  It  appears,  therefore,  that 
the  class  of  entities,  which  is  constituted  by  the  ordinal  numbers  of  all  classes, 
and  the  similar  aggregate  of  aleph-numbers,  do  not  satisfy  the  condition  of 
being  subject  to  a  scheme  of  relations  which  is  free  from  contradiction. 
In  fact,  the  principle,  in  accordance  with  which  their  existence  is  inferred, 
conflicts  with  the  definition  of  the  aggregates  as  containing  respectively 
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every  ordinal  number,  and  every  aleph-number.  It  would  then  appear, 
that  the  genetic  process  which  led  to  the  definition  of  the  aggregates 
of  all  ordinal  numbers,  and  of  all  aleph-numbers,  cannot  be  a  valid  one. 
Thus  the  principle  that  every  ordered  aggregate  has  a  definite  order-type, 
which  may  be  regarded  as  a  permanent  object  of  thought,  cannot  be  ac- 
cepted as  a  universal  principle  to  be  used  in  a  genetic  mode  of  establishment 
of  the  existence  of  a  class  of  entities.  A  denial  of  the  validity  of  this 
principle  does  not  however  prleclude  the  less  ambitious  procedure  of  postu- 
lating the  existence  of  definite  ordinal  numbers  of  a  limited  number  of 
classes,  in  accordance  with  Cantor  s  earlier  method.  So  long  as  the  postu- 
lation  of  the  existence  of  ordinal  numbers  does  not  go  beyond  some  definite 
point,  no  contradiction  will  arise,  and  the  validity  of  the  scheme,  for  purposes 
of  representation,  will  suffice  to  justify  the  postulations  which  are  made. 
An  attempt  to  examine  the  structure  of  such  a  class  of  ordinal  numbers, 
as  that  of  the  a>th  class,  with  cardinal  number  K«,  or  that  of  the  fith  class, 
with  cardinal  number  Kq,  will  lead  to  the  conviction  that  such  conceptions 
are  unlikely  to  prove  capable  of  useful  application  in  any  branch  of  Analysis 
or  of  Geometry.  Nevertheless,  should  inexorable  logic  compel  us  to  con- 
template the  existence  of  such  classes  of  objects,  they  would  be  a  proper  field 
of  exploration;  we  have  however  seen  that  there  are  grave  doubts  as  to 
whether  this  be  in  fact  the  c€tse. 

157.  The  genetic  method  being  rejected  on  the  ground  that  it  leads  to 
the  construction  of  a  class  of  entities  which  in  its  entirety  can  have  no 
existence,  we  have  to  fall  back  upon  the  method  of  postulation.  A  consi- 
deration of  the  essential  elements  in  the  conceptions  which  lie  at  the  base 
of  the  scheme  of  finite  integral  numbers  may  afford  guidance  as  to  how  far 
we  may  properly  proceed  in  the  construction,  by  postulation,  of  transfinite 
ordinal  numbers  of  successive  classes.  The  ordinal  numbers  of  any  one 
particular  class  are  those  which  belong  to  rearrangements  of  the  elements  of  an 
aggregate,  of  which  aggregate  the  order-type  is  the  lowest  number  of  that  class. 
We  may  therefore  consider  primarily,  the  lowest  numbers  of  the  classes  of 
which  the  cardinal  numbers  are  Noi  i<i»  Kj...  respectively.  It  was  pointed 
out  in  Chapter  i.,  in  the  case  of  the  finite  numbers,  that  the  existence  of 
an  integral  number  does  not  follow  as  a  mere  logical  consequence  of  the 
existence  of  the  preceding  numbers,  but  that  each  ordinal,  or  each  cardinal 
number  appears  as  the  characteristic  of  the  members  of  a  family  of  similar, 
or  of  equivalent,  aggregates  of  objects,  the  number  in  question  being  then  the 
ordinal,  or  the  cardinal,  number  of  each  member  of  the  family.  Thus  the 
notion  of  correspondence  between  the  elements  of  different  aggregates  was 
seen  to  be  an  essential  element  in  the  conception  of  either  an  ordinal,  or 
a  cardinal,  number  as  characteristic  of  a  class  of  aggregates.  In  the  genetic 
method,  as  applied  to  the  construction  of  the  whole  series  of  classes  of 
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transfinite  ordinal  numbers,  this  notion  of  correspondence  between  the 
elements  of  different  aggregates  having  the  same  number  plays  no  part; 
and  in  fact,  the  existence  of  a  number  is  constantly  inferred  from  that  of 
a  single  unique  ordered  aggregate.  For  example,  the  existence  of  O,  and 
of  Ki,  is  inferred  fix>m  the  existence  of  the  single  aggregate  of  numbers 
of  the  first  and  second  classes.  Generally,  in  the  whole  scheme,  the 
existence  of  a  new  number  is  inferred  from  the  existence  of  that  unique 
aggregate  which  contains  the  preceding  ordinal  numbers.  That  this  pro- 
cedure leads  to  contradiction  has  been  already  seen.  The  transfinite 
numbers  must  be  regarded  as  obtained,  or  defined,  in  accordance  with 
the  same  principles  as  hold  good  in  the  case  of  the  finite  numbers,  if 
they  are  to  be  regarded  as  numbers,  even  in  an  extended  sense  of  that 
term.  It  seems  then  highly  probable,  that  the  neglect  of  the  principle, 
that  correspondence  between  similar  or  between  equivalent  aggregates  is 
essential  to  our  right  to  consider  the  numbers  belonging  to  aggregates 
as  definite  entities,  may  be  the  source  of  the  contradiction  which  arises  from 
the  thoroughgoing  application  of  the  genetic  method  that  leads  to  Cantor's 
complete  series  of  ordinal  numbers  and  aleph-numbers.  In  accordance  with 
this  view  of  the  nature  of  Number,  finite  or  transfinite,  the  postulation 
of  the  existence  of  a  definite  entity,  which  entity  shall  be  entitled  to  be 
regarded  as  a  number,  is  only  justified  when  it  is  shewn  that  other 
aggregates  exist  besides  the  aggregate  which  consists  of  the  preceding 
ordinal  numbers,  of  which  other  aggregates  the  postulated  number  is  either 
the  characteristic  ordinal  or  the  cardinal  number.  Thus  the  postulation  of 
the  existence  of  the  numbers  a>,  and  K^,  requires  for  its  justification,  the 
exhibition  of  other  aggregates  besides  [n],  that  of  all  finite  numbers ;  in  this 
case  the  requirement  is  satisfied  by  the  definition  of  sets  of  points,  or  of  other 
geometrical  objects,  and  thus  there  really  exists  a  class  of  aggregates  which 
is  similar  to  the  ordered  aggregate  1,  2,  3, ...  n  ... ;  and  hence  the  postulated 
order-type  a>,  and  the  postulated  cardinal  number  K^,  are  really  entitled  to 
rank  as  ordinal  and  cardinal  numbers  respectively.  When  we  consider  the 
ordinal  number  CI,  and  the  cardinal  number  Kx,  the  state  of  the  case  is  very 
different.  In  order  that  the  existence  of  A  might  be  on  a  parity  with  that 
of  w,  it  would  require  to  be  shewn  that  it  is  possible  to  define  a  set  of 
objects,  say  points  of  the  linear  continuum,  which  should  be  such  that,  to 
each  prescribed  ordinal  number  of  the  second  class,  there  corresponds  a 
definite  point  of  the  continuum,  t.e.  to  shew  that  a  norm  is  possible  which 
would  define  a  set  of  points  of  order-type  XI.  This  has  hitherto  not  been 
accomplished,  nor  have  aggregates  having  any  of  the  cardinal  numbers 
tt,,  tt,, ...  been  defined  by  means  of  sets  of  rules.  If  it  be  urged  that  the 
postulation  of  the  order-type  XI,  and  of  the  corresponding  cardinal  number 
Ki,  does  not  of  itself  lead  to  contradiction,  it  may  be  replied  that  such  postu- 
lation does  not  entitle  XI  and  Ki  to  rank  as  numbers,  in  the  sense  in  which 
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a>  and  Ko  are  numbers ;  for,  in  the  latter  case,  the  essential  elements  in  the 
original  conceptions  of  ordinal  and  cardinal  numbers  are  all  present,  whereas 
this  has  not  been  shewn  to  be  true  of  O  and  Ki.  Moreover,  the  postulation 
of  the  existence  of  XI  and  K],  if  it  does  not  of  itself  lead  to  contradiction,  can 
only  be  made  by  means  of  a  principle  which,  when  applied  systematically, 
cprtainly  leads  to  contradiction.  In  accordance  with  the  criterion  laid  down 
above,  Kx,  Ks, ...  cannot,  at  the  present  time,  be  regarded  as  definite  entities, 
and  could  not  be  regarded  as  in  any  true  sense  numbers,  even  if  any  meaning 
could  be  assigned  to  them. 

It  may  conceivably  turn  out,  in  the  future,  to  be  possible  to  justify  the 
postulation  of  the  existence  of  certain  of  the  numbers  Ki,  K^,  ...  ,  together 
with  the  classes  of  ordinal  numbers  which  would  belong  to  them.  It  will, 
however,  certainly  never  be  possible  to  do  so  for  the  whole  class  {K^},  where 
P  is  any  ordinal  number  of  the  aggregate  of  all  ordinal  numbers,  in  accord- 
ance with  Cantor's  complete  scheme,  because  such  postulation  leads  to 
unavoidable  contradiction.  The  setting  up  of  a  scale  of  standards,  to  some 
of  which  standards  no  aggregates  not  consisting  of  the  preceding  numbers 
conform,  involving,  as  it  does,  the  employment  of  sphinx-like  aggregates, 
to  each  of  which  no  other  aggregates  can  be  shewn  to  be  similar,  would 
d  priori  appear  to  be  an  illegitimate  extension  of  the  notion  of  number, 
an  essential  element  having  dropped  out ;  and  a  posteriori  it  has  been  shewn 
to  lead  to  contradiction. 

It  may  be  urged  that  no  contradiction  would  ensue  if,  in  single  instances, 
the  existence  of  order-types  and  powers,  considered  to  be  definite  entities, 
were  postulated  for  aggregates  of  the  unique  character  referred  to  above. 
But  if  this  were  done,  such  order-types  and  powers  would  not  be  entitled  to 
rank  as  numbers ;  and  such  sporadic  creations  would  be  of  no  importance  in 
Mathematical  theory.  Systematic  postulation  of  this  character  is  just  what 
has  been  shewn  to  lead  to  a  self-contradictory  scheme  of  entities,  and  is 
therefore  illegitimate. 

A  cardinal  number  has  been  defined*  by  B.  Russell,  to  be  a  class  of 
equivalent  aggregates;  it  may  then  be  urged  that  such  class  may  contain 
only  one  member,  and  that  this  is  sufficient  for  the  existence  of  the  cardinal 
number.  In  fact,  Russell  infers f  the  existence  of  the  number  n+I,  fix)m 
that  of  the  numbers  0,  I,  2,  3,  ...n. 

*  Principles  of  Mathematics,  vol.  i,  pp.  Ill — 116. 

t  Ibid,  p.  497.  Since  BusaeU  regards  the  activities  of  the  mind  as  irrelevant  in  qnestions 
of  existence  of  entities,  his  view,  and  that  here  advocated,  have  no  premissea  in  common.  An 
advantage  claimed  for  the  conception  of  the  nature  of  number,  here  advocated,  over  that  of  Boasell, 
is  that  it  does  not  lead  to  such  a  contradiction  as  that  pointed  oat  by  Bnrali-Forti.  Rossell 
objects  (see  p.  114)  to  the  conception  of  a  number  as  the  common  oharaoterittio  of  a  family 
of  equivalent  aggregates,  on  the  ground  that  there  is  no  reason  to  think  that  snch  a  single  entity 
exists,  with  which  the  aggregates  have  a  special  relation,  bat  that  there  may  be  many  sooh 
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In  aocordauce  with  the  view  here  advocated  of  the  nature  of  number,  this 
definition,  or  any  other  one  which  allows  the  existence  of  a  cardinal  number 
to  be  inferred  solely  from  the  existence  of  a  unique  aggregate,  to  which  no 
other  aggregates  have  been  shewn  to  be  equivalent,  must  be  rejected. 

168.  The  conclusions  at  which  we  have  arrived  in  the  course  of  the 
above  discussion,  may  now  be  summarized  as  follows : — 

(1)  The  aggregates 

1,    2,    3,  ...  71,  ...  CO,    (o-f-l, ...  O,  ...  /9, ... 

of  all  ordinal  numbers,  and  of  all  aleph-numbers,  in  the  sense  in  which 
Cantor  contemplates  them,  have  no  existence.  Their  existence  cannot  be 
established  without  the  assumption  of  the  principle  that  every  normally 
ordered  aggregate  necessarily  has  a  definite  order-type,  and  a  definite 
cardinal  number,  which  can  themselves  be  regarded  as  objects  capable  of 
being  elements  of  an  aggregate.  This  principle  leads  to  contradiction,  and 
must  therefore  be  rejected  as  not  being  a  universally  valid  truth. 

(2)  Of  the  aleph-numbers,  the  postulation  of  the  existence  of  Kq  has 
hitherto  alone  been  justified*,  by  shewing  that  it  is  possible  to  define 
aggregates  consisting  of  objects  other  than  the  ordinal  numbers  themselves, 
of  which  it  is  the  characteristic  cardinal  number.  The  numbers  a>,  a>  +  1, ... 
CO.  2, ...  flo*, ...  (o", ...  of  the  second  class  exist,  but  it  has  not  yet  been  shewn 
that  the  totality  of  all  such  numbers,  taken  in  order,  has  a  definite  order- 
type  or  a  definite  cardinal  number;  even  if  it  be  legitimate  to  speak  of 
these  numbers  as  forming  a  totality.  To  do  this  it  would  be  necessary  to 
shew  that  a  finite  set  of  rules  can  be  set  up  which  will  suffice  to  define  a 
definite  object  corresponding  to  each  ordinal  number  of  the  second  class. 

(3)  The  existence  of  individual  aleph-numbers,  other  than  Ko,  with  the 
classes  of  ordinal  numbers  belonging  to  them,  may,  in  the  future,  be  established ; 
but  it  is  not  possible  that  this  should  be  done  beyond  some  definite  stage. 

It  thus  appears  that  there  is  at  present  no  sufficient  reason  for  thinking 
that  any  unenumerable  aggregate  is  capable  of  being  normally  ordered. 

It  may  be  observed  that  an  aggregate  which  consists  wholly  of  distinct 
physical  objects  which  do  not  penetrate  one  another  must  be  enumerable: 
for  each  such  object  occupies  some  definite  volume  in  space;  and  it  has 
been  shewn  that  any  set  of  distinct  portions  of  space  is  enumerable.  It 
follows  that  the  objects  contained  in   an   unenumerable  aggregate,  must, 

eniitiet,  and  Hbat  there  are  in  CMt  an  infinite  number  of  them.  The  mind  does,  however,  in 
point  of  CmsI,  in  the  oaae  of  finite  aggregates  at  least,  recognize  the  existence  of  such  a  single 
entilj,  vis.  the  number  of  the  aggregates;  and  this  is  a  valid  creation  of  our  mental  activity, 
subject  to  the  law  of  contradiction. 

*  In  Math,  Afmalen,  vol.  lz,  p.  188  in  a  paper  "Ueber  wohlgeordnete  Mengen,"  Schonflies 
has-ezpreiBed  a  view  which  is  to  a  certain  extent  in  agreement  with  that  here  stated. 


206  Transfinite  nvmbers  and  order-types  [oh.  in 

with  the  possible  exception  of  an  enumerable  component  of  the  aggregate, 
consist  of  ideal  or  abstract  objects. 

159.  The  regarding  of  a  collection  as  a  "  whole  "  has  been  emphatically 
declared  by  Cantor,  to  be  essential  to  the  notion  of  an  aggregate.  It  is  no 
doubt  true  that,  in  a  certain  sense,  every  logical  class,  or  aggregate  as  defined 
in  §  153,  forms  a  whole,  as  being  dominated  by  a  certain  norm  ;  but  for 
the  purposes  of  Mathematical  Science,  the  fundamental  question  is,  under 
what  circumstances  such  an  aggregate  may  be  regarded  as  having  a  definite 
cardinal  number,  and  if  ordered,  a  definite  order-type.  This  question  has 
been  fully  discussed  in  the  case  of  normally  ordered  aggregates;  and  the 
condition  for  an  afiSrmative  answer  in  the  case  of  any  other  aggregate  is  of 
a  similar  character,  viz.  that  it  be  possible  to  define  other  aggregates  which 
have  either  the  relation  of  similarity  or  that  of  equivalence  with  the  given  one. 

Ordered  aggregates  have  been  defined,  which  are  not  normally  ordered ; 
and  of  such  aggregates,  the  most  important  is  the  arithmetic  continuum, 
defined  in  §  128,  as  of  order- tjrpe  0,  The  justification  for  regarding  0  as  a 
definite  object,  with  a  definite  cardinal  number,  must,  as  has  been  pointed 
out  in  §  158,  be  regarded  as  due  to  a  postulation,  subject  to  the  law  of  contra- 
diction. It  has  been  seen  that  a  class  of  aggregates  exists  which  are  similar 
to  the  linear  continuum,  and  thus  conform  to  the  type  0,  and  have  c  as  their 
common  cardinal  number;  and  this  is  in  accordance  with  the  regulative 
principle  which  we  have  maintained  to  be  essential  to  justify  our  regarding 
c  as  a  number. 

As  has  been  already  remarked,  aggregates  may  be  defined,  which  are 
unordered.  In  such  cases  no  question  arises  as  to  the  existence  of  an 
order-type;  but  there  is  no  reason  why  such  aggregates  should  not  have 
cardinal  numbers,  provided  that  in  the  case  of  such  an  aggregate  equivalent 
aggregates  can  be  found,  the  cardinal  number  in  question  being  then  their 
common  characteristic.  The  aggregates  of  which  the  cardinal  number  is 
/=  c*,  are  an  example  of  this  species  of  aggregate. 

Two  aggregates  which  have  been  independently  defined  are  not  neces- 
sarily comparable  with  one  another,  as  regards  either  order-type  or  cardinal 
number.  It  cannot  be  assumed  d  priori,  that  the  cardinal  number  of  one 
of  them  is  necessarily  either  greater,  equal  to,  or  less  than  that  of  the  other, 
in  the  sense  in  which  these  relations  have  been  defined  in  §  112.  Further,  it 
cannot  be  assumed,  that  an  ordered  aggregate,  such  as,  for  example,  the 
continuum,  is  necessarily  capable  of  being  normally  ordered.  Two  aggregates 
of  abstract  objects,  which  have  been  independently  defined,  may  belong,  no 
doubt,  to  the  same  universe  of  thought;  but  nevertheless,  any  particular 
category  of  relations  may  be  too  narrow  to  formulate  any  nexus  between  the 
two  systems ;  so  that  it  is  conceivable  that,  so  £eu*  as  such  relations  as  those 
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of  order,  or  cardinal  number,  are  concerned,  the  two  aggregates  may  be 
completely  isolated  from  one  another. 

160.  In  some  proo&  of  theorems  which  have  been  given  by  writei's  on 
this  subject,  which  proofs  have  for  their  object  the  establishment  of  relations 
of  inequality  or  equality  of  cardinal  numbers,  aggregates  are  employed,  the 
elements  of  which  are  regarded  as  being  successively  defined  by  an  infinite 
number  of  separate  acts  of  choice.  When  we  leave  the  region  of  the  finite 
it  would  however  appear  that  we  have  passed  beyond  the  region  in  which 
definitions  by  arbitrary  acts  of  choice  can  be  regarded  as  adequate  specifi- 
cations of  definite  objects ;  and  the  existence  of  a  norm  would  appear  to  be 
essential  to  our  right  to  regard  an  aggregate  as  really  defined,  and  therefore 
to  justify  our  making  use  of  the  conception  of  such  an  aggregate  in  the 
proof  of  a  theorem.  The  point  may  be  illustrated  by  a  discussion  given*  by 
Du  Bois  Reymond,  in  which  he  contemplates  the  existence  of  a  number 
represented  by  a  non-terminating  decimal,  in  which  the  figures  are  deter- 
mined by  no  law.  He  contemplates  each  figure  in  the  decimal  as  being  fixed 
by  a  throw  of  dice,  aud  rejects  the  conception  of  such  a  decimal,  (ewig 
gesetzloses  Decimal),  as  representing  a  real  number.  A  non-finite,  or 
endless,  process  can  be  conceived  of  as  a  completed  whole,  only  when  it  is 
subject  to  some  kiud  of  norm ;  thus  a  non-terminating  decimal  represents  a 
number,  only  under  the  presupposition  that  a  set  of  rules  can  be  given,  which 
would  suffice  to  determine  the  figure  that  occupies  any  assigned  place  in 
the  decimal.  In  general,  the  proof  of  the  possibility  of  giving  a  norm  is 
required  before  an  aggregate  of  any  particular  character  can  be  contemplated 
as  existing,  or  can  be  legitimately  made  use  of  in  a  demonstration. 

Oantor,  in  his  proof  (see  §  117),  that  K^  is  less  than  any  other  cardinal 
number,  has  assumed  that  it  is  possible  to  pick  out  of  any  given  transfinite 
aggregate  an  enumerable  component.  This  proof  can  only  be  accepted  as 
valid  in  case  it  is  possible  to  define  an  enumerable  component  of  the  aggregate 
in  question.  In  a  large  class  of  cases,  perhaps  in  all  which  are  of  importance 
in  Mathematics,  this  condition  can  be  satisfied ;  for  example  in  the  case  of 
the  continuum.  In  the  aggregate  of  "all  propositions,"  for  example,  the 
enumerable  component  might  be  taken  to  be  that  aggregate  of  propositions 
which  asserts  the  existence  of  the  numbers  1,  2,  3, ...  . 

G.  EL  Ehrdy  has  extended  f  Cantor's  method,  for  the  purpose  of  shewing 
that  every  cardinal  number  is  either  an  aleph-number,  or  is  greater  than 
all  the  aleph-numbers,  and  in  particular  that  2K<>  =  c  ^  Ki.  This  proof  runs  as 
follows : — Having  given  any  aggregate  whose  cardinal  number  is  >  K^,  we  can 
choose  from  it  successive  individuals  t^,  t/^, ...  t^», ...  tz/i, ... ,  corresponding  to 
all  the  numbers  of  the  first  and  second  classes ;  and  if  the  process  came  to  an 

*  AUgewieine  Funetumentheorie,  p.  91. 

t  Quanerty  Journal  of  Math.,  vol.  zzzv,  1908,  p.  S8. 
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end,  the  cardinal  number  would  be  K^.  Its  cardinal  number  is  therefore 
^Ki ;  and  if  >K,,  ^^2,  and  so  on.  And  if  >««,  for  all  finite  values  of  n, 
it  must  be  ^  K» ;  for  we  can  choose  individuals  from  the  aggregate  corre- 
sponding to  all  the  numbers  of  the  first,  second,  ...nth,  ...classes.  And  by 
a  repetition  of  these  two  arguments,  we  can  shew  that,  if  there  is  no  K^  equal 
to  the  cardinal  number  of  the  aggregate,  it  must  be  at  least  equal  to  the 
cardinal  number  of  the  aggregate  of  all  K^'s,  and  so  greater  than  any  K^. 

Apart  altogether  from  the  question  as  to  what  constitutes  all  the  aleph- 
numbers,  this  argument  could  only  be  valid,  if  it  were  shewn  how  the 
successive  individuals  tii,  t^,  ...U/i, ...  are  to  be  defined  by  means  of  some 
norm,  and  also  how  the  individuals  of  the  aggregate  which  may  correspond 
to  the  numbers  of  the  first,  second,  ...  nth,  ...  classes  can  be  assigned  by 
a  norm.  The  process  can  neither  come  to  an  end,  nor  be  regarded  as,  in 
any  sense,  a  completed  one,  unless  this  has  been  done. 

In  connection  with  the  definition,  given  in  §116,  of  the  aggregate  ob- 
tained by  covering  one  aggregate  by  another  one  it  must  be  assumed  that 
each  particular  element  of  the  aggregate  of  coverings  is  defined  by  a  norm. 
This  point  will  be  exemplified  in  the  discussion,  which  will  be  given  in 
Chapter  iv,  of  the  cardinal  number  of  all  functions  of  a  real  variable. 

In  the  theorem  of  §  120,  the  aggregate  Jf^^  must  be  regarded  as  such 
that  each  element  of  it  is  defined  by  a  norm.  It  is  further  necessary  that 
the  aggregate  Jf'^u  be  defined  by  a  norm.  This  point  may  be  illustrated 
by  referring  to  the  second  proof  in  § 56,  that  c>  a,  which  is  a  special  case 
of  the  theorem  of  §  120.  It  is  there  hypothetically  assumed  that  it  is 
possible  to  define  a  number  of  the  continuum  corresponding  to  each  integral 
number,  by  means  of  a  norm ;  and  thus  the  existence  is  assumed  of  a  fiuite 
set  of  rules  by  means  of  which  the  nth  figure  of  the  number  which  cor- 
responds to  the  integer  n  can  be  calculated.  By  introducing  an  additional 
rule,  that,  when  this  figure  has  been  calculated,  it  is  to  be  increased  by 
unity,  unless  it  be  9,  in  which  case  it  is  to  be  replaced  by  zero,  the  existence 
of  a  norm  has  been  established,  by  which  a  number  is  defined  that  cannot 
correspond  to  any  integer;  and  thus  a  contradiction  is  shewn  to  arise  from 
the  hypothesis  made.  It  would  not  be  sufficient  to  say  that  we  may  write 
down  a  number  which  differs,  in  at  least  one  figure,  fix)m  any  of  the  numbers 
in  the  correspondence ;  it  is  essential  to  the  validity  of  the  proof,  that  such 
a  number  be  shewn  to  be  definable  by  a  finite  set  of  rulea 

161.  Two  proofs  have  been  advanced,  that  every  cardinal  number  is 
necessarily  an  aleph-number ;  but  this  is  equivalent  to  the  statement  that 
every  aggregate  which  has  a  cardinal  number  can  be  normally  ordered. 
If  these  proofs  could  be  accepted  as  valid,  the  particular  theorem  would  be 
established   that  the  arithmetic  continuum   is  capable  of  being  normally 
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ordered ;  and  the  only  question  which  would  remain  open,  as  regards  this 
aggregate,  would  be  as  to  which  particular  aleph-number  is  the  cardinal 
number  of  the  continuum. 

The  first  of  these  proofs,  that  of  Jourdain*,  is  founded  on  the  assumption 
that,  if  a  cardinal  number  is  greater  than  every  aleph,  there  must  be  a  part 
of  the  aggregate  to  which  this  cardinal  number  belongs,  which  can  be  made 
to  have  a  (1,  1)  correspondence  with  the  **  inconsistent "  aggregate  of  all 
the  ordinal  numbers  arranged  in  normal  order.  This  assumption  is  regarded 
as  justified  by  the  process  of  making  the  successive  elements  of  the  aggre- 
gate of  ordinal  numbers  correspond  to  elements  of  the  given  aggregate :  it  is 
then  argued,  that,  if  this  process  comes  to  an  end,  the  cardinal  number  of  the 
aggregate  is  an  aleph ;  and  that,  if  it  does  not  come  to  an  end,  the  given  aggre- 
gate must  contain  a  part  that  corresponds  to  the  "  inconsistent "  aggregate 
of  all  the  ordinal  numbers ;  and  thus  that,  in  the  latter  case  the  aggregate 
is  inconsistent,  and  has  no  cardinal  number.  The  objection  to  this  proof  is 
the  fundamental  one  which  has  been  already  stated,  viz.  that  no  norm  is 
forthcoming  by  which  the  correspondence  in  question  is  defined;  and,  in 
default  of  such  norm,  there  is  no  meaning  in  speaking  of  an  essentially 
endless  process  as  a  completed  one,  or  as  having  come  to  an  end. 

In  the  second  proof,  duef  to  E.  Zermelo,  no  account  is  taken  of  the 
possibility  that  an  aggregate  may  have  no  cardinal  number,  nor  of  the 
existence  of  "  inconsistent "  aggregates.  The  proof,  which  is  fundamentally 
of  a  similar  character  to  that  of  Jourdain,  is  represented  as  demonstrating 
that  every  aggregate  can  be  normally  ordered,  and  thus  has  an  aleph  as 
its  cardinal  number. 

It  is  assumed  that,  in  each  part  M'  of  a  given  aggregate  M^  one  element 
m\  called  the  special  (ausgezeichnetes)  element  of  M' ,  can  be  chosen. 
A  part  M'  must  contain  one  element  of  M  at  least,  and  may  contain  all  the 
elements ;  and  the  aggregate  [M']  of  all  parts  of  Af  is  considered.  Each 
element  M'  of  [M'\  corresponds  to  a  special  element  rn!  which  belongs  to  M  \ 
and  this  particular  mode  of  covering  the  elements  of  [M*]  by  elements 
of  Jf  is  called  a  "  covering  "  7 ;  the  employment  of  a  particular  "  covering  "  7, 
is  essential  to  the  proof.  A  7-aggregate  is  then  defined  as  follows : — Let  My 
be  a  normally  ordered  aggregate  consisting  of  difierent  elements  of  M,  such 
that,  if  a  be  any  arbitrarily  chosen  element  of  My,  and  if  A  be  the  segment 
of  My  defined  by  a,  which  segment  consists  of  all  the  elements  of  My  that 
precede  a,  then  a  is  always  the  special  element  of  M-A.  Every  such 
aggregate  My  is  a  7-aggregate.  If  every  element  of  M  which  occurs  in  a 
7-aggregate  be  called  a  7-element  of  M,  it  is  shewn  that  the  aggregate  Ly 
of  all  7-eIements  can  be  so  ordered  that  it  is  itself  a  7-aggregate,  and  contains 

*  PMl.  Mag.  Janiuay  1904,  pp.  67,  70. 

t  Math.  AfmaUn,  yol.  liz,  1904,  **  Beweiss,  dass  jede  Menge  wohlgeordnet  werden  kann.*' 

B.  14 
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all  the  elements  of  the  original  aggregate  M.    It  follows  then  that  M  can  be 
normally  ordered. 

Zermelo  himself  expressly  recognizes  the  assumption  made  as  to  the 
existence  of  a  definite  "  covering "  7.  The  objection  to  this  assumption  is 
of  the  same  character  as  before,  viz.  that  for  its  validity  a  norm  must  be 
shewn  to  be  possible;  this  norm  must  assign  to  each  part  of  the  given 
aggregate  a  definite  ''  special "  element  belonging  to  that  part.  In  the  case 
of  such  an  aggregate  as  the  continuum  it  is  not  clear  how  such  a  norm 
could  be  devised ;  indeed,  it  seems  probable  that  a  proof  of  the  possibility 
of  establishing  such  a  norm  involves  difiSculties  comparable  with  those  which 
occur  in  any  attempt  to  prove  the  original  theorem*  The  non-recognition 
of  the  existence  of  '*  inconsistent "  aggregates,  which  existence,  on  the  as- 
sumption of  Cantor's  theory,  cannot  be  denied,  introduces  an  additional 
element  of  doubt  as  regards  this  proof  The  aggi*egate  £y,  here  employed, 
is  parallel  with  the  normally  ordered  aggregate  which  occurs  in  Jourdain's 
earlier  proof 

162.  As  regards  the  method  of  G.  H.  Hardy  (see  §  151)  for  constructing 
a  set  of  points  of  cardinal  number  Ki,  it  was  pointed  out  by  Hardy,  that 
an  infinite  freedom  of  choice  arises  in  the  case  of  each  limiting  number  7, 
since  there  are  an  indefinite  number  of  sequences  of  the  preceding  ordinal 
numbers,  of  each  of  which  sequences  7  is  the  limiting  number.  Thus,  for 
example,  a>'  is  not  only  the  limit  of  a>,  a>.2,  a>.3, ...,  but  also  of  a>  +  l, 
o) .  2  +  2,  a> .  3  +  3, . . . .  In  the  case  of  the  smaller  limiting  numbers  of  the 
second  class  Hardy  has  shewn  how  to  exercise  this  freedom  of  choice  so  as 
to  obtain  distinct  sequences;  thus  a>  is  taken  as  the  limit  of  1,  2,  3,  ...; 
fo^  is  taken  as  the  limit  of  a>,  a>.2,  fi>.3, ... .  In  order  however  that  the 
method  should  really  suffice  to  define  sequences  of  integers  which  shall 
correspond  uniquely  to  each  prescribed  number  of  the  first  or  of  the  second 
class,  it  would  be  necessary  to  replace  this  freedom  of  choice  by  a  definite 
norm,  or  finite  set  of  rules,  which  would  decide,  in  the  case  of  any  particular 
limiting  number  7,  of  what  particular  sequence  of  the  preceding  ordinal 
numbers  7  must  be  regarded  as  the  limit,  for  the  purpose  of  forming  the 
sequence  of  integers  which  is  to  correspond  to  it,  in  accordance  with  the 
mode  of  formation  employed  in  the  method. 

Hardy  has  given  no  norm  of  this  character,  but  has  confined  himself  to 
the  selection  of  the  sequences  which  are  to  correspond  to  some  of  the  lower 
limiting  numbers  of  the  second  class.     When  we  reach  the  region  of  the 

*  A  criticism  of  Zermelo's  proof  has  also  been  pabUshed  by  Borel,  Math,  Awn,,  voL  lz,  p.  194, 
and  is  substantiaUy  identical  with  the  above,  which  was  pnblished  in  the  Proe.  Lond.  Math, 
Soe.f  ser.  2,  vol.  iii.  Borel  however  objects  to  the  definition  of  an  aggregate  by  an  infinite  nnmber 
of  acts  of  choice  only  when  the  aggregate  is  onenmnerable ;  whereas  the  objection  is  really  valid 
in  the  case  of  any  non-finite  aggregate. 
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e-numbers  of  the  second  class,  it  is  difficult,  if  not  impossible,  to  imagine 
the  nature  of  the  nonn  which  would  suffice  to  make  the  decision  referred 
to  above;  and  no  such  norm  is  in  fact  forthcoming.  On  this  ground,  the 
method  cannot  be  regarded  as  really  defining  a  set  of  points  such  that  a 
determinate  point  corresponds  to  each  ordinal  number  of  the  first,  or  the 
second  class. 

163.  In  case  the  criticisms  which  have  been  given  above,  of  the  general 
theory  of  classes  of  order-tjrpes  and  of  aleph-numbers,  be  accepted  as  wholly, 
or  in  part,  valid,  nevertheless  the  debt  which  Mathematical  Science  owes  to 
the  genius  of  G.  Cantor  will  be  in  no  material  respect  diminished.  The 
fundamental  distinction  between  enumerable  and  unenumerable  aggregates, 
the  interpretation  of  the  arithmetic  doctrine  of  limits,  the  ordinal  theory  of 
the  arithmetic  continuum,  and  the  conception  of  the  transfinite  ordinal 
numbers  of  the  second  class,  with  their  application  to  the  theory  of  sets  of 
points,  remain  as  permanent  acquisitions  which  rest  upon  a  firm  logical  basis. 
This  order  of  ideas  has  already  become  indispensable,  for  purposes  of  exact 
formulation,  in  Analysis  and  in  Geometry;  it  is  constantly  receiving  new 
applications,  owing  to  its  admirable  power  of  providing  the  language  requisite 
for  expressing  results  in  the  theory  of  functions  with  the  highest  degree  of 
rigour  and  generality.  Cantor's  creations  have  rendered  inestimable  service 
in  formulating  the  limitations  to  which  many  results  in  Analysis,  formerly 
supposed  to  be  universally  valid,  are  really  subject.  The  outljdng  parts  of 
the  theory,  to  which  exception  has  been  taken,  would  not  appear  to  be 
comparable  in  importance,  for  the  general  purposes  of  Analysis,  with  those 
parts  to  which  the  criticisms  made  are  not  applicable.  The  latter  involve 
only  a  natural  extension  of  the  notion  of  Number,  in  which  account  is  taken 
of  all  the  elements  that  are  essential  to  the  conception  of  number  in  its 
original  form ;  whereas  we  have  endeavoured  to  shew  that  the  more  specu- 
lative general  theory  of  aleph-numbers,  and  order-types,  depends  upon  an 
extension  of  the  notion  of  number  which  leaves  out  of  account  an  essential 
element  of  that  conception,  viz.  the  notion  of  correspondence ;  and  that  this 
is  the  origin  of  the  contradiction  which  arises  when  an  endeavour  is  made 
to  contemplate  the  totality  of  these  new  entities.  The  criticisms  contained 
in  the  latter  part  of  the  present  Chapter  are  advanced  with  some  diffidence, 
on  account  of  the  great  logical  difficulties  of  the  subject,  and  especially  on 
account  of  the  philosophical  difficulties  relating  to  existential  propositions. 
It  is  hoped,  however,  that  they  may,  in  any  case,  be  of  utility  as  a  contri- 
bution towards  the  discussion  of  questions  of  great  interest  which,  at  the 
present  time,  cannot  be  regarded  as  having  been  decisively  settled. 

The  &ct  that  the  general  theory  of  the  aleph-numbers  has  received  no 
appUcations  in  the  theory  of  functions,  and  has  indeed  remained  a  purely 

14—2 
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abstract  development  of  the  theory  of  order,  differentiates  it  from  the  theory 
of  normally  ordered  enumerable  aggregates,  which  has  now  become  an  essen- 
tial instrument  in  the  theory  of  functions  of  one  or  more  variables.  All 
aggregates  of  points  in  a  continuum,  which  we  at  present  know  how  to 
define,  have  either  the  power  of  the  aggregate  of  rational  numbers,  or  else 
that  of  the  arithmetic  continuum  itself.  The  theories  of  these  two  kinds 
of  aggregates,  including,  as  they  do,  a  complete  arithmetic  theory  of  limits, 
would  thus  appear  to  afford  a  sufficient  basis  for  the  development  of 
Analysis. 


CHAPTER  IV. 

FUNCTIONS  OF  A   REAL  VARIABLE. 

164.  If  we  suppose  that  an  aggregate  of  real  numbers  is  defined,  the 
aggregate  being  either  enumerable  or  of  the  power  of  the  continuum,  such 
an  aggregate  is  said  to  be  the  domain  of  a  real  variable.  It  is  necessary  for 
the  purposes  of  Analysis  to  be  able  to  make  statements  applicable  to  each  and 
every  real  number  of  the  aggregate,  and  which  shall  be  valid  for  any 
particular  number  that  may  at  will  be  selected.  This  is  done  by  employing 
the  real  variable,  denoted  by  some  symbol  other  than  those  used  to  denote 
real  numbers;  and  the  essential  nature  of  the'' variable  consisting  in  its 
being  identifiable  with  any  particular  number  of  its  domain.  The  symbols 
used  for  denoting  variables  differ  from  those  employed  in  the  case  of  numbers 
in  being  non-systematic.  Operations  involving  real  variables  x,  y,  z,  ..., 
vrith  or  without  particular  numbers,  are  carried  out  in  conformity  with  the 
same  formal  laws  as  hold  in  the  arithmetic  of  real  numbers.  The  result 
of  any  such  operation  is  itself  a  variable  with  a  domain  of  its  own,  which 
may  or  may  not  be  identical  with  that  of  any  one  of  the  constituent  variables. 

The  numbers  being  used  to  designate  in  the  usual  manner  the  points  of 
a  set  on  a  straight  line,  the  variable  may  then  be  taken  to  refer  to  the  points 
of  the  set. 

If  the  given  set  of  points  be  bounded,  in  the  sense  explained  in  §  46, 
then  the  domain  of  the  variable  is  said  to  be  limited.  When  the  domain  of 
the  variable  is  not  limited,  it  is  said  to  be  unlimited  in  one  or  in  both 
directiona 

The  variable  is  said  to  be  continuous  in  a  given  interval  (a,  b)  when  all 
the  points  of  the  interval,  including  a  and  6,  belong  to  the  domain  of  the 
variable.  If  the  points  a,  b  do  not  belong  to  the  domain,  but  every  internal 
point  of  the  interval  does  so  belong,  the  variable  is  said  to  be  continuous  in 
the  open  interval  (a.  6),  or  within  the  interval  (a,  b).  It  is  unnecessary  to 
give  in  detail  the  corresponding  definitions  applying  to  the  case  of  an 
aggregate  of  any  number  n  of  dimensions,  which  is  regarded  as  the  domain 
of  n  independent  variables  o^,  a;,,  ...  x^. 
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The  term  **  variable"  has  been  commonly  associated  with  the  conception 
of  a  point  moving  in  a  straight  line  or  in  a  curve.  It  has  however  been 
pointed  out  in  the  course  of  the  discussions  of  the  continuum,  contained  in 
the  earlier  chapters,  that  the  continuum  cannot  legitimately  be  regarded  as  a 
synthetic  construction  formed  by  a  set  of  points  determined  successively. 
Successive  determination  is  applicable  only  in  the  case  of  any  enumerable 
sequence  which  may  be  defined  within  the  continuum,  and  such  a  sequence 
may  represent  a  succession  of  positions  of  a  point  moving  in  a  straight  line. 
It  is  however  unnecessary  to  proceed  to  a  detailed  analysis  of  the  conception 
of  motion,  because  the  Theory  of  Functions  has  no  need  of  the  conception  of 
temporal  succession.  The  theory  makes  continual  use  of  simply  infinite 
sequences  determined  in  the  continuum;  and  any  such  sequence  may  be 
regarded  as  a  series  of  distinct  determinations  of  the  variable  in  which  the 
elements  are  in  logical  succession,  each  element  after  the  first  being  preceded 
and  succeeded  by  definite  elements. 


THE  FUNCTIONAL  RELATION. 

165.  If  to  each  point  of  the  domain  of  the  independent  variable  w  there 
be  made  in  any  manner  to  correspond  a  definite  number,  so  that  all  such 
numbers  form  a  new  aggregate  which  can  be  regarded  as  the  domain  of  a 
new  variable  y,  this  variable  y  is  said  to  be  a  (single-valued)  /unction  of  x. 
The  variables  x,  y  are  called  the  independent  and  the  dependent  variable 
respectively;  and  the  functional  relation  between  these  variables  may  be 
denoted  symbolically  by  the  equation  y  =f(x).  In  this  definition  no  restric- 
tion is  made  d  priori  as  regards  the  mode  in  which,  corresponding  to  each 
value  of  X,  the  value  of  y  is  assigned ;  and  the  conception  of  the  functional 
relation  contains  nothing  more  than  the  notion  of  determinate  correspondence 
in  its  abstract  form,  free  from  any  implication  as  to  the  mode  of  specification 
of  such  correspondence.  In  any  particular  case,  however,  the  special 
functional  relation  must  be  assigned  by  means  of  a  set  of  prescribed  rules 
or  specifications,  which  may  be  of  any  kind  that  shall  suffice  for  the 
determination  of  the  value  of  y  corresponding  to  each  value  of  x.  Such 
rules  may  in  any  particular  case  be  embodied  in  a  single  arithmetic  formula 
from  which  the  value  of  y  corresponding  to  each  value  of  a;  is  arithmetically 
determinable ;  or  the  rules  may  be  expressed  by  a  set  of  arithmetic  formulae 
each  one  of  which  applies  to  a  part  of  the  domain  of  the  independent  variable. 
In  case  these  formulae  be  reducible  to  a  set  of  mutually  independent 
formulae,  that  set  must  be  a  finite  one.  In  case  the  function  be  defined 
by  an  enumerably  infinite  set  of  formulae,  each  applicable  to  a  part  of  the 
domain,  these  formulae  cannot  be  mutually  independent,  but  most  be  subject 
to  some  norm. 
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It  must  be  observed  that,  when  for  any  particular  value  of  x  the 
corresponding  value  of  y  is  given  by  means  of  an  arithmetic  formula,  the 
numerical  value  of  y  is  in  general  only  formally  determinate ;  for  in  practice 
only  a  finite  number  of  elements  of  a  convergent  aggregate  which  defines  the 
value  of  y  can  in  general  be  actually  found,  and  thus  the  value  of  y  can  be 
specified  only  to  any  required  degree  of  approximation,  but  it  is  still  regarded 
as  perfectly  determinate. 

The  domain  of  a;  consisting  of  a  set  (P)  of  points,  the  values  of  y,  in  the 
case  of  a  given  functional  relation  y  =f(x),  may  be  represented  by  points  Q 
on  another  straight  line,  all  such  points  forming  a  set  (Q).  The  set  (Q)  is 
said  to  be  the  functional  image  of  the  set  (P),  determined  by  the  function 
/(x) ;  to  each  point  of  (P)  there  corresponds  a  single  point  of  (Q),  if /(a?) 
be  a  single-valued  function,  but  to  each  point  of  (Q)  there  may  correspond 
a  finite  or  an  infinite  number  of  points  of  (P). 

The  perfectly  general  definition  of  a  fonction  which  has  been  given  above 
is  the  culmination  of  a  process  of  evolution  which  has  proceeded  largely  in 
connection  with  the  study  of  the  representation  of  ftmctions  by  means  of 
trigonometrical  series.  By  the  older  mathematicians  a  function  was  under- 
stood to  mean  a  single  formula,  at  first  usually  only  a  power  of  the  variable ; 
but  afterwards  it  was  regarded  as  defined  by  any  one  analytical  expression, 
and  was  extended  by  Euler  to  include  the  case  in  which  the  function 
is  given  implicitly  by  a  formal  relation  between  the  two  variables.  In 
connection  with  the  problem  of  the  determination  of  the  forms  of  vibrating 
strings,  which  led  to  the  discussion  of  functions  represented  by  trigonometrical 
series,  the  conception  arose  of  a  single  Auction  defined  in  different  intervals 
by  means  of  different  analytical  expressions.  The  arbitrary  nature  of  a 
function  given  by  a  graph  was  distinctly  recognised  by  Fourier ;  thus  the 
notion  of  a  function  was  emancipated  from  the  restriction  that  an  d  priori 
representation  of  it  by  a  single  formula  is  necessary. 

The  idea  that  a  function  can  be  defined  completely,  in  the  case  when  the 
domain  of  the  independent  variable  is  a  finite  continuous  interval,  by  means 
of  a  graph  arbitrarily  drawn,  leaves  out  of  account  the  essentially  unarithmetic 
nature  of  geometrical  intuition.  A  curve  that  is  drawn  is  indistinguishable 
by  the  perception  firom  a  sufficiently  great  number  of  discrete  points ;  and 
thus  all  that  is  really  given  by  an  arbitrarily  drawn  graph  consists  of  more  or 
less  arithmetically  inexact  values  of  the  ordinates  at  those  points  of  the 
X'&x\8  at  which  we  are  able  to  measure  ordinates.  In  order  that  a  curve 
may  be  really  known,  sufficiently  to  serve  for  the  purpose  of  defining  a  function, 
a  series  of  rules  must  be  prescribed,  by  means  of  which  the  values  of  the 
ordinates  can  be  formally  determined  at  all  points  of  the  or-axis.  It  is 
sometimes  said,  in  order  to  illustrate  the  generality  of  the  functional  relation, 
that  a  function  is  definable  in  the  form  of  a  table  which  specifies  values  of  y 
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corresponding  to  values  of  x^  this  table  being  of  a  perfectly  arbitrary  character. 
The  inadequacy  of  such  illustration  is  manifest,  if  we  consider  that  even  if 
the  table  were  an  endless  one,  as  has  been  remarked  in  §  160,  no  aggregate 
of  y-values  can  be  defined  by  an  endless  set  of  numbers,  apart  from  the 
production  of  a  norm  by  which  those  numbers  are  defined.  Moreover,  even 
if  the  table  were  subject  to  a  definite  norm,  it  could  only  theoretically  suffice 
to  define  a  function  of  a  variable  whose  domain  consisted  of  an  enumerable 
set  of  points,  and  would  be  totally  inapplicable  to  the  case  in  which  the 
variable  has  a  continuous  domain,  unless  some  special  restrictive  assumptions 
as  to  the  nature  of  the  function  be  introduced,  by  means  of  which  the  values 
of  the  function  are  made  determinate  at  the  remaining  points  of  the  con- 
tinuous domain. 

It  thus  appears  that  an  adequate  definition  of  a  function  for  a  continuous 
interval  (a,  6)  must  take  the  form  first  given  to  it  by  Dirichlet*,  viz.  that  y  is 
a  single-valued  function  of  the  variable  x,  in  the  continiiotis  interval  (a,  b),  when 
a  definite  valine  of  y  corresponds  to  each  value  of  x  such  that  a^x^b,  no 
matter  in  what  form  this  correspondence  is  specified,  A  particular  function 
is  actually  defined  when  y  is  arithmetically  defined  for  each  value  of  x. 

No  elaborate  theory  is  required  for  functions  which  retain  their  complete 
generality,  in  accordance  with  the  abstract  definition  given  above,  since  no 
deductions  of  importance  can  be  made  from  that  definition  which  will  be  valid 
for  all  functions.  When,  however,  the  nature  of  a  function  is  in  some  way 
restricted,  either  in  the  whole  domain,  or  in  the  neighbourhoods  of  special 
points  of  that  domain,  there  is  room  for  the  development  of  a  theory  which 
shall  deal  with  the  peculiarities  that  follow  from  such  restrictions  upon 
the  complete  generality  of  functions. 

166.  The  functions  defined  in  accordance  with  the  above  definition  are 
known  as  single-valued  functions,  since,  to  each  value  of  x  in  the  domain  of  x, 
there  corresponds  a  single  value  of  y.  The  definition  may  be  so  generalised 
as  to  be  applicable  to  multiple-valued  functions.  This  is  done  by  replacing 
the  requirement  that,  to  each  value  of  ^  in  the  domain  of  x  there  shall 
correspond  a  single  value  of  y,  by  the  more  general  statement  that,  to  each 
value  of  X  there  shall  correspond  a  definite  aggregate  of  values  of  y.  The 
aggregate  of  values  of  y  may,  for  any  particular  value  of  x,  consist  of  a  finite, 
or  of  an  infinite,  set  of  numbers.  A  particular  function  is  then  defined  when 
the  aggregate  of  values  of  y  is  arithmetically  determinate  for  each  value  of  x, 
in  accordance  with  the  criteria  for  the  determinacy  of  a  linear  aggregate 
which  have  been  developed  in  the  theory  of  aggregates.  Although  the 
Theory  of  Functions,  as  developed  in  the  present  work,  is  mainly  concerned 
with  single-valued  functions,  it  is  necessary,  or  at  least  convenient,  in  the 

*  See  Diriohlet'8  Werhe,  vol.  i,  p.  ISA. 
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course  of  the  examination  of  particular  functions  and  classes  of  functions,  to 
make  use  of  auxiliary  functions  which  are  multiple- valued  at  certain  points 
of  the  domain  of  the  independent  variable.  Moreover,  Dirichlet's  definition, 
in  its  original  form,  has  the  inconvenience  that  it  excludes  from  the  category 
of  functions  such  as  are  represented  by  analytical  expressions  which,  for 
particular  values  of  the  independent  variable,  cease  to  define  a  single  number. 
For  example,  an  infinite  series  which,  for  particular  values  of  the  variable, 
either  diverges,  or  ceases  to  converge  to  a  single  definite  limit,  does  not  define 
a  single-valued  function  in  accordance  with  Dirichlet's  definition,  for  the 
whole  domain  of  the  variable,  and  yet  it  is  convenient  to  so  extend  the 
meaning  of  the  term  function  that  a  function  may  be  nevertheless  defined 
for  the  whole  domain  by  such  a  series. 

Tlie  distinction  has  been  considered  in  detail  by  Brod^n*  between  those 
functions  for  which  the  relation  between  the  dependent  variable  y  and  the 
independent  variable  x  is  formally  the  same  for  the  whole  domain  of  x^  and 
those  functions  for  which  the  domain  of  x  is  divisible  into  a  plurality  of  parts, 
for  which  the  forms  of  the  relation  between  x  and  y  are  different.  He 
remarks  that  the  distinction  is  one  relating  to  the  character  of  the  definitions 
rather  than  to  the  nature  of  the  functions  themselves ;  in  the  former  case  the 
function  is  said  to  be  homonomically  defined,  and,  in  the  latter  case,  to  be 
heteronomically  defined.  Brod^n  has  given  a  formal  proof  that,  when  a 
function  is  heteronomically  defined,  the  number  of  parts  into  which  the 
domain  of  a;  is  divided,  so  that  the  relations  of  y  to  a;  in  any  one  part  are 
completely  independent  of  the  relations  in  the  other  parts,  must  be  finite. 

The  Theory  of  Functions  of  a  Real  Variable  is  concerned  with  the 
classification  of  functions,  according  as  they  possess  various  special  properties, 
e,g.  continuity,  differentiability,  integrability,  throughout  the  domain  of  the 
independent  variable,  or  at,  or  near,  special  points  which  form  part  of  that 
domain.  The  theory  requires  the  introduction  of  precise  arithmetical 
definitions  of  the  scope  and  meaning  of  these  characteristic  properties,  and 
is  laigely  concerned  with  the  determination  of  criteria  which  shall  suffice 
to  decide,  in  the  case  of  a  function  defined  in  some  special  manner,  what  can 
be  inferred  as  regards  the  possession  by  such  function  of  properties  other 
than  those  that  are  immediately  apparent  from  the  definition  itself  Much 
of  the  theory  is  concerned  with  a  minute  examination  of  functions,  and 
of  classes  of  functions,  which  possess  properties  that  do  not  occur  in  the  case 
of  those  functions  which  are  employed  in  ordinary  analysis  and  in  its 
applications  to  Qeometiy  and  Physics;  and  the  theory  has  in  consequence 
frequently  been  described  as  the  Pathology  of  Functions.  It  appears 
however  fix)m  the  theory  itself  that  many  of  those  peculiarities,  which 
from  the  point  of  view  of  traditional  Analysis  would   be  described  as  ex- 

*  Acta  Univ.  Lund.  yoI.  xxxm,  1897,  ''Functionentheoretische  Bemerkongen  nnd  S&tze." 
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ceptional,  have  no  claim  to  be  so  described ;  that  in  fistct  it  is  in  the  functions 
of  ordinary  Analysis  that  the  abnormalities  really  occur,  such  functions 
occupying  an  exceptional  position  in  relation  to  a  scientific  Analysis  of 
the  properties  of  functions  in  general.  An  important  result  of  the  labours 
of  those  who  have  developed  the  modem  theory  of  functions  of  a  real 
variable  has  been  that  restrictive  assumptions,  which  had  previously  been 
unconsciously  made  in  the  processes  of  ordinary  Analysis,  have  been  placed 
in  a  clear  light ;  and  it  has  been  shewn  that  modes  of  reasoning  which  had 
their  origin  in  an  uncritical  application  of  ideas  obtained  from  intuition  would 
fail  to  yield  correct  results  when  applied  to  cases  of  sufficient  generality, 
the  unsoundness  of  the  logical  basis  of  such  reasoning  being  thereby 
demonstrated. 

In  ordinary  Analysis  the  domain  of  the  independent  variable  is  taken 
to  be  a  limited,  or  unlimited,  continuous  interval  In  the  theory  of  functions, 
on  the  other  hand,  it  has  been  found  advantageous  to  consider  also  the 
properties  of  functions  defined  for  a  domain  which  is  not  a  continuous  one. 
It  appears,  in  particular,  that  a  non-dense  perfect  set  of  points,  or  more 
generally  any  closed  set,  is  well  suited  to  be  the  domain  of  a  function,  inasmuch 
as,  for  such  domains,  the  principal  peculiarities  of  functions,  such  as  continuity, 
differentiability,  &c.,  are  capable  of  precise  formulation,  and  can  serve  for 
purposes  of  classification,  exactly  as  in  the  case  of  functions  defined  for  a 
continuous  domain.  Much  of  the  recent  progress  in  the  subject  is  due  to 
a  recognition  of  the  parity  of  all  perfect  sets  of  points,  not  only  as  regards 
their  internal  structure,  but  also  in  relation  to  their  fitness  for  forming  the 
domains  for  which  functions  can  be  defined,  without  loss  of  any  of  the 
characteristic  properties  that  serve  for  the  classification  of  functions  of  a 
real  variable,  or  of  several  such  variables. 

EXAMPLES. 

1.  A  function  f{x)  may  be  defined  for  the  interval  (0, 1)  as  follows:— for  -  ^ * ^  — ^  i 

f(x)oi  -a^j  and  for  :r=0, /(0)-e  1,  n  denoting  any  positive  integer.    In  this  case,  the  norm 

by  which  the  function  is  defined  is  expressible  by  an  enumerable  set  of  formulae  which  are 
however  not  independent  of  one  another. 

1  iP  1  1 

2.  A  function  may  be  defined  as  followsr—for  l^x^g,  /(*)*=3;  ^  o=*=o» 

X  \  1  X  11  X 

/(*)"3;  for  3=^=4»/W=5»  — >  a^d  in  general,  ^^  ^^^^;;;:p[y  fi^)'']p'y  ^here 

P^  denotes  the  nth  of  the  prime  numbers  2,  3,  5,  7,  ....  If  the  Amotion  is  to  be  defined  at 
the  point  a?=0,  this  may  be  done  by  assigning  to  /(O)  any  arbitrarily  ohoeen  value  we 

please.    It  will  be  observed  that  the  values  -p-  are  in  this  case  not  representable  by  a 

single  expression  which  involves  n  and  x  only. 
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3.    Any  number  x  oi  the  interval  (0, 1)  except  0,  can  be  uniquely  expressed  in  the  form 

^  +  ^+     +*?  + 

where  h^  has  for  every  value  of  n  one  of  the  values  0,  1,  and  it  is  stipulated  that  all  the  b^ 

are  not  to  be  zero  from  and  after  any  fixed  value  of  n. 

1 

A  multiple-valued  function*  may  be  defined*  by  y*^  where  n  has  all  positive  integral 
values  for  which  b^=l.  This  is  a  homonomic  definition,  although  no  analytical  expression 
of  a  unitary  character  can  be  given  for  the  representation  of  y. 


THE   UPPER  AND   LOWER  LIMITS  OF   FUNCTIONS. 

167.  A  function  y  =/(«?),  being  defined  for  the  domain  of  x,  we  have  seen 
that  the  valnes  of  y  form  a  set  of  points,  determined  as  usual  upon  a  straight 
line,  which  is  called  the  functional  image  of  that  set  of  points  which  forms 
the  domain  of  a.  In  case  the  set  of  points,  which  represent  the  values  of  y, 
is  a  bounded  set,  the  function  f{x)  is  said  to  be  limited  in  the  domain  of  x. 

When  the  set  of  values  of  y  is  bounded,  either  boundary  may  be  a  limiting 
point,  or  only  an  extreme  point,  of  the  set.  For  convenience,  and  in  accordance 
with  usage,  the  terms  upper  limit  and  lower  limit  will  be  applied  to  denote 
the  upper  and  lower  boundaries  of  y,  even  when  the  boundary  is  not  a  limiting 
point  of  the  set,  but  is  only  an  extreme  point,  without  being  a  limiting  point 
in  the  sense  in  which  this  term  is  used  in  the  theory  of  sets  of  points. 
Thus  we  may  say  that: — 

If  the  set  of  points  y,  which  represents  the  functional  image  of  a  fun^iion 
fix),  defined  for  a  given  domain  of  a?,  have  an  upper  and  a  lower  boundary^ 
then  the  function  f{x)  is  said  to  be  a  limited  function,  and  the  boundaries  are 
said  to  he  the  upper  and  lower  limits  of  f{x)  in  the  dommn  of  x. 

The  upper  or  the  lower  limit  of  a  function /(a?)  in  its  domain  may  or  may 
not  be  aUained,  i.e.  there  may  or  may  not  be  a  value  of  x,  in  the  domain  of  Xy 
for  which  the  functional  value  is  equal  to  the  upper,  or  to  the  lower  limit, 
of  the  function.  An  upper  or  lower  limit,  which  is  attained,  is  an  extreme 
point  of  the  set  of  values-  of  y,  and  may  or  may  not  be  a  limiting  point 
of  such  set,  in  the  accurate  sense.  An  upper  or  a  lower  limit  which  is  not 
attained  is  certainly  a  limiting  point  of  the  set  of  values  of  y. 

In  case  y  have  no  upper  limit,  or  no  lower  limit,  for  the  domain  of  x,  the 
function  f{x)  is  said  to  be  an  unlimited  function.  In  this  case  there  exist 
values  of  the  function,  of  one  or  of  both  signs,  which  are  numerically  greater 
than  any  arbitrarily  assigned  number  A. 

When  y  has  no  upper  limit  in  the  domain  of  x,  the  function  is  said  to 
have  the  improper  limit  +  oo ,  in  the  domain  of  x.     Similarly,  when  y  has  no 

*  Brod^n,  lac,  cit,  p.  4. 
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lower  limit,  it  is  said  to  have  the  improper  limit  —  oo .  It  is  frequently  said, 
for  the  sake  of  brevity,  that  the  upper  or  the  lower  limit  of  the  functiou 
is  infinite. 

The  excess  of  the  uppei^  limit  of  a  function,  in  its  domain,  over  its  lower 
limit,  is  called  the  fluctuation  (Schwankung)  of  the  function  in  the  domain. 

In  ease  the  upper  or  the  lower  limit  is  infinite,  the  function  is  said  to 
have  an  infinite  fluctuation  in  its  domain. 

Instead  of  the  whole  of  the  domain  of  x,  we  may  consider  that  part 
which  lies  in  a  given  interval  (a,  6),  including  the  end-poiuts  a  and  b,  and  the 
preceding  definitions  may  be  applied  to  this  portion  of  the  domain ;  thus : — 

The  upper  limit  of  a  fu/nction  f(x)  in  an  interval  (a,  h)  is  the  upper  limit 
of  the  function  when  only  those  points  of  the  domain  of  x  which  lie  in  (a,  b)  are 
taken  into  account.  A  similar  definition  applies  to  the  case  of  the  lower 
limit. 

The  excess  of  the  upper  limit  of  f{x\  in  the  interval  (a,  6),  over  its  lower 
limit  in  that  interval,  is  called  the  fluctuation  of  f(x)  in  the  interval  {a,  b). 

In  case  one  or  both  of  the  limits  is  infinite,  the  fluctuation  of  the  function 
in  (a,  6)  is  said  to  be  infinite. 

If  the  upper  limit  of  f{x)  in  (a,  6)  is  attained,  i.e.  if  there  exists  a  value  c 
of  X  such  that  /(c)  is  the  upper  limit,  where  c  is  a  point  of  the  domain  in 
(a,  6),  then  this  upper  limit  is  said  to  be  the  upper  extreme  of  the  function  in 
(a,  6);  and  a  similar  definition  applies  to  the  lower  extreme. 

If  the  end-points  a,  b  of  the  interval  be  left  out  of  account,  in  case  they 
belong  to  the  domain  of  x,  the  fluctuation  is  called  the  fluctuation  in  the 
open  interval  (a,  6).  This  is  sometimes  spoken  of  as  the  inner  fluctuation 
of  the  function  in  (a,  6),  and  is  determinable  as  the  limit  of  the  fluctuation 
in  the  interval  (a  +  e,  6  —  e),  when  e  is  indefinitely  diminished. 

168.  In  accordance  with  the  definition  which  has  been  given  for  a 
function  in  any  domain,  the  value  of  the  function  at  any  particular  point 
of  the  domain  has  a  definite  finite  value.  It  may  happen  that  a  point  P, 
of  the  domain  of  x,  may  be  such  that  in  any  arbitrarily  small  neighbourhood 
of  P  either  the  upper  or  the  lower  limit  of  the  function,  or  both,  may  not 
exist ;  so  that,  however  small  the  neighbourhood  of  P  may  be  chosen,  there 
exist  functional  values  in  that  neighbourhood  which  are  numerically  greater 
than  any  number  that  may  be  assigned.  In  that  case,  the  point  P  is  said  to 
be  an  infinity^  or  point  of  infinite  discontinuity  of  the  function ;  although  the 
function  has  a  definite  finite  value  at  the  point  P  itself. 

Although  /  {x)  is  not  properly  defined  at  a  point  P,  (x^),  unless  a  definite 
numerical  value  be  assigned  tof(x^),  nevertheless  an  improper  definition  of  the 

functional  value  at  the  point  P  is  sometimes  admitted,  of  the  form  ^.    >=0 ; 
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in  this  case  the  function  is  said  to  possess  an  infinity  at  P.  This  infinity  is 
said  to  be  removable  provided  that,  when  the  functional  value  at  P  is 
altered  to  some  finite  value,  the  function  have  finite  upper  and  lower  limits 
in  a  sufficiently  small  neighbourhood  of  P. 

There  are  other  cases  in  which  an  improper  definition  of  the  functional 
value  at  a  point  x^  of  the  domain  of  a;  is  admitted.  The  function  may 
be  defined  by  means  of  an  infinite  series,  of  which  the  terms  are  given 
functions  of  x.  This  series  may  diverge  at  the  particular  point  oto; 
but  it  is  nevertheless  frequently  convenient  to  regard  the  series  as  defining 
the  function  for  all  values  of  x  in  some  interval  which  includes  x^.  The 
functional  value  at  x^  is  then  regarded  as  infinite. 

In  accordance  with  strict  arithmetic  theory,  the  function  is  regarded  as 
undefined  at  points  where  no  definite  finite  value  of  the  function  is  specified. 
For  the  moist  part,  in  the  theory  which  will  be  here  developed,  this 
restriction  will  be  rigidly  adhered  to.  It  will  be  found,  however,  that  in 
cases,  such  as  in  the  theory  of  infinite  series,  in  which  it  is  convenient 
to  admit  improper  definitions  of  functions  at  particular  points,  no  essential 
change  in  the  main  results  of  the  theory  will  have  to  be  made. 

In  some  cases  it  will  be  found  convenient  to  remove  the  restriction  that 
at  each  point  of  the  domain  of  the  independent  variable  the  function  shall 
be  single-valued,  and  to  define  the  function  in  such  a  manner  that,  at  single 
points,  or  at  each  point  of  some  set  belonging  to  the  domain  of  x,  the  function 
may  possess  finite  or  infinite  multiplicity.  It  will  be  found,  in  the  cases 
in  which  it  is  convenient  to  make  this  extension  of  the  meaning  of  a  function, 
that  no  difficulty  arises  as  regards  the  use  of  results  primarily  applicable  to 
functions  which  are  single-valued  at  all  points  of  the  domain  of  the  variable, 
without  exception. 

THE  CONTINUITY   OF   FUNCTIONS. 

169.  Let  the  domain  of  the  independent  variable  x  be  continuous,  and 
either  bounded  or  unbounded ;  and  denote  the  function  y  at  the  point  x  by 

The  function  f{x)  is  said  to  be  continitous  at  the  point  a  of  the  domain  o/x, 
if,  corresponding  to  any  arbitrarily  chosen  positive  number  e  whatever,  a 
positive  number  B  dependent  on  e  can  be  found,  such  that  \  f(a  +  rj)  —/(a)  |  <  e, 
for  all  positive  or  negaMve  values  of  rj  which  are  numerically  less  than  $,  and 
which  are  such  that  a -^-r)  is  in  the  domain  of  x.  At  an  end-point  of  a  limited 
domain,  the  values  offf  mil  have  one  sign  only. 

In  accordance  with  this  definition,  a  neighbourhood  (a  —  S,  a  +  S)  of  the 
point  a  exists,  such  that  the  function,  at  any  point  in  the  interior  of  this 
interval,  differs  numerically  firom  its  value  at  a,  by  less  than  e.     It  follows 
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that  the  inner  fluctuation  of  the  function  in  (a  —  S,  a  +  S)  is  less  than  26,  and 
it  is  obvious  that  the  fluctuation  in  any  interval  interior  to  (a  — S,  a  +  S) 
is  less  than  26.  The  condition  of  continuity  of  the  function /(d?)  at  the  point  a 
may  thus  be  stated  to  be  that  a  neighbourhood  of  the  point  can  be  found 
in  which  the  flmtuation  of  the  function  is  as  small  as  we  please, 

The  above  definition  of  continuity  at  a  point  is  that  due  to  Gauchy,  and 
is  a  particular  case  of  the  definition  of  continuity  for  a  function  of  any 
number  of  variables.  If  we  denote  by /(a?,  y,z,  ...)  a  function  of  the  variables 
OP,  y,  e,  ...  defined  for  any  continuous  domain,  the  condition  of  continuity 
at  the  point  (a,  )8,  7,  ...)  is  that,  corresponding  to  every  arbitrarily  chosen 
positive  number  6,  a  number  S  dependent  on  e,  can  be  found,  such  that 
|/(a  +  A,  /S  +  A,  7  +  /,  ...)"■/(*' A  7,  ...)|<6,  provided  h,k,l,  ...  have  any 
values  which  are  numerically  less  than  S.  In  this  case,  a  neighbourhood 
(a  —  8,  a  +  8)  of  a  point  of  a  linear  domain,  is  replaced  by  a  "  rectangular  cell," 
which  is  a  square  in  the  case  of  a  two-dimensional  domain.  The  definition 
of  continuity  has  been  stated  by  Heine*  in  a  form  which  depends  upon  the 
notion  of  a  convergent  sequence  of  numbers  or  of  points.  Let  (P,,P„ ...  Pm  •••) 
be  a  convergent  sequence  of  points  in  the  given  domain,  and  of  which  P  is 
the  limiting  point.  The  condition  of  continuity  of  the  function  at  P  is  that, 
for  every  such  convergent  aggregate  which  has  P  as  limiting  point,  the 
number8/(Pi),/(P,),  .../(Pn),  ...  form  a  convergent  sequence  which  repre- 
sents the  number  /(P).  That  this  definition  is  equivalent  to  Cauchy's 
is  seen  at  once  by  considering  a  sequence  of  values  of  e  which  have  the  limit 
zero,  and  are  such  that  61  >  6,  >  6,  .... 

A  function  which  is  not  continuous  at  a  point  a  may  satisfy  the  condition 
that  in  a  neighbourhood  of  a  on  the  right  the  fluctuation  of  the  jfiinction 
may  be  made  as  small  as  we  please  by  taking  the  neighbourhood  small 
enough;  the  function  is  then  said  to  be  continuotis  on  the  right  at  a,  A 
similar  definition  applies  to  continuity  on  the  left. 

A  function  is  said  to  be  continuous  in  the  interval  (a,  b)  if  it  satisfies  the 
condition  of  continuity  at  every  point  in  the  interval. 

The  function  is  said  to  be  in  general  continuous  in  the  interval,  if,  when 
arbitrarily  small  neighbourhoods  of  a  finite  number  of  points  are  removed, 
the  function  i"  be  continuous  in  each  of  the  remaining  intervala  Either  of 
the  points  a,  6  may  be  one  of  this  finite  number  of  points. 

170.  The  domain  of  the  independent  variable  has  hitherto  been  con- 
sidered to  be  continuous;  it  is  however  clear  firom  a  consideration  of  the 
definition  of  continuity,  either  in  Cauchy's  or  in  Heine's  form,  that  the 

*  CrelWi  Journal^  vol.  lxxit,  p.  182. 

t  G.  Nenmann  uses  the  term  sbtheilungBweise  stetig :  see  his  work  **  Die  naoh  Kreis,  Kngel, 
and  Cylinder-funotionen  fortsohreitenden  Beihen." 
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definition  is  applicable  in  case  the  domain  of  the  independent  variable  is  not 
continuoos,  but  consists  of  any  set  of  points  which  contains  limiting  points 
that  belong  to  the  set.  It  is,  of  course,  only  at  such  a  limiting  point  that  the 
question  of  continuity  arises ;  for  at  an  isolated  point  of  the  aggregate  there 
are  only  a  finite  number  of  values  of  the  function  in  any  sufficiently  small 
neighbourhood  of  the  point.  If  P  be  a  point  of  the  domain  of  x  which  is  a 
limiting  point  of  the  domain,  the  Auction  is  continuous  at  P  when,  for  every 
8ub-set(Pi,  Ptf  •••  P«i  ...)>*11  *fa®  points  of  which  belong  to  the  domain,  and 
which  has  P  as  limiting  point,  the  numbers  /(Pi),  /(PaX  •••/(-PnX  •••  form 
a  convergent  sequence  of  which  /(P)  is  the  limit.  If  the  function  be 
continuous  at  every  limiting  point  of  the  domain  of  x  it  is  said  to  be 
continuous  relatively  to  the  given  domain ;  and  thus  the  notion  of  continuity 
of  a  function  is  applicable  whatever  be  the  domain  of  the  independent 
variable,  except  when  it  consists  of  an  isolated  set  of  points. 

Let  Pj,  P„  P,,  ...  be  a  convergent  sequence  of  points  of  the  domain  of  a?, 
of  which  P«  is  the  limiting  point ;  and  let  P«  also  belong  to  the  domain 
o(  X.  Supposing  the  functional  image,  corresponding  to  f{x\  to  contain  the 
points  Qi,  Q,,  Qi, ...  which  correspond  to  P^,  P„  P„  ...,  let  Qi,  Qs,  Q%y*  form 
a  conveigent  sequence  of  which  the  limiting  point  Q^  corresponds  to  P«,. 
If  this  condition  be  satisfied,  however  the  convergent  sequence  be  chosen  in 
the  domain  of  x,  the  aggregate  (Q),  of  values  of  y,  is  said  to  be  a  continuous 
functional  image  of  the  domain  (P)  of  x. 

It  is  clear  that  the  continuous  functional  image  of  a  closed  domain  is 
itself  closed.  For,  corresponding  to  the  points  of  a  convergent  sequence 
(Qu  &,  Qi,  •••)>  in  (Q),  there  corresponds  an  aggregate  (Pi,  Pa,  P„  ...),  in  {P)y 
which  must  have  at  least  one  limiting  point,  and  all  such  limiting  points 
belong  to  the  domain  (P),  and  must  correspond  to  the  limiting  point  of 
(Oi»  Qi»  Qt9  •••)>  which  therefore  belongs  to  the  aggregate  (Q).  Moreover  if 
(P)  be  perfect,  the  continuous  functional  image  (Q)  is  perfect  also ;  for,  corre- 
sponding to  any  particular  point  Qf  of  (Q),  we  may  take  a  point  P'  of  (P),  for 
which  Q[  is  the  image.  P*  is  the  limiting  point  of  a  convergent  sequence 
of  points  of  (P),  and  to  this  convergent  sequence  there  corresponds  a  con- 
vergent sequence  in  (Q),  of  which  Q  is  the  limiting  point.  It  has  thus  been 
shewn  that  (Q)  contains  no  isolated  points,  and  therefore  (Q)  is  perfect. 

If  (Q)  be  a  continuous  functional  image  of  the  closed  set  (P),  and  if  only 
one  point  of  (P)  correspond  to  each  one  point  of  (Q),  then  (P)  is  a  continuous 
functional  image  of  (Q). 

To  the  points  of  any  convergent  sequence  (d,  Qj,  ...)  in  (Q),  of  which  Q. 
is  the  limiting  point,  there  corresponds  a  convergent  sequence  (Pj,  P,,  P,, ...) 
in  (P)  of  which  P^  is  the  limiting  point,  and  P«,  is  the  functional  image 

of  Q^ 
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171.  The  theorem  has  been  given  by  Weierstrass  that,  if  (a,  h)  he  any 
interval  containing  points  of  the  domain  of  a  function^  then  one  point  at 
least  exists  in  the  interval,  which  is  svjch  that,  in  any  arbitrarily  small 
neighbourhood  of  that  point,  the  upper  limit  of  the  function  is  the  same  as 
the  upper  limit  of  the  function  in  the  whole  interval  (a,  6), 

This  theorem  holds  for  all  functions  without  restriction,  and  it  makes  no 
diflference  whether  the  whole  interval  (a,  6),  or  only  a  set  of  points  in  that 
interval,  belongs  to  the  domain  of  the  independent  variable. 

If  M  denotes  the  upper  limit  of  the  function  in  (a,  6),  the  case  of  an 
indefinitely  great  upper  limit  being  included,  let  the  interval  be  divided  into 
a  number  n  of  equal  parts.  It  is  then  clear  that  the  upper  limit  of  the 
function  for  no  one  of  these  parts  can  be  greater  than  If,  and  that,  in  one  at 
least  (tti,  fii)  of  these  sub-intervals,  the  upper  limit  of  the  function  must 
be  M.  Divide  (ai,  fii)  into  n  equal  parts,  then,  as  before,  one  of  these  parts 
(a,,  /Sa),  at  least,  is  such  that  M  is  the  upper  limit  of  the  function  in  it. 
Proceeding  in  this  manner,  we  obtain  a  sequence  (a^,  ^i),  (a,,  )8j), . . .  (Or,  ^rX  •  •  • 
of  intervals  whose  lengths  converge  to  zero,  such  that  each  one  is  contained 
in  the  preceding  one,  and  such  that  M  is  the  upper  limit  of  the  function  in 
any  one  of  these  intervala  In  accordance  with  the  theorem  of  §  48,  there  is 
one  point  Xi,  which  is  in  all  these  intervals;  and  this  point  Xi  is  such  that  in 
any  arbitrarily  small  neighbourhood  the  upper  limit  of  the  function  is  Af. 
A  similar  result  holds  for  the  lower  limit  of  a  function. 

In  the  case  of  a  function  which  is  continuous  in  the  interval  (a,  6), 
it  follows  from  the  foregoing  theorem  that  the  upper  and  lower  limits  of  the 
function  in  (a,  6)  are  both  finite,  and  thus  that  a  function  which  is  continuous 
in  an  interval  is  limited  in  that  interval. 

For  consider  that  point  x^  in  (a,  6),  in  the  arbitrarily  small  neighbourhood 
of  which  (xi  —  6,  ic,  +  e)  the  upper  limit  has  the  same  value  as  for  the  whole 
interval  (a,  6).  Since  the  function  is  continuous  at  Xi,  corresponding  to  a 
given  number  8,  a  number  e  can  be  found  such  that  \f(x)^f(xi)\<S, 
provided  x  lies  in  (xi  —  e,  a?i  +  e) ;  consequently  the  upper  limit  of  f{x)  in  this 
interval  must  be  finite,  and  hence  f{x)  has  a  finite  upper  limit  in  (a,  b).  It 
may  be  shewn  in  a  similar  manner  that  the  function  has  a  finite  lower 
limit. 

A  function  which  is  continuous  in  the  interval  (a,  b)  is  such  thai  its  upper 
limit  and  its  lower  limit  are  eaeh  actually  attained  at  one  point  al  least  in 
the  interval,  i.e,  tlie  function  hoe  an  upper  extreme  and  a  lower  extreme  in  the 
interval. 

For  suppose,  if  possible,  that  /(a?i)  has  a  value  A  different  from  M\  and 
consider  an  arbitrarily  small  interval  (a^  —  e,  a?i  +  c)  for  which  M  is  the  upper 
limit  of  the  values  of  the  function ;  then  points  can  be  found  in  this  interval  for 
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which  the  function  differa  by  less  than  an  arbitrarily  small  number  S  from  M. 
These  values  of  the  function  would  differ  from  f{x^)  by  an  amount  which  is 
not  arbitrarily  small,  and  this  would  be  inconsistent  with  the  condition  of 
continuity  of  the  fuoction  at  the  point  ^.  It  follows  that  we  must  have 
/{xi)=iM.  Similarly  it  may  be  shewn  that  the  lower  limit  m  is  reached  at 
least  once  in  the  interval  (a,  b). 
• 

CONTINUOUS  FUNCTIONS  DEFINED   FOR   A  CONTINUOUS  INTERVAL. 

172.  It  will  now  be  shewn  that  if  f{x)  be  contintums  in  the  continuous 
domain  (a,  b\  and  if /{a),  f{b)  have  opposite  signs,  then  there  is  at  least  one 
value  of  X  in  the  interval,  for  which  f{x)  vanishes. 

Suppose  f(a)<0,  /(6)>0;   then  on  account  of  the  continuity  of  the 
function  we  know  that  at  a  point  a?,  for  which  /  (x)  is  negative,  an  interval 
{x,  ^  +  €)  can  be  found  for  which  the  fluctuation  of  the  function  is  as  small  as 
we  please ;  and  therefore  the  interval  can  be  so  chosen  that  for  every  point  of 
it  the  function  is  negative.     Dividing  the  whole  interval  into  any  n  equal 
parts  consider  the  signs  of  the  function  at  the  points  of  division.     Writing  e 
for  l/n,  let  a  +  (pi  +  1)  e  (6  —  a)  be  the  first  of  these  for  which  the  function  is 
positive;  thus  for  a+|)ie(6  — a)  the  function  is  negative,  or  zero.     Divide 
the  interval  {a+pie(b-aX  a  +  (pi  + 1)6(6  — a)}   into  n  equal  parts,  and 
suppose  the  point  of  division,  a  +  (/>ie  +  pae')(6  — a),  is  the  last  of  these, 
reckoned  to  the  right,  for  which  the  function  is  negative,  or  zero.    Proceeding 
in  this   manner  we   obtain  a  series   of   numbers  8^^   where   8^  denotes 
Pi«+J>i«*+  ...  +i>m«"*>  which  are  such  that  for  a  +  iSt»(6  — a)  the  function  is 
negative,  or  zero ;  and  for  a  +  (Sm  +  e^)  (6  —  a)  the  function  is  positive.     Let 
c  be  the  limit  of  the  sequence  a  +  iSm(6  — a);   then  it  can  be  shewn  that 
f{c)  =  0.    For  if /(c)  were  negative,  then  an  interval  (c,  c  +  &)  could  be  found, 
for  all  points  of  which  the  Auction  is  negative :  and  by  choosing  m  sufficiently 
great,  the  point  a  +  {8^  +  O  (6  —  a)  could  be  made  to  fall  within  the  interval 
(c,  c  +  S),  for  which  point  the  function  would  be  positive :  hence  /(c)  cannot 
be  negative.     Again, /(c)  cannot  be  positive;  for  in  that  case  an  interval 
(c  — S,  c)  can  be  found  for  all  points  of  which  the  function  is  positive;  but 
by  choosing  m  large  enough  the  point  a  +  5^  (6  —  a)  can  be  made  to  fail 
within  this  interval,  and  then  for  this  point  the  function  is  negative,  or  zero. 
Since  then  the  function /(c)  cannot  be  either  positive  or  negative  it  must 
therefore  be  zero. 

From  this  theorem  we  can  deduce  that,  whatever  values  /(a),  /(6)  may 
have,  there  must  be  in  the  interval  (a,  6)  at  least  one  value  of  x,  for  which  f{x) 
has  any  prescribed  value  lying  between  f  (a)  and  f  (6). 

Let  this  value  be  C7,  and  suppose  f(a)<C<f{b);  then  the  function 
f{x)'-C  is  continuous  in  the  given  interval,  is  negative  when  a?  =  a,  and 
positive  when  x^b\  thus  it  vanishes  at  least  once  in  the  interval  (a,  6). 

H.  15 
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A  continuous  function  has  frequently  been  defined  as  a  function  such  that, 
iff(cL\f{b)  be  its  values  at  any  two  points  a  and  6,  then  the  function  passes 
through  every  value  intermediate  between  /  (a)  and  /  (6),  as  x  changes  from 
a  to  6.  The  property  contained  in  this  definition  has  been  shewn  above  to 
hold  of  every  function  which  is  continuous  in  accordance  with  Cauchy's 
definition ;  but  the  converse  theorem  does  not,  in  general,  hold.  The  de- 
finition just  referred  to  is  accordingly  not  equivalent  to  that  of  Cauchy, 
which  is  here  adopted  as  the  basis  of  the  treatment  of  continuous  functions. 
As  an  example  of  the  non-equivalence  of  the  two  definitions,  we  may  consider 

the  function  defined  by  y  =  sin    ,  for  oj^O,  and  by  y  =  0,  for  a?=0.     For 

this  function  there  are  values  of  x  between  a  and  h  for  which  f{x)  has  any 
assigned  values  c  lying  between  /(a)  and  /(6);  but  the  function  is  not  con- 
tinuous, in  accordance  with  Cauchy's  definition,  in  any  interval  (a,  b)  which 
contains  the  point  0.  It  is,  in  fact,  easily  seen  that  the  point  0  is  a  point  of  dis- 
continuity of  the  function ;  for  an  arbitrarily  small  neighbourhood  of  the  point  0 
contains  points  at  which  the  function  has  all  values  in  the  interval  (—  1,  1). 

As  another  example*  of  a  function  which  satisfies  the  condition  referred 
to,  but  is  discontinuous  in  accordance  with  Cauchy's  definition,  let  the  number 
X  in  the  interval  (0,  1)  be  expreased  as  a  decimal  'o^  0,0, ...  an---)  then  con- 
sider the  decimal  aia^a^a^..,.  If  this  last  decimal  is  not  periodic,  we  take 
y  (a?)  =  0 ;  if  it  is  periodic,  and  the  first  period  commences  at  a^^-i,  we  take 
f{x)  =  •a^a2n+aC^+4 ....  The  function  so  defined  for  the  interval  (0,  1)  of  a? 
has  every  value  between  0  and  1,  in  every  arbitrarily  small  interval  in  the 
domain  of  x ;  thus  the  function  is  discontinuous  at  every  point.  A  value  of 
X  for  which /(.t)  has  any  prescribed  value  'PiPf-Pn-"  is 

where  aiOj...  is  any  periodic  decimal,  the  first  period  of  which  begins  at 
a^n-ii  and  A,  B,,,,K  are  arbitrarily  chosen  digits.  Nevertheless  there  are 
values  of  x  between  a  and  /?  at  which  the  function  takes  any  assigned  value 
intermediate  between  /(a)  and  /(^). 

CONTINUOUS   FUNCTIONS  DEFINED   AT  POINTS  OF  A  SET. 

173.  It  will  now  be  shewn  that,  if  a  function  f(x),  having  prescribed 
values  at  each  point  of  an  infinite  set  of  points  in  the  interval  (a,  6),  be  con- 
tinuous in  that  interval,  then  the  values  of  the  function  are  determinate  at  each 
point  of  the  derivative  of  the  set. 

Suppose  flfi,  as,  ofs ...  ofn  ...  to  be  a  convergent  sequence  of  points,  for  which 
Xi  is  the  limiting  point,  and  suppose  /(ai),  /(as)  .../(on)  •••  to  be  known ;  it 
will  be  shewn  that  these  functional  values  form  a  convergent  sequence  whose 
limit  is/ (iTj).    An  interval  (x^  —  8,  a?i  +  8)  can  always  be  found,  corresponding 

*  See  Lebesgne,  Legoru  $ur  Pintigratian,  p.  90. 
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to  any  fixed  number  e,  such  that  the  function  at  any  point  of  this  interval 
diflFers  from  f{x^  by  less  than  the  arbitrarily  small  number  e;  this  follows 
from  the  continuity  of  the  function.  A  number  n  can  be  found  such  that 
all  the  points  On,  On+i,  On+j, ...  lie  within  the  interval  {x^  —  S,  a^  +  8).  It  follows 
that  |/(a?i)— /(On)!  and  |/(a?i)— /(On+i)!  ••.,  etc.  are  all  less  than  e,  which  is 
arbitrarily  small;  hence  /(a?i)  is  the  limit  of  the  sequence  /(oti),  /(Oj) ..., 
and  thus  f{x^  is  determinate.  From  this  special  case  it  follows  that,  for  all 
the  limiting  points  of  a  given  set  of  points  in  (a,  h\  the  values  of  the  con- 
tinuous function  are  determinate.  It  further  appears  that  the  function  is 
determinate  for  all  points  which  belong  to  any  derivative  of  the  given  set, 
for  the  points  of  whiph  set  the  values  of  the  function  are  known. 

In  particular,  if  a  continuous  function  have  prescribed  Dalues  for  points  of 
a  set  which  is  everywhere-dense  throughout  the  interval  (a,  6),  then  its  values  are 
determinate  for  all  points  of  the  interval, 

A  special  case  of  such  a  set  would  be  all  the  rational  points  within  the 
interval.  It  follows  that  a  continuous  function  whose  values  are  known  for  all 
the  rational  points  in  an  interval  is  determinate  for  all  the  irrational  points. 
A  continuous  function  which  is  known  to  be  constant  for  all  the  rational 
points  has  the  same  constant  value  for  all  the  irrational  points  in  the  interval. 

A  generalization  of  the  above  theorem  is,  that  a  function  which  is 
continuous  with  reference  to  a  domain  which  consists  of  a  set  (P),  and 
is  known  for  all  points  of  a  sub-set  which  is  everywhere-dense  in  (P),  is 
determinate  for  every  point  of  (P).  This  may  be  seen  by  considering  that 
every  point  of  (P)  is  a  limiting  point  of  the  sub-set,  and  applying  the  same 
reasoning  as  before. 

174.  From  the  theorem  established  above,  that  a  continuous  function  is 
determinate  when  its  values  at  an  everywhere-dense  enumerable  set  of  points 
are  prescribed,  we  may  deduce  that  the  cardinal  number  oftJie  aggregate  of  all 
continuous  functions  of  a  real  variahle  is  the  cardinal  number  c  of  the  continuum. 

We  may  suppose  the  values  of  a  function  to  be  prescribed  at  the  rational 
points.  The  cardinal  number  of  the  aggregate  of  all  functions  defined  for 
the  rational  points  only  is  the  cardinal  number  of  the  ways  of  covering  the 
aggregate  of  rational  numbers  by  the  aggiegate  of  numbers  of  the  continuum. 
This  number  is  c*,  which  has  been  shewn  in  §  148  to  be  equal  to  c.  Only  some 
of  the  "coverings"  of  this  kind  are  such  as  will  give  rise  to  continuous 
functions ;  hence  the  aggregate  of  all  continuous  functions  is  a  part  of  the 
aggregate  of  all  possible  coverings  of  the  set  of  rational  numbers  by  the  numbers 
of  the  continuum.  It  follows  that  the  cardinal  number  of  the  aggregate  of  all 
continuous  functions  is  ^  c.  Again,  this  cardinal  number  is  ^  c ;  for  among 
the  continuous  functions  are  those  each  of  which  is  constant  and  everywhere 
equal  to  any  assigned  number  of  the  continuum ;  and  thus  the  aggregate  of 
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all  continuous  functions  contains  a  part  which  has  the  cardinal  number  c. 
Since  the  cardinal  number  is  ;^  c,  and  also  ^c,  it  is  equal  to  c. 

It  has  been  shewn  by  Borel*  that  the  aggregate  of  all  continuous 
functions  and  also  that  of  all  analytical  functions  of  two  or  more  variables 
have  the  cardinal  number  c. 

The  cardinal  number  of  the  aggregate  of  all  functions  of  a  real  variable 
is  that  of  all  coverings  of  the  continuum  by  itself;  this  is,  in  accordance 
with  the  definition  in  §  116,  denoted  by  (fy  for  which  we  may  write  ^. 

Elach  particular  "covering"  of  the  numbers  of  the  continuum  by  them- 
selves is  definable  by  a  definite  norm,  and  corresponding  to  each  such 
covering  there  is  a  definite  function  for  a  continuous  domain.  Let  the 
aggregate  of  all  such  functions  be  denoted  by  J^:  it  will  then  be  proved  that 
the  cardinal  number  /,  of  F,  is  >  c. 

First,  F  has  a  part  which  is  equivalent  to  the  continuum.  This  is  at 
once  seen,  since  the  functions  /(a?)  =  c,  where  c  is  any  number  of  the 
continuum,  constitute  such  a  part.     It  follows  that  / «  c.    . 

Next,  let  it  be  assumed,  if  possible,  that  F  is  equivalent  to  a  part  of  the 
continuum.  As  has  been  just  proved,  such  a  part  cannot  have  a  cardinal 
number  <  c;  we  therefore  assume  that ^ is  equivalent  to  the  set  of  numbers 
of  the  continuum.  This  amounts  to  the  assumption  that  F  can  be  ordered  in 
the  same  type  as  the  continuum,  so  that,  to  any  assigned  number  {  of  the 
continuum,  there  corresponds  a  definite  set  of  rules  R^  which  defines  a 
function  f^  (x).  The  correspondence  between  f  and  R^  must  itself  be  defined 
by  a  set  of  rules,  so  that  when  f  is  assigned,  -B^,  and  therefore  the  function 
/((x)  is  defined.  The  aggregate  {/((x)}  must  contain  every  definable  function 
of  a  real  variable.  The  number  f  being  assigned,  f({x)  is  producible,  and  its 
existence  implies  that,  at  any  assigned  point  f,  the  functional  value /^(f) 
can  be  determined  arithmetically.  We  may  take,  for  example,  f'  =  f ;  and 
thus,  if  f  is  assigned,  /((^)  is  known.  We  may  regard  y^(f)  as  a  function  of 
^;  for  its  value  at  any  point  f  can  be  arithmetically  determined,  and  it  is 
therefore  an  element  of  the  aggregate  F  of  all  functions.  With  this  under- 
standing as  to/f(f),  choose  a  fixed  number,  say  unity,  then  the  function 
<l>(^)  =/((()  + 1  has  a  definite  norm;  for  we  have  only  to  add  to  the  rules 
by  which  /( (f )  is  defined,  the  further  rule,  that,  at  each  point  f ,  unity  is  to 
be  added  to  the  value  of  y^  (^).  We  have  now  a  new  definable  function  ^  (x) ; 
but  this  cannot  possibly  belong  to  the  aggregate  F,  for  if  it  do  so  belong,  there 
must  he  some  one  point  fi  of  the  continuum,  with  which  it  corresponds ;  but 
if}  (x)  cannot  be  identical  with  ^^^ (a?),  for  ^  (fi)  and  /^^  (fi)  differ  by  unity.  Since 
<t>  (f )  is  not  contained  in  F,  contrary  to  the  hypothesis,  it  follows  that  F  cannot 
be  equivalent  to  the  continuum,  and  thus  the  theorem,  />c,  is  established. 
It  has  therefore  been  shewn  that  /  >  c,  and  consequently  that — the  aggregate 
of  all  functions  of  a  real  variable  has  a  cardinal  nutnber  f  greater  than  c. 

*  See  Le^ofu  sur  la  thiorie  de$fonctUm$,  p.  1S7. 
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UNIFORM  CONTINUITY. 

176.  It  will  now  be  shewn  that  if  the  domain  of  ^  be  a  continuum,  then 
a  continuous  fonction  is  uniformly  continuous  through  the  domain  of  x ;  that 
is  to  say,  a  number  S  can  be  found  corresponding  to  any  given  e,  such  that,  for 
all  values  of  a?,  the  fluctuatioo  o{/(x)  within  the  neighbourhood  (a?  — 8,  x  +  S), 
or  for  all  of  this  neighbourhood  which  lies  within  the  domain,  is  less  than 
the  number  €. 

If  within  (a?—  8,  a?  +  8)  the  fluctuation  of  the  function  be  less  than  e,  then 
for  a  given  e,  the  number  8  must  have  an  upper  limit  <f>  {x,  e),  which  is  in 
general  a  function  of  x,  and  is  essentially  positive.  It  must  be  shewn  that 
4>  {^9  0>  for  the  whole  domain  of  x,  has  a  finite  lower  limit  which  is  not  zero  ; 
this  lower  limit  is  then  a  suitable  value  for  8.  If  the  lower  limit  of  ^  (Xy  e) 
be  zero,  there  must  be  at  least  one  point  of  the  domain,  such  that  for  its 
arbitrarily  small  neighbourhood,  the  lower  limit  of  ^  (x,  e)  is  zero.  Suppose, 
if  possible,  o^  to  be  audi  a  point ;  then  the  values  of  <f>  (x,  e),  for  a  convergent 
sequence  of  points  whose  limiting  point  is  x^,  must  form  a  convergent  sequence 
with  zero  for  lower  limit.  Since  /(x)  is  continuous  at  Xi,  a  neighbourhood 
(xi  —  S',  fl?i+  8')  can  be  found,  with  B'  finite,  such  that  the  fluctuation  of  the 
function  within  that  neighbourhood  is  less  than  e;  it  follows  that,  for  any 
point  X  of  the  interval  (xi  —  J8',  Xi  +  |80,  a  neighbourhood  (x  —  J8',  a:  +  J8') 
exists  within  which  the  fluctuation  of  the  function  is  less  than  e.  This  is 
contrary  to  the  hypothesis  that  <f>  (x,  e)  becomes  arbitrarily  small  by  taking  x 
near  enough  to  x^ ;  thus  the  lower  limit  of  0  {x,  c)  cannot  be  less  than  ^8^  and 
is  therefore  finite. 

It  has  thus  been  shewn*  that  it  is  unnecessary  to  draw  a  distinction,  as  has 
sometimes  been  done,  between  functions  which  are  uniformly,  and  those  which 
are  non- uniformly,  continuous  in  the  continuous  domain  of  x;  for  all  con- 
tinuous functions  are  uniformly  continuous. 

The  theorem  may  also  be  stated  in  the  following  form : — 

If  /(x)  be  continuums  in  the  interval  (a,  6),  then,  con^esponding  to  any 
arbitrarily  chosen  positive  number  e,  a  number  17  can  be  determined,  such  that 
the  condition  |/(^)  — /(^)  \<e,is  satisfied,  where  Xi,  x^  are  any  two  points  in 
(a,  6),  such  that  |  ^1  —  ^s  |  <  ^. 

The  following  theorem  can  be  immediately  deduced  : — 

If  a  function  be  continuous  in  a  finite  interval,  then  the  interval  can  be 
divided  into  a  finite  nwmbei*  of  sub-intervals  in  every  one  of  which  the 
fluctuatum  of  the  function  is  less  than  a  prescribed  positive  number, 

*  This  theorem  was  first  stated  and  proved  by  Heine;  see  CrelU*i  Journal,  yoI.  lxxi  (1670), 
p.  361,  and  ycL  ixaw  (1S72),  p.  186. 
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It  is  in  fact  clear  that,  if  e  be  the  prescribed  number,  the  condition  is 
satisfied  when  the  interval  is  subdivided  in  any  manner  such  that  the  length 
of  the  greatest  of  the  sub-intervals  is  <  17. 

Another  proof  of  the  above  theorem,  in  an  extended  form,  will  be  given 
in  §  185,  by  employing  the  Heine-Borel  theorem. 

It  is  clear  that  the  above  proof  applies  also  to  the  case  in  which  the 
domain  of  x  is  not  a  continuum,  but  is  a  perfect  aggregate,  or  any  closed 
aggregate ;  because  the  essential  point  of  the  proof  depends  upon  the  limiting 
points  all  belonging  to  the  aggregate.  For  aggregates  which  are  not  closed 
the  proof  does  not  apply ;  thus  a  function  which  is  continuous,  relatively  to 
an  aggregate  which  is  not  closed,  is  not  necessarily  uniformly  continuous. 

THE  LIMITS  OF  A   FUNCTION  AT  A  POINT. 

176.  Let  a  be  a  limiting  point  of  the  set  of  points  which  forms  the 
domain  of  the  independent  variable  x\  the  point  a  may  or  may  not  itself 
belong  to  the  domain  of  x.  Let  (a,  a  +  A)  be  a  neighbourhood  of  a  on  the 
right,  and  let  U{h\  L{h)  denote  the  upper  and  lower  limits  of  a  given 
function  f(x)  for  all  the  points  of  the  domain  of  x  which  are  interior  to  the 
interval  (a,  a  +  h).  It  will  be  observed  that  /  (a),  if  it  exists,  is  not  reckoned 
amongst  the  functional  values  of  which  U  (A),  L  {h)  are  the  upper  and  lower 
limits. 

Let  a  descending  sequence  of  values  be  assigned  to  h,  which  converges  to 
zero;  denoting  this  sequence  by  Ai,  A2,  A*,...,  the  corresponding  numbers 
U{K)y  Uih^).,.  U (hn) ...  form  a  sequence  of  which  the  members  do  not  in- 
crease, and  therefore  they  have  in  general  a  definite  lower  limit,  which  is 
called  the  upper  limit  of  f{x)  at  a  on  the  right.  It  may  happen  that  all  the 
upper  limits  U  (h)  aie  infinite,  in  which  case  we  say  that  the  upper  limit 
of  /  (x)  at  o  on  the  right  is  +  00 ;  or  it  may  happen  that  the  sequence 
U{hi\  U (h^) ...  J7(A„) ...  has  no  lower  limit,  in  which  case  we  say  that  the 
upper  limit  of  /  (x)  at  a  on  the  right  is  —  00 .     In  any  case,  the  finite  or 

infinite  upper  limit  of  f{x)  at  a  on  the  right  is  denoted  by  /(a -1-0). 

The  numbers  Z  (Ai),  Z  (A,) ...  X(A») ...  form  a  sequence  of  which  the 
elements  do  not  diminish,  and  they  have  in  general  a  definite  upper  limit, 
which  is  called  the  lower,  limit  of  f  (x)  at  a  on  the  right,  and  may,  as  in 
the  former  case,  have  infinite  values  00  or  —  00 .     This  limit  is  denoted  by 

/  («  +  0)- 

Corresponding  definitions  apply  to  the  left  of  the  point  a ;  and  the  limits 
of  / {x)  at  a  on  the  left  are  denoted  by  / (a  —  0),  /(a  — 0)  respectively.  In 
case  the  point  a  is  a  limiting  point  of  the  domain  of  x  on  one  side  only,  the 
two  limits  of  the  function  at  a  on  the  other  side  are  non-existent. 
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The  deiioitions  may  be  stated  shortly  as  follows : — 

The  upper  limit  f  {a  +  0)  of  a  function  at  a  on  the  right  is  the  limit  of  the 
upper  limit  of  f  (x)  in  the  open  interval  (a,  a  +  A),  as  h  is  indefinitely 
diminished. 

The  lower  limit  fia-h  0)  of  a  f  motion  at  a  on  the  right  is  the  limit  of  the 
lower  limit  of  f  (x)  in  the  open  interval  (a,  a  +  A)  when  h  is  indefinitely 
diminished. 

The  definitions  for  the  left  of  a  may  be  stated  in  a  precisely  similar 
manner. 


It  is  to  be  observed  that  the  four  functional  limits  /(a  +  0),  /(a  +  0), 


/(a  — 0),  /(a-0)  are  entirely  independent  of /(a),  in  case  a  belongs  to  the 

domain  for  which  f(x)  is  defined.      Any  arbitrary  alteration  in  the  value  of 
/  (a)  will  not  affect  these  four  limits  of  /  (x)  at  a. 

The  conditions  that  the  point  a  may  be  a  point  of  continuity  of  the 
function  / (x)  are  that  f{a  +  0),  /(a  +  0),  /(a-0),  /(a -  0),  / (a)  must  all 
have  the  same  finite  value. 


It  may  happen  that  /(a),  /(a  +  0),  /(a  +  0)  have  one  and  the  same 

finite  value,  but  that  either  or  both  of  /(a  —  0),  /(a  —  0)  may  not  have  this 

value;  in  that  case  f(x)  is  said  to  be  continuous  at  a  on  the  right.     Con- 
tinuity at  a  on  the  left  is  defined  in  a  similar  manner. 

If  the  four  functional  limits  at  a  be  all  finite  and  equal,  but  /(a)  have 
a  different  value,  then  the  function  is  said  to  have  a  removable  discontinuity 
at  the  point  a.  In  this  case  the  function  would  be  made  continuous  at  a 
merely  by  properly  altering  the  value  of /(a). 

The  four  functional  limits  at  the  point  a?  =  0  are  usually  denoted  by 
/C+Oy,  /(+0),  /Pox  /(-O)  respectively. 

177.  If  the  upper  and  lower  limits  of  f(x)  at  a  on  the  right  have  the 
same  value,  this  common  value  is  called  the  limit  of  f{x)  at  a  on  the  right, 
and  is  denoted*  by  /(a  +  0).  If  the  upper  and  lower  limits  of  f{x)  at  a  on 
the  left  have  the  same  value,  this  is  called  the  limit  of  /  (x)  at  a  on  the  left, 
and  is  denoted  by  /  (a  —  0).  Both  of  the  limits  on  the  right  or  left  at  a 
point,  when  such  limit  exists,  may  be  either  finite  or  infinite. 

The  limit. at  ar  =  0,  on  the  right,  is  denoted  by/(+0);  and  the  corre- 
sponding limit  on  the  left  is  denoted  by  /(—  0). 

The  limit  at  a  point  P  on  one  side  may  be  also  defined  as  follows : — Let 
(Pi,  P„ P,  ...)  be  any  convergent  sequence  of  points  belonging  to  the  domain 
of  Xf  which  is  such  that  a,  or  P,  is  its  limiting  point,  and  such  that  all  the 

*  This  notation  was  introdooed  by  Diriohlet;  see  Werke,  ?ol.  i,  p.  156. 
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points  of  the  sequence  are  on  the  one  side  of  P.  The  valiies  of  f  {x)  at 
Pi,  Pj,  P, ...  form  an  aggregate  which  may  be  a  convergent  sequence ;  let  us 
suppose  it  to  be  so,  and  also  that  its  limit  has  a  value  which  is  independent 
of  the  particular  sequence,  which  is  however  subject  to  the  conditions  above 
stated.  In  that  case  this  limit  is  denoted  by  /(a  +  0),  or  by  /(a  —  0),  as  the 
case  may  be,  and  is  called  the  limit  o{  f(x)  at  a,  on  the  right  or  left. 

It  may  be  observed  that  the  necessary  and  sufficient  condition  for  the 
existence  of  a  definite  finite  limit  on  the  right  at  a  is  that,  corresponding  to 
every  arbitrarily  small  number  e,  a  neighbourhood  (o,  a  +  8)  can  be  found,  such 
that  the  difference  of  the  values  of  the  function  at  every  pair  of  points  of  the 
domain  of  x,  which  are  in  the  interior  of  this  interval,  is  numerically  less 
than  6. 

The  necessary  and  sufficient  condition  that/(a  +  0)  should  exist  and  =  +  oo  , 
is  that,  if  A  be  an  arbitrarily  chosen  positive  number,  then  S  can  be  so 
determined  that  at  every  point  interior  to  (a,  a  +  S),  the  condition  f(x)  >  A 
is  satisfied.  In  order  that  /(a  +  0)  may  exist  and  =  —  oo ,  the  corresponding 
condition  is  that  f(x)  <  —  A. 

It  is  possible  that  one  of  the  limits  /(«  +  0),  f{oL  —  0)  may  exist  and  not 
the  other.  If  the  domain  of  x  be  either  a  continuum  or  a  perfect  set,  a  may 
be  taken  to  be  at  any  point  of  the  domain. 

When  the  condition  for  the  existence  of /(a  +  0)  or  of /(a  —  0)  at  a  point 
a  is  not  satisfied,  the  convergent  sequence  (Pi,Pa, ...  P^  ...)»  of  which  P(a)  is 
the  limiting  point,  may  be  such  that /(Pi),  f(Pi),  .../(Pn) ...  is  either  not  a 
convergent  sequence,  or  else  that  its  limit  depends  upon  the  particular  choice 
of  the  points  Pi,  Pa, ...  P»  ....  In  this  case  the  fluctuation  of  f(x)  within  an 
arbitrarily  small  neighbourhood  (a,  a  +  S)  on  the  one  side  of  a  is  either  a 
finite  number  which  has  not  zero  for  its  limit  when  S  is  indefinitely  diminished, 
or  else  it  is  indefinitely  great,  however  small  B  may  be. 

178.  If  a^,  a?2.  ^s>  •••  ^»  •••  be  a  convergent  sequence  of  points  belonging 
to  the  domain  of  x,  with  a  for  its  limiting  point,  then  the  sequence 
f(xiX  f{x^,  •"f{xn)  ...  may  not  be  convergent;  but,  if  it  be  convergent,  its 
limit  may  have  (1)  a  single  value  independent  of  the  mode  in  which  the 
convergent  sequence  is  chosen,  in  which  case  a  is  either  a  point  of  continuity 
of  /(x),  or  a  point  of  removable  discontinuity  of  the  function;  or  (2)  one 
of  two  values,  in  which  case  both  the  limits  / (a  +  0),  / (a  —  0)  exist;  or 
(3)  one  of  a  finite,  or  an  indefinitely  great,  number  of  values,  which  all  lie 
between  the  greatest  and  least  of  the  four  functional  limits  at  a. 

The  aggregate  of  all  possible  values  of  the  limits  of  the  convergent 
sequences /(a?j), /(aia),  ...  /(x^)  ...  ,  corriesponding  to  different  convergent 
sequences  (^i,  ^, ...  x^^.,,),  with  a  as  limiting  point,  is  called  the  aggregate 
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of  functional  limits  (Werthevorrath)  at  the  point  a.     The  aggregate  of  func- 
tional limits  will  be  shewn,  in  §  190,  to  be  necessarily  a  closed  set. 

179-  If  the  domain  of  x  be  unbounded  in  one  or  in  both  directions,  it  may 
happen  that  a  point  Xi  of  the  domain  can  be  found,  corresponding  to  every 
arbitrarily  chosen  positive  number  6,  such  that  the  diflference  between  the 
values  o(  f(x),  for  any  two  values  of  x  which  are  both  greater  than  x^,  is 
numerically  less  than  e.  In  this  case  the  function  has  a  definite  limit  as  ^  is 
increased  indefinitely  in  its  domain;  and  this  is  called  the  limit  of /(a?)  for 
a?=  00 .     Under  a  corresponding  condition  f(x)  may  have  a  definite  limit  for 

It  aa  X  increases,  a  point  Xi  of  the  domain  of  x,  corresponding  to  each 
assigned  positive  number  A  chosen  as  great  as  we  please,  can  be  found,  such 
that  /(«)  >  A  for  all  values  of  x  which  belong  to  the  domain  and  are  >  Xi,  then 
the  limit  oi  f{x)  is  said  to  be  oo  ,  as  a?  is  increased  indefinitely.  If  f(x)  <  —  -4, 
for  all  such  values  of  a?,,  then  the  limit  of /(a?)  is  said  to  be  —  oo .  Similar 
definitions  apply  to  the  case  in  which  x  has  indefinitely  great  values  in  the 
negative  direction. 

In  case  the  limit  /  (a  +  0),  at  a  point  a  on  the  right,  do  not  exist  as  a 
definite  number,  and  be  not  infinite  with  a  fixed  sign,  it  is  frequently 
convenient  to  regard  /(o+O)  as  still   existent,   but   indeterminate,  and 

capable  of  all  values  belonging  to  some  closed  set  of  which  /(a  +  0),  /  (a  -f  0) 

are  the  extreme  values.     It  is  then  said  that  /  (a  +  0)  is  indefinite  in  value, 

and  that /(a +  0), /(a +  0)  are  its  limits    of  indeterminacy,     A   similar 

remark  applies  to  /(a  —  0),  which  may  also  be  either  definite,  or  indefinite, 

with  /(a  — 0),  /(a  — 0)  as  its  limits  of  indeterminacy.     One  or  both  of  the 

limits  of  indeterminacy,  in  either  case,  may  be  infinite. 


THE  DISCONTINUITIES  OF   FUNCTIONS. 

180.  Let  us  suppose  the  domain  of  x  to  include  all  points  in  a  suffi- 
ciently small  neighbourhood  of  a  point  a ;  or,  in  any  case,  let  a  be  a  limiting 
point  of  the  domain  of  x. 

The  fluctuation  of  the  function  f{x)  in  the  neighbourhood  (a  —  S,  a  +  8) 
of  the  point  a  depends  in  general  upon  8,  but  cannot  increase  as  S  is 
diminished.  It  therefore  has  a  lower  limit  for  values  of  h  which  converge  to 
zero.  This  limit,  which  may  be  zero,  finite,  or  indefinitely  great,  is  called  the 
saltus  (Sprung),  or  measure  of  discontinuity,  of  the  function  f{x)  at  a ;  thus : — 

The  saUuSt  or  measure  of  discontinuity,  of  a  function  f{x)  at  a  point  o,  is 
the  limit  of  the  fluctuation  of  the  function  in  a  neighbourhood  (a  —  8,  a  -f  S),  as 
h  converges  to  zero. 
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The  upper  limit  of  the  function  f{x)  in  the  interval  (a  —  S,  a  +  S)  has  a 
lower  limits  as  S  is  indefinitely  diminished,  which  is  called  the  maximum  of  the 
function  f{x)  at  cl 

The  lower  limit  of  the  function  in  the  sa/ms  interval,  ha>s  an  upper  limit, 
as  h  is  indefinitely  diminished,  which  is  caUed  the  minimum  of  f{x)  at  fit. 
Either  the  maximum  or  the  minimum  at  a  point  may  be  indefinitely  great. 

The  saltus  o(  f{x)  at  a  is  easily  seen  to  be  the  excess  of  the  maximum 
at  a  over  the  minimum. 

It  is  clear  that  the  maximum  oi  f{x)  at  a  is  the  greatest  of  the  numbers 

/(o  +  0),  /(a  —  0),  /(a),  and  that  the  minimum  is  the  least  of  the  numbers 
/(a  +  0),  /(g  — 0),/(a);  and  thus  that  the  saltus  at  a  is  the  excess  of  the  greatest 

over  the  least  of  the  numbers  /(a  +  0),  /(a  4-  0),  /(a  -  0),  /(a  -  0),  /(«)• 

At  a  point  of  continuity  of  f{x),  the  saltus  is  zero.  Any  point  at  which 
the  saltus  has  a  finite  value,  or  is  indefinitely  great,  is  called  a  paint  of 
discontinuity  of  f(x),  and  in  the  latter  case  it  is  said  to  be  a  point  of  infinite 
discontinuity. 

If  the  neighbourhood  (a,  a  +  S)  on  the  right  of  a  be  taken,  the  lower  limit 
of  the  fluctuation  in  this  neighbourhood  when  B  is  indefinitely  diminished 
is  called  the  saltus  at  a  on  the  right.     This  is  equivalent  to  the  excess  of 

the  greatest  over  the  least  of  the  three  numbers  /(a  +  0),  /(a  +  0),  /(a). 

A  corresponding  definition  applies  to  the  saltus  at  a  on  the  left. 

181.  The  points  of  discontinuity  of  a  function  may  be  classified  as  follows: — 
(1)  If  both  the  limits  /(a  4-  0),  f(a  -  0)  exist  and  have  definite  values  which 
differ  from  one  another,  the  point  a  is  said  to  be  a  point  of  discontinuity 
of  the  first  kind,  or  a  point  of  ordinary  discontinuity. 

The  diflference  between  the  greatest  and  least  of  the  three  numbers 
/(a  +  0),  /(a  — 0),  /(a)  is  the  saltus,  or  measure  of  discontinuity,  of  the 
function  at  a.  If  a  be  not  a  point  of  the  domain  of  x,  \  f(a  +  0)  —/(a  —  0) 
measures  the  saltus  at  a;  and  if  a  be  a  point  of  the  domain,  and  f{a) 
lies  between  /(a  +  0)  and  /(a  —  0),  then  the  saltus  is  also  measured  by 
|/(a  +  0)-/(a-0)|. 

When /(a)  does  not  lie  between/(a  +  0)  and/(a  — 0),  the  function  is  said 
to  have  an  external  saltus  at  a. 

In  every  case,  the  saltus  on  the  right  is  measured  by  |  f(a  +  0)  —/(a)  | , 
and  that  on  the  left  by  |  /(a  -  0)  -/(a)  | . 

Whether  there  be  an  external  saltus  at  a  or  not,  the  number  |  f(a  +  0) 
— /(o  —  0)  I  is  said  to  measure  the  oscillation  (Schwingung)  at  a.  The  oscil- 
lation at  a  point  differs  from  the  saltus  in  that  the  functional  value  /(a) 
at  the  point  is  in  the  former  case  disregarded. 
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If  /(a)=/(a-0),   whilst /(a)  5fe/(a  +  0),  the   function   is  said  to   be 
ordinarily  discontinuous    ai  a  on  the   right.      If  /(a)5^/(a  — 0),    whilst 
/(a)=/(a  +  0),  the  function  is  said  to  have  an  ordinary  discontinuity  at  a 
on  the  left. 

It  may  happen  that/(a-f  0),/(a  —  0)  have  equal  values  which  differ  from 
/(a).  In  that  case  the  discontinuity  at  a  is  said  to  be  removable ;  since  by 
merely  altering  the  functional  value  at  the  one  point  a,  the  function  can  be 
made  continuous  at  the  point. 

(2)  If  neither  of  the  limits  /(a  +  0),  /(a  —  0)  exists,  the  discontinuity 
at  a  is  said  to  he  of  the  second  kind. 

The  oscillation*  at  a  is  measured  by  the  excess  of  the  greater  of  the 
numbers  f{a  -f  0),  /(a  —  0)  over  the  lesser  of  the  two  numbers  /(a  +  0), 
/(g  —  0),  the  value  of /(«)  being  left  out  of  account. 


The  diflferences  /(a  +  0)  -/(a  +  0),  /(a  -  0)  -/(a  -  0)  may  be  spoken  of 
as  the  oscillation  at  a  on  the  right,  and  on  the  left,  respectively. 

By  Dinif,  a  definition  of  the  saltus  is  adopted  which  differs  from  the  one 
which  we   have  employed;    he  takes  the  greatest  of  the  four  differences 

I  /(g  1 0)  ^fjof)  I  as  the  measure  of  the  saltus,  the  greater  of  the  two 
differences  |  f(a  +  0)  — /(«)  |  being  taken  as  the  measure  of  the  saltus 
on  the  right. 

(3)  It  may  happen  that  one  of  the  two  limits  /(a  +  0),  /(a  —  0)  exists 
as  a  definite  number,  whilst  the  other  does  not.  In  this  case  the  point  a  may 
be  said  to  be  a  point  of  mixed  discontinuity. 

l{f(a)  exist  and  be  equal  to  that  one  of  the  two  limits/(a  +  0),/(o  — 0) 
which  exists,  then  the  function  is  continuous  at  a  on  one  side,  and  has  a 
discontinuity  of  the  second  kind  on  the  other  side. 

(4)  If  one  or  more  of  the  four  limits  /(a  ±  0)  be  indefinitely  great,  the 
point  a  is  one  of  infinite  discontinuity. 

Under  infinite  discontinuities  is  sometimes  included  the  case  in  which 
/(a)  is  defined  by  l//*(a)  =  0,  or  when /(a?)  is  defined  as  the  limiting  sum 
of  a  series  which,  for  the  value  a,  becomes  divergent. 

182.  In  an  arbitrarily  small  neighbourhood  (a,  a  +  h\  on  the  right  of  a 
point  a  at  which  the  limits  /(a  +  0),  f(a  +  0)  have  different  values,  there 

must  be  an  infinite  number  of  points  at  which  f(x)  >/(a  +  0)  -  e,  where 
6  is  an  arbitrarily  small  fixed  number. 

*  ThiB  definition  of  the  **  Sohwingung"  is  given  by  Pasoh  in  his  Einleitung  in  die  Differential- 
und  Integralrechnvng,  p.  189. 
t  See  Onmdlagen,  p.  55. 
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For  if  there  were  only  a  finite  number  of  such  points  in  (a,  a  +  A),  h  could 
be  chosen  so  small  that  all  such  points  would  be  excluded  from  the  neigh- 
bourhood ;  thus,  in  a  sufficiently  small  neighbourhood  (a,a  +  h),  we  should  have 

at  every  internal  point /(aj)^/(aH- 0)  — e;  and  thus  the  upper  limit  at  a 
on  the  right  could  not  be  /(a+0).  In  a  similar  manner  it  can  be  shewn 
that,  in  the  arbitrai-ily  small  neighbourhood  (a,  a  +  A),  there  must  be  an 
infinite  number  of  points  at  which  f{x)  <f(a  -f  0)  +  e. 

In  this  case  we  say  that,  in  the  arbitrarily  small  neighbourhood  of  a  on 
the  right,  the  function  makes  an  infinite  number  of  finite  oscillations.     In 

case  of  the  infinity  of  one  or  of  both  of  the  limits  /(a  +  0)  and /(?f  +  0),  and 

in  the  latter  case  if  they  be  of  opposite  signs,  the  function  makes  an 
infinite  number  of  infinite  oscillations  in  the  arbitrarily  small  neighbourhood 

of  a.     A  similar  remark  applies  to  the  case  in  which  /{a  —  0),  f(a  —  0)  have 

unequal  values.     It  has  thus  been  shewn  that : — 

A  point  of  discontinuity  of  ths  second  kind  is  one  such  that,  in  its  arbi- 
tranly  small  neighbourhood,  the  function  makes  an  infinite  number  of  finite  or 
infinite  oscillations. 

In  an  arbitrarily  small  neighbourhood  on  either  side  of  a  point  of 
discontinuity  of  the  first  kind,  the  function  may  make  an  infinite  number 
of  oscillations;  but  since  the  neighbourhood  can  be  chosen  so  small  that 
the  fluctuation  of  the  function  in  its  interior  is  arbitrarily  small,  the 
oscillations,  when  they  are  infinite  in  number,  are  arbitrarily  small  sufficiently 
near  the  point. 

EXAMPLES. 

1.  Let  f{x)^aiux/Xf  when  A'^fcO,  and/(j;)=J,  when  4?=0. 

In  this  case  /(+0)=/(-0)=l,  /(0)= J;  thus  f{x)  has  a  removable  diaoontinuity  at 
^■■0,  unless  A  =  \,  in  which  case  the  function  is  continuous  in  any  interval 

2.  Let  /(a?)  = ;  we  have  then  /(a+0) = oo ,  /(a  -  0)  =  —  oo ,  and  /(a)  is  undefined. 

«I7  ~"  of 

3.  Let /(j:)  =  (jF-a)8in ;  then  /(a+0)=0,  /(a-0)=0.    This  function  is  con- 

•F  ^  c* 

tinuous  at  :tr=a,  and  makes  an  infinite  niunber  of  oscillations  in  any  neighbourhood  of 
that  point 

4.  If  f(.v)  = cosec ,  then 

/(^+6)  =  ac,  /(a+0)--QO,   /(a-0)««,   /(a-0)--oo. 

This  function  has  an  infinite  discontinuity  of  the  second  kind  at  the  point  a. 

1  1 

6.     If  /(^)=tf»,  we  have  /(+0)=ao,  /(-0)=0.     If /(jf)=— !-f ,  then  /(+0)=0, 

/(-0)  =  1. 
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6.  If/(^)=ain4r,  lim  f{x)  is  indeterminate,  the  limits  of  indeterminacy  being  +1,  - 1. 
In  the  <»8e  /(x) =:r  sin  x^  the  corresponding  limits  of  indeterminacy  are  +00,  -  oo . 

7.  Let  y=E(x\  where  E(x)  denotes  the  int^ral  part  of  x.  This  function  is  dis- 
continuous when  X  has  an  integral  value  n;  we  then  have  E(n-0)=^n-ly  E{n)=in, 
ifir(j»+0)=n. 

8.  Let  (x)  denote  the  positive  or  negative  excess  of  x  over  the  nearest  integer ;  and 
when  X  exceeds  an  int^;er  by  ^,  let  (:tr)=0.  This  fimction  is  continuous  except  for  values 
x=n-|-^,  where  n  is  an  int^^.    We  have  (n-l-J)aBO,  (w  + J-0)=^,  (n+^+0)=  -^. 


SEMI-CONTINUOUS  FUNCTIONS. 

183.  If  ^  (x)  be  a  function  defined  for  a  continuous  domain,  and  if, 
corresponding  to  every  arbitrarily  chosen  positive  number  e,  a  neighbourhood 
(x  —  h,  x-hh)  of  a  particular  point  {x)  can  be  determined  such  that  for 
every  point  x'  in  this  neighbourhood  the  condition,  ^  (x')  <  0  (a?)  +  e,  be 
satisfied;  then  the  point  x  is  said  to  be  a  point*  of  upper  semi-continuity  of 
the  function  <f>{x). 

If  a  neighbourhood  of  the  point  x  can  be  determined,  for  each  e,  such 
that  if>  {of)  >  <l>  (x)  —  6,  then  the  point  x  is  said  to  be  a  point  of  lower  semi- 
continuity  of  the  function  4>{x\ 

That  a  point  x  may  be  a  point  of  continuity  of  the  function  ^  {x\  it  is 
necessary  that  both  the  above  conditions  be  satisfied. 

If  every  point  of  the  domain  (a,  6),  for  which  the  function  <f>  (x)  is  defined, 
is  a  point  of  upper  semi-continuity,  then  the  function  ^  (x)  is  said  to  be  an 
upper  aemi-continuous  function, 

A  similar  definition  applies  to  a  lower  semi-continuous  function. 

It  is  clear  that,  if  <l>(x)  be  a  lower  semi-continuous  function,  then  —  ^(a?) 
is  an  upper  semi-continuous  function.  Thus  the  properties  of  the  one  class 
of  functions  may  easily  be  extended  to  the  other  class. 

If  f{x)  he  a  function  defined  for  the  interval  (a,  6),  and  if  ^  {x\  yjr  (x) 
denote  the  maaimum  and  the  minimum  of  f(x)  at  the  point  x,  then  <f>{x)  is  an 
upper  semi-continuous  function  y  and  '^(a?)  is  a  lower  semi-contintuyus  funr,tion. 

For  a  neighbourhood  (x^h,  x-hh)  of  any  point  x  can  be  determined,  such 
that  the  maximum  (see  §  180)  otf(x)  for  every  point  in  this  neighbourhood  is 
less  than  ^(x)  +  e>  where  €  is  a  prescribed  positive  number.  At  every  point 
in  (ar  — A,,  d7  + Ai)  where  hi  is  chosen  <  A,  the  value  of  the  function  <^  is  less 
than  ^  (x)  -h  €.  Since  this  holds  for  every  value  of  e,  the  function  <f>  (x)  is 
upper  semi-oontinuous  at  x. 

*  See  Baize's  memoir  "Bur  les  fonotions  des  variables  r^elles,"  Annali  di  mat.  series  m*, 
▼oL  in,  1899. 
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It  is  clear  that  the  function  yjr  (x\  where  yjr  (x)  denotes  the  minimum  of 
f(x)  at  the  point  a;,  is  a  lower  semi-continuous  function. 

The  saltus  <l>(x)  —  yfr  (x)  of  the  function /(a?),  may  be  taken  to  be  the  value 
of  a  function  ct>  (x)  which  is  called  the  salims-function  of /(a?). 

The  saltus'functian  a>  (x)  of  any  function  f(x)  is  an  upper  semi-continuous 
function. 

For  <l>(x),  —yfr{x)  are  both  upper  semi-continuous  functions,  and  it  is 
easily  seen  that  the  sum  of  two  such  functions  belongs  to  the  same  class. 

If  <l>  (x)  be  any  upper  semi-continuous  function,  then  the  set  of  points,  for 
which  <l>{x)^a,is  a  closed  set,  where  a  is  any  fixed  number. 

For  let  Pi,  ^Pa»  Pzt ...  Pfi  •••  be  a  sequence  of  points  at  each  of  which  the 
condition  <l>{x)^a,  is  satisfied,  and  let  P  be  the  ^imiting  point  of  the 
sequence.  Let  us  suppose  that,  if  possible,  ^  (P)  <  a ;  then  a  neighbourhood 
of  P  can  be  determined,  such  that  at  every  point  in  it  the  value  of  ^{x)  is 
less  than  a,  and  hence  this  neighbourhood  cannot  contain  any  of  the  points  of 
the  sequence;  but  this  is  contrary  to  the  hypothesis  that  P  is  the  limiting  point 
of  the  sequence.  It  follows  that  <^  (P)  ^  a,  and  thus  that  the  set  of  points,  for 
which  <l>  (x)  ^  a,  contains  all  its  limiting  points,  and  is  therefore  a  closed  set. 

It  can  be  shewn,  in  a  similar  manner,  or  it  can  be  deduced  from  the  above 
theorem,  that  the  set  of  points  for  which  yjr(x)^a,isa  closed  set ;  where  yfr  (x)  is 
any  lower  semi-continuous  function. 

If  we  apply  the  theorem  proved  above  to  the  saltus-fiinction  co  (x),  of  any 
function  f{x\  we  obtain  the  following  theorem : — 

Having  given  any  function  f{x)  defined  for  a  continuous  domain,  the 
saltus-function  w  {x)  is  such  that  the  set  of  points  for  which  to  (a?)  ^  a,  forms 
a  closed  set, 

184.  If  <f>  {x)  be  an  upper  semi-continuous  function,  and  if  at  every  point 
of  the  domain  of  x  the  minimum  of  ^  {x)  be  zero,  then  there  exists  a  set  of 
points,  everywhere-dense  in  the  domain  of  x,  at  which  ^  {x)  is  itself  zero. 

For,  in  any  interval  (or,  fi),  the  minimum  of  ^  (ar)  is  zero,  and  therefore 
a  point  P  in  the  interior  of  (a,  /8)  can  be  found  at  which  ^  (P)  <  J  e,  where  e 
is  a  prescribed  positive  number.  Since  ^{x)  is  an  upper  semi-oontinuous 
function,  an  interval  (a^,  ySi)  interior  to  (a,  y3),  and  containing  P  in  its 
interior,  can  be  determined,  such  that  for  every  point  x  in  it,  ^(a7)<  ^(P)+ \€<  e. 
Similarly,  it  can  be  shewn  that  an  interval  («,,  fi^)  interior  to  (a^,  fii) 
can  be  found,  such  that  at  every  point  in  (eta,  yS,)  the  condition  ^(a?)<^, 
is  satisfied.  Proceeding  in  this  manner,  we  can  determine  a  set  of  intervals 
(«i,  A)»  (^a»  A)  •..  (on,  ^n)  •••,  ©ach  of  which  is  interior  to  the  preceding  one, 

and  such  that  at  every  point  x  in  {a^,  /3n),  the  condition  4^{xi)<^^^€,  is 


r 
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satisfied.     This  sequence  of  intervals,  continued  indeBnitely,  determines  a 

point  Q,  in  the  interior  of  all  of  them,  such  that  <f>  (Q)  <  ^^^  e,  for  every  value 

of  n;  and  hence  ^(Q)=0.  It  has  thus  been  shewn  that,  in  any  interval 
whatever  contained  in  the  domain  of  the  variable,  there  exists  a  point  at 
which  ^  {x)  is  zero ;  and  therefore  the  set  of  all  such  points  is  everywhere- 
dense  in  the  domain  of  the  variable. 

In  particular,  we  see  that  if  (o(x)  be  the  saltusfunction  of  any  given 
function  f(x),  and  if  to  {x)  has  its  minimum  equal  to  zero  at  every  point  of  the 
domain  of  x,  then  q>  {x)  vanishes  at  an  everywhere-dense  set  of  points.  The 
points  of  this  set  are  the  points  of  continuity  of  f{x). 

186.  The  following  theorem  is  a  generalization*  of  the  theorem  of  §  175, 
that  a  continuous  function  is  uniformly  continuous  in  its  (closed)  domain. 

« 

If  a  function  f{x)  be  defined  for  the  interval  (a,  6),  and  if  A:  be  a  number 
greater  than  the  maximum  of  the  saltus-function  cd  {x)  in  (a,  h\  then  there 
exists  a  number  a,  such  that  within  every  interval  in  (a,  h)  of  length  not 
exceeding  a,  the  fluctuation  of  /  {x)  is  <  k. 

The  theorem  of  §  175  is  the  particular  case  which  arises  when  the 
maximum  of  fo(x)  is  zero. 

The  theorem  is  most  easily  established  by  means  of  an  application  of  the 
Heine-Borel  theorem  given  in  §  68. 

For  any  point  P  in  (a,  6)  a  neighbourhood  can  be  determined,  such  that 
the  fluctuation  oif{x)  within  this  neighbourhood  is  <  k.  If  we  conceive  such  a 
neighbourhood  to  be  determined  for  each  point  in  (a,  6),  then  a  finite  number 
of  these  intervals  can  be  chosen,  such  that  every  point  in  (a,  h)  is  interior  to  one 
at  least  of  the  intervals.  The  end-points  of  this  finite  set  of  intervals  form 
a  finite  set  of  points  in  (a,  6) ;  let  then  a  be  the  smallest  of  the  distances 
between  consecutive  points  of  this  finite  set.  Any  interval  whatever  in  (a,  h)  of 
length  not  exceeding  a  is  within  one  of  the  intervals  of  the  finite  set ;  hence 
within  such  an  interval,  the  fluctuation  off(x)  is  less  than  k. 

The  definitions  given  above,  and  the  thec^rems  established,  are  applicable 
when  the  domain  of  the  variable  x  is  not  an  interval  (a,  6),  but  any  closed 
set  of  points.  In  that  case,  we  regard  functional  values  in  any  interval  as 
only  existing  at  those  points  in  the  interval  which  belong  to  the  domain  of  x. 

Moreover,  the  definitions,  and  theorems  are  applicable  to  the  case  of 
functions  of  a  number  n  of  variables.  In  this  case,  instead  of  an  interval 
(x^h,  A7  +  A)  used  in  defining  semi-continuous  functions  and  the  saltus- 
function,  the  "sphere" 

*  See  Baire,  loe,  cU,  p.  15. 
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may  be  employed.     Corresponding  to  the  interval  («  — A,  aj+A),  we  take  the 
set  of  points  (fi,  ^2  •••  fnX  for  which 

EXAMPLE. 

\i*  f{Jb)  be  any  fiiDction,  <f>{x)  its  maximum,  and  '^{x)  its  minimum  at  the  point  x, 
and  g{x)  be  any  continuous  function,  then  0(^)+^(^),  V^(^)+^(^)  are  the  maxima  and 
minima  at  x,  of  f(x)-hff(x).  Also  the  functions  0(^) -/(*),  /(^)-V^(*)  have,  each  in 
any  domain,  the  minimum  zero. 


THE   CLASSIFICATION   OF   DISCONTINUOUS  FUNCTION& 

186.  Let  us  suppose  a  function  to  be  defined  for  all  points  in  a  con- 
tinuous interval  (a,  b) ;  at  each  point  x  the  saltus  of  the  function  has  a  finite 
value,  or  is  indefinitely  great,  its  value  being  zero  at  a  pomt  of  continuity. 
With  a  view  to  the  classification  of  functions,  in  accordanc^^th  the  distri- 
bution of  the  points  of  continuity  and  of  discontinuity  in  the  interval  (a,  6), 
the  question  arises,  what  is  the  most  general  distribution  of  the  points  of 
continuity  ? 

The  answer  to  this  question  is  contained  in  the  theorem : — 

The  points  of  continuity  of  a  function^  defined  for  a  continuous  interval, 
form  an  inner  limiting  set 

To  prove  this  theorem,  let  6  be  a  fixed  positive  number,  and  enclose  each 
point  P  of  continuity  of  a  function  f{x)  in  an  interval  so  chosen  that  the 
fluctuation  o(  f(op)  therein  is  less  than  e ;  all  the  points  of  continuity  are  then 
enclosed  in  a  set  of  intervals  which  in  general  overlap.  Imagine  these  sets 
of  intervals  constructed  corresponding  to  a  sequence  of  diminishing  values 
of  €  which  converges  to  zero ;  there  exists  then  a  set  of  points  which  are  in- 
terior to  intervals  of  all  these  sets  of  intervals,  since  this  set  of  points  includes 
all  the  points  of  continuity  of/(aj).  If  Q  be  any  point  which  belongs  to  the 
inner  limiting  set  so  defined,  Q  must  be  a  point  of  continuity  of /(ar);  for 
corresponding  to  any  arbitrarily  small  number  €„,  Q  is  in  the  interior  of  some 
interval  in  which  the  fluctuation  of  the  function  is  le88^£kian  €n,  uid  thus  Q 
is  a  point  of  continuity  of  the  function. 

In  accordance  with  the  theorems  which  have  been  obtained  in  §  97, 
relating  to  inner  limiting  sets,  the  points  of  continuity  of  a  function  may  form 
an  enumerable  set  which  contains  no  component  dense-in-itself,  or  else  they 
form  a  set  of  the  ccuxiiual  number  of  the  continuum.  In  the  latter  case  the 
set  is  of  the  second  category,  provided  it  be  eveiywhere-dense. 

*  Baire,  loc.  eit.  p.  9. 
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These  results  lead  to  the  following  classification  *  of  functions  : — 

(1)  A  function  may  have  no  points  of  continuity,  it  is  then  said  to  be 
totally  discontinuous. 

(2)  The  points  of  continuity  may  form  an  enumerable  set  which  has  no 
component  dense-in-itself. 

(3)  The  set  of  points  of  continuity  may  be  of  the  cardinal  number  of  the 
continuum,  and 

(a)  non-dense; 

(6)  everywhere-dense   and   unclosed,   in  which   case   the   function   is 
said  to  be  a  point-wise  discontinuous  fimction ; 

(c)  everywhere-dense  and  closed,  in  which  case  the  function  is  con- 
tinuous ; 

(d)  everywhere-dense  in  each  interval  of  a  set,  and  non-dense  in  each 
interval  of  another  set  external  to  the  former  one. 

This  last  case  {d)  is  not  essentially  distinct  from  the  former  ones. 

By  Hankel  and  others  the  term  "  totally  discontinuous  "  has  been  applied 
to  all  functions  which  are  neither  continuous  nor  point- wise  discontinuous. 

187.  It  has  been  shewn  by  W.  H.  Young  that  a  function  can  be  con- 
structed which  is  continuous  at  every  point  of  any  given  inner  limiting  set 
of  points,  and  is  discontinuous  at  every  other  point  of  the  interval. 

Let  E  denote  an  inner  limiting  set,  and  let  the  function  f{x)  be  defined 
as  follows: — 

(1)  At  every  point  x  of  E,  let /(a:)  =  x, 

(2)  It  has  been  shewn  that  a  sequence  of  sets  of  non-overlapping 
intervals  can  be  constructed  such  that  the  only  points  each  of  which  is  in 
an  interval  of  every  set  are  the  points  of  E,  Let  Q  be  a  limiting  point  of  E 
which  does  not  belong  to  E ;  then  a  number  n  exists  such  that  Q  is  in  an 
interval  of  the  n  —  1***  set,  but  not  in  one  of  the  intervals  of  the  n^  set.  Let 
this  interval  of  the  n— 1"*  set  be  of  length  d^;  and  at  the  point  Q  let 
f{x)  =  a:Q  -h  t^dq,  where  e  is  a  fixed  positive  number  less  than  unity ;   in 

the  case  n  =  l,  we  put  dq^e. 

(3)  If  jR  be  a  point  which  does  not  belong  either  to  ^  or  to  its  derivative, 
it  must  lie  between  two  definite  points  Ay  B  both  of  which  belong  to  ^  or  to 
E\  and  such  that  no  point  of  E  or  of  E'  lies  between  A  and  B.  If  Xj^  be  a 
rational  number,  let  /(arjj)  =  a?^  or  Xq,  according  as  JR  is  nearer  to  A  or 
to  B ;  when  x^  is  irrational,  let  /{x^^  =  Xj^ ;  and  if  R  be  the  middle  point  of 
ilB,  let/(a?jj)  =  a?/j. 

*  See  a  paper  by  W.  H.  Tonng,  '*Ueber  die  Eintheilang  der  unstetigen  Fnnktionen  und 
die  Vertheilimg  ihrer  Stetigkeiispunkte."     }yiener  SiUungsherichUy  vol.  cxii.  Abt.  iia,  1903. 
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It  is  clear  that  the  function  so  defined  is  discontinuous  at  every  internal 
point  of  the  interval  AB^  and  at  the  end-point  il  it  is  continuous  or  dis- 
continuous on  the  right,  according  as  A  does  or  does  not  belong  to  E\ 
a  similar  result  holds  for  B,  It  has  thus  been  shewn  that  the  function  is 
discontinuous  at  every  point  which  does  not  belong  to  E, 

To  shew  that  at  any  point  P  of  E^  the  function  is  continuous,  consider 
those  intervals,  one  of  each  set  in  the  sequence,  which  contain  the  point  P  : 
the  lengths  of  these  intervals  will  have  a  lower  limit  d  which  may  be  zero. 
In  every  interior  point  of  rf,  we  have  f{x)  =  x ;  and  thus,  if  P  be  interior 
to  d,  P  is  a  point  of  continuity  of  the  function.  If  P  be  an  end-point  of  d,  it 
is  certainly  continuous  on  the  side  towards  the  interval;  and  we  have  to 
shew  that  it  is  also  continuous  on  the  other  side.  Choose  an  arbitrarily  small 
number  o-,  and  an  arbitrarily  large  integer  m ;  then  a  number  ni>m  can 
be  found  such  that  the  n/^,  and  all  subsequent  intervals  of  the  sequence 
which  contain  P,  are  of  length  between  d  and  c2  4-  o*.  The  piece  of  one  of  these 
intervals  which  is  not  a  portion  of  cf  is  of  length  <  a ;  and  suppose  that  Q  is  a 
point  in  this  piece  which  belongs  to  E'  but  not  to  E:  then 

l/(^p)-/(^c)  I  =  I  ^p-a;Q-e«dQ  I  <  I  (r  +  e«(d  +  a)  | 
since  n  ^  ni  >  w,  and  d^  <  d  +  o-.     From  this,  there  follows 

I  f{^p)  -A^q)  I   <  2(r  +  i5«»d  <  3a, 

if  m  be  chosen  sufficiently  great.  If  ii  be  an  interior  point  of  an  interval 
AB  which  contains  in  its  interior  no  point  of  E'  or  of  E,  and  if  the  points 
Ay  Bhe  both  so  near  to  P  that  their  distances  from  it  are  less  than  a,  we 
have  I  f{xp)  — /(a?ij)  |  <  o-,  in  virtue  of  the  definition  of  /{x^) ;  also  if  only 
one  of  the  ends  A,  B  be  within  the  interval  of  length  <d  +  a,  which  has  been 
chosen,  then  an  interval  further  on  in  the  sequence  can  always  be  found 
such  that  the  middle  point  of  AB  is  exterior  to  it,  and  thus  the  inequality 
|/(a;p)— /(fl?jj)  I  <(r,  holds  as  in  the  former  case.  It  has  now  been  shewn 
that,  for  any  arbitrarily  chosen  o-,  a  neighbourhood  of  P  can  be  found  such 
that  for  all  points  x  in  it,  |  f{xp)  —/{x)  |  <  3o- ;  therefore  P  is  a  point  of 
continuity  of  the  function.  The  case  in  which  c2  =  0,  does  not  require  separate 
treatment. 

EXAMPLES. 

1.^  Let  G  denote  a  uon-dense  perfect  set  of  points  in  the  segment  (0, 1),  such  that 
the  eiid-}X)iiits  of  the  complementary  intervals  are  rational  points.  Let  f{x)  be  defined 
thiw : — at  every  irrational  point  inside  an  interval  complementary  to  Gy  lei  f(x)Bex;  at 
every  rational  imnt  of  such  interval,  let  /(a;)  be  equal  to  the  value  of  x  at  the  middle 
l)oint  of  the  interval ;  and  at  every  point  external  to  a  complementary  interval,  let/(x)  =  1. 
This  function  in  discontinuous  excei)t  at  the  luiddle  points  of  the  intervals  complementary 

*  See  W.  H.  Young,  loc.  cit. 
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to  G ;  thus  the  set  of  jiointu  of  continuity  !»  an  enurnei'able  »et  which  contains  no  com- 
ponent dense-in-itaelf. 

2.*  With  the  same  non-den^c  i)erfect  set  sa  in  Ex.  1,  let  ^-1^  be  a  complementary 
interval  of  O^  and  M  its  middle  point.  At  every  rational  point  ot  AM  excei)t  M^  let 
f{x)—XA ,  and  at  every  rational  \iomi  of  MB  exce})t  M^  let  f{x)=^XB ;  also  at  all  points  of 
(O,  1),  except  those  for  which  the  functional  value  has  been  already  specified,  let /(a;)=^. 
Id  this  case  the  points  of  continuity  are  non-dense  and  of  the  ix)wer  of  the  continuum. 


POINT-WISE  DISCONTINUOUS   FUNCTIONS. 

188.  A  fuDCtion  being  defined  for  the  continuous  domain  (a,  6),  it  can 
be  shewn  that,  if  k  he  any  fixed  positive  numbei',  those  points^  at  which  the 
saUus  of  the  function  is  ^  k,  form  a  closed  set. 

This  theorem  follows  immediately  from  the  property  of  semi-continuous 
functions  established  in  §  183,  by  considering  the  saltus-function.  It  may  be 
proved  directly  as  follows : — 

If  P  be  a  limiting  point  of  the  set  for  which  the  saltus  is  ^  k,  then  in  any 
arbitrarily  small  neighbourhood  of  P  there  are  points  of  the  set ;  hence  the 
fluctuation  of  the  function  in  this  neighbourhood  is  >  k,  and  therefore  the 
saltus  at  P  is  >  k. 

Moreover,  such  a  limiting  point  P,  of  the  set  of  points  at  which  the  saltus 
is  ^k,  must  be  a  point  of  discontinuity  of  the  second  kind,  at  least  on  one 
side  of  P.  If  at  P  the  function  have  a  limit  on  the  right,  a  neighbourhood 
PQcan  be  found  such  that  the  inner  fluctuation  in  PQ  ia<k;  hence  inside  PQ 
there  can  be  no  point  at  which  the  saltus  is  ^k;  and  therefore  P  is  not 
a  limiting  point  on  the  right,  of  the  set  for  which  the  saltus  is  ^  k,  A  similar 
remark  applies  to  the  left  of  P. 

We  have  already  defined  a  point-wise  discontinuous  function  as  one  of 
wbicb  the  points  of  continuity  are  everywhere-dense  and  unclosed  in  the 
domain  of  the  function;  this  definition  is  that  given  by  Dinif,  and  is 
equivalent  to  the  following  definition  given  by  HankelJ: — 

A  point^vuise  discontinuous  function  is  one  for  which  those  points  at  which 
the  saUus  is  ^k,  an  arbitrarily  chosen  positive  number,  form  a  non-dense 
set  K,  whatever  value  k  may  liave. 

That  this  set  is  closed  has  been  shewn  above. 

To  prove  the  equivalence  of  the  two  definitions,  let  it  be  assumed  that 
in  any  arbitrarily  chosen  sub-interval  (a,  /3),  a  point  of  continuity  fl?i  can  be 

*  See  W.  H.  Toong,  loc.  cit. 

t  See  Orundlagen,  p.  SI. 

X  Math.  AwnaUn,  voL  xx  (1SS2),  p.  90.  This  is  a  reprodaotion  of  Hankel's  Univ,  Programm, 
TuMngen,  1S70,  entitled  '*  Untersucboogen  iiber  die  unendlioh  oft  osoillierenden  and  unstetigen 
Functionen." 
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found.  A  neighbourhood  can  be  found  for  arj,  internal  to  (a,  ^),  in  which  the 
fluctuation  of  the  function  is  <  k,  and  this  neighbourhood  can  contain  no 
point  at  which  the  saltus  is  ^  A; ;  hence  the  points  at  which  the  saltus  is  ^  ib 
form  a  non-dense  set  K^  since,  interior  to  any  sub-interval,  a  sub-interval  can 
be  found  which  contains  no  point  of  the  set  K. 

Conversely,  choose  a  descending  sequence  of  values  of  k,  say  A^i,  A^,  Ar,, ... 
which  converges  to  zero,  and  let  K^  K^i  ^3, ...  be  the  corresponding  non- 
dense  closed  sets,  each  of  which  necessarily  contains  the  preceding  one ;  then 
the  set  M(Kif  JT,,  K^, ...)  is  the  set  of  all  the  discontinuities  of  the  function. 

In  accordance  with  §  89,  this  set  is  of  the  first  category,  and  the  comple- 
mentary set,  which  is  the  set  of  points  of  continuity  of  the  function,  is  every- 
where-dense, and  has  the  cardinal  number  of  the  continuum,  being  a  set  of 
the  second  category. 

It  will  be  observed  that  the  set  of  all  the  points  of  discontinuity  may  be 
either  everywhere-dense,  or  non-dense,  in  the  whole  or  part  of  the  domain  of 
the  variable.  This  set  may  be  finite,  enumerably  infinite,  or  of  the  power 
of  the  continuum. 

The  set  K,  although  non-dense,  is  not  necessarily  of  content  zero.  By 
Hamack*,  the  term  point- wise  discontinuous  function  was  only  used  for  such 
functions  as  possess  the  property  that  the  set  K,  for  each  value  of  k,  has 
content  zero.  It  will  be  seen  that  this  latter  case  is  of  special  importance  in 
connection  with  the  theory  of  integration. 

It  has  been  already  shewn  in  §  186,  that  the  points  of  continuity  of  the 
point- wise  discontinuous  function  form  an  inner  limiting  set ;  and  if 

{8,}.  {S,}  ...{«»}... 

be  the  sets  of  intervals  complementary  to  the  closed  sets  iTi,  if,,  ...  Kn,  ..., 
they  form  a  sequence  of  sets  of  non-overlapping  intervals  which  define  the 
set  of  points  of  continuity  as  their  inner  limiting  set 

The  whole  theory  of  point-wise  discontinuous  functions  is  applicable  to 
the  case  in  which  the  domain  of  the  variable  is  not  a  continuum,  but  is  any 
perfect  set.  In  this  case  also,  the  points  of  continuity  of  a  point-wise 
discontinuous  function  are  everywhere-dense  relatively  to  the  perfect  domain, 
and  the  points  at  which  the  measure  of  discontinuity  is  ^  £,  form  a  closed 
set,  non-dense  relatively  to  the  domain  of  the  variable.  That  this  is  the  case 
may  be  shewn  by  making  the  points  of  the  perfect  set  correspond  in  order 
to  the  points  of  a  continuous  interval,  as  explained  in  §  75.  The  points 
of  discontinuity,  and  those  of  continuity,  relatively  to  the  perfect  domain,  are 
sets  of  the  first  and  the  second  category  respectively,  relative  to  that  domain. 

*  Math,  AnnaUn,  vol.  xix,  18S2,  p.  242,  and  voL  xxiv,  1SS4,  p.  21S. 
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188.  The  domain  of  the  variable  being  either  a  continuous  interval  or 
any  perfect  set,  let  us  suppose  that  at  every  point  the  oscillation  (see  §  181) 
of  the  function  both  on  the  right  and  on  the  left  is  <£;  there  can  then 
only  be  a  finite  number  of  points  at  which  the  saltus  is  ^  £ ;  i,e.  the  set 
K  is  finite. 

For  if  K  were  not  finite,  it  must  contain  a  limiting  point  P,  which 
has  been  shewn  in  §  188  to  be  a  point  of  discontinuity  of  the  second  kind. 
Any  arbitrarily  small  neighbourhood  of  P,  on  one  side  at  least,  must  there- 
fore contain  points  at  which  the  saltus  is  ^  jr,  and  hence  the  oscillation  at  P 
on  this  side  could  not  be  <  &. 

The  domain  can  therefore  be  divided  into  a  finite  number  of  parts  within 
each  of  which  there  is  no  point  at  which  the  saltus  is  ^  A; ;  and  it  follows 
that  the  domain  can  be  divided  into  a  finite  number  of  parts,  within  each  of 
which  the  fluctuation  of  the  function  is  <  Je. 

If,  at  each  point  of  a  set  which  is  everywhere-dense  in  the  domain  of  the 
vaiHable,  there  exist  a  limit  of  the  function  on  one  side  at  least,  then  the 
function  is  either  point-wise  discontinuous,  or  else  it  is  continuous. 

In  any  interval,  containing  points  of  the  domain,  a  point  can  be  found 
which  has  a  neighbourhood  on  one  side  at  least  in  which  the  inner  fluctuation 
is  <  A; ;  within  such  neighbourhood  the  saltus  is  everywhere  <  k ;  hence  the 
points  of  K  are  non-dense  in  the  domain,  and  thus  the  function  is  either 
point-wise  discontinuous,  or  else  it  is  continuous. 

A  particular  case  of  this  theorem  is  that  a  function  defined  for  a  continuous 
interval,  and  having  ordinary  discontinuities  only,  is  point-wise  discontinuous. 

Among  such  functions,  the  monotone  functions  form  an  important  class. 
A  Tnonotone  function  is  one  such  that  for  every  pair  of  values  ^i,  a:,  of  the 
variable,  such  that  cc^>Xi,  the  condition /(iPj)  — /(a?i)  is  satisfied  ;  or  else,  for 
every  such  pair,  the  condition  f{x^  ^  /(^i)  is  satisfied.  Since  there  can  be 
no  oscillations  in  the  neighbourhood  of  any  point,  every  discontinuity  must 
be  an  ordinary  one.  It  follows  that  every  monotone  function  is  either  point- 
wise  discontinuous,  or  else  continuous. 

If  the  function  be  defined  /or  a  continuous  interval,  and  all  the  points  of 
discontinuity  be  ordinary  ones  at  least  on  one  side,  then  the  set  K  of  points,  at 
which  the  saltus  is  ^k,  is  a  set  of  content  zero. 

The  set  K  can  be  resolved  into  a  perfect  set  0  and  an  enumerable  set ; 
the  set  0  contains  points  which  are  limiting  points  on  both  sides,  and  at  such 
a  point  the  oscillation  both  on  the  right  and  on  the  left  must  be  ^  A; ;  it 
follows  that  the  set  0  is  non-existent,  and  that  K  is  therefore  an  enumerable 
closed  set,  which  has  necessarily  content  zero. 

The  theorem  still  holds  if  there  be  points  of  discontinuity  of  the  second 
kind  which  form  a  set  of  content  zero,  for  these  points  may  be  enclosed  in  a 
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finite  number  of  intervals  whose  sum  is  arbitrarily  small ;  the  theorem  can 
then  be  applied  to  each  of  the  remaining  intervals  of  the  domain. 

190.  At  a  point  P  at  which  a  given  point-wise  discontinuous  function  is 
discontinuous,  let  a?i ,  iTg ,  ar, , . . .  a7„ , . . .  be  any  sequence  of  points  converging  to  P, 
and  let  us  suppose  that/(a;,),/(a:a),  .../(a?„),  ...,the  set  of  values  of  the  given 
function  at  the  points  [x^^  converges  to  a  limit  U\  the  value  of  C  will  depend 
upon  the  choice  of  the  particular  sequence,  subject  to  the  condition  of 
convergence  of  {/(a?n)}-  If  P  be  a  point  of  discontinuity  of  the  first  kind, 
U  is  capable  of  having  two  values  only,  viz./(a?  +  0)  and/(a?  — 0);  but  if  the 
discontinuity  of  the  function  at  P  be  of  the  second  kind,  U  may  have  any  one 

of  the  values  f{x  +  0),  f{x  4-  0),  f(x  —  0),  f{x  —  0),  or  it  may  possibly  have 

other  values  lying  between  the  greatest  and  least  of  these  four.  The  possible 
nature  of  the  set  of  all  values  of  U  at  the  point  x  will  now  be  investigated. 
This  set  is  the  aggregate  of  functional  limits  at  x  (see  §  178). 

In  the  first  place*  the  set  of  all  values  of  U  at  a  point  P  is  a  closed  set. 

For  let  Ui,  U2,  tT,, ...  [7„,  ...  be  a  convergent  sequence  of  values  of  CT,  of 
which  U„  is  the  limit ;  it  will  be  shewn  that  U^  itself  belongs  to  the  set  of 
values  of  27,  and  thus  that  this  set  is  closed. 

Let  Ur  be  the  limit  of  the  convergent  sequence 

we  may  choose  r  so  great  that  \U^  —  Ur\  < ^e,  for  this  and  all  greater  values 
of  r.  We  can  then  choose  n  such  that  \Ur—f(xn^^^)\  <  Je;  it  follows  that, 
for  sufficiently  great  values  of  r  and  n, 

and  as  the  positive  number  €  is  arbitrarily  small,  the  theorem  is  established  ; 
in  fact  a  sequence  {/(^n^*'0}  ^^^  ^^  found  which  converges  to  U^,  whilst 
[xn^^^]  converges  to  a;. 

A  point-wise  discontinuous  function''^  can  he  constructed  so  that,  at  a 
point  Xq,  the  set  of  values  of  U  may  be  any  prescribed  closed  set  0, 

To  establish  this  theorem,  we  observe  that  if  0  be  unenumerable  it  may 
be  replaced  by  an  enumerable  set  Gj  everywhere-dense  in  0,     Let 

denote  the  set  Gi,  arranged  in  the  order- type  ©. 

Next,  choose  an  enumerable  sequence  ^],  ^, ...  a;^,...  of  values  of  a;  having 
the  single  limiting  point  Xo',  and  arrange  the  sequence  {xn}  in  the  order- 
typo  a)\  The  sequence  {xn}  may  thus  be  split  up  into  an  enumerable  set 
of  sequences  {ar,,.],  [x2r]y-  {^«r},  •••   each  of  which  has  the  limit  x^.     The 

^  These  theorems  were  given  by  Bettazzi,  see  Rendiconti  di  Palermo^  Vol.  vi,  p.  17S. 
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function  f{x)  may  be  defined  by  the  specifications,  that  f{x)  =  0,  for  all 
values  of  x  which  do  not  belong  to  the  sets  {a?ir},  {aj^}, ... ;  and  that 

/(a?«.)  =  t;^,    where  v„,  t;„,  ...  v^, ... 

is  a  sequence  chosen  so  as  to  converge  to  the  limit  F,.  The  function/(a?)  so 
defined  is  continuous  at  every  point  except  ^o>  ^i>  •••  ^n»  ••• »  &i^d  it  has  the 
required  property;  since  the  points  of  Gi,  and  therefore  of  (?,  are  all  values 
of  U  at  the  point  x^. 

EXAMPLES. 

1.*  If  /(^)i  ^  {x)  be  two  point-wise  discontinuous  functions  defined  for  the  same 
interval,  there  is  an  everywhere-dense  set  of  points  at  each  of  which  both  functions  are 
continuous.  This  theorem  follows  at  once  from  the  fact  that  the  points  common  to  two 
sets  of  the  second  category  also  form  a  set  of  the  second  category,  and  that  this  holds  for 
every  sub-interval  contained  in  the  given  interval. 

2.  Let  {x)  denote  the  positive  or  negative  excess  of  x  above  the  integer  nearest  to  it, 
and  if  X  be  half-way  between  two  successive  integers,  let  (j')=0.  Let  a  function  t  f{x)  be 
defined  for  the  interval  (0,  1)  as  the  limit  of 

when  n  is  indefinitely  increased.  The  fiinction  f(x)  is  a  point- wise  discontinuous  function, 
in  which  the  set  K  of  points,  at  which  the  saltus  is  ^  /:,  is  finite  for  each  x)ositive  value  of  k. 
It  can  be  proved  that,  if  iC=w/2n,  where  m  and  ^n  are  relative  primes,  then* 

/(k^o)-/©-!^..      /(£-»)-/(£)-i£v 

For  values  of  x  not  of  the  above  form,  f[x)  is  continuous.  The  number  of  points  of  K  is 
the  number  of  irreducible  proper  fractions  having  even  denominators  27&,  such  that 
ir*l8n^  >  k.  The  set  of  all  the  points  of  discontinuity  is  everywhere-dense  in  the  interval 
(0,1). 

3.  Let  J  y«sc,  for  all  rational  values  of  r;  and  ,y=c?,  for  all  irrational  values  of  x. 
This  function  is  totally  discontinuous. 

4.  Let  §  f{x) = 1,  for  all  values  of  x  in  the  interval  (0, 1 ),  except  ^ = ©j; ,  (w = 1, 2, 3, . . .), 

for  which  f(x)=0.  At  each  of  the  points  (^j  there  is  a  saltus  equal  to  unity.  This 
function  is  point- wise  discontinuous,  and  the  content  of  K  is  zero,  for  every  value  of  k, 

5.  In§  the  interval  (5,  ij  of  ;r,  let/(:r)=l;  in  the  interval  f^^,  ^j,  let /(a?) =5; 

and  in  general,  in  the  interval  (p^iirxj  si)>  1®*  /W'^oii'     ^"  *'^^®  ^^*^®  ^^®  point- wise 

discontinuous  function  f{x)  is  such  that  the  number  of  i)oinis  at  which  the  saltus  is  ^  k, 
is  finite  for  every  value  of  k  >  0. 

*  See  Volterra,  Oiomale  di  Mat,  vol.  xix,  1881. 

t  See  Biemann*s  Oei,  Werke,  p.  242. 

X  Dirichlet*B  Werke,  p.  132. 

§  Hankel,  Math,  Annalen,  vol.  xx. 
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6.  The*  points  of  a  continuous  interval  (0, 1)  may  be  put  into  correspondence  with 
the  points  of  a  non-dense  set  of  points,  dense-in-itself,  contained  in  an  interval  (a,  5),  in 
such  a  manner  that  the  relative  order  of  two  points  of  the  interval  (0, 1)  is  the  same  as 
that  of  the  corresponding  points  in  (a,  h).  Such  a  correspondence  is  defined  by  a  point- 
wise  discontinuous  monotone  fimction  y^f{po\ 

7.t    Let  the  numbers  of  the  interval  (0,  1)  be  expressed  as  finite  or  infinite  decimals 

:rs="aia^3...a^,..,andlet/(^)=(Y7^)  +(t^)  +••••    The  function /(^)  is  monotone,  and 

is  discontinuous  for  every  value  of  x  represented  by  a  finite  decimal.  The  set  of  points  K 
for  a  given  value  of  k  is  finite.  The  function  f{x)  defined  by  /(dr)=-0ai0a20a3...  has 
similar  properties. 

8. 1  Let  the  points  of  the  interval  (0, 1)  be  represented  by  decimals,  and  consider  the 
set  Gq  of  those  points  for  which  only  the  digits  0  and  1  occur  in  the  decimal  representation, 
excluding  those  points  for  which  all  the  figures  are  0,  firom  and  after  some  fixed  place. 
The  set  Oq  is  non-dense  in  the  interval  (0,  1),  and  has  the  cardinal  niunber  c.  Any  point 
Xq  of  Q(i  is  represented  by  'aia2a3...an...,  where  o^  is  0  or  1.  Let  {  be  a  fixed  point 
•6i62...6»...  of  6^o»  and  let  x^  denote  4?o+2{s'CiC2,..c,i.., ;  so  that  Cn=sa»+26„.    With 

(  fixed,  let  the  set  of  all  points  x^  be  denoted  by  O^ ;  the  points  of  (7>  are  all  difierent  from 

those  of  G'o,  and  for  two  values  f,  f  of  f ,  the  sets  (7^,  O^  have  no  point  in  common.     For 

two  numbers  ■CiC2...c,j...,  'CiC2  ,..Cn' »..  are  identical  only  when  c„=sc„',  which  holds  only 
when  a^=a^\  and  h^=^h^.  If  we  read  off  in  the  dyad  scale  the  decimal  representation  of  (, 
we  obtain,  by  giving  (  all  the  values  in  6^0*  every  point  in  (0, 1)  except  the  point  0,  and 
these  once  only ;  let  the  point  which,  by  thus  using  the  dyad  scale,  corresponds  to  (  be 
denoted  by  (|>.    Now  \etf{x)  be  defined  by  the  rules  /(A'*)=s(f ),  /(j?o)=0,  and  /(x)=0  for 

all  other  values  of  x.  The  point-wise  discontinuous  function  f{x)  so  defined  for  the  interval 
(0, 1)  is  such  that  at  all  the  points  of  the  unenumerable  set  G^  the  saltus  is  (|);  the  set  of 

all  the  points  of  discontinuity  is  non-dense  in  (0, 1);  and  f(x)  is  constant,  and  =0,  in  an 
everywhere-dense  set  of  linear  intervals. 

9.:^  Let  the  points  x  of  the  interval  (0,  1)  be  expressed  as  radix-fractions  in  the  scale 
of  3.  Let  Gq  be  the  set  of  points  for  which  all  the  figiu'es  of  the  radix-fraction  are  0  and  1, 
excepting  those  points  for  which  all  the  figures  are  0  after  some  fixed  place.  Let  6\ 
consist  of  all  the  points  which  contain  the  digit  2  in  at  most  the  first  n  places,  but  are  also 
such  that  the  nth  figure  is  2 ;  then  G^  is  non-dense,  and  of  cardinal  number  c.  There  are 
left  only  those  points  for  which  the  radix-fractions  contain  the  digit  2  an  infinite  number  of 
times ;  and  these  points  belong  to  a  set  i7  for  which  the  radix-fractions  contain  an  infinite 
nimiber  of  digits  other  than  2,  or  to  a  set  G'  for  each  point  of  which  every  digit  is  2,  from 
and  after  some  fixed  one.  Each  point  of  G  can  be  represented  by  a  terminating  radix- 
fraction  which  contains  only  a  finite  number  of  2's,  and  can  be  added  to  a  (7,|.  Let 
^0*  ^u  (^ii  •••»  when  so  increased,  become  6^0*  ^u  ^%  •••  >  &i^d  take  a  sequence  of  decreasing 
numbers ^0}  9u9%i  ••••  Let  the  function  f{x)  be  defined  by  the  rules  /{x^^ffn*  if  ^  is  a 
point  of  (7h»  and  f(x)=0  for  all  points  of  H,  The  point- wise  discontinuous  function  /  (j:) 
is  continuous  at  all  the  points  of  H,  and  the  points  of  discontinuity  are  everywhere-dense 
in  (0,  1),  and  of  cardinal  number  c. 

*  Hamack,  Math,  Annalen,  vol.  xxm.  t  PeanOr  Riv.  di  Mat,  vol.  i. 

:::  Sohdnflies,  GSttinger  Nachrichten,  1899. 
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DEFINITION  OF  POINT-WISE  DISCONTINUOUS  FUNCTIONS    BY   EXTENSION. 

191.  Let  us  suppose  a  function  f{x)  to  be  defined  for  a  domain  which 
consists  of  a  set  of  points  which  is  dense-in-itself  but  not  closed,  and  further 
let  us  assume  that  f{x)  is  continuous  in  this  domain.  The  new  domain 
obtained  by  adding  to  the  original  domain  those  of  its  limiting  points  which 
do  not  belong  to  it  may  be  spoken  of  as  the  extended  domain.  It  has  been 
pointed  out  in  §  190  that,  at  a  point  a  of  the  extended  domain,  which  does  not 
belong  to  the  original  domain,  there  is  an  aggregate  of  functional  limits 
which  is  certainly  a  closed  set,  and  may  consist  of  a  finite,  or  an  infinite,  set 
of  numbers. 

Let  us  now  define  a  function  <t^{x\  for  the  extended  domain,  in  the 
following  manner: — At  each  point  of  the  original  domain,  which  may  be 
called  a  primary  point,  let  ^  (x)  =/(a?) ;  at  each  point  a,  which  may  be  called 
a  secondary  point,  and  which  does  not  belong  to  the  original  domain,  attribute 
to  ^  (x)  the  values  contained  in  the  aggregate  of  functional  limits  of  f(x) 
at  a;  this  function  <l>{x)  may  then  be  multiple- valued  at  any  secondary 
point.  The  new  function  ^(^)  defined  for  the  extended  domain  may  be 
spoken  o{  sa  the  function  obtained  by  extension  off(x);  and  those  points  for 
which  <l>{x)  is  multiple- valued  are  regarded  as  points  of  discontinuity  at 
which  the  measure  of  discontinuity  is  the  excess  of  the  greatest  over  the 
least  value  of  the  function  at  the  point. 

It  will  be  shewn  that  the  extended  function  ^{x)  is  point-wise  discontimuyus 
in  the  extended  domain,  unless  it  be  contintwus.  This  gives  rise  to  a  method  of 
constructing  point-wise  discontinuous  functions  which  has  been  employed  by 
Brod^  in  various  special  cases.  Since  we  may  so  choose  the  original  domain 
that  it  shall  consist  of  an  enumerable  set  of  points,  the  method  includes 
one  for  the  construction  of  a  point-wise  discontinuous  function  from  an 
enumerable  set  of  specifications. 

To  prove  that  the  extended  function  <f>{x)  is  at  most  point-wise  dis- 
continuous, it  is  sufficient  to  shew  that  if>  (x)  is  continuous  at  all  points  of  the 
original  domain  0,  which  is  a  set  that  is  everywhere-dense  in  the  extended 
domain  0\ 

Let  a;  be  a  point  of  0,  and  let  it  be  the  limiting  point  of  a  convergent 
sequence  (xi\  a?/,  x^\  ...)  of  which  all  the  points  belong  to  0\  Consider  the 
aggregate  {^(«i'),^(0»-"}»  where  ^(a^'),  <f>{x^\..,  haveany  of  the  values  which 

belong  to  the  points  ar/,  x^,  a?,', Now  a  point  Xn  of  G  can  be  found  such 

that  \xn  '-Xj^\<  ffn,  and  1 4> («n ) ^f(^n) \<€n,  where  i/n,  €n  are  independent 
arbitrarily  small  numbers.  If  we  take  a  sequence  of  values  of  rj,  such  that 
17,  >i7, >i/i,...,  with  zero  as  its  limit,  and  also  a  similar  sequence  of  the 
€  numbers,  then  the  sequence  (a?i,  asg,  a:,,  ...)  has  the  same  limit  x  as  the 
sequence  (ar/,  a?/,  ar,',  ...),  and  the  aggregate  {^(a?/),  ^(a?/), ...}  has  the  same 
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limit  as  the  convergent  aggregate  [f(po^,f{sc^i ...}  viz. /(a?)  or  ^(a?);  and 
thus  the  theorem  is  established. 

It  will  be  observed  that  the  values  of  if>{x)  at  all  the  secondary  points  in 
an  arbitrarily  small  neighbourhood  of  a  secondary  point  a  depend  only  on 
the  values  oi  f{x)  in  that  same  neighbourhood ;  it  follows  therefore  that  a  is 
a  point  of  continuity  or  of  discontinuity  of  ^  {x)  according  as  the  aggregate 
of  functional  limits  of  f(x)  at  a  consists  of  one  number  or  of  more.  In 
the  latter  case  the  measure  of  discontinuity  of  ^  (x)  at  a  is  the  excess  of 
the  greatest  over  the  least  of  the  numbers  belonging  to  the  values  of  <f>  (x)  at 
the  point. 

It  can  be  shewn  that  a  point-wise  discontinuous  function  can  be  so  con- 
structed that,  at  a  given  secondary  point,  the  values  of  the  function  may  be 
an  arbitrarily  assigned  closed  set. 

192.  Although  a  class  of  point-wise  discontinuous  functions  may  be  ob- 
tained by  extension  of  a  continuous  function  defined  for  a  primary  domain, 
dense-in-itself  but  unclosed,  yet  not  every  point-wise  discontinuous  function 
can  be  generated  in  this  manner. 

^^  f(^)  b^  ft  point-wise  discontinuous  function  in  a  domain  which  is 
either  a  continuum  or  a  perfect  set  of  points. 

Consider  the  function  <f>(x)  obtained  by  taking  the  values  o{f(x)  as  given 
only  at  its  points  of  continuity,  and  extending  this  function  to  the  complete 
domain,  in  the  manner  explained  above. 

At  each  point  of  discontinuity  of  f{x)  there  is  a  saltus  ly,  and  at  that 
point  the  function  ^  (x),  obtained  by  extending  the  set  of  values  of  f(x)  at 
its  point  of  continuity,  has  a  measure  of  discontinuity  k^,  which  will  be  zero 
in  case  ^  (a;)  be  continuous  at  the  point;  but  in  any  case  the  condition  k^  ^  k/ 
is  satisfied,  since,  within  any  neighbourhood  of  the  point,  the  fluctuation  of 
^  (x)  cannot  be  greater  than  that  of  /(x). 

If  fe^  =  0  at  any  point  of  discontinuity  of /(a?),  that  point  may  be  said  to 
be  a  point  of  unessential  discontinuity  of  the  function  f{x)\  and  if  k^  >0, 
the  point  is  one  of  essential  discontinuity. 

Let  now  a  function  ^  {x)  be  defined  for  the  whole  domain  as  follows : — 
At  every  point  of  continuity  of /(a?),  and  at  every  point  of  discontinuity 
at  which  Xy  =  k^ ,  let  j^  (a;)  =  0 ;  at  each  point  at  which  kj  >  k^ ,  let 

The  function  ^  (^)  is  not  necessarily  continuous  at  every  point  at  which  it 
is  zero.  At  a  point  x^  at  which  4>{x)  is  continuous,  the  measure  of  dis- 
continuity of  x(^)  is  kf,  or  x(^i)'>  ^^^  ^^^^  ^  ^^^  necessarily  the  case  if  ^(a?) 
be  not  continuous  at  a?,.  This  function  x(^)  ^^X  ^^  called  a  point-wise 
discontinuous  n u ll-f unction. 
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By  subtracting  from  f{x)  a  function  -^i  {x)  which  never  exceeds,  at  any 
point  X,  in  absolute  value,  the  value  of  x  (^)»  ^^  obtain  a  function  ^  {x)  of 
which  the  measure  of  discontinuity  is  everywhere  =  k^  (x). 

The  function*  ^(a?)  may  be  spoken  of  as  the  most  nearly  continuous 
function  associated  with  f{x). 

It  thus  appears  that  a  point-wise  discontinuous  function  can  always  be 
expressed  as  the  sum  of  a  point-wise  discontinuous  null-function  and  the 
most  nearly  continuous  function  associated  with  the  given  function. 

The  latter  function  <f>i  (x)  has  only  those  discontinuities  which  necessarily 
arise  from  the  values  of  the  given  function  at  its  points  of  continuity, 
and  is  independent  of  the  parts  of  the  discontinuities  which  arise  out 
of  the  functional  values  of /(a?)  at  the  points  of  discontinuity.  The  null- 
function  depends  upon  the  unessential  parts  of  the  discontinuity  o(  f(x). 


EXAMPLES. 

l.t    Let /(.r)=0,  for  x=0,  — ,  —y  ;r-,  ...,  and  for  all  other  positive  and  negative 

values  of  x,  let  /(j?)=cos- .    The  function  (f>  {x)  associated  with  f(x)  agrees  with  cos-  at 

every  point  except  a;=0,  where  <f)(x)  is  represented  by  (-1,  +1).    The  measure  of 

discontinuity  k/  is  zero  except  at  - ,  -— ,  5—,  ...,  where  /•/=!,  and  at  :r=0,  where  />=2; 

the  measure  h,  vanishes  everywhere  except  at  :r=0,  where  it^=2.    The  function  ^{x) 

vanishes  except  at  — ,  ^r— ,  ...,  where  it  is  1 ;  it  vanishes  at  .r=0,  but  is  discontinuous  at 
that  point 

2.t  Let  f{x)  vanish  except  at  the  points  ^=o»«,2»  •••"»•••>  where  /(a?)=L  The 
function  <^  (.r)  is  everywhere  zero,  and  thus  X*    is  everywhere  zen>.    The  function  <^i  (x)  is 

everywhere  scero,  and  kf  is  zero  except  at  0,  -,  -,  ...  -,  ,..,  where  Xy=L     In  this  case 

3.t  A  point- wise  discontinuous  function  f(x)  can  be  constructed];  such  that  the 
function  (^(jr)  may  have  at  a  point  x^^  the  values  belonging  to  a  prescribed  closed  set  Q^ 
in  accordance  with  Bettazzi's  theorem  (§  190).  If  (7  be  unenumerable,  choose  an  enumer- 
able set  Qx  dense  in  6',  and  let  gugt^^g^^  ...  be  the  i)oints  of  C'l.    Take  a  set  of  intervals 

{a«J,  where  a„  is   f^o+g^,  ^^-^^^Ay  and  define  fijc)  as  follows:— in  di,  ^3,  dg,  ^,  ... 

let/(x)=^, ;  in  ^2,  «o,  dm, ...  Iet/(ar)=y2;  in  ^4.  *ij.  ^»  -.  let/(:r)=^3 ;  in  general /(^)=flr„ 

*  This  dafinition  is  not  in  complete  agreement  with  that  of  SohSnflies,  see  Berieht,  p.  184,  to 
whom  the  term  is  doe.  Some  erroneous  statements  of  Sohonflies,  in  this  connection,  were  pointed 
ont  and  corrected  by  Etahn;  see  Monattthefte  f.  Math,  vol.  xvi,  1905. 

t  See  Hahn,  loe,  cit. 

X  This  is  contrary  to  a  statement  of  Schdnflies,  see  Berichi,  p.  185. 
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in  the  first  free  interval,  and  in  every  second  of  the  following  free  intervals ;  further  let 
/W— j^ii  ^^^  x^x^.  The  function  f{x)  is  point- wise  discontinuous,  the  points  of  dis- 
continuity being  j^o,  and  the  points  ^o+ a^  •    The  function  ^  (j?)  has  two  values  at  the  points 

^0+^;  and  at  ^o  it  has  all  the  values  of  (7i,  and  therefore  all  those  of  (7. 

FUNCTIONS  WITH  LIMITED  TOTAL  FLUCTUATION. 

193.  Let  a  function  /(a?)  be  defined  for  the  continuous  interval  (a,  6). 
Suppose  the  interval  (a,  6)  to  be  divided  into  a  number  n,  of  non-overlapping 
sub-intervals  the  greatest  of  which  is  (ij ;  let  these  sub-intervals  be  divided 
into  smaller  ones,  so  that  the  total  number  of  sub-^intervals  is  now  n,,  and  the 
greatest  of  them  is  d^.  Proceed  in  this  manner  to  continually  sub-divide  the 
sub-intervals  according  to  some  prescribed  law,  so  chosen  that  the  numbers 
^i>  ^2>  ^>  •••  form  a  sequence  of  continually  increasing  numbers,  and  that  the 
numbers  dj,  dg,  rfj, ...  form  a  convergent  sequence  converging  to  the  limit 
zero.  Such  a  system  of  indefinitely  continued  sub-divisions  of  the  interval 
(a,  6)  may  be  spoken  of  as  a  convergent  system  of  sub-intervals. 

If  the  function  f{x)  he  such  that,  any  particular  convergent  system  of  sub- 
intervals  of  (a,  6)  being  taken,  and  the  sum  of  the  fluctuations  of  f{x)  in  the 
nr  sub-intervals  into  which  (a,  6)  is  divided  at  Hie  rth  stage  of  the  process  of 

fir 

siuxessive  sub-division  being  denoted  by  S  A^,  m>  this  sum  is  for  every  value  of 

r  less  than  some  fiaed  fimite  number,  then  f{x)  is  said  to  be  a  function  with 
limited  total  fluctuation  in  the  interval  (a,  b). 

It  will  be  shewn  that,  when  the  condition  stated  in  this  definition  is 

satisfied,  then  the  sums  S  A,.,  m  have  an  upper  limit  L,  which  may  be  called 

the  total  fluctuation  of  the  function  in  the  interval  (a,  6),  for  th^  prescribed 
convergent  system  of  sub-intervals. 

For,  if  an  interval  (a,  fi)  be  divided  into  two  parts  (a,  7),  and  (7,  fi),  by  a 
point  7,  it  is  clear  that  the  fluctuation  in  (a,  0)  is  not  greater  than  the  sum 
of  the  fluctuations  in  (a,  7)  and  (7,  fi);  and  therefore,  when  (a,  fi)  is  divided  into 
any  number  of  parts,  the  sum  of  the  fluctuations  in  those  parts  is  greater 
than,  or  equal  to,  the  fluctuation  in  (a,  fi).    It  thus  appears  that,  for  the 

given  succession  of  sub-intervals,  the  numbers  2  A^.m,  which  are  essentially 

positive,  never  diminish  as  n  increases.      Therefore,  since  they  are  all  less 
than  some  fixed  number,  they  have  a  fixed  finite  limit  L. 

If*f{^)  have  a  limited  total  fluctuation  L  for  a  prescribed  convergent  system 
of  sub-intervals,  then  it  has  also  a  limited  total  fluctuation  for  any  other  such 
convergent  system  of  sub-intervals.     FuHher,  the  total  fluctuation  L,  has  an 

*  See  Stady,  Math.  AnnaUn,  vol.  xLvn,  p.  299. 
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upper  boundary  M,  and  a  lower  boundary  fi  »  ^M,  when  all  possible  convergent 
systems  of  svb-intervals  are  considered. 

Let  A],  A„  . . .  At,!  denote  the  fluctuations  in  those  sub-intervals  Si>  S^, . . .  S^i 
which,  at  any  stage,  belong  to  the  originally  prescribed  mode  of  sub-division, 
and  let  A/,  A3', ...  A^n'  be  the  fluctuations  in  the  sub-intervals  S/,  B^  ...  S'ms  &t 
some  stage  of  any  other  mode  of  sub-division  of  the  interval.  If  17  be  a  positive 
number  smaller  than  the  smallest  of  the  numbers  S',  we  may  take  m  to  be  so 
large  that  none  of  the  intervals  B  is  greater  than  17.  Now  let  us  suppose 
the  two  sets  of  sub-intervals  to  be  superimposed ;  then  any  interval  Br  will  be 
divided,  by  means  of  the  points  of  division  in  the  second  set,  into  not 
more  than  two  parts  8^",  ^n\  with  fluctuations  A^",  A«",  if  divided  at  all ; 
we  have  then 

A^  ^  An"  +  A„"  ^  2Ar. 

Now  every  8'  interval  is  made  up  of  B  intervals  and  S"  intervals ;  there- 
fore 2A'^2A"-f-iSi,  whei-e  S  denotes  the  sum  of  the  fluctuations  in  the 
undivided  B  intervals.  It  follows  that  SA'  ^  2SA  ^  2Z.  It  thus  appears 
that  the  numbers  SA^  corresponding  to  any  arbitrarily  prescribed  system 
of  sub-divisions,  are  all  not  greater  than  2X ;  and  SA'  has  therefore,  as  in 
the  case  of  the  original  system,  an  upper  limit  L\  and  this  is  ^  2Z.  For 
eveiy  possible  system  of  sub-divisions,  the  numbers  L'  form  an  aggregate  of 
positive  numbers  which  do  not  exceed  2L ;  and  they  therefore  have  an  upper 
boundary  Jf,  and  a  lower  boundary  fi.  Moreover,  a  system  of  successive 
sub-divisions  can  be  defined  such  that  the  limit  of  the  sum  of  the  fluctuations 
is  /A,  in  case  the  lower  boundary  fi  be  attained  by  the  set  of  numbers  L\  or  is 
/A  +  €,  where  €  is  less  than  an  arbitrarily  chosen  number,  in  case  fi  be  not 
attained.  We  may  therefore  take  Z  =  /t,  or  /t  +  6,  as  the  case  may  be ;  and 
then,  for  any  system  of  sub-divisions  B',  2A'  ^  2ft,  or  2  (ft  -|-  e) :  it  thus  follows 
that  the  upper  boundary  M  is  not  greater  than  2/Lt,  or  that  fi  ^  ^Jd.  The 
numbers  M  and  fi  are  the  limits  of  indeterminacy  of  the  total  fluctuation 
of  the  function  in  (a,  b),  where  M  cannot  fall  outside  the  interval  (/it,  2/Lt). 

194.  A  function  with  limited  total  fluctuation  can  have  no  points  of 
discontinuity  of  the  second  kind,  and  thus  for  such  a  function  the  limits 
/{x  +  0),/(a?  —  0)  on  the  right  and  on  the  left  must  both  exist  at  every  point ; 
except  that  at  the  points  a,  6,  only  the  limits  /(a  -f-0),  f(b  —  0)  can  exist. 
For,  in  any  arbitrarily  small  neighbourhood  of  a  point  of  discontinuity  of  the 
second  kind,  the  function  makes  an  infinite  number  of  oscillations  which 
are  greater  than  some  fixed  finite  number ;  and  thus,  in  such  a  neighbourhood, 
the  total  fluctuation  of  the  function  cannot  be  finite. 

It  is  clear  that,  in  a  function  with  limited  total  fluctuation,  the  sums 
of  the  saltuses  on  the  right  and  on  the  left 

2  \f{x  +  0)  -f(x)  1 ,     2  |/(a;  -  0)  -/{x)  ! , 
for  all  the  points  of  discontinuity,  are  finite.     It  follows  that  the  points  of 
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discontinuity  form  an  enumerable  set,  since  there  can  be  only  a  finite 
number  at  which  either  saltus  exceeds  any  arbitrarily  chosen  positive 
number.  A  function  of  this  kind  may  however  have  oscillations  in  every 
sub-interval,  but  it  is  necessarily  either  point-wise  discontinuous  or  else 
continuous. 

The  following  theorem  will  now  be  established: — 

If  a  function  wiUi  limited  total  fluctuation  have  at  no  point  an  external 
saltus,  then  if  =  fi;  and  thus  the  total  fluctuation  of  the  function  is  the  same  for 
evert/  convergent  system  of  sub-divisions. 

For  let  us  assume  that,  if  possible,  there  exists  a  convergent  system  of 
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sub-divisions,  such  that  2  A,.,  m  converges  to  a  value  0  less  than  JU.     The 

interval  (a,  b)  can  also,  by  hypothesis,  be  divided  into  a  number  n  of  parts, 
such  that  the  sum  SA'  of  the  fluctuations  in  those  parts  is  greater  than  G, 
say  ==G-¥a.    Let  this  sub-division  into  n  parts  be  superimposed  on  the  set  of 

sub-divisions  for  which  S  A^,  m  is  the  sum  of  the  fluctuations ;   we  may 

assume  that  r  is  so  great  that  not  more  than  one  of  the  n  —  1  points  of  the 
former  sub-division  is  in  any  one  of  the  intervals  of  the  latter  set,  while  none 
of  the  end-points  of  the  two  sets  coincide  except  at  a  and  6.  Let  us  suppose 
that  X  is  one  of  these  n  —  1  points,  and  that  it  falls  in  the  interval  S  for  which 
Ar,  m  is  the  fluctuation,  dividing  it  into  two  parts,  8/  and  S,'.  Assuming  that 
there  is  no  external  saltus,  if  rj  be  any  fixed  positive  number,  we  know  that  if 
Si',  83'  are  sufficiently  small,  then 

^.  m  =  1/(^  +  0)  -fix-O)  I  -h  o-i,  where  a^Kfj; 

moreover,  under  a  similar  condition,  the  fluctuations  A/,  Aj'  in  S/,  S3'  are 

such  that 

Ai'  =  I  f(x)  — /  (x  —  0)\  +  (Tj,  where  Ca  <  17 

and  A/ =  I /(a;) -/(a; +  0)1 +  0-3,  where  (r,<i;. 

Now  r  may  be  chosen  so  great,  and  consequently  dr  so  small,  that  these 
conditions  are  satisfied  for  each  of  the  n  —  1  intervals  of  the  originally  assumed 
set  which  contain  points  x.  We  have  then  A/  + Aj'  — Ar, trt  =  o'2  +  o"j— <''i, 
provided  f(x)  lies  between  f(x-{-0)  and  f(x  —  0);  hence  the  sum  of  the 
differences  A/+A2'— A^^^  taken  for  all  those  intervals  which  contain  one 
of  the  w  — 1  points  x  is  less  than  2 (n— 1)17;  and  it  cannot  be  negative. 
It  follows  that  the  sum  of  the  fluctuations  in  the  intervals  obtained  by 
superimposing  on  the  sub-divisions,  for  which  the  Ar,f»are  the  fluctuations, 
the  n  —  1  points  x,  is  <G  +  2{n  —  l)rf,  But  the  sum  of  these  fluctuations 
is  certainly  =  6  +  a ;  and  since  77  is  arbitrarily  small,  and  independent  of  n, 
these  two  relations  are  incompatible  with  one  another,  %,e.  a  must  be  zero. 
It  has  thus  been  shewn  that,  provided  there  be  no  external  saltus  at  any 
point,  G  must  equal  Jf,  and  this  therefore  is  the  limit  of  2A  for  every  con- 
vergent system  of  sub-divisions  of  (a,  6). 
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In  case  there  be  points  at  which  there  is  an  external  saltus,  the  preceding 
proof  can  still  be  applied  to  shew  that  the  total  fluctuation  is  the  same  for 
any  two  convergent  systems  of  sub-divisions  of  the  interval  (a,  b),  provided 
no  point  at  which  there  is  an  external  saltus  be  an  end-point  of  an  interval  in 
either  system.  Moreover,  in  case  there  be  an  external  saltus  at  the  point  x, 
the  value  of  Ar,m  is  either  |/(a?)-/(a?+ 0)| +<Ti  or  | /(a?) -/(a?  -  0)  [  +  o-i ; 
and  we  see  that  Aj'  +  A,'  —  A^ ,  m  =  o-^  +  o",  -  o-i  +  »  (a?),  where  8  {x)  denotes  the 
external  saltus  at  Xy  and  is  equal  to  the  smaller  of  the  two  numbers 

\f{x)-f{x  +  Q)\,   \f{a>)-f{x-(i)\. 

If  we  take  the  n  ~  1  points  x  to  consist  of  all  those  points  at  which  there  is 
an  external  saltus  greater  than  some  fixed  number  y3,  we  see  that  the  sum  of 
the  fluctuations  in  the  set  of  intervals,  obtained  by  superimposing  the  n  —  \ 
points  x  on  the  system  for  which  ^A^, ,»  is  the  sum  of  the  fluctuations, 
is  2Ar, »» +  iS>^  +  7,  where  8^  denotes  the  sum  of  those  external  saltuses,  all  of 
which  are  greater  than  yS,  and  7  is  the  sum  of  the  n  -  1  numbers  Ca  +  cTg  —  <''i> 
and  is  therefore  arbitrarily  small.  It  thus  appears  that  the  total  fluctuation 
for  a  convergent  system  of  sub-intervals,  such  that  no  point,  at  which  there  is 
an  external  saltus,  is  ever  an  end-point,  must  be  /t ;  whereas  if  those  points  at 
which  the  external  saltus  is  greater  than  fi  be  end-points  of  intervals,  the 
total  fluctuation  is  /t  +  8^,  If  a  sequence  of  descending  values  be  given  to  ^, 
the  sum  8^  converges  to  a  fixed  finite  number,  which  is  the  sum  or  limiting 
sum  of  all  the  external  saltuses.    Thus  we  obtain  the  following  theorem : — 

Ifafanctian  with  limited  total  fluctuation  he  such  thcLt  there  are  points  at 
which  the  function  has  an  external  saltus  ^  then  tlie  difference  M  —  fi  between  the 
upper  and  lower  boundaries  of  the  total  fluctuation  L  of  the  function,  for  con- 
vergent systems  of  sub-intervals,  is  equal  to  the  sum  of  all  tlie  external  saltuses. 
If  a  convergent  system  of  sub-intervals  be  such  that  no  point  at  which  there  is 
an  external  saltus  is  an  end-point  of  any  sub-interval,  then  for  such  a  system 
L  =  fi.  If,  however,  the  system  be  such  that  every  point  at  which  there  is  an 
external  saltvs  is  an  end-point  of  an  interval  of  the  system,  then  L  =  M, 

It  thus  appears  that,  provided /(a;)  be  at  every  point  intermediate  in  value 
between /(a?  +  0)  and  f{x  —  0),  the  total  fluctuation  in  (a,  b),  for  a  function 
of  the  class  considered,  is  a  definite  number.  This  number  is  unaltered  by 
changing  the  value  of  f(x)  at  a  point  of  discontinuity  of  the  function,  pro- 
vided no  external  saltus  be  introduced.  For  example,  we  may  assign  tof(x) 
the  value  i{/(a?  +  0)  +  /'(a?  — 0)}  at  every  point,  without  altering  the  total 
fluctuation  of  the  function. 

If  a  function /(a?),  for  which  an  external  saltus  exists  at  points  of  a  certain 
set,,  be  replaced  by  a  new  function  (l>{x\  differing  {romf{x)  only  at  the  points 
of  the  set,  and  such  that  <f>  (x)  has  nowhere  an  external  saltus,  then  the  new 
function  ^  (x)  has  its  total  fluctuation  equal  to  a  definite  number,  which  is 
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independent  of  the  particular  system  of  sub-intervals  employed.  Consider  a 
system  of  sub-intervals  for  which  no  point  of  the  set  is  ever  an  end-point  of 
a  sub-interval ;  then  the  limit  of  the  sum  of  the  fluctuations  of  f(x)  for  this 
system  is  /t.  If  at  each  point  of  the  set  we  remove  the  external  saltus,  by 
there  substituting  ^  (x)  for  f(x),  we  diminish  this  minimum  total  fluctuation 
fi  of  f{x)  by  the  sum  of  the  external  saltuses,  and  this  is  if  —  ^l  It  thus 
appears  that  the  total  fluctuation  of  the  function  if>  (x)  is  2/a  —  if ,  and  this  is 
a  definite  number  independent  of  any  particular  system  of  sub-intervals. 

196.  A  function  <f)  (x)  defined  for  the  interval  (a,  6),  ^^^  ^^c^  ^^^^  ^^^ 
every  pair  of  points  Xi,  x^  in  the  interval,  for  which  Xi>Xi,  the  condition 
^  (Xi)  ^  (f>  (xi)  is  satisfied,  has  been  defined,  in  §  189,  to  be  monotone 
in  (a,  6).  If  for  every  such  pair  of  points  the  condition  ^  (x^)  ^  ^  {x^  is 
satisfied,  ^  {x)  is  also  monotone.  In  the  former  case  ^  {x)  never  diminishes, 
and  in  the  latter  case  it  never  increases,  as  a;  is  increased  through  the  interval 
from  a  to  6. 

A  function  with  limited  total  fluctuation  can  always  be  expressed  as  the 
difference  of  two  ftmctions,  each  of  which  is  monoUme  in  the  interval  for  which 
tfte  function  is  defined,  and  neither  of  which  diminishes  as  tlie  variable  increa^ses. 

The  importance  of  the  class  of  functions  with  limited  total  fluctuation, 
in  connection  with  the  theory  of  Fourier's  and  other  series,  depends  upon 
their  possession  of  this  property. 

To  prove  the  theorem,  let  the  upper  boundary  of  the  total  fluctuation  of 
the  function,  for  the  interval  (a,  x),  be  denoted  by  Ma*.    We  then  see  that 

(4^?^)  /(^  +  A)-/(a?)  ^  ifx*+*  ^  ifa*"^*-ifa*;    it    follows  that   Ma' -fix)  is   a 

^"^-/^^z         monotone  function  which  never  diminishes  as  a;  is  increased.    The  function 

Ma'  -^-fi^)  has  the  same  property,  since/(a:  +  h)  —fix)  ^  —  Mj^'^K    Hence,  if 

<^  (^)  =  i  [Ma'  +/(^)} ,        *«  (^)  =  4  { J^a*  -/(^)1  > 

we  can  express  f{x)  in  the  form  ^i  (x)  —  ^  (x\  where  ^  {x\  ^  (x)  are  both 
monotone  non-diminishing  functions  as  x  increases  through  the  interval  (a,  6). 
The  converse  property  is  easily  seen  to  hold,  that  every  function  expressible 
in  this  manner  has  a  limited  total  fluctuation.  For  the  fluctuation  of  a 
monotone  function  in  an  interval  is  the  difference  of  the  functional  values  at 
the  ends  of  the  interval. 

196.  The  class  of  functions  of  which  the  properties  have  been  investi- 
gated above  has  been  defined  in  a  different  manner  by  Jordan  *,  and  it  has 
been  shewn  by  Study "f  that  the  two  definitions  are  completely  equivalent  to 
one  another. 

Let  us  denote  by  Dr,  m>  the  absolute  difference  of  the  functional  values  at 
the  end-points  of  that  sub-interval  belonging  to  a  convergent  system  of  sub- 

*  Cours  d^ Analyse t  vol.  i,  p.  55. 
t  Math.  Annalen,  vol.  xLvn,  p.  55. 
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intervals,  the  fluctuation  in  which  has  been  denoted  above  by  Ar,  m-  Let  us 
consider  the  sum   2  Dr,  rm  which  is  equivalent  to 

I  /(a)  -/(^r,  i)  I  +  |/(^r,  i)  -/(^r.  a)  |  +  . . .  +  |/(av,  m-i)  -/(^r.  m)  j 

+  .-.+l/Kn,-i)-/(6)|, 

where  a,  :zv,i,  ^r>  s>  •••)  i  ft^e  the  points  of  the  sub-intervals  at  the  rth  stage 
of  the  process  of  successive  sub-division  of  (a,  6).     If  the  numbers  2  i)r,  m> 

m=l 

for  every  value  of  r,  and  for  every  possible  convergent  system  of  sub-divisions 
of  (a,  6)  be  all  less  than  some  fixed  finite  number,  then  the  function  is  said 
to  be  a  function  with  limited  total  variation  (k  variation  born^e)  in  (a,  b) ;  and 


nr 


the   upper   limit  of  the  numbers   2  Dr,  m  for  a  particular  system  of  sub- 

m=l 

divisions,  as  r  is  indefinitely  increased,  is  said  to  be  the  total  variation  of/ (a?) 
in  (a,  6)  for  that  particular  convergent  system  of  sub-divisions. 

It  will  be  shewn  that  a  function  with  limited  total  fluctuation  is  also 
a  function  with  limited  total  variation ;  and  the  converse.  The  first  part 
of  this  theorem  follows  at  once  from  the   fact   that,  in  any  sub-interval, 

Dr,  m  ^  Ar,  m,  ^ud   therefore   2  Dr^  ,„  is   certainly   less   than   a  fixed   finite 

number,  if  2  A,.,  ^  he  so. 
fii-=i 

nr 

To  prove  the  converse  theorem  that,  if  2  Dr^  m  be  less  than  some  fixed 

nr 

finite  number,  so  also  is  2  A^,  m»  let  us  first  suppose  that  the  function 
/(x)  has  no  external  saltus  at  any  poiut  in  the  interval;  it  will  then  be 
proved  that  2  Dr,  m  and  2  A,.,  m,  for  a  particular  convergent  system  of 
sub-intervals,  converge  to  the  same  limit,  as  r  is  indefinitely  increased. 

Consider  the  interval  (xr^  m-i,  ^r,  m) ;  lot  U  and  V  be  the  upper  and  lower 
limits  of /(a:)  in  this  interval ;  thus  A^,  ,„=  U  —V,  We  have  i)^,  ^  ^  A^,  ^  ; 
and  it  will  be  shewn  that  some  greater  value  of  r,  say  r  -h «,  can  be  chosen, 
such  that  XDr+t  =  ^r.mt  where  22)r+«  is  the  sum  of  the  absolute  values  of 
the  differences  of  the  functional  values  at  the  end-points  of  the  parts  into 
which  the  interval  (xr^m-i*  ^r,m)  is  divided,  when  the  (r  4-«)th  stage  of  the 
successive  sub-divisions  of  (a,  6)  is  reached.  If  U,  V  be  the  functional  values 
at  the  ends  of  the  interval  (xr,m-iy  ^r,m)  it  is  clear  that  i),.  ,„  =  Ay  ,„;  we 
therefore  need  only  consider  the  case  in  which  one  at  least  of  the  numbers 
/(d?r,  m-i),/(«r.m)  lios  between  Z7and  F.  If  e  be  an  arbitrarily  small  posi- 
tive number,  there  are  two  points  f,,  fa,  in  the  interval,  for  one  of  which  the 
functional  value  is  greater  than  U  —  e,  and  for  the  other  the  functional  value 

H.  17 
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is  less  than  F+  €.  Now,  provided  the  function  have  no  external  saltus  at  any 
point,  8  may  be  chosen  so  large,  and 'consequently  dr+«  so  small,  that  there  is 
an  end-point  of  one  of  the  sub-intervals  into  which  (^Ty^m-i,  ^r,  m)  is  divided 
at  the  (r-h^)th  stage,  such  that  at  this  end- point  the  functional  value  is 
>  U  —  2€,  and  also  such  that  there  is  another  end-point  at  which  the 
functional  value  is  <  F  +  2€ :  and  one  at  least  of  these  end-points  does  not 
coincide  either  with  Xr^m-i  or  with  ^r,m-  The  number  8  having  been  so 
chosen,  we  see  that  for  the  interval  (a:r,m-i>  ^r,m)»  2i)r+«>  17—  F  — 4€+  TT, 
where  W  is  the  absolute  difference  between  the  functional  value  at  one 
of  the  end-points  of  (a?^,  m-i»  ^r,m)  and  the  functional  value  at  one  of 
those  end-points  of  a  sub-interval  at  which  it  is  >U—2€,  or  else  <  F-h2e. 
Since  e  is  arbitrarily  small,  it  is  clear  that  8  can  be  chosen  so  great  that 
XDr+8  =  I/—  F,  for  the  interval  in  question.  Moreover,  8  can  be  chosen  so 
great  that  this  condition  is  satisfied  for  each  of  the  n^  intervals  (xr^  m-i,  ^r,  w); 
and  therefore  s  can  be  chosen  such  that  ^Dr+g  taken  for  the  whole  interval 
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(a,  6)  is  ^  2  Ay,  ,„.     It  follows  that  the  limit,  as  r  is  indefinitely  increased, 

of  2  Dr,  m  is  ^  the  limit  of  S  A,.,  m ;  hence,  since  the  first  of  these  limits 
is  ^  the  second,  it  is  seen  that  the  two  limits  must  be  identical. 

It  has  now  been  established  that,  for  a  function  with  limited  total  fluctua- 
tion^ and  without  points  at  which  there  is  an  external  saltus,  the  total  fluctuation 
and  the  total  variation  of  the  function  are  identical,  being  independent  of  any 
particular  convergent  system  of  sub-divisions. 

Next  let  f{x)  have  an  external  saltus  at  each  point  of  some  set.  If  we 
consider  a  convergent  system  of  sub-divisions  such  that  no  point  of  this  set  is 
ever  an  end-point  of  a  sub^interval,  it  is  clear  that  the  total  variation  o(  f{x) 
for  such  a  system  is  identical  with  the  total  fluctuation  of  that  function  <f>  (a?), 
which  differs  from /(a?)  only  in  having  the  functional  values  at  the  points  of 
the  set  so  altered  that  the  external  saltus  is  at  every  point  removed.  It  has 
been  shewn  that  the  total  fluctuation  of  <f)  (x)  is  2ft  —  M.  If,  on  the  other 
hand,  a  convergent  system  of  sub-divisions  be  chosen,  so  that  every  point 
at  which  there  is  an  external  saltus  becomes,  at  some  stage,  an  end-point  of 
a  sub-interval,  the  total  variation  will  be  identical  with  the  total  fluctuation, 
their  common  value  being  M.  It  thus  appears  that, /or  a  function  of  limited 
total  fluctuation,  which  has  points  with  an  external  saltus,  the  total  variation 
is  M  or  2^1  —  M,  or  has  some  value  between  these  two  nunibers,  according  to 
the  particular  system  of  sub-divisions  employed. 

The  necessary  and  sufficient  conditions  that  a  function  f{x)  defined  for 
the  interval  (a,  b)  may  be  a  function  with  limited  total  fluctuation,  may  be 
now  stated  as  follows : — 
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(1)  The   points  of  discontinuity  must  all  be  of  the  first  species,  i.e. 
f(x  +  0),  f{x  —  0)  must  everywhere  exist. 

(2)  The  sum  of  the  absolute  values  of  the  external  saltuses  must  be 
finite. 

(3)  A  convergent  system  of  sub-intervals  must  exist  such  that 

tDr,  ^  =  S  |/(a?r.  m-l)  -/(^r,  m)  | 

is,  for  every  value  of  r,  less  than  some  fixed  number. 

These  conditions  are  clearly  equivalent  to  those  which  have  been  given  in 
the  definition  of  the  class  of  functions  with  limited  total  variation. 

EXAMPLES. 
1.*    The  function  defined  by/(j7)=.rsin  -,  /(0)s=0,  is  not  of  limited  total  fluctuation 

•4/ 

in  the  interval  (0,  l/v\  although  it  is  continuous  in  the  interval.    For  in  the  interval 

C-- —  ,    — ) ,  sin  -  attains  the  value  (  — 1)^  and  thus  the  fluctuation  in  this  interval  is 

at  least  equal  to  l/(r4-i)«".    The  total  fluctuation  in  the  interval  ( — ,    -)  is  at  least 

increases  without  limit  when  «  is  indefinitely  increased ;  therefore  the  total  fluctuation  in 
(0,  l/ir)  is  not  finite. 

2.t  The  fluiction  defined  by  /(;r)=^sin  -^,  /(0)=0,  is  continuous  in  any  interval 
containing  x=sO,  and  is  everywhere  difierentiable,  but  is  not  of  limited  total  fluctuation. 

3.*  The  function  defined  by  /(;r)=j;^8in(a?~8),  /(0)=0,  is  of  limited  total  fluctua- 
tion'in  the  interval  (0,  !/«•*).     In  the  interval  ( — ,,    3  ),  the  function  has  a 

\(H^ltr)i      (r,r)</ 

single  maximum,  or  else  a  single  minimum,  and  the  absolute  value  of  the  function  at  this 
point  is  at  most  l/(rir)i.    The  total  fluctuation  in  (0,  l/w*)  cannot  exceed  2  2 «  ,  which 

is  finite. 

4.  Every  function  defined  for  a  finite  interval,  which  is  continuous  and  of  limited  total 
fluctuation  in  that  interval,  is  the  difference  of  two  continuous  functions  each  of  which  is 
monotone  in  the  interval. 

THE  MAXIMA,  MINIMA,   AND   LINES  OF   INVARIABILITY  OF   (X)NTINUOUS 

FUNCTIONS. 

197.  Consider  a  point  x^  within  the  interval  (a,  6),  in  which  a  continuous 
function  is  defined ;  it  may  happen  that  a  neighbourhood  (x^  —  S,  iTj  +  S)  of 
the  point  tCx  can  be  found  by  taking  S  sufficiently  small,  which  is  such  that /(a;) 

•  LebeBgne,  Lemons  sur  VintSgratioiif  p.  56. 

t  Lebesgue,  Annali  di  Mat,^  Ser.  in  a,  vol.  vu,  p.  270. 

17—2 
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has  the  same  value  at  all  points  in  the  neighbourhood ;  then  the  point  x^  is 
called  a  point  of  linear  invariability  of  the  function.  If  the  same  holds  for 
a  neighbourhood  of  x^  on  the  right  only,  or  on  the  left  only,  then  the  point  ar, 
is  called  a  limiting  point  of  linear  invariability. 

It  can  be  shewn  that  if  a  point  x^  of  linear  invariability  exist,  and  the 
function  be  not  constant  in  the  whole  interval  (a,  6),  then  there  exist  two 
limiting  points  of  linear  invariability,  one  of  which,  however,  may  be  at  one 
of  the  ends  of  the  interval  (a,  6).  Suppose  the  function  not  to  be  constant 
throughout  the  interval  {x^,  6);  the  points  x  of  this  interval  may  be  divided 
into  two  classes,  in  one  of  which  x  is  such  that  in  the  interval  (a?!,  x)  the 
function  has  the  constant  value  f(xi),  and  in  the  other  class  x  is  such  that 
(xi,  x)  contains  points  at  which  the  function  has  values  differing  from  f{x^)] 
a  section  is  thus  made  of  the  interval  {x^,  b),  that  defines  a  point  which  is 
the  required  limiting  point  of  the  linear  invariability.  If  the  same  argu- 
ment be  applied  to  the  interval  (a,  Xi)  we  see  that  there  is  another  limiting 
point  in  this  interval,  unless  the  function  be  throughout  equal  to  f(xj). 

In  the  interval  (a,  6)  there  may  be  a  finite  number,  or  an  indefinitely 
great,  but  enumerable,  set  of  lines  of  invariability ;  each  point  within  such 
a  line  is  a  point  of  invariability,  and  the  ends  of  such  lines  are  limiting  points 
of  invariability. 

If  the  point  x^  be  not  a  point  of  invariability,  it  may  happen  that  a 
neighbourhood  (x^  —  €,  ar,  +  e')  exists  such  that,  for  every  point  in  the  interior 
of  this  neighbourhood  not  identical  with  x^,  the  condition  /(^)  </(ar,)  is 
satisfied ;  in  this  case  Xi  is  said  to  be  a  point  at  which  the  function  has 
a  proper  maximum.  In  case  the  neighbourhood  be  such  that  at  every 
point  X  within  it,  except  at  a;,,  the  condition /(a;)  >/(a'i)  is  satisfied,  the 
point  Xi  is  said  to  be  a  point  at  which  the  function  has  a  proper  minimum. 

It  may  happen  that  when  x^  is  not  a  proper  maximum,  a  neighbourhood 
(xi  —  e,  ir,  +  e')  exists  which  is  such  that  at  no  point  within  it  the  condition 
f{^)>f(^'i)  is  satisfied,  nor  at  every  point  the  condition  /(«)</(^i)  is 
satisfied ;  in  this  case  a:,  is  said  to  be  a  point  at  which  there  is  an  improper 
maximum  of  the  function.  If  the  condition  f(x)  ^f(xi)  is  satisfied,  but 
the  condition  f(x)  >  f{x^  is  not  everywhere  satisfied,  then  a?,  is  said  to  be  a 
point  at  which  there  is  an  imjyroper  minimum  of  the  function. 

A  line  of  invariability  of  which  the  end-points  are  a,  /8,  and  are  both 
interior  to  (a,  6),  is  said  to  be  a  maximum  of  the  function,  if  both  a,  ^  be 
improper  maxima,  and  it  is  said  to  be  a  minimum,  if  both  a,  /3  be  improper 
minima. 

It  is  clear  that,  in  any  arbitrarily  small  neighbourhood  of  an  improper 
maximum  or  minimnm,  there  are  an  indefinitely  great  number  of  points  at 
which  the  fuuctinnal  value  is  equal  to  that  at  the  maximum  or  minimum. 
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At  any  maximum  or  minimum  there  is  a  greatest  neighbourhood 
(iCi— S.  J*,  —  S')  at  every  interior  point  of  which  the  condition /(a;)  < /(a?,), 
/(x)^f(xi\  or  f{x)>f{x^\f{x)^f (jT^)  is  satisfied.  At  end-points  of  such 
greatest  neighbourhood,  it  follows  from  the  condition  of  continuity  of  the 
function,  that  the  functional  value  is  equal  to  f{x^),  unless  the  end-point 
coincides  with  a  or  with  h. 

It  has  been  shewn  in  §  171  that  there  exists  either  one  point  or  a  set 
of  points  in  (a,  6)  such  that  the  functional  value  at  this  point  or  at  all  the 
points  of  the  set  is  greater  than  at  all  other  points  in  the  interval ;  and  it  is 
to  be  remarked  that  this  set  of  points  may  contain  lines  of  invariability. 
Every  such  point,  unless  it  be  an  end -point,  is  said  to  be  a  point  of  absolute 
maximuvt  of  the  function  in  the  interval  (a,  6),  and  may  be  either  a  proper  or 
an  improper  maximum.     A  similar  definition  applies  to  an  absolute  minimum. 

In  case  an  extreme  point  of  the  continuous  function  (see  §  167)  be  at  a, 
or  at  6,  such  point  is  spoken  of  as  an  upper  or  lower  extreme,  but  not  always 
as  a  maximum  or  minimum  of  the  function.  Tf /(a)  and  f{b)  be  equal,  and 
the  function  be  not  constant  in  (a,  6),  then  there  is  at  least  one  maximum  or 
one  minimum  point,  or  one  line  of  invariability,  in  the  interior  of  (a,  6).  This 
is  also  true  when /(a)  5^/(6),  unless  the  function  be  monotone. 

198.     If  within  the  interval  (a,  h)  there  be  two  points  or  tv)0  lines  of  in- 
variability at  whicli  the  function  is  a  maximum,  proper  or  improper,  then 
there  is  between  them  at  least  one  point  or  one  line  of  invariability  a.t  which  the 
function  is  a  proper  or  improper  minimum ;  thus  maxima  and  minima  occur 
alternately. 

Suppose  that  a,  ^  are  two  points  at  which  the  function  is  a  maximum, 
and  that  (a,  /8)  is  not  entirely  a  line  of  invariability,  also  that  no  maximum 
occurs  between  a  and  )8.  We  know  that  between  a  and  ^  there  is  a  point  or 
a  set  of  points  at  which  the  function  is  less  than  at  all  other  points  in  the 
sub-interval ;  and  since  a  and  ^  cannot  belong  to  such  set,  there  is  therefore 
a  minimum  at  a  point,  or  at  points  on  a  line  of  invariability,  between  a  and  )8, 
and  this  minimum  is  less  than  either  of  the  maxima  at  a  and  y8. 

Between  a  maximum  a)id  the  next  minimum  of  a  function  the  function  is 
said  to  make  an  oscillation ,  the  amplitude  of  which  is  the  excess  of  the  maari- 
mum  over  the  minimum. 

If  jTj  be  a  point  in  (a,  6),  it  may  be  possible  to  choose  €  so  small  that 
within  the  interval  (a^i,  cOi-\- e)  no  maxima  or  minima  occur,  so  that  the 
function  is  monotone  in  this  interval.  It  may  however  be  the  case  that, 
however  small  €  is  taken,  there  still  occur  maxima  and  minima  in  (xi,  Xi  +  e). 
In  this  case  the  number  of  oscillations  of  the  function  must  be  indefinitely 
great,  however  small  €  may  be  chosen ;  for  if  there  were  a  finite  number  only, 
a  number  €i  could  be  found  such  that  all  the  maxima  and  minima  were  in  the 
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interval  (^i  +  €i,  ai  +  e),  and  thus  in  (a;i,  a^  +  €i)  the  function  would  be  mono- 
tone, which  is  contrary  to  the  hypothesis  made. 

It  thus  appears  that,  in  the  neighbourhood  of  a  particular  point,  a 
continuous  function  may  have  an  indefinitely  great  number  of  oscillations. 
An  improper  maximum  or  minimum,  not  in  a  line  of  invariability,  is  certainly 
such  a  point. 

The  proper  maadma  and  minima  of  a  continuous  function  form  an 
enumerabley  or  a  finite,  set  of  points. 

Consider  (a?i  —  e,  rci  +  rj),  the  greatest  neighbourhood  of  a  point  of  proper 
maximum  a?, ,  which  is  such  that  for  all  other  points  x  within  the  neighbour- 
hood,/(a:)  </(a:i).  There  can  in  a  finite  interval  be  only  a  finite  number 
of  such  points  x^  for  which  €  >  a,  rj>a,  where  a  is  a  fixed  positive  number ; 
for  if  there  were  an  infinite  number  of  such  points,  they  would  have  a 
limiting  point  f,  and  we  could  choose  two  points  a?i',  a?/'  of  the  set,  such 
that  the  distance  of  each  from  ^  is  less  than  ^  a ;  now  each  of  these  points 
would  lie  within  the  neighbourhood  belonging  to  the  other,  and  thus  we 
should  have /(a?/)  >f(xi"X  and  also  f{x^')  >/(^0»  which  is  impossible ;  thus 
the  set  must  be  finite.  Now  choose  a  sequence  of  descending  values  of  a 
which  converges  to  zero,  say  «!,  ctg, ...  a,j, ... ;  the  number  m^  of  maxima  a?i 
such  that  for  each  €  >  On,  17  >  On  being  finite,  we  have  7»i,  tw,,  ...  m^y ...  all 
finite ;  and  hence  the  whole  set  of  maxima  forms  an  enumerable  set. 

If  Xi  be  an  improper  maximum  point,  and  f{oiy^  =  -4,  a  neighbourhood 
(a?!  -  €,  ajj  +  rf)  can  be  found  which  contains  an  infinite  set  of  points  G^  such 
that /(a?)  =  il,  for  each  point  of  the  set.  If  x'  be  an  isolated  point  of  the  set 
G^ ,  then  x  is  clearly  a  proper  maximum  of  the  function ;  and  if  x'  be  a  point 
of  G^,  which  is  a  limiting  point  of  the  set,  x"  is  an  improper  maximum.  The 
points  a:,  —  €,  a?i  -f  ^  need  not  be  maxima,  even  though  they  be  limiting  points 
of  0^.  The  condition  of  continuity  of  the  function  ensures  that  the  set  G^  is 
a  closed  one  ;  for,  at  any  limiting  point  of  the  set,  the  functional  value  is  the 
limit  of  a  sequence,  each  member  of  which  is  A^  and  this  value  is  therefore 
itself  A, 

Corresponding  to  a  given  A,  there  may  be  a  finite,  or  an  infinite,  set  of 
detached  intervals  such  as  (a?!  —  €,  a^  -f  7j\  each  one  of  which  contains  a  closed 
set  such  that  each  isolated  point  of  it  is  a  proper  maximum,  and  each  limiting 
point  (except  an  end-point)  is  an  improper  maximum.  The  sets  G^  may 
contain  perfect  components,  and  thus  the  improper  maxima  at  which  A  is  the 
functional  value  may  form  a  set  of  the  cardinal  number  of  the  continuum.  A 
similar  result  holds  for  minima. 

It  can  further  be  shewn  that  the  values  of  a  continuous  function  at  all  its 
maxima  and  minima  form  a  set  which  is  either  finite  or  enumerably  infinite. 
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199.  If  in  the  interval  (a,  6)  the  function  have  only  a  finite  number  of 
maxima  and  minima,  counting  any  line  of  invariability  which  is  a  maximum 
or  minimum  as  one  maximum  or  minimum,  the  interval  can  be  divided 
into  a  finite  number  o'f  parts  in  each  of  which  the  function  is  monotone; 
the  function  is  then  said  to  be*  in  general  monotone  (abtheilungsweise 
monoton). 

If  the  function  have  an  indefinitely  great  number  of  maxima  and  minima, 
which  occur  either  at  points  or  at  lines  of  invariability,  the  function  then 
makes  an  infinite  number  of  oscillations ;  and  these  may  occur  in  the  neigh- 
bourhoods either  of  a  finite  number  of  points,  or  of  an  infinite  number  of  points. 

It  can  be  shewn  that  in  the  case  of  a  continuous  function,  although  there 
may  be  an  infinite  number  of  oscillations  of  the  function,  there  can  be  only 
a  finite  number  of  which  the  amplitude  exceeds  an  arbitrarily  small  fixed 
number  a. 

For  it  has  been  shewn  in  §  175  that  a  number  €  can  be  determined,  such 
that,  in  any  sub-interval  of  length  €,  the  fluctuation  of  the  function  does  not 
exceed  a ;  therefore  in  each  of  the  sub-intervals 

(a,  a  +  €),     (a  +  €,  a  -f-  26),  . . .  (a.+  ne,  6), 

.the  fluctuation  of  the  function  is  not  greater  than  a*.  It  follows  that  no 
oscillation  of  the  function  which  is  greater  than  a  can  be  completed  in  one 
of  these  sub-intervals,  and  that  such  an  oscillation  must  require  two  at  least 
of  these  sub-intervals  for  its  completion;  hence  the  number  of  such  oscillations 
in  (a,  6)  cannot  exceed  the  finite  number  n.  As  the  number  a  is  diminished 
indefinitely,  it  may  happen  that  the  number  of  oscillations  of  which  the 
amplitude  exceeds  a  is  increased  indefinitely. 

THE   DERIVATIVES   OF    FUNCTIONS. 

200.  If  a  function  /(oo)  be  defined  for  all  points  in  the  interval  (a,  6), 

then  for  a  point  x^  in  this  interval  we  may  regard  the  function  -^-^^ — = ^ 

as  a  function  F{x)  of  x,  which  is  defined  for  all  values  of  x  in  (a,  6),  except  for 
the  point  x^.  This  function  F(x),  although  undefined  at  the  point  a?,,  has 
finite  or  infinite  functional  limits  at  that  point,  in  accordance  with  the 
definitions  in  §  176. 

If  the  limits  F(xi-\-0\  F{xi-'0)  both  exist  and  have  the  same  finite 
value,  this  value  is  called  the  differential  coefficient  at  Xi  of  the  function  f(x). 
At  the  point  a,  if  F  (a  +  0)  exists,  it  is  frequently  said  to  be  the  differential 
coefficient  o(  f{x)  at  a ;  and  at  the  point  6,  if  F{b  —  0)  exists,  it  is  said  to  be 
the  differential  coefficient  of  f{x)  at  b. 

*  This  term   is  due   to  C.    Neamann ;    see  his   work    Ueber  die   nach   Kreis-  Kugel-  und 
Cylinder/unctionen  forttchreitenden  Reifien. 
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The  condition  that  f{x)  may  possess  a  differential  coefficient  at  x^  is  that, 
corresponding  to  each  arbitrarily  chosen  positive  number  e,  a  neighbourhood 
{xi  —  S,  a?!  +  S)  can  be  found,  such  that 

I  ?  -  ^1  f   -   ^1 

for  every  pair  of  points  f ,  f'  which  lie  within  this  neighbourhood,  or  within 
such  part  of  it  as  is  interior  to  (a,  6). 

In  other  words,  the  condition  is  that  a  neighbourhood  of  Xi  can  be 
found  such  that  the  fluctuation  of  the  function  -^A-z — ^LA-l  within  it,  or 

X  ~~  X-^ 

within  such  part  of  it  as  lies  in  (a,  6),  may  be  as  small  as  we  please. 

When  a  differential  coefficient  of  f(x)  exists  at  the  point  a?i,  then  the 
function  is  said  to  be  differentiable  at  a^,  and  the  differential  coefficient  at 
that  point  may  be  denoted  by  /'  (xj). 

That  a  function  f{x)  may  be  differentiahle  at  x^^  it  is  necessary,  hut  not 
sufficient,  that  x^  should  he  a  point  of  continuity  of  the  function. 

At  a  point  of  discontinuity  x^  of  /(a?),  there  always  exists  a  positive 
number  c,  such  that  in  any  neighbourhood  of  x^,  however  small,  points  ^ 
exist  such  that    |  /(f)  —/(a;,)  |  >  <t  ;    hence  if   il  be  any  arbitrarily  great 

positive  number,  in  the  interval  {xi  —  S,  x^-\-  S),  where  ^  <  -j  »    there  exist 

f(t\  _  f(x  )  I 
points   f  such    that   \  -^ — "^  \  >  A,   and   it   is   thus   impossible   that 

J-^ — i/Aj/   should   have   a   definite    finite    limit    at  a?i.      On    the    other 

X  ^~  X-t 

fix)  —  f(Xi) 

hand,  the  condition  of  differentiability,  viz.  that  '^— "^  should  have 

X    "~"    M/l 

an  arbitrarily  small  fluctuation  within  a  sufficiently  small  neighbourhood  of 
Xi,  is  not  necessarily  satisfied  when  the  condition  of  continuity,  viz.  that/(ar) 
should  have  an  arbitrarily  small  fluctuation  within  a  sufficiently  small  neigh- 
bourhood of  5?i,  is  satisfied. 

fix)  —  fix,) 
It  may  happen  that  the  limit  of  •^-^-^^ — ^^ — -,  on  both  sides  of  .t,,  is 

X  ^~  Xi 

indefinitely  great  with  the  same  sign  on  the  two  sides;  in  this  case  it  is 
usual  to  say  that  f{x)  has  a  diflferential  coefficient  at  Xi  which  is  infinite  in 
value. 

A  continuous  function  f(x)  defined  for  the  interval  (a,  6),  which  has  a 
differential  coefficient  at  every  point  of  the  interval,  is  said  to  be  differentiahle 
in  its  domain.  Continuous  functions  exist,  which  at  no  point  in  their  domain 
possess  a  differential  coefficient.  The  first  example  of  such  a  function  was 
given  by  Weierstrass ;  the  construction  of  such  functions  will  be  considered 
in  Chapter  vi. 
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That  a  continuous  function  possesses  a  differential  coefficient  was  formerly 
regarded  as  obvious  from  geometrical  intuition,  it  being  supposed  that  such 
functions  were  necessarily  representable  by  curves  possessing  definite  tangents 
at  every  point.  The  first  attempt  to  prove  the  existence  of  a  differential 
coefficient  of  a  continuous  function  was  that  of  Ampere*;  this  proof  was, 
however,  insufficient  even  in  the  case  of  those  continuous  functions  which 
make  only  a  finite  number  of  oscillations  in  the  intervals  for  which  they  are 
defined.  It  is  now  fully  recognized  that  the  class  of  continuous  functions  is 
much  wider  than  that  of  functions  capable  of  an  approximate  graphical 
representation ;  and  that  the  conditions  for  the  existence  of  definite  differ- 
ential coefficients  are  of  a  much  more  stringent  character  than  would  be  the 
case  if  they  were  included  under  the  bare  condition  of  continuity  of  the 
function. 

fix)  —  fix ) 
201.     It   may   happen   that  at   a  point  a?,,   the    function   ''--^ — J-UJ 

X  "^  X\ 

possesses  finite,  or  even  indefinitely  great,  limits  on  the  right  and  on  the  left 
at  jTi  which  differ  from  one  another ;  the  function  is  then  said  to  have  deriva- 
tives, on  the  right  and  on  the  left  at  Xi .  These  are  frequently  spoken  of  as  the 
proffressive  and  regressive  derivatives  respectively.  A  function  may  possess  a 
progressive  derivative  and  no  regressive  derivative,  or  the  reverse. 

When  at  the  point  Xi  a  function  is  not  differentiable,  and  possesses 
neither  a  derivative  on  the  right  nor  one  on  the  left,  then   the   function 

f(x)-'f(Xi) 

— - — =^-^ — -  has  at   a?i   four  functional  limits,  an   upper  and   a   lower   on 

X  ^  Xi 

the  right,  and  an  upper  and  a  lower  on  the  left ;  and  any  one  of  these  may  be 
either  finite  or  infinite.  These  four  limits  are  defined  to  be  the  upper  and  lower 
derivatives  SLt  Xi  on  the  right,  and  the  upper  and  lower  derivatives  at  x^  on 
the  left,  and  are,  in  accordance  with  the  notation  of  Scheefferf,  denoted  by 
D^f{x,\  D^f{x,\  D-f{x,\  D^f{x,)  respectively. 

It  is  frequently  convenient  in  this  general  case  to  speak  of  the  derivatives 
oif{x)  on  the  right  and  on  the  left  as  existent  but  indefinite  in  value :  and  in 
this  case  Z>+/(a:,),  D+f(xi)  are  regarded  as  the  limits  of  indeterminacy  of  the 
derivative  on  the  right,  and  D~'f{x^),  D^f(xi)  as  those  of  the  derivative  on 
the  leflb. 

The  definitions  which  have  been  given  for  the  case  in  which  the  domain 
of  the  function  is  continuous  are  applicable,  without  essential  change,  to  the 
case  in  which  the  domain  is  any  perfect  set  of  points.  At  a  point  of  the  set 
which  is  a  limiting  point  on  both  sides  there  exist  in  general  the  four  deriva- 
tives 2)+/(a?),  D^f(x),  D^fix),  D^f{x\  two  or  more  of  whicli   may  have 

*  Joum.  6col,  polyt.,  vol.  vi,  1806,  p.  148. 

t  Acta  Mathematica,  vol.  v.    The  same  limits  were  ooDsidered  by  Du  Bois  Beymond,  Programm, 
Freiburg,  1870,  also  MUnch,  Abh.  vol.  xu,  p.  125,  ander  the  name  Unbestimmtheitsgrenzen. 
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equal  values ;  and  at  a  point  of  the  perfect  set,  which  is  a  limiting  point  on  one 
side  only,  there  exist  of  course  only  the  two  derivatives  on  that  side.  If  the 
domain  be  any  closed  set,  the  derivatives  exist  only  at  those  points  which  are 
limiting  points  of  the  set. 

A  function  defined  for  a  perfect  set  may,  by  the  method  of  correspondence, 
be  correlated  with  a  function  defined  for  a  continuous  interval,  the  order  of 
the  points  in  the  continuous  interval  and  in  the  perfect  set  being  the  same ; 
and  thus  all  properties  of  derivatives  of  functions  defined  for  a  continuous  in- 
terval have  their  analogues  in  the  case  in  which  the  domain  is  any  perfect  set. 

• 

EXAMPLES. 

1.  If /(J7)=^8in -,  /(0)=0  ;   we  have  •^-^-^--  —= sin  t,  and  for  arbitrarily  small 

values  of  A,  this  oscillates  between  1  and  - 1.  The  function  f{x\  although  continuous 
at  jr=0,  possesses  no  differential  coefficient  at  that  point ;   in  fact 

2>V(0)  =  1,   2>^/(0)=-l,   2>-/(0)  =  l,   2>./(0)=-l. 

2.  If /(.r)=.r*sin-,  /(0)=0,  the  differential  coefficient /' (4?)  exists  for  every  value 

of  x^  and  is  finite.  At  the  point  x=0^  f  {x)  is  zero,  but  has  a  discontinuity  of  the  second 
kind. 

3.  Let*  /(ar)=\^  f  1  -\-x  sin  -  j ,  for  J7>0 ;  f(x)=  -  V  —x  ( 1  -\-x sin  -  j ,  for  x<0 ;  and 

f(fl)=0.  In  this  case  f'(x)  everywhere  exists;  its  value  at  a?=0,  is  +ao,  and  although 
it  has  a  finite  value  at  every  point  except  at  x=0,  it  oscillates  in  the  neighbourhood  of 
that  point  between  indefinitely  great  positive  and  negative  values. 

4.t    The  function  defined  by  f{x)^x{l-\-^8in(\oga^)}y  and  /(0)=0,  is  everywhere 
continuous,  and  is  monotone,  but  has  no  differential  coefficient  at  x=:0, 

-i        1 
5.  J     Lei  f{x)=^e  «*sin-,  /(0)=0;  this  function  has  at  every  point  a  differential 

coefficient,  and  this  is  continuous  at  xs=0.  The  differential  coefficient  vanishes  at  x—Oj 
and  at  an  infinite  number  of  points  in  the  neighbourhood  of  j?=0.  The  function  /'  (jp) 
like  f{x),  has  an  infinite  number  of  oscillations  in  a  neighbourhood  of  a;=0. 


THE   DIFFERENTIAL   COEFFICIENTS  OF   CONTINUOUS   FUNCTIONS. 

202.  Let  us  suppose  that  a  continuous  function,  defined  for  a  continuous 
domain,  is  such  that  at  every  point  interior  to  an  interval  (a,  /3)  there  exists 
a  differential  coefficient;  this  differential  coefficient  may  at  any  point  have 
a  finite  value  which  may  be  zero,  or  it  may  have  an  infinite  value  of  which, 
however,  the  sign  is  definite.     It  will  be  observed  that  /(x)  is  assumed  to  be 

*  Dini,  Grundlagen,  p.  112. 

t  Pringsheim,  Encyklopddie  dtr  Math.  Wissensch,  11  a.  i,  p.  22. 

X  Dini,  Grundlagerif  p.  313. 
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continuoas  at  the  points  a,  13,  but  it  is  not  assumed  that  definite  derivatives 
exist  at  those  points.  It  will  be  shewn  that,  unless  the  function  be  constant 
throughout  (a,  fi),  there  exists  at  least  one  point  in  the  interior  of  (a,  13)  at  which 
the  differential  coefficient  has  a  definite  finite  value  different  from  zero. 

Suppose  /(a),  f{fi)  to  be  unequal.  If  they  be  not  unequal,  and  the 
fonction  be  not  constant  throughout  (a,  ^),  we  can  replace  the  interval  (a,  ^), 
by  another  one  contained  in  it,  for  which  the  functional  values  at  the  ends 
are  unequal.    Let  us  consider  the  function 

F{x)  ^f{x)  --fia) - 1£-|  {/(^)  -/(a)}. 

^(a)  and  F(I3)  vanish,  and  F(x)  is  continuous  in  (a,  13),  and  has  a  differential 
coefficient  in  the  ordinary  sense  at  each  point,  with  the  possible  exception  of 
a  and  fi ;  therefore  it  follows  by  the  theorem  of  §  171  that  there  is  at  least  one 
point  Of,  in  the  interior  of  (a,  13),  at  which  F(x)  is  a  maximum  or  minimum: 
this  is  the  case  even  i{  F(x)  be  everywhere  zero  in  the  interval.  A  number  e 
can  therefore  be  found  such  that  F(xi-\-S)-F  (a?i),  F(x^  -  S)  -  F{xi)  have  the 
same  sign,  or  else  vanish,  provided  S  <  € ;  and  consequently  the  derivatives  at 
Xi  on  the  right  and  left  must  have  opposite  signs,  unless  both  of  them  be  zero ; 
therefore  the  differential  coefficient  at  Xi,  which  must  exist,  must  be  zero.    It 

follows  that  r  (xi)  — -^  ^^"^-^^^^  =  0,  and  thus  the  point  Xi  is  the  point  of 

which  the  existence  was  to  be  proved.  From  this  theorem  we  deduce  the 
following  general  theorem: — 

If  f(x)  be  continuous  in  the  interval  (a,  6),  and  be  such  that  it  has  a 
differential  coefficient  at  every  point  in  the  interior  of  the  interval,  and  if  there 
be  in  (a,  b)  no  lines  of  invariability,  then  there  exists  in  (a,  b)  an  everywhere- 
dense  set  of  points  at  which  the  differential  coefficient  ha^  finite  values  differing 
from  zero. 

This  is  proved  at  once  by  applying  the  foregoing  theorem  to  any  interval 
contained  in  (a,  b).  There  may  be  in  (a,  6)  infinite  sets  of  points  at  which  the 
differential  coefficient  is  either  zero  or  infinite. 

203.  If  the  function  f(x)  be  continuous  in  die  interval  {x,  x  +  h),  and  at 
every  point  in  the  interior  of  this  interval  f  (x)  exist,  being  either  finite  or 
infinite  with  fixed  sign,  then  a  point  x  +  Oh  exists,  where  0  is  some  proper 
fraction,  and  is  neither  0  nor  1,  such  that 

f{x  +  h)  ^f(x)  +  hf  {X  +  0h), 

This  is  at  once  seen  by  taking  a  =  a?,  y8  =  a:  +  A,  x^^x^-Oh  in  the  proof  in 
§  202.     This  is  known  as  the  mean  value  theorem  of  the  Differential  Calculus. 

A  corollary  fipom  the  mean  value  theorem  is  that,  if  f{x)  =/(a?  +  h),  then 
f'{x)  must  be  zero  at  one  point  at  least  in  the  interior  of  the  interval 

{x,  x  +  h). 
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An  important  extension  of  the  mean  value  theorem  is  the  following : — 

If  f{x)  he  continuoiLS  in  the  interval  {x,  ar  +  A),  and  have  a  differential 
coefficient  at  every  point  of  the  interval ,  luith  the  possible  exception  of  the 
end-points;  and  if  F{x)  he  another  function  which  is  also  continuous  in  Vie 
same  intervcd,  and  at  every  interior  point  has  a  finite  differential  coefficient 
different  from  zero,  whilst  at  the  end-points  there  may  he  no  definite  derivatives, 
or  they  may  he  zero,  or  infinite,  then 

f{X'\rh)^f{x)    _f(x-^0h) 

F{x-^h)-F(x)     F\x-h0h) 
for  some  value  of  0  which  is  a  proper  fraction,  and  is  neiilier  1  nor  0. 

To  prove  the  theorem,  let 

i>  (?) =/(?)  -m  -  P^f^)  \m  -  F^.)] ; 

then,  since  F'{x)  does  not  vanish  in  the  interior  of  the  interval  (a:,  x-\-h),  it 
follows  that  F{x-\-h)'-'F(x)  cannot  be  zero.  Since  <^  (a?)  =  <^  (a:  +  A),  and 
(f>(^)  satisfies  the  conditions  of  the  mean  value  theorem,  <^'(f)  must  vanish 
for  some  value  x-\-0h  of  f ,  interior  to  the  interval  {x,  x  +  h).  We  have 
then 

from  which  the  theorem  follows,  since  i'^'(ir  +  ^A),  and  therefore /'(a:  +  ^A) 
cannot  be  infinite.     In  the  case  in  which /(a?  +  A)  =/(a?),  we  have 

f{x  +  0h)  =  0, 

for  some  suitable  value  of  0 ;  and  then,  since  i^(a?  +  A)  —  F(x),  F'(x-\'  0h)  are 
finite,  the  theorem  still  holds. 

204,     The  last  theorem  may  be  applied  to  obtain  a  strict  proof  of  the 

legitimacy,  under  certain  conditions,  of  a  well-known  method  of  evaluating 

0    00 
limits  which  appear  in  the  so-called  indeterminate  forms  -r ,  —  . 

Let  the  two  functions  f{x),  F{x)  be  both  continuous  at  all  points  interior  to 
the  interval  (a,  a+^S),  and  let  the  limits  f(a-\-0),  F(a+0)  both  exist  and  be  zero; 
if  finite  differential  coefficients  f\x),  F\x)  exist  at  every  interior  point  of 
(a,  a  + 13),  and  F'{x)  be  everywhere  within  this  interval  different  from  zero,  then 
if  one  of  the  two  limits 

exist  as  a  definite  number,  or  be  infinite  with  a  fixed  sign,  the  other  limit  also 
exists,  and  the  two  have  the  same  value. 
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The  two  functional  values  /(a),  F(a)  may  both  be  defined  to  be  zero,  and 
thus  the  functions  /(^c),  f*i^)  are  continuous  in  any  interval  (a,  a  +  A),  when 
h<ff.     We  have  then,  from  the  extension  of  the  mean  value  theorem 

F{a-\-h)     F\a+0h)' 

where  0  is  some  proper  fraction.     Since  0h  converges  to  zero  when  h  does  so, 
the  theorem  follows  at  once  from  this  equality. 

Let  the  two  functions  f{x\  F{x)  be  both  continuous  at  all  points  interior  to 
ti'ie  interval  (a,  a  +  ^),  and  let  the  limits  /(a  +  0),  ^(a  +  0)  both  exist  and  be 
infinite,  ea>ch  with  a  fixed  sign;  if  finite  differential  coefficients  f\x\  F'{x) 
exist  at  every  i^Uerior  point  of  (a,  a  +  /8),  and  F'{x)  be  everywhere,  within  this 
interval,  different  from  zero*,  then  if  one  of  the  two  limits 

,.    /(g  +  A)     ,.    /'(«+A) 

To  F{a  +  h)  •    H  F'la  +  h) 

exist  as  a  definite  number,  or  be  infinite  witit  a  fixed  sign,  the  other  limit  also 
exists,  cmd  the  two  have  the  same  value. 

Consider  the  interval  (a  +  Si,  a+  S,)  interior  to  (a,  a  +  ^);  we  have  then 

where  S,  lies  between  the  numbers  Si  and  Sji  this  equation  may  be  written  in 
the  form 

/(tt  +  3i)  „  /(tt  +  S,)  ,  />  +  g3)L  ^  F{a-^h,)\ 
^(a+Si)"/'(a+Si)"^^'(a  +  S»)l        F{a^^h,y ' 

Taking  a  fixed  value  of  Sg,  and  an  arbitrarily  small  positive  number  €,  we 
can  find  a  positive  number  S'(<  Sj),  such  that  for  every  value  of  Si  (>  0)  which 
is  <  h\  the  inequalities 

|i'(a  +  S,)|>i|/(a  +  S,)j.    |  F(a  +  S.)  I  >- I  ^(a  +  «,)i 

are  both  satisfied:  this  follows  from  the  fact  that  -F(a-f  0)  is  infinite  with 
fixed  sign. 

We  have  now 

.FCa  +  Si)"'^"^^'      ^^F\a\'Ky 
where  j  17 1  <  e,  and  |  f  j  <  €,  for  all  values  of  Si  which  are  >  0,  and  <  S'. 

Let  us  first  assume  that  ^tt A  has  a  definite  finite  limit  k ;  we  may 

F  {a-\-h)  '  "^ 

*  The  tmneeesaary  hypothesis  is  made  by  Stolz  (see  Grundzuge,  vol.  i,  p.  77),  that  F'  {x)  haR 
everywhere  the  same  sign.  For  a  history  of  these  theorems,  see  Pringsheim,  Encyklop<idie  d. 
Math.  Wiuetuch.  ii  a.  i,  p.  26. 
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then   choose   Sj  so  small  that  ^^77 ^  —  A:   is   numerically  less  than  an 

arbitrarily  chosen  positive  number  17',  for  every  value  of  ^,  which  is  <  S, ;  we 
have  then 

{^r^)-f'  =  'n  +  ^-tik  +  n,  when  |ri<.j'. 
Since  17'  and  €  arc  both  arbitrarily  small,  the  absolute  value  of 

/(«+A)_. 

is  arbitrarily  small,  for  all  sufficiently  small  valnes  of  3i ;  and  it  thus  follows 
that 

Next  let  us  assume  that  —-n rr  has  an  infinite  limit,  for  A  =  0 ;  we 

jp  (a-\-  ft) 

may,  without  loss  of  generality,  take  this  limit  to  be  of  positive  sign.     We 

may  choose  an  arbitrarily  large  positive  number  N,  and  a  number  N'  >N; 

fid  4-  &.^ 
and  we  may  then  choose  Sj  so  small  that   ri//    ■  ?\^-^>  ^^^  ^  possible 

values  of  83  <  ^a ;  ^^^ 

/<|±|>=,+(i-!r)(if-+rt 

where  p  is  positive. 

The  number  e  may  now  be  chosen  so  small  that 

,  +  (l-?)(JV'+p)>JV 

for  all  the  possible  values  of  77  and  ^\  and  therefore  an  interval  on  the  right 
of  a  can  be  determined,  such  that  for  all  interior  points  the  inequality 

F{ai->,hy 
is  satisfied.     Since  N  is  arbitrarily  great,  it  follows  that 

lim  4t^ — i4  =  +  oo. 

The  relation        -0^+^ L    /(?  +  «.)  _  _JL_ 

Ihe  relation        r(a^.h,)     \ -^  F{a^l,)     l-f 

may  be  employed  to  prove,  in  a  similar  manner,  that  the  existence  of 

"f  (a.  4-  h\ 

involves  that  of  lim  ^^77 r\,    and   that   the   two   limits   have  the  same 

value. 
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206.  If  the  otherwise  continuous  function  f{x)  have  a  discontinuity  of 
the  second  kind  at  the  point  a,  at  least  on  the  side  which  is  towards  the  interval 
(a,  a  +  A),  but  the  function  have  a  finite  differential  coefficient  at  every  point  of 
the  interval  (a,  a  +  h),  except  at  the  point  a,  then  the  absolute  values  of  these 
differential  coefficients  in  any  arbitrarily  small  neighbourhood  of  a  have  no 
upper  limit. 

By  applying  the  mean  value  theorem  we  have 

f(a  +  8.)  -/(a  +  S,)  =  (S.  -  S,)/'(a  +  S,), 
where  0  <  Si  <  Sj  <  A,  and  S,  is  some  number  lying  between  Bi  and  8,. 

Now  if/(a  +  0)  and  /(a  +  0)  be  unequal,  values  of  Si  and  Sj,  less  than 
any  arbitrarily  prescribed  positive  number  €,  can  be  chosen,  such  that 

/(a+S2)-/(a  +  Si) 

is  arbitrarily  near  to  /(a  +  0)  — /(«  +  0),  whefeas  Sa  —  S^  is  arbitrarily  small; 

therefore  it  follows  that  fia-i-  S,)  must  have  arbitrarily  great  values,  in  any 
neighbourhood  of  a. 

The  mean  value  theorem  /(a  +  h)  —/(a)  =  hf'(a  +  Oh),  where  0  <  ^  <  1, 
affords  information  as  to  the  existence  and  value  of  the  derivative  at  a,  on 
the  right,  provided  /(x)  satisfies,  in  a  neighbourhood  of  a  on  the  right,  the 
conditions  under  which  the  theorem  holds.  By  considering  both  sides  of  or, 
information  may  be  obtained  as  to  the  existence  of  a  differential  coeflficient 
at  a. 

(1)  If  the  function  /'  (x)  have  a  functional  limit  at  a  on  the  right,  then 

/(g  +  h)  ^f{a) 

h 

has  a  definite  limit  for  A  =  0,  either  finite,  or  infinite  with  fixed  sign,  and 
this  is  equal  to  that  of  f\x).  It  follows  that,  in  this  case,  a  derivative  at  a 
on  the  right  exists,  and  is  either  finite,  or  infinite  with  fixed  sign. 

(2)  If  the  function  f\x)  have  no  limit  at  a  on  the  right,  it  may  still 
happen  that  f\a  +  Oh)  has  a  definite  limit  at  a  on  the  right,  because  a  +  dA 
is  not  necessarily  capable  of  having  all  values  within  a  neighbourhood  of  a. 
In  this  case,  either  (a)  the  derivative  at  a  on  the  right  may  be  definite,  and 
lie  between  the  upper  and  lower  limits  of  f'(x)  at  a  on  the  right,  or  it  may 
be  equal  to  one  or  other  of  those  limits;  or  (6)  there  may  be  no  definite 
derivative  at  a  on  the  right,  but  I^f(o),  D+f(a)  may  have  different  values, 
and  these  are  certainly  both  finite  in  case  the  upper  and  lower  functional 
limits  o{  f\x)  at  a  are  both  finite. 

(3)  The  derivative  on  the  right  at  a  can  only  exist  and  be  infinite,  (a)  if 

f\x)  have  an  infinite  limit  on  the  right  at  a,  or  (6)  if  it  have  an  infinite  upper 

limit  on  the  right  at  a.     In  either  of  the  cases,  (a)  and  (6),  f\x)  may  be 

everywhere  finite  within  a  neighbourhood  of  a  on  the  right,  or  it  may  be 

infinite  at  some  points  in  such  a  neighbourhood. 
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(4)  If  the  derivative  at  a  on  the  right  exist  and  be  finite,  then  either 
{a)f'(x)  has  a  definite  limit  at  a  on  the  right,  equal  to  the  derivative  at  a,  or 
(6)  f\x)  has  DO  definite  limit  at  a  on  the  right,  but  a  sequence  of  points 
can  be  determined,  of  which  a  is  the  limiting  point,  such  that  the  values 
oi  f'{x)  for  points  of  that  sequence  converge  to  the  value  of  the  derivative 
at  a.  At  points  which  do  not  belong  to  the  sequence,  the  values  oif\x)  may 
be  either  finite  or  infinite. 

(5)  The  non-existence  of  a  definite  derivative  at  a  on  the  right  may  be 
due  to  the  non-existence  oi  f\x)  at  all  the  points  of  any  neighbourhood  of  a, 
or  only  at  an  infinite  number  of  points  of  such  a  neighbourhood. 

206.  If  f{x)  be  continuous  in  a  given  interval  and  have  at  every  point, 
with  the  exception  of  an  enumerable  set  G,  a  differential  coefficient  of  value 
zero,  the  function  is  constant  throughout  the  whole  interval. 

At  the  points  of  G  we  may  suppose  it  to  be  unknown  whether  a  dif- 
ferential coefficient  exists,  or,  if  one  does  exist,  what  values  it  has. 

A  more  general  form  of  this  theorem  is  obtained  by  considering  not  the 
difiFerential  coefficient,  but  any  one  of  the  four  derivatives,  thus : — 

If  f(x)  be  continuous  in  a  given  interval,  and  one  of  the  four  derivatives 
D'^f{x\  D+f(x),  D^fix),  D^f{x\  be  such  that  it  is  zero  at  every  point  of 
the  interval,  with  the  exception  of  points  belonging  to  an  enumerable  set  G,  at 
which  nothing  is  known  as  to  its  value,  then  the  function  is  constant  throughout 
the  interval. 

To  prove  the  generalized  theorem  for  the  case  of  the  function  D^f{x), 
suppose  that,  if  possible, /(a?)  —f{a)  has  at  some  point  a?i  a  value  different  from 
zero,  say  the  positive  value  p;  and  let  if>{x,  k)  denote  f(x)-'f  (a)  — k{x  — a). 
Then  <f>  (a,  k)  =  0,  <f>{xi,  k)=p-'  k  {x^  —  a).     Choose  any  fixed  positive  number 

q<p,  then  <^  {x^,  k)  >  q,  provided  k  <  - — -  ,  or  say  k<K,    Since  <^ {x,  k)  is 

X-^  ~~  a 

continuous  in  (a,  b),  and  <t>{a,  k)  is  zero,  whilst  if>(xi,  k)  >  q,  there  exists  an 

upper  limit  of  those  values  of  x  between  0  and  x^,  for  which  <f>(x,  k)  ^  q, 

and  this  upper  limit  is  attained  for  some  value  f  of  x,  which  is  such  that 

f  <  a;, ,  and  <f>  (f ,  k)  =  q.    Since  (j)  (^  +  h,  k)  >  q,  provided  0  <  A  ^  ari  —  f ,  we  see 

that,  since  ^^ '—f — ^-^—  is  positive,  D^(f>(^,  k)  is  positive  if  it  be  not 

zero.     Now  if  f  were  a  point  not  belonging  to  G,  the  value  of  D^(f>(^,  h) 
would  reduce  to  —k\   and  therefore  |  must  belong  to  G, 

The  number  q  being  fixed,  f  depends  only  on  k\  and,  corresponding  to  a 
given  value  of  f ,  there  is  only  one  value  of  k ;   for 

</•  (?-  A)  -  «^  (f.  k')  =  Qc'  -k){^-  a). 
which  cannot  vanish  unless  k  =  k\  since  <f>  (a,  k)  is  zero  and  therefore  <  g.    For 
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a  given  value  of  k,  the  correspoDding  number  of  values  of  ^,  all  of  which 
necessarily  belong  to  6,  must  be  either  finite  or  enumerably  infinite,  since 
every  part  of  an  enumerable  aggregate  is  either  finite  or  enumerable.  There- 
fore to  each  value  of  k,  in  the  continuous  interval  (a,  K  —  /8),  there  corresponds 
a  finite  or  enumerable  set  of  values  of  ^,  and  it  would  hence  follow  that  the 
continuum  (a,  K —  13)18  itself  enumerable,  which  we  know  is  not  the  case. 
It  has  thus  been  shewn  that  for  no  point  can  f(x)  —/{a)  have  a  positive 
value  ;  and  similarly,  by  considering  f{x)  —/(a)  -\-k{x—a\  it  can  be  shewn 
that  y(d?)  —/(a)  can  nowhere  have  a  negative  value ;  hence  f{x)  =^f(a) 
throughout  the  whole  interval  (a,  6).  The  case  in  which  one  of  the  other 
three  derivatives  vanishes  except  at  points  of  0  can  be  treated  in  a  similar 
manner. 

The  following  theorem*  which  is  of  importance  in  the  theory  of  Integra- 
tion will  now  be  established : — 

If  two  Junctions  be  each  contintiotLS  in  a  given  interval,  and  if  of  one  of 
the  four  derivatives  it  he  known  that,  for  the  two  functions,  this  derivative  has 
equal  finite  values  at  each  point  of  the  interval,  with  the  exception  of  an 
enumerahle  set  of  points  at  which  nothing  is  known  as  regards  the  two 
derivatives,  then  the  two  functions  differ  from  one  another  only  by  a  constamt, 
which  must  be  the  same  for  the  whole  interval. 

It  must  first  be  observed  that  the  proof  of  the  preceding  theorem  suffices 

to  shew  that,  if  D^f(x)  ^  0,  at  every  point  of  (a,  b)  not  belonging  to  the 

set  0,  then  f(x)  —fia)  ^  0,  for  every  point  x  of  the  interval.     Similarly,  if 

D^f{x)  ^  0,  everywhere  in  the  interval,  except  at  the  points  of  0,  then 

f{x)  —/(a)  « 0  at  every  point  of  the  interval. 

If  now  fi  {x),  fi(x)  be  two  continuous  functions  such  that 

D^f(x)  =  D^f,{x) 

at  every  point  of  (a,  b)  not  belonging  to  0,  let  f(x)  =/  (x^)  -/(a?j).  If  e  be 
an  arbitrarily  small  positive  number,  then  for  any  point  x  not  belonging  to  G, 
the  condition 

is  satisfied  for  a  set  of  positive  values  of  A  which  are  arbitrarily  small.  Also 
we  have,  for  all  sufficiently  small  values  of  h, 

hence,  idnce  2)+/,(«)  =  D+/,(a!).  we  see  that  -^^^^^^1^^=^  >  -  2e,  for  all 

*  Soheeffw,  Acta  Mat.  toI.  t,  p.  288. 
B.  18 
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values  of  h  belonging  to  some  set  It  follows  that  i>+"/(a?)  >— 2e,  and 
thence*  that  2)+/(a?)^0,  since  €  is  arbitrary.  By  interchanging /i  (a?) 
and  /a  (a;),  we  see  that  D+  {— /(«^)}  =0-  From  these  two  results  we  deduce 
that  /(a?)-/(a)^0,  and  that  /(a) -/(a?)  ^  0,  throughout  the  interval 
(a,  6) ;  therefore  f{x)  is  everywhere  equal  to  f{a\  and  thus  the  theorem 
is  established. 

207.  At  a  point  x  at  which  the  continuous  function  f{x)  is  a  maximum, 
since,  for  a  sufiSciently  small  neighbourhood  of  such  a  point  x^  the  differences 

f(x  +  h)-f(x),   /(x~h)-/(x) 

are  both  negative  or  zero  for  all  points  x±hm  the  neighbourhood,  it  is  clear 
that  each  of  the  derivatives  D^f{x\  D^f{x)  is  either  negative  or  zero,  and 
that  each  of  the  derivatives  D~f{x)y  B^f(x)  is  either  positive  or  zero.  In 
case  the  function  possess  definite  derivatives  on  the  right  and  on  the  left  at 
the  point  x,  the  first  of  these  is  zero  or  negative,  or  possibly  —  oo  ,  whilst  the 
second  is  zero  or  positive,  or  possibly  +  qo  . 

If  at  the  point  x  a  definite  differential  coefficient  exist,  it  must  conse- 
quently be  zero.  In  the  case  of  a  minimum  the  corresponding  statements 
hold,  where  the  positive  sign  takes  the  place  of  the  negative  one,  and  the 
reverse.    The  following  theorem  has  now  been  established : — 

If  a  corUinucms  function  possess  a  differential  coefficient  at  a  point  x  at 
which  the  fwnction  is  a  maximum  or  minimum,  then  the  differential  coefficient 
at  X  must  he  zero, 

208.  A  continuous  function  may  be  such  that  in  the  interval  (a,  6)  there 
exists  an  everywhere-dense  set  of  non-overlapping  intervals,  each  one  of  which 
is  a  line  of  invariability  of  the  function.  Within  each  interval  of  the  set, 
the  function  has  its  differential  coefficient  equal  to  zero ;  it  therefore  follows 
from  the  theorem  in  §  206,  that  the  closed  set  of  points,  of  which  the 
given  set  of  intervals  is  the  complementary  set,  cannot  be  an  enumerable 
set,  otherwise  the  function  would  be  constant  in  the  whole  interval  {a,  6). 
It  is  further  clear  that  no  two  of  the  intervals  can  abut  on  one  another; 
for  the  condition  of  continuity  of  the  function  at  their  common  end-point 
would  ensure  that  the  values  of  the  function  in  the  two  intervals  were  the 
same,  and  thus  the  two  intervals  would  really  belong  to  the  same  line  of 
invariability.  It  follows  that  the  end-points  and  external  points  of  an 
everjrwhere-dense  set  of  lines  of  invariability  of  a  continuous  function  must 
form  a  perfect  non-dense  set  of  points. 

That  a  continuous  function  with  an  everywhere-dense  set  of  lines  of 
invariability  can  actually  exist  can  be  easily  shewn  as  follows: — Make  the 
points  of  a  non-dense   perfect   set   correspond   in   order  to  the  points  of 

*  It  is  erroneoufily  stated  by  Dini,  that  D'*'/(^)"0.    See  GrtmiUa^Ai,  p.  27S. 
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a  continuous  interval  (a,  b),  then,  as  has  been  shewn  in  §  128,  the  corre- 
spondence may  be  such  that  the  whole  of  a  complementary  interval  of  the 
perfect  set  corresponds  to  one  point  of  the  continuous  interval.  If  a  con- 
tinuous function  be  deBned  for  the  continuous  interval,  we  may  define  a  new 
function  which  has  at  eeich  point  of  the  perfect  set  the  same  value  as  the 
original  function  has  at  the  corresponding  point  of  the  continuous  interval ; 
and  since  all  the  ppints  of  a  complementary  interval  of  the  perfect  iset  corre- 
spond to  the  same  point  of  the  continuous  interval,  the  new  function  is  such 
that  it  has  an  everywhere-dense  set  of  lines  of  invariability. 

EXAMPLES. 
1.    Take*  the  non-dense  perfect  set  defined  in  Ex.  1,  §  75,  by 

where  every  C»  is  either  0  or  2.    A  complementary  interval  has  as  its  end-points 

^,^,        .  fii-i  .  1         !^j.^a.       ■  fit-i  ■_  ^ 
3  ■*"3«  3»-*      3»'       3  ■*'32'^—"*'3»-i  ■*"3«' 

which  may  be  denoted  by  (a,,,  by).  Let  the  function  f(x)  be  defined  as  follows : — For  a 
point  X  of  the  interval  (0,  1)  belonging  to  the  perfect  set,  let 


/W-g  (^Y  +  2« +  —  +2^+— j  ' 


when  X  is  in  the  interval  (a,,,  6,,),  let  /(.r)  ■*/(«„)  =/(6„).  The  function  fix)  so  defined  is 
continuous,  and  varies  from  0  to  1,  and  is  constant  in  each  of  the  intervals  (a,,  b^)  com- 
plementary to  the  non-dense  perfect  set. 

2.t    Let  the  numbers  in  the  interval  (0,  1)  be  expressed  in  a  scale  n=2m- 1,  of  odd 

degree;  thus  ««=  —  -(- ^-1-...,  where  O^OrKn^  and  the  number  of  digits  o^  is  finite  or 

infinite.    For  any  number  x  represented  in  this  manner,  for  which  all  the  o^  are  even 

integers,  let/(x)  equal  o(  — +  — 1+...).    In  case  any  of  the  o^  are  odd,  let  a^  be  the 

first  one  which  is  odd,  and  let  f(x)  then  equal  =  (  —  +  -|+ ...  H — ir\  I  +  ^  *  ^    .    This 

function  f(x)  is  continuous  and  varies  from  0  to  1 ;  for  an  infinite  set  of  points  it  has  no 
dififerential  coeflicient,  and  for  all  other  values  of  x,  /'  {x)=0. 


THE  SUCCESSIVE    DIFFERENTIAL  COEFFICIENTS  OF   A  CONTINUOUS   FUNCTION. 

209.  If  a  continuous  function  f{x\  defined  for  the  interval  (a,  6),  have 
at  every  point  a  differential  coefficient  f'{x),  which  is  itself  continuous 
throughout  the  interval,  the  function  f'{x)  may  itself  have  a  differential 
coefficient  f"{a:\  which  is  called  the  second  differential  coefficient  or  deri- 
vative of /(«). 

*  Oiator,  Acta  Mat,  toL  it,  p.  886.    See  also  Scheeffer,  Acta  Mat,  yol.  ▼,  p.  289. 
'      .f  Qnif^  OoMptet  Rendm^  yd.  ozxvu,  p.  1006. 

18—2 
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The  second  differential  coefficient  of  /{x)  at  a  point  a^,  when  it  exists,  is 
expressible  as  a  repeated  limit 

lim  (iim/(^  -f  A  -f  A;)  ^/(x,  -f  h)  -f{x,  -h  k)  -^/{x,)]^  ^ 

in  which  the  limit  for  A  =  0  is  to  be  first  obtained,  and  then  the  limit 
for  A:  =  0. 

The  existence  of  the  repeated  limit  as  a  definite  number  does  not  neces- 
sarily imply  the  existence  of/"(a?i). 

The  above  definition  of  f"(x)  is  applicable  at  any  point  Xi  for  which 
a  neighbourhood  (a?i  —  e,  a?i  +  e')  exists,  such  that  f  (x)  exists  everywhere 
in  that  neighbourhood  and  is  continuous.  The  continuity  of/'  (a?)  is  however 
not  sufficient  to  ensure  that/"  (x)  exists. 

When /' {Xi)  has  a  definite  value,  but/' (a?)  fails  to  possess  a  definite 
value  at  some  or  all  of  the  points  of  the  neighbourhood  (xi  —  c,  Xi-\-  e'),  it 
may  happen  that  the  ratios 

i?^/(^i  +  k)  -/'  {X,)  D+/{ah  +  k)^f(x,) 

k  '  k  ' 

iyf(ah  +  lc)^f'{x,)  D^fjx,  +  k)  -/'  (x,) 

k  '  k  ' 

all  have  the  same  limit  for  k^O.  In  this  case  we  may  regard  this  limit 
as  defining/" (o^);  and  thus  this  extended  definition  is  applicable  to  cases  in 
which  f'{x)  exists  at  the  point  Xi,  and  at  some  only,  or  at  none,  of  the 
points  in  any  neighbourhood  of  ^,  however  small  that  neighbourhood  may 
be  chosen. 


210.  If  in  an  interval,  which  contains  in  its  interior  the  point  o^,  the 
differential  coefficient  f  (x)  off{x)  everywhere  exist,  and  he  continuous  through 
the  interval,  and  if  farther  the  second  differential  coefficient  f"{x)  exist 
throughout  the  interval,  being  at  every  point  either  finite,  or  infinite  with  a 
definite  sign,  and  be  finite  at  the  point  Xi,  then  f"  (xi)  is  the  limit,  when  A  =  0, 
of  either  of  the  expressions 

fix,  +  A)  ~  2f{x,)  +f(x,  ~  h) 

/(x,  +  2h)  -  2/(<Bi  +  h)  +f(a!,) 

A« 

The  converse  does  not  hold ;  for  either  of  these  expreamons  may  have  a 
definite  finite  limit  at  h=0,  and  yet  f"{a>i)  maymi^neH,  <a  W9a/'{m^ 
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may  not  esist.  An  illustration  of  this  is  the  case  of  the  fdoction  defiDed  by 
/(0)»0,  /((c)  =  «ain'-  for  e^>0;  at  the  point  0,  /'(O)  baa  no  existence, 
and  yet 

„„/(*) -W)+/(-M„o, 

To  prove  the  theorem,  we  may  take  {jc,  -  e,  a?,  +  e)  as  the  neighbourhood 
of  the  point  «,,  through  which  f'{x)  is  continuous  and  f"{x)  everywhere 
exists.    Suppose  f"(x,)  =  k ;  and  let  us  consider  the  function  ^(a;)  =f(x)  —  ^  fcc", 
which  has  similar  properties  to  the  function /(a;);  and  thus  0"(a'i)  =  O. 
If  A  <  e,  0  (iB,  +  A)  -  0  (a:,)  =      A0'  (a  +  Bh). 

0  (a:,  -  A)  -  0  (j;,)  =  -  A0'  {x,  -  e,k), 
where  6,  0,  are  proper  fractions ;  again 

f  («,  +  eh)  -  <f>'(x,)  -     ^A0"(ic,  +  06fh), 
0'  (ar.  -  0,k)  -  0'  (a;.)  =  -  5,  A0"  (a:,  -  ^,  |9,A), 
where  d„  9,  are  proper  fractions.     We  6nd  from  these  results 

Since  0"(aH)  exists  and  is  zero, 

0'(iC  +  gA)-0'(a;,)  0'(a;.-tf,A)-0'(a;.) 

^A  '  -tf,A  ' 

both  have  zero  as  limit,  for  A  =  0 ;  heoce  the  same  is  true  of  0"  (iC|  +  00th), 
0"(aa  — 5,tf,A),  as  is  seen  from  the  formulae  above. 
It  has  thus  been  shewn  that 

k-D  A' 

which  shews  that 

kr.0  n 

A  similar  proof  establishes  the  theorem  which  relates  to  the  other  limit. 

211.    The  following  theorem,  due  to  Schwarz*,  is  of  fundamental  im- 
portance in  the  theory  of  Fourier's  series. 

If,  in  an  interval  (a,  0)  in  which /(x)  is  continuoua,  the  eaipression 

/(x  +  k)~y(x)^/(x-h) 
h' 

eonverge/or  Mck  valnt  o/x  in  (a,  0)  to  the  limit  zero,  for  A  =  0,  then  the  function 
/(«)  it  a  liMarJunaion  in  the  whole  interval,  and  consequently  f  {x),  f"  {x) 
0  tmutt,  and  the  latter  is  everywhere  aero. 
'  CrtUt't  Jaumal,  vol.  u»n. 
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Let  us  consider  the  function 

<t>(x)^  ±  {/(ar)-/(a)-|^[/03)-/(«)]}+^(«'-«)(«-y8). 

where  A;  is  a  constant.  The  function  4>(x\  whichever  sign  be  taken,  is 
continuous  in  (a,  ^),  and  vanishes  at  a  and  /3.     We  find  at  once 

li^  <l>(x  +  h)^2<f>(x)-\-<f>(x'-h)  ^  ^j^  ^ 

and  therefore,  for  each  value  of  x  in  (a,  /3),  a  positive  number  e  can  be  found, 
such  that  <f){x  +  h)-'2(l>  (x)  +  <f>(x-'h)  is  positive  and  greater  than  zero  for 
all  values  of  h  which  are  numerically  less  than  e. 

If  <f>{x)  could  be  anywhere  positive  in  (a,  fi),  there  must  be  a  point  Xi 
at  which  it  has  the  greatest  positive  value,  and  this  point  is  not  a  nor  13, 
since  <f>  (a),  <f>  (/3)  both  vanish.    If  17  be  sufficiently  small, 

<f>(xi  +  v)-<l>  M  =  0,     <^  (a?i  - 17)  -  <^  (a?i)  ^  0, 
hence  (f>  (x^  -f  17)  -  2<^  (a^)  -f  <^  (a;j  - 17) 

would  be,  for  all  sufficiently  small  values  of  17,  either  negative  or  zero,  which 
is  contrary  to  what  was  shewn  above.  It  follows  that  <f)  (x)  is  everywhere 
negative  in  (a,  /3),  and  cannot  be  zero  except  at  a  and  jS, 

This  holds  whichever  sign  be  taken  in  defining  <t>(x).  Now  k^(x  —  o)  (a?  — 13) 
is  always  negative  except  at  a  and  fi,  and  may  be  taken  to  have  its 
numerically  greatest  value  as  small  as  we  please,  since  k  is  at  our  choice. 
It  follows  that 

/(x)-/(a)-|^[/(/S)-/(a)] 

can  nowhere  in  the  interval  be  difierent  from  zero ;  for,  if  at  any  point  it 
had  a  value  p,  by  choosing  k  such  that  &*  (a?  —  a)  (a?  — 15)  is  numerically  every- 
where <  p,  the  function  <f>  (x)  could  be  made  positive  at  the  point  by  proper 
choice  of  the  ambiguous  sign.  It  has  thus  been  shewn  that /(a?)  is  linear 
in  (a,  /8). 

212.  Schwarz's  theorem  can  be  extended  to  the  case  in  which  there  is 
an  enumerable  set  of  points  in  the  interval  (a,  fi),  at  which  it  is  not  known 
that  the  limit  in  question  exists,  or  is  zero,  provided  a  certain  condition  be 
satisfied  at  each  point  of  the  enumerable  set.  The  following  theorem  will 
be  established : — 

//,  in  an  interval  (a,  fi)  in  which  f(x)  is  continuotM^  the  expression 

/(x  +  h)^2f{x)+f(x^h) 

converge  for  each  value  of  x  in  (Oy  P)  to  the  limit  eero,  for  A  =  0,  except 
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that  for  an  enumerable  set  of  points  0  this  is  not  known  to  be  the  case,  then, 
provided  that  at  each  point  x  of  0  the  expression 

f(x  +  h)^2f(x)+f(x^h) 

h 

converge  to  the  limit  zero,  for  h  =  0,the  function  f(x)  is  a  linear  function  in 
the  whole  interval  (a,  fi). 

It  should  be  observed  that  the  condition 

^f(a^'^h)^2f(x)^f(x^h)_^ 

A=o  h 

is  certainly  satisfied  at  any  point  x  at  which  the  differential  coefficient /'(a?) 
exists  and  is  finite. 

To  prove  the  theorem,  let  it  be  assumed  that 

/'W-/(«)-|^{/(/8)-/(a)} 
has  a  positive  value  p  at  some  point  ^  interior  to  (a,  ^3) ;  and  let 

^(^.  *)=/(a:)-/(a)-|^{/(/3)-/(a)}  +  *(a,-a)«. 

where  A;  is  a  positive  number.     We  have 

<f>(a,  k)^0,  <f>(0,  A?)  =  A (i8  -  a)»,   and   <^(a?i,  A)  =p +  *(«!- a)«; 
and  hence,  provided 

the  number  <f>{xi,  k)  is  greater  than  ^(/3,  k),  and  than  ^(a,  A;).  We  shall 
suppose  ^  to  be  so  chosen  that  this  condition  is  satisfied;  it  then  follows 
that  <f)  (x,  k)  has  a  maximum  between  a  and  /3,  The  absolute  maximum 
value  of  <f)  (x,  k)  may  be  attained  once,  or  a  finite  number  of  times,  or  an 
infinite  number  of  times,  in  the  interval  (a,  jS). 

The  points  x  at  which  this  maximum  is  attained  have  an  upper  extreme 
x(<fi),  which  must  itself  be  a  point  at  which  the  maximum  of  <f)(x,  k)  is 
attained,  as  is  seen,  in  the  case  in  which  ^  is  an  upper  limit,  from  the 
condition  of  continuity  of  the  function.     We  have  therefore 

^(S-fA,  k)  —  if>{x,  k)^0,    and    ^(^  — A,  A:)  — <^(^,  A;)^  0, 

if  A  be  sufficiently  small;  from  which  we  conclude  that,  in  case 

,i^  H^-^Kk)^24>{x,k)-\-4>{x--h,k)  ^^.^^^ 
*=o  h^ 

its  value  is  ^  0.  It  follows  that  x  must  belong  to  0 ;  because  the  value  of 
this  limit  is  2k,  and  therefore  >  0,  for  any  point  which  does  not  belong  to  Q, 
Since  ^  is  a  point  of  0,  we  have 

j.^  f<^(g-f  A,  A?)-<^(^.  A;)  ^  4>{x"h,k)'-4>{x,k)\Q^^ 
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and  since  the  two  fractions  have  the  same  sign,  it  follows  that 

j.^<^(^  +  A,^)-.^(a,A:)^Q^   and   Hm ^fcA^^ni^i*)  =  0. 

From  this  result  we  deduce  that 

To  each  value  of  k  in  the  interval  (0,  K\  there  corresponds  one  value  of  «, 
and  it  is  impossible  that  the  same  value  of  x  can  correspond  to  two  different 
values  Ai,  k^  of  k.      For  if  this  were  the  case,  we  should  have 

Ai  (S  —  a)  =  ki{x  —  a), 

and  therefore  ki^k^,  since  :r>a.  Now  it  is  impossible  that  the  set  of 
points  k  interior  to  the  interval  (0,  K)  can  be  such  that  to  each  such  point 
there  corresponds  a  distinct  point  x  belonging  to  the  enumerable  set  0,  We 
conclude  that  it  is  impossible  that 

/(a:)-/(a)-|^{/(/3)-/(a)) 

can  have  a  positive  value  p  at  any  point  Xi  of  the  interval  (a,  /3) ;  and  it  can 
be  shewn  in  a  similar  manner  that  there  can  be  no  negative  value  of  the 
same  function  in  the  interval.  It  follows  that  the  function  must  everywhere 
be  zero,  and  therefore  that  f{x)  is  linear  in  the  interval  (a,  ff). 

213.  Let  us  suppose  that  a  continuous  function  f{x\  defined  for  the 
interval  (a,  /8),  is  such  that,  in  every  interior  point  of  any  sub-interval 
belonging  to  an  everywhere-dense  set  of  sub-intervals,  the  condition 

lim  /(^■H^)-2/(^)+/(^-^),o  i3  satisfied. 

It  follows  from  the  theorem  of  §  211,  that  in  any  one  of  the  sub-intervals 
f{x)  is  a  linear  function  of  x ;  and  thus  the  value  of  f{x)  in  a  sub-interval 
(on,  in)  is  a  linear  function  -4„«  +  £„.  The  set  of  sub-intervals  is  comple- 
mentary to  a  closed  set  of  points  0  which  is  non-dense  in  (a,  /3).  In  case 
this  closed  set  G  be  enumerable,  each  interval  {(in,  &n)  abuts  at  each  end 
on  another  interval  of  the  set ;  thus  we  may  suppose  that  {dn,  in)  abuts  on 
(<7ns  ^nO  at  the  end  6n>  so  that  hn  ^  dn** 

Let  us  now  assume  that,  at  each  point  of  6,  the  condition 

lim  n-^h)-2m^n.-h)  ^  ^  .^  ^^^^ 

We  have  then,  at  the  point  ^  =  6n  =  Ons  by  applying  this  condition,  and  also 
the  condition  of  continuity  of  f{x\ 

ilA  +  ^n  =  ^n'6n  +  5n',   and   An»-A^^Q\ 
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finom  which  we  deduce  that  Bn  =  Bn'j  and  thus  that  the  linear  functions 

are  identical.  Therefore  it  follows  that,  in  case  0  be  a  non-dense  enumer- 
able set,  the  fuDction  f(x)  must  be  a  linear  function  Ax  +  B  in  the  whole 
interval  (a,  /8).     This  is,  in  fiwt,  a  particular  case  of  the  theorem  of  §  212. 

The  condition  lim  *^^^       ^""  *^,^^^ — ^^ =  0  being  certainly  satisfied 

at  any  point  x  at  which  f(x)  has  a  finite  differential  coefficient,  we  therefore 
obtain  the  following  theorem  : — 

If  f{x)  be  a  continuous  function  possessing  everywhere  in  the  interval  (a,  13) 
a  finite  differential  coefficient,  and  the  fwnction  he  linear  in  each  one  of  an 
everywhere-dense  set  of  intervals  complementary  to  an  enumerable  closed  set  of 
points  0,  then  f(x)  is  a  linear  function  in  (a,  fi)» 

If  the  closed  set  of  points  0  were  unenumerable,  the  preceding  reasoning 
would  no  longer  be  applicable,  except  that,  at  an  isolated  point  of  0,  it  would 
establish  that  the  linear  functions  in  the  two  intervals  which  abut  on  one 
another  at  the  isolated  point  must  be  identical.  Confining  therefore  our 
attention  to  the  case  in  which  0  is  a.  perfect  set,  we  see  that  a  con- 
tinuous function  possessing  everywhere  a  finite  differential  coefficient  may 
exist,  which  is  linear  in  each  sub-interval  complementary  to  a  non-dense 
perfect  set  of  points  contained  in  the  interval  for  which  the  function  is 
defined,  and  vet  the  function  need  not  be  linear  in  the  whole  interval. 

The  existence  of  such  functions  will  be  effectively  established  in 
Chapter  v,  where  it  will  be  shewn  that  they  may  be  obtained  by  the  inte- 
gration of  continuous  functions  which  have  an  everywhere-dense  set  of 
lines  of  invariability. 

OSCILLATING  CONTINUOUS  FUNCTIONS. 

214.  Let  us  suppose  that  the  continuous  function  f(x)  has  no  lines  of 
invariability  in  the  interval  (a,  /8),  and  that  everywhere  in  this  interval  it 
has  a  finite  differential  coefficient.  If  within  (a,  /3)  there  be  a  maximum  or 
minimum  of /(a?),  then  at  such  a  point  f  (x\  which  exists  and  is  finite,  must 
be  zero.  If  the  maxima  and  minima  in  (a,  ^)  be  everywhere-dense,  then 
f{x)  vanishes  at  every  point  of  the  everywhere-dense  set ;  and  if /'(a?)  were 
continuous  throughout  (a,  fi)  it  would  follow  that  it  was  everywhere  zero, 
which  would  be  contrary  to  the  hypothesis  that  (a,  ff)  is  not  a  line  of 
invariability. 

It  follows  from  this  that  if  in  an  interval  (a,  /8),  which  contains  no  lines 
tf  inrntriabititif  of  the  continuous  function  f(x),  the  differential  coefficient  f  (x) 
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everywhere  exists  and  is  contintKms,  there  must  he  in  the  interval  an  everywhere- 
dense  set  of  sub-intervals  in  each  of  which  the  function  is  monotone. 

We  have  further  the  following  theorem : — 

J. 
If  f{x)  he  continuous  in  (a,  P\  and  have  no  lines  of  invariability ,  hut  have 

am,  everywhere-dense  set  of  maxima  and  minima,  there  must  he  in  the  interval 

an  everywhere-dense  set  of  points  at  each  of  which  f  (x)  either  does  not  exist, 

or  does  exist  and  is  discontinuous. 

A  continuous  function  fix),  which  in  a  given  interval  (a,  15)  has  no  lines 
of  invariability,  but  has  an  everywhere-dense  set  of  maxima  and  minima, 
is  said  to  be  a  continuous  function  which  is  everywhere-oscillating  in  the 
interval  (a,  0).  Such  a  function  cannot  have  a  differential  coefficient  which 
is  continuous  throughout  the  interval. 

The  continuous  functions  which  are  everywhere-oscillating  in  an  interval 
may  be  divided  into  two  classes. 

(1)  The  function  may  be  such  that,  if  the  constants  {,  m  be  properly 
chosen,  the  function  f(x)  ^Ix-^m  is  monotone  in  the  interval  In  this  case 
f(x)  is  expressible  as  the  difference  of  two  monotone  functions,  and  thus 
beloDgs  to  the  class  of  functions  with  limited  total  fluctuation.  These 
functions  may  be  said  to  be  of  the  first  species,  or  to  be  functions  with 
removable  oscillations. 

(2)  Such  functions  as  do  not  belong  to  (1)  may  be  said  to  be  of  the 
second  species,  or  to  be  functions  with  irremovable  oscillations. 

In  order  to  bring  to  light  the  essential  distinction  between  the  two  classes 
of  functions,  as  exhibited  by  the  properties  of  their  derivatives,  we  first'  of 
all  remark  that,  if  D+f(x)  have  a  positive  lower  limit  c  for  all  points  x  in  the 
interval  (a,  /8),  then  at  each  point /(a?  +  A) —/(a?)  is  essentially  positive  for  all 
positive  values  of  h  which  are  less  than  some  number  8  dependent  on  x; 
hence  the  function  is  monotone  in  the  interval.  The  function  would  also 
be  monotone  in  case  the  specified  condition  were  that  D^f(x)  has  a  negative 
upper  limit  for  all  values  of  x  in  (a,  13). 

Now  suppose  that  D+f{x)  has  a  definite  negative  lower  limit  in  (ot,  fi) ;  let 
this  be  —  c.  and  consider  the  function  ^(a?)=/(a?)-f  ia?  +  m,  where  l>c;  we 
have  then  D+<f)  (a:)  =  Z  +  D+f{x)  ^l  —  c;  hence  the  function  <f>  (x)  is  monotone 
in  (a,  0).  Thus  f(x)  is  expressible  as  the  difference  of  the  two  monotone 
functions  <f>  (x)  and  lx-\-m.  Similarly,  if  we  had  taken  the  condition  that 
D^f{x)  has  a  definite  positive  upper  limit  c,  the  function /(a?) -f  iap-fm,  where 
l<  —  c,  could  be  shewn  to  be  monotone. 

It  is  clear  that  instead  of  the  linear  fuuction  lx-\-m  we  might  have  used 
any  continuous  differentiable  function  whose  differential  coefficient  was  >c, 
or  <  — c,  throughout  the  interval,  in  the  two  cases. 
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The  argument  would  have  been  unaltered  if  it  had  been  assumed  that 
there  were  a  finite  or  infinite  set  of  lines  of  invariability  in  (a,  fi). 

It  has  thus  been  shewn  that : — 

If  the  continuous  function  f(x)  be  such  that  either  D^f{x)  has  a  negative 
lower  limit  for  all  values  of  x  in  (a,  fi),  or  that  D'^f{x)  has  a  positive  upper 
limits  then  aU  maxima  and  minima  of  the  osdlla^ng  function  f(x)  are  removed 
by  adding  to  f(x)  a  properly  chosen  linear  function,  and  thus  the  function  is 
of  the  first  species,  a/nd  is  of  limited  total  fluctuation 

In  particular,  the  conditions  of  the  theorem  are  satisfied  if  the  derivative, 
on  one  side,  without  necessarily  having  a  definite  value  at  any  point,  be  such 
that  for  the  whole  interval  it  is  numerically  less  than  some  fixed  positive 
number. 

A  function,  such  that  for  a  given  interval, 

\D^nx)\,    \D^f{x)\,    \D^f{x)\,    \D_f{x)\ 

are  all  less  than  some  fixed  number,  is  said  to  be  a  function  with  limited 
derivatives.  Such  a  function  has  a  limited  total  fluctuation  in  the  interval, 
and  if  it  be  everywhere-oscillating,  it  is  of  the  first  species. 

A  function  with  limited  derivatives  is  necessarily  a  continuous  function, 
but  the  converse  does  not  hold. 

In  the  general  case,  one  of  the  derivatives  on  the  right  may  at  some  or 
all  of  the  points  of  the  interval  have  indefinitely  great  values,  this  derivative 
being  the  same  one  for  all  such  points. 

If  neither  D+f(x)  have  a  definite  negative  lower  limit,  nor  D'^f(x)  have 
a  definite  positive  upper  limit  in  the  interval,  and  the  function  be  an  every- 
where-oscillating function,  then  it  is  of  the  second  species. 

216.  Let  us  suppose  that,  for  a  set  of  points  0,  everywhere-dense  in 
{a,  6),  the  derivative  of  the  continuous  function  f{x)  is  infinite,  but  not  of 
fixed  sign,  is.  the  derivatives  at  a  point  of  G  on  the  right  and  on  the  left  exist, 
and  are  infinite,  but  of  opposite  signs.  At  any  point  x^  of  0,  a  neighbourhood 
can  be  found,  containing  x^,  such  that  for  any  point  x  in  it  f{x)  — /(a?©)  is 
of  fixed  sign  for  the  whole  neighbourhood,  and  is  never  zero  except  when 
x^x^\  it  follows  that  ^o  ^  &  proper  maximum  or  minimum  of  the  function. 

It  will  be  shewn  that,  in  any  interval  (a,  ^)  contained  in  (a,  6),  there  are 
an  infinite  number  of  points  at  which  the  function  has  the  same  value.  Let 
f  be  a  maximum  point  of  f{x)  within  (a,  0),  and  let  (f  —  ^,  f +e)  be  the 
greatest  interval  enclosmg  f ,  for  which  f{x)  —/(f)  is  negative ;  suppose  that 
the  absolute  minimum  of  the  function  for  this  interval  is  in  (f  —  rj,  f ) ;  taking 
a  maximum  point  f j  in  the  interval  (f ,  f  +  e),  then  in  (f  — 17,  f )  there  is 
a  point  f/  at  which  /(f /)  =/(? i)>  since  /(ft)  lies  between  the  greatest  and 
least  values  of  the  continuous  function  in  (f  — 17,  f). 
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Now  there  is  a  maximuDi  interval  (fi  — i/i,  fi  +  eO  for  the  point  fi,  and 
this  lies  within  (^,  f  +  e);  and  in  this  interval  we  may  as  before  find  a 
maximum  point  ^a,  such  that  a  point  ^^  ^Iso  exists  within  the  interval,  for 
which  f{it)=f{^%)>     There  is  also  a  point  f/'  in  (f -i;,  f).  such  that 

We  may  proceed  in  this  manner,  until  we  find  n  points 

such  that  /(f ^,)  =/(r»-0  = . . .  =/(C")- 

Now  let  f«  be  a  limiting  point  of  f,,  f,,  fj, ...  fn ... ;  and  let  f^'  be  a 
limiting  point  of  f,',  fa', ..-,  and  f«"  be  a  limiting  point  of  f,",  f,", ... ;  then 

Thus  the  points  f«,  f«',  f«'', ...  form  an  infinite  set  in  (a, /8)  at  which 
the  functional  values  are  the  same. 

The  points  f«,  f«',  f«", ...  have  a  limiting  point  fo  at  which  the  functional 
value  is  the  same  as  for  the  set  itself;  therefore 

/(g.)  -/(f,)  _/(|.)  -/(?-')  _     _  0 . 

hence  at  fo  either  the  derivative  is  determinate  and  equal  to  zero,  or  else 
it  is  indeterminate  with  zero  lying  between  its  upper  and  lower  limits. 
Thus  it  has  been  shewn  that*: — 

If  the  continuous  function  f{x\  have  an  everywhere-dense  set  of  points  at 
which  the  derivative  is  infinite  hut  not  of  fiaed  sign,  there  is  an  everywhere- 
dense  set  of  points  at  each  of  which  the  derivative  is  either  indeterminate  or 
else  zero.  Thus  a  continuous  function  cannot  at  ail  points  have  a  derivative 
which  is  infinite  and  not  of  fiaed  sign. 

If  we  apply  the  above  theorem  to  the  function  f{x)  —  cx,  where  c  is 
a  prescribed  constant,  then,  since  f{x)  —  ex  has  an  infinite  derivative  at  the 
same  points  as  those  for  which  f(x)  has  an  infinite  derivative,  we  obtain 
the  following  theorem : — 

If  the  continuous  function  f(x)  have  at  an  everywhere-dense  set  of  points 
a  derivative  which  is  infinite  but  not  of  fiaed  sign,  there  is  an  everywhere- 
dense  set  of  points  at  each  of  which  the  derivative  either  has  the  prescribed 
value  Cy  or  is  indeterminate,  and  such  that  c  lies  between  its  upper  and  lower 
limits, 

*  Konig,  MonaUthffte  f.  Math,  u,  Physik,  vol.  i.     The  above  proof  is  that  given  by  SchSnflies, 
Bericht,  p.  160. 
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GENERAL  PROPERTIES  OF   DERIVATIVES. 

216.  A  large  number  of  properties  of  the  derivatives  of  special  classes  of 
functions,  chiefly  belonging  to  the  oscillating,  or  to  the  monotone,  continuous 
functions,  have  been  given  by  Dini  and  other  writers ;  the  most  important 
of  these  will  be  given  here. 

The  following  general  theorem,  due*  to  W.  H.  Young,  includes  as  a  special 
case  a  theorem  for  continuous  functions  due  to  Brod^n'f'. 

The  points  at  which  one  at  least  of  the  four  derivatives  of  any  given 
function  is  infinite,  form  an  inner  limiting  set.  The  set  of  such  points  is 
accordingly  of  power  c,  when  it  contains  a  component  dense-in-itself ;  and 
otherwise  it  is  enumerable,  or  finite,  or  zero. 

It  follows  that  the  set  of  such  points  is  a  set  of  the  second  category  in 
case  it  be  everywhere-dense. 

Let  j^  be  a  point  at  which  one  of  the  four  derivatives  is  infinite,  it  being 
immaterial  whether  the  other  derivatives  are  infinite  or  finite.  A  sequence 
Xi,  Xi, ...  Xn...  converging  to  Xq,  and  on  one  side  of  it,  can  be  found,  which  has 
the  property  that,  corresponding  to  an  arbitrarily  large  positive  number  a-, 
an  integer  m,  can  be  found  such  that 


>  <r,     for  n>m^; 


further,  m'  can  be  chosen  so  great  that 

I  ^n  —  ^0 1  <  - »     for  n  >  m'  ^  m^. 
Let  the  intervals  {x^,  Xn)  be  prolonged  on  the  side  beyond  Xq,  each  being 
increased  by =-  of  its  length ;  and  the  whole  set  of  intervals  so  constructed 

for  every  point  x  of  the  set  at  which  a  derivative  is  infinite,  may  be  called  I,. 

Let  aj,  Ci,  o-j ...  be  a  set  of  values  of  a-  which  increase  without  limit ;  then 
the  corresponding  sets  of  intervals  I^^,  I^^, ...  define  an  inner  limiting  set  of 
points,  to  which  all  the  points  x  of  the  given  set  belong ;  and  it  will  be  shewn 
that  no  other  points  belong  to  this  inner  limiting  set.  If  possible  let  f  be  a 
point  of  the  inner  limiting  set  which  does  not  belong  to  the  given  set  of  points 
at  which  a  derivative  is  infinite.  There  is  at  least  one  interval  of  each  of  the 
sets  /,,,  /r,t-«*  such  that  f  is  an  interior  point  of  it;  let  such  intervals  be 
Si,  Sa, ...,  and  let  fi,  fa,  f, ...  be  points  of  the  given  set  interior  to  these 
intervals.  Let  fi,  ft,  fj ...  be  the  end-points  of  the  intervals  on  the  sides  of 
those  intervals  which  were  not  lengthened.     We  have 

*  ArkivfUr  MatemaHk,  Astnmomi  och  Fysik,  vol  i,  Stockholm,  1903. 
t  Acta  Univ.  Lund,  vol  zxzni,  p.  81. 
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Since 


>  <r„  therefore  |  f{l)  -/(fc)  I  >  (<r.  -  1)  S.. 


and  thus 


><r^--4- 1. 


thus  the  points  fi,  fj,  f, ...  and  also  the  points  fi,  f,, ...  form  a  sequence  of 
which  f  is  the  limit. 

Also  a  positive  number  A  can  be  determined,  such  that  for  all  values  of  i, 

/(f)  -/(f.)  ^ . 

for  otherwise  f  would  be  a  point  with  an  infinite  derivative ;  and  from  this 
we  see  that 

I /(f) -/(?.)  I  <4S.. 

For  a  sufficiently  great  value  of  i, 

a^  —  l>A\ 
hence  for  such  a  value  of  t, 

l/(f)-/(f.)l>(«^.-^-i)s. 

f  (f )  -/(f.) 
f-l. 

Now  (Tj  —  -4  —  1  is  arbitrarily  large  for  a  sufficiently  great  t ;  hence,  since  f  is 
the  limiting  point  of  the  sequence  {f4»  there  is  an  infinite  derivative  at  f, 
which  is  contrary  to  the  hypothesis  made ;  therefore  the  points  of  the 
given  set  constitute  the  inner  limiting  set  which  has  been  defined. 

217.     If  a?i  be  a  point  of  the  interval  (a,  6)  in  which  f{x)  is  defined, 

fix)  —  fix  ) 
the  function  "^^-^ — "^         for  points  x  such  that  Xi<x  ^b  may  be  called  the 

incrementary  ratio  at  Xi  on  the  right;  and  in  case  f{x)  be  a  continuous 
function,  this  incrementary  ratio  is  also  continuous  at  every  point  of  its 
domain.  This  incrementary  function  has  an  upper  and  a  lower  limit  for  its 
whole  domain  (x^Kx^b);  and  these  upper  and  lower  limits  may  be  denoted 
by  U(a)i),  L(xi),  and  either  of  them  may  be  finite  or  infinite;  however  U{xi) 
can  only  be  infinite  with  the  positive  sign,  and  L  (x^)  only  with  the  negative 
sign.  U  {xi\  L  {Xi)  being  regarded  as  functions  of  a?i,  defined  for  every  point 
of  (a,  6)  except  the  point  6,  the  function  U(xi)  has  a  finite  or  infinite  upper 
limit  for  its  whole  domain,  which  we  denote  by  U;  and  the  function  i(jr,) 
has  a  finite  or  infinite  lower  limit  for  its  whole  domain,  which  we  may 
denote  by  L.  There  exist  therefore  two  finite  numbers  U,  Z,  which  may 
have  the  improper  values  +  oo ,   —  oo   respectively,  such  that 

X^       Xj 

for  every  pair  of  values  of  Xi,  x^,  where  ^  >a^,  always  lies  between  them,  or 
is  equal  to  one  of  them. 
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The  incrementary  ratio  on  the  left  of  a  point  can  be  defined  in  a  similar 
manner;  and  we  thus  define  two  functions  W  (Xi),  L  (xi)  at  ^i,  as  the  upper 
and  lower  limits  of  these  incrementaiy  ratios. 

It  is  easily  seen  that  U\  the  upper  limit  of  V  (x)  in  the  interval  (a,  b),  is 
identical  with  U,  and  that  L'  the  lower  limit  of  L'  {x)  is  identical  with  L. 
Thus  U,  L  are  the  upper  and  lower  limits  of 

As,)  -/(Oh)  ^ 
for  every  possible  pair  of  points  (o^,  o^  in  the  interval  (a,  b). 

218.  Let  /(x)  be  continuous  in  the  interval  (a,  b),  and  let  U  and  L  be 
the  upper  and  lower  limits  of  the  incrementary  ratios  above  defined.  Take 
(a,  13)  any  interval  in  (a,  b),  and  consider  the  function 

<f>  (x)  ^/(x)  -/(«)  - 1^  [/(/9)  -/(«)]. 

Since  (f)  (a)  =  0,  ^  (0)  =  0,  unless  ^  (A)  be  constant  through  (a,  /8)  there  must 
be  within  (a,  fi)  a  maximum  or  minimum  of  (a,  /3) ;  and  thus  at  least  one 
point  Xi  exists  within  (a,  /3)  such  that 

for  all  sufficiently  small  values  of  h^  or  else 

<t>(oi^±h)^<f>(x,)^0, 

for  all  sufficiently  small  values  of  h.     At  such  a  point 

f(.x,  +  h)-/(x,)^/(^)-f(a) 
h  "       /8-a      ' 

.                               f{oh  -  h)  -fix,)  ^f(fi)  -/(g) 
""'*  ^A 0-a      ' 

or  else  /(a^  4-  h)  -/(xQ  ^/(/3)  -/(a) 

h  "^      fi  —  a       ' 

If  ^  (^)  have  an  infinite  number  of  maxima  and  minima  in  (a,  /S),  there  are 
in  (a,  0)  an  infinite  number  of  points  at  which  the  first  of  these  conditions  for 
<f>{x)  holds,  and  also  an  infiuite  number  at  which  the  second  holds.  If  there 
be  only  a  finite  number  of  maxima  and  minima  of  <f>  (x)  in  (a.  /3\  then  this 
interval  can  be  divided  into  a  number  of  portions  in  each  of  which  the 
function  ^  (x)  is  monotone ;  and  in  any  one  of  these  portions  either 

f(oo±h)-/(x)^f(ff)-/(a) 
±h  "      /3-a      ' 
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at  all  points  within  the  sub-interval,  or  else 

>/(/3)-/(«) 
"       /8-0      • 

for  every  x  within  the  portion,  and  for  safficiently  small  values  of  A.     Now  let 
U,  Lhe  the  upper  and  lower  limits  of  "^       — Zi^  jn  (^^  j)^  ihea 

/8-a  ±h 

lie  between  CT  and  L,    Thus,  in  every  interval  (a,  /8)  contained  in  (a,  6),  in 
which  <f>  (x)  has  an  infinite  number  of  maxima  and  minima,  there  are  (1)  an 

infinity   of  points  x  for  which  '^-^ ^ — ^^-^ ,  for  all   suflSciently  small 

values  of  A,  lies  between  L  and        o_^         y  ^^^  (^)  *^  infinity  of  points 

for  which  the  same  is  true  of  — l  >   (3)  ^^  infinity  of  points 

for  which  "^  ^ — ^^-^ ,  for  all  sufficiently  small  values  of  A,  lies  between 

U  and   -^^ — ^^-^  ;  and  (4)  an  infinity  of  points  for  which  the  same  is  true 
^'  -A 


X  —  (X 


In  case  /(a?)  -/(a)  -  ^3—  [/(/8)  -/(«)]  have  only  a  finite  number  of 

maxima  and  minima  in  (a,  /3),  there  are  in  (a,  /3)  finite  intervals  such  that 
all  the  points  in  one  of  them  belong  to  both  the  sets  (1)  and  (2),  and  also 
finite  intervals  in  which  all  the  points  belong  to  both  the  sets  (3)  and  (4) ; 
each  of  these  sets  of  intervals  is  finite,  and  an  interval  of  one  set  is  followed 
by  one  of  the  other  set. 

The  number  L  being  the  lower  limit  of  the  function  L(x)  in  the  interval 
(a,  6),  there  exists  a  point  x^  such  that  L  is  the  lower  limit  of  the  values  of 
L  (x)  in  any  arbitrarily  small  neighbourhood  of  Xi ;  and  it  follows  that  in  such 

neighbourhood  of  x^  there  are  points  f  such  that  '^^ ^ — ZA>i  ^  foj  ^n 

infinity  of  values  of  A,  differs  from  L  by  less  than  a  prescribed  positive 
number  e.     Therefore  there  are  in  (a,  b)  an  infinity  of  pairs  of  points  (a,  fi)  one 

of  which  is  arbitrarily  near  Xi ,  such  that        i  _  differs  from  L  by  less 

than  €. 

Similarly  it  may  be  shewn  that  in  (a,  6),  there  are  an  infinity  of  pairs  of 

points  (a,  13)  such  that        o^  differs  from  U  by  less  than  the  pre- 

scribed  number  e. 
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li  U  orLhe  infinite,  there  exists  an  infinity  of  pairs  of  points  such  that 

f(Q\ f(a\ 

- — Q  __  is  arithmetically  greater  than  a  prescribed  number  c,  and  has  the 

same  sign  as  the  infinite  U  or  L,     We  can  consequently  choose  the  interval 
(a,  /9)  so  that 

/()8)-/(a)_ 
~W^ ^  +  ''' 

or  else  so  that  /(ilz/i?)  =U-ti, 

p  —  a 

where  ij  <  e,  provided  U  and  L  are  finite.    If  one  or  both  of  IT,  i  be 
infinite,  (a,  /9)  can  be  so  chosen  that        i  has  the  same  sign  as  U 

r^         C* 

or  as  L,  and  is  arithmetically  greater  than  a  prescribed  positive  number  c. 
We  have  now  obtained  the  following  results : — 

If  f(x)  he  a  corUtnuous  function,  and  (a,  b)  be  the  whole  or  a  part  of  its 
domain^  to  which  U  and  L  correspond,  then  (1)  if  L  be  finite,  there  exists  in 
(a,  b)  an  infinity  of  points  for  which  both  D'^{x),  D+(x)  ea^h  lie  between  L  and 
i  4-  €,  where  eis  an  arbitrarily  prescribed  positive  number ;  and  at  these  points 
D^(x),  D^{x)  are  either  eqiuil,  in  which  case  a  derivative  on  the  right  exists,  or 
else  they  differ  from  one  another  by  less  than  e:  {2)  if  U  be  finite  there  exists  in 
(a,  b)  an  infinity  of  points  for  which  D^{x\  D^{x)  each  lie  between  U  and 
CT— e ;  and  at  these  points  there  exist  derivatives  on  the  right,  or  else  D'^(x),  D+(x) 
differ  from  one  another  by  less  than  e ;  (S)  if  U  or  L  be  infinite  there  exists 
an  infinity  of  points  at  which  D^(x\  D+{x)  are  both  numerically  greater 
than  an  arbitrarily  great  number  c,  and  have  the  same  sign  a^  the  U  or  L 
which  is  infimte.  A  similar  statement  holds  as  regards  the  derivatives  on 
the  left 

The  above  is  true  irrespectively  of  the  number  of  the  maxima  and  minima 
oif(x)\  but  iff{x)  have  in  (a,  b)  only  a  finite  number  of  maxima  and  minima 
and  if  the  same  be  true  of  all  the  functions  f{x)  —  Ix  —  m,  obtained  by  the 
addition  of  a  linear  function,  then  there  exist  in  (a,  6)  finite  sub-intervals  such 
that  at  all  points  in  one  of  them  the  above  statements  hold  both  as  regards 
the  derivatives  on  the  right  and  as  regards  those  on  the  left.  The  numbers 
U  and  L  correspond  in  each  case  to  the  particular  sub-interval. 

It  will  be  observed  that  the  theorem  does  not  assert  the  necessity  of  the 
existence  of  points  at  which  a  determinate  derivative  on  the  right  or  on  the 
left  exists,  but  it  states  that  there  are  in  every  sub-interval  points  at  which 
the  difference  between  the  upper  and  lower  derivatives  on  one  side  is  less 
than  a  prescribed  arbitrarily  small  number,  or  else  at  which  both  such 
derivatives  are  arithmetically  greater  than  an  arbitrarily  fixed  large  number. 
There  are  therefore  certainly  points  in  every  sub-interval  at  which  there  is, 
H.  19 
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80  to  speak,  an  arbitrarily  near  degree  of  approximation  to  the  eristence  of  a 
finite  or  infinite  derivative  on  the  right,  and  also  points  at  which  the  same  is 
true  as  regards  derivatives  on  the  left. 

219.  It  will  now  be  shewn*  that,  for  a  continuous  fwnction,  of  which 
(a,  6)  w  the  whole  or  a  part  of  its  domain^  the  upper  limit  of  each  of  the  four 
derivatives  D^f{x\  D+f{x\  D-f(x),  D^f(x)for  all  values  of  x  in  (a,  b)  is  U 
the  upper  limit  of  the  incrementary  function  in  (a,  6),  and  that  the  lower  limit 
of  the  four  functions  is  L.  If  U  and  L  be  both  finite  the  function  belongs 
to  the  cUiss  of  functions  with  limited  derivatives, 

A  function  with  limited  derivatives  accordingly  satisfies  the  condition,  that 
for  every  pair  of  points  x^,  a?„  \f{x^  ~/(^)  I  <  ^  I  ^  —  ^  |>  where  i  is  a  fixed 
positive  number.  It  has  been  pointed  out  in  §  214,  that  such  a  (unction 
belongs  to  the  class  of  functions  of  limited  total  fluctuation. 

It  is  clear  that  the  upper  limit  of  each  of  the  functions  D^f{x\  D^f(x), 
iyf(x),  D^f{x)  is  a  number  which  cannot  be  greater  than  17.  Now  since  it 
has  been  shewn  that  points  exist  in  (a,  b)  such  that,  if  €  be  an  arbitrarily  pre- 
scribed number,  both  D^f{x),  D+f(x)  differ  fix)m  U  by  less  than  6,  when  U  is 
finite,  and  are  arbitrarily  great  if  (7  is  +  oo ,  it  follows  that  17  is  in  either  case 
the  upper  limit  of  D^f{x\  D^f{x).  In  a  similar  manner  it  can  be  shewn 
that  U  is  the  upper  limit  of  both  D~f{x\  D^f{x).  The  proof  that  L  is  the 
common  lower  limit  of  the  four  functions  is  exactly  similar. 

Ekch  of  the  four  expressions  D^f{x\  D+/{x),  D~f{x\  D^f{x)  may  be 
regarded  as  a  function  defined  for  the  whole  domain  of  f(x)  except  at  one  of 
the  end-points;  but  in  this  case  we  have  to  extend  the  ordinary  definition 
of  a  function  so  far  as  to  admit  infinite  functional  values,  instead  of  only 
infinite  functional  limits  as  in  the  case  of  an  ordinary  function.  It  will  be 
convenient  to  say  that,  at  a  point  at  which  one  of  the  above  functions  is 
infinite,  it  is  also  continuous,  provided  the  functional  limits  of  the  function  in 
question,  on  either  side,  are  definitely  infinite  and  of  the  same  sign  as  the 
functional  value  at  the  point. 

If,  at  any  point  ^o>  interior  to  (a,  6),  one  of  the  above  functions,  say 
D'^f(x),  be  continuous,  then  at  that  point  the  other  three  functions  are  also 
continuous,  and  are  equal  in  value  to  D^f{x^,  and  thus  there  exists  at  x^,  a 
differential  coefficient. 

To  prove  this,  take  any  interval  {x^  —  e,  ^4-6);  then  all  four  functions 
have  in  this  interval  the  same  upper  limits,  and  also  the  same  lower  limits. 
If  jD+/(a?o)  be  finite,  the  upper  and  lower  limits  of  D'^f{x)  in  (a:b  — €,  a:^+  e) 
each  differ  from  D'^f{x^)  by  less  than  a  number  ri  which  depends  on  €  in 
such  a  way  that,  as  €  is  indefinitely  diminished  to  the  limit  zero,  i;  also 
diminishes  to  the  limit  zero.     Since  all  four  functions  have  the  same  upper 

*  Du  Bois  Beymond,  MiUh,  Ann.  vol.  zvi,  p.  119,  also  Soheeffer,  Acta  MdlJtowartco,  fol.  t,  p.  190. 
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limit  and  the  same  lower  limit  in  (x^  —  6,  ^  +  e),  the  upper  and  the  lower 
limits  of  each  differ  firom  D^f{x^  by  less  than  17,  and  17  can  be  made  as  small 
as  we  please  by  taking  €  small  enough.  It  follows  that  all  four  functions 
are  continuous  at  x^,  and  that  all  four  at  ^0  ^^  equal  to  D^f{x^\  and  thus 
there  exists  a  differential  coefficient  at  ^o* 

In  case  D*/{xo)  is  +  x ,  c  can  be  so  chosen  that  in  (a?o  ^€,x^  +  e),  D^f{x) 
is  everywhere  greater  than  an  arbitrarily  large  chosen  number  c,  and 
the  upper  and  lower  limits  of  each  of  the  four  functions  are  then  greater 
than  c ;  by  taking  a  succession  of  values  of  c  which  increases  indefinitely,  and 
considenng  the  corresponding  sequence  of  values  of  e  which  converges  to 
zero,  we  see  that  each  of  the  functions  D^f{x),  D^/{x),  D^f{x)  is  infinite  at 
x^^  and  is  continuous  in  the  extended  sense  of  the  term,  at  that  point; 
there  is  then  a  differential  coefficient  at  x^  which  is  infinite  and  of  definite 
sign. 

It  follows  that,  if  it  he  known  that  any  one  of  the  four  derivatives  is  every- 
where continuotu  in  an  interval^  there  exists  everywhere  in  the  interval  a 
differential  coefficient  in  the  ordinary  sense  of  the  term. 

220.  The  derivatives  D^f{x\  D^f(x)  of  a  continuous  fwnction  are  at 
any  point  x^^  such  that  a  ^x^<by  either  both  continuous  on  the  right,  or  both 
of  them  have  a  discontinuity  of  the  second  kind  on  the  right ;  but  they  cannot 
have  ordinary  discontinuities  on  the  right. 

A  similar  statement  holds  as  regards  the  continuity  or  discontinuity  of 
D-fix),  D^f(x)  on  the  left. 

Suppose  that  D'^f(x)  has  at  the  point  Xoy  a  limit  X  at  o;^  on  the  right ; 
then  if  S  be  a  prescribed  positive  number,  an  interval  (xoj  i^o  +  c)  can  be 
found,  such  that  D^f{x\  for  every  point  of  this  interval,  except  x^,  lies 
between  X  +  S,  and  X  —  S.  The  upper  and  lower  limits  of  each  of  the  four 
derivatives  D^f(x),  D+f(x),  D-f{x),  D^f{x)  for  any  interval  (oJo  +  Ci,  x^  +  e\ 
where  e^  <  e,  must  all  lie  between  the  values  X  +  S,  X  —  S ;  hence  the  upper 
and  lower  limits  of  D~'f{x)  for  the  interval  {x^,  Xq  +  e),  lie  between  these 
same  values,  the  function  D~f{x)  being  regarded  as  undefined  at  the  point 
x^\  and  these  upper  and  lower  limits  of  D~f(x)  are  the  same  as  those  of 
D*f{x),  D^f{x)  for  (a?o,  a?o  +  e),  the  point  x^  being  included.  It  follows  that 
D'^f{x^,  D^f{x^  both  lie  between  X  -f  8  and  X  —  S ;  and  as  this  holds  for 
every  value  of  S,  we  must  have 

i>V(^o)  =  i)+/(^o)  =  X  =  X'; 

where  X'  denotes  the  limit  of  D+f{x)  at  Xq  on  the  right ;  and  thus  D^f(x), 
D^f(m)  are  both  continuous  at  x^  on  the  right.  If  X  =  +  00 ,  then  in  the 
interval  («^,  d^  +  e)  at  every  point  except  a?o>  J^fi^)  >  c»  where  c  is  an  arbi- 
trarily chosen  number  on  which  €  depends;  the  argument  then  proceeds 
as  before. 

19—2 
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221.  If  a  continuous  function  f(x)  be  such  that,  of  the  functions 
(j)  (a?)  ^f(w)  —  Ix,  where  I  has  all  values,  none,  or  only  a  finite  number,  or 
only  an  infinite  set  which  does  not  fill  any  interval,  however  small,  have 
more  than  a  finite  number  of  maxima  and  minima  in  sufficiently  small 
neighbourhoods  on  the  right  of  Wq,  then  the  function  f(x)  has  a  derivative  on 
the  right  at  Xq,  either  finite  or  infinite. 

I{f(x)  —  Ix  have  only  a  finite  number  of  maxima  and  minima  in  (x^,  x^^-ci), 
an  interval  {x^,  ^o+^i)  cai^  b^  found,  in  which  the  function  is  monotone. 
Since  then,  at  every  point  a;o  +  ^  ^^  such  an  interval, 

/(a?o  +  A)-/(a?o)-ZA^O, 
or  else  at  every  point 

it  follows  that  D^f{xo\  D+f(xo)  are  either  both  ^  I,  or  else  both  ^  I,  and 
this  holds  for  a  set  of  values  of  /,  everywhere-dense  in  any  interval  whatever. 
If  iyf{xo),  Z)+/(a?o)  were  unequal,  we  could  find  a  value  of  I  which  is 
between  the  two  and  is  not  one  of  the  exceptional  values  of  I,  and  this 
would  be  contrary  to  what  has  been  proved;  hence  D^f{x^)  =  Dj^f{x^,  or 
f{x)  possesses  a  derivative  d(iro)  on  the  right  at  x^.  This  derivative  is 
finite  if  some  of  the  functions  f{x)  —  Ix  increase  and  others  decrease  on  the 
light  of  Xq  ;  otherwise  it  is  infinite. 

For  any  point  x  within  {x^,  ^o  +  O*  we  have,  for  a  sufficiently  small 

value  of  h, 

fix  ±  h)  -fix)  ^ 

±h      -'" 

if  I  be  less  than  the  derivative  at  x^  on  the  right,  and 

f{x  ±  h)  -/(g;)  , 
±h  =^' 

if  I  be  greater  than  the  same  derivative  d  (a?o).     If  d  (xq)  be  finite,  it  follows 

f(x±h)—f(x) 
that  '^-^ — "  ih  'iGs  between   d  (xq)  +  a,   d  (xq)  —  a,   where   cr    is   an 

arbitrarily  small  number,  provided  x  —  Xq  and  h  be  sufficiently  small     If 

d  (a?o)  is  «>    or  —  X ,  -^-^ — "•  ,  ,    -^  ^  ^  lies  between  c  and  +00,  or  —  c  and 

i  n 

—  00 ,  where  c  is  an  arbitrarily  great  positive  number.  In  either  case 
therefore  the  four  functions  i)+/(a?),  D+f(x\  D'f{x),  D^f{x)  for  points 
within  {xq,  Xq  +  €1)  have  the  same  limit  at  Xo,  viz.  d  (Xq).  It  follows,  as 
a  particular  case,  that  if,  under  the  conditions  of  the  above  theorem,  a 
derivative  on  the  right  exist  at  all  points  in  an  arbitrarily  small  neighbour- 
hood on  the  right  of  Xq,  the  derivative  on  the  right  at  j?o  is  a  continuous 
function  on  the  right.  If  derivatives  on  the  left  exist  at  all  points  in  a 
neighbourhood  of  Xq  on  the  right,  with  the  possible  exception  of  x^^  itself,  these 
derivatives  have,  at  the  point  Xq,  the  derivative  d  (a?o)  as  their  limit. 
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222.  A  continuous  fumction  f{x)  cannot  have,  at  every  point  of  a  whole 
interval,  a  single-valued  derivative  on  the  right,  which  is  everywhere  infinite  and 
of  the  same  sign. 

For  if  f{x)  had  this  property  in  an  interval  (a,  )8),  so  also  would 

/(*)-/(«)-^[/(i8)-/(a)]. 

and  this  function  necessarily  has  a  maximum  or  minimum  within  (a,  fi), 
which  is  contrary  to  the  condition  that  it  has  a  derivative  on  the  right 
which  is  always  of  the  same  sign ;  for  this  involves  the  condition  that  the 
function  must  constantly  increase  as  x  increases  from  a  to  fi. 

Let  us  now  suppose  that  the  continuous  function  f(x)  has  at  all  points 
of  (a,  b)  single-valued  derivatives  on  the  right  (finite  or  infinite),  such  that, 
in  a  part  (a,  /3)  of  (a,  b),  this  derivative  is  continuous  at  least  on  one  side;  the 
function  f{x)  is  then  such  that,  at  an  infinite  number  of  points,  it  possesses 
an  ordinary  differential  coefficient 

The  derivative  d  (x)  on  the  right  cannot  at  all  points  of  (a,  fi)  be  infinite. 
For  if  we  take  a  point  x^  such  that  it  is  continuous  on  one  side,  in  the 
extended  sense  of  the  term  explained  in  §  219,  then  if  it  were  everywhere 
infinite,  its  sign  at  all  points  in  an  interval  on  the  one  side  of  x^  would  be 
the  same ;  but  it  has  been  shewn  to  be  impossible  that,  everywhere  in  any 
interval,  d  (x)  should  be  infinite  and  of  constant  sign.  It  follows  that  there 
are  points  in  the  neighbourhood  of  x^  at  which  d(x)  is  finite.  If  Xi  be 
such  a  point  in  (a,  fi),  then,  since  d{x)  is  continuous  on  one  side  at  Xi,  an 
interval  can  be  found  at  all  points  of  which  d  (x)  is  finite,  and  also  continuous 
on  one  side.  If  («!,  fi^)  be  such  an  interval  in  (a,  /8),  then  since  d(x)  is 
everywhere  finite  in  it,  and  continuous  on  one  side  at  least,  it  is  a  point-wise 
discontinuous  function,  if  it  be  not  continuous  in  (a^,  fi^);  and  there  must 
therefore  be  an  infinity  of  points  in  (a,,  I3i)  at  which  d  (x)  is  continuous.  At 
such  points,  in  accordance  with  §  219,  f{x)  has  a  differential  coeflScient. 

223.  If  we  now  collect  the  results  obtained  in  §  221  and  §  222,  we  can 
state  the  following  general  theorem,  applicable  to  functions  which  are  in 
general  monotone,  and  also  to  a  certain  class  of  everywhere-oscillating 
functions. 

If  a  continuous  function  f{x)  in  a  whole  interval  (a,  b)  be  such  ihaty 
corresponding  to  each  point  Xq,  there  be  of  the  functions  f(x)  —  Ix  at  most  only 
a  finite  number,  or  an  infinite  set  for  which  the  values  of  I  do  not  fill  any 
interval,  which,  in  an  arbitrarily  small  neighbourhood  on  the  right  of  x^,  contains 
an  infinite  number  of  maxima  and  minima,  and  if  the  same  condition  be  true 
as  regards  an  arbitrary  small  neighbourhood  on  the  left  of  x^,  then  the  function 
has  at  every  point  of  (a,  b)  a  definite  derivative  on  the  right,  and  also  a  definite 
derivative  on  the  left,  and  there  is  an  everywhere-dense  set  of  points  at  which 
there  is  a  differential  coefficient. 
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In  every  part  of  (a,  b)  there  are  fioite  intervals,  in  each  one  of  which  the 
derivatives  on  the  right  and  those  on  the  left  are  both  definite  and  finite,  and 
such  that  each  of  them  is,  in  the  interval  to  which  it  belongs,  a  point-wise 
discontinuous,  or  else  a  continuous,  function. 

As  regards  everywhere-oscillating  functions,  the  following  remarks  may 
be  made. 

If  a  continuous  function  have  in  every  neighbourhood  on  the  right  of 
a  point  x^y  an  infinite  number  of  maxima  and  minima,  there  are  in  such 
neighbourhoods  an  infinity  of  points  at  which  the  derivatives  on  the  right  are 
negative  or  zero,  and  an  infinity  of  points  in  which  these  derivatives  are 
positive  or  zero.  It  follows  from  this,  that  none  of  the  derivatives  at  a 
point  X  on  the  right  of  x^  can  have  a  definite  limit  as  x  approaches  the  limit 
Xg,  unless  such  limit  be  zero. 

In  particular,  if  at  all  such  points  x,  definite  derivatives  on  the  right  and 
on  the  left  exist,  these  derivatives  cannot  be  continuous  at  x^,  unless  the 
derivatives  at  x^  are  both  zero. 

If  at  the  point  x^,  and  at  every  point  in  a  neighbourhood  of  x^  which 
contains  an  infinite  number  of  maxima  and  minima,  a  differential  coefficient 
exist,  which  is  continuous  at  x^,  this  differential  coefficient  must  be  zero  at 
x^  and  at  an  infinity  of  points  in  the  neighbourhood  of  o;^,  and  must  therefore 
itself  have  an  infinite  number  of  maxima  and  minima  in  the  neighbourhood 
of  x^. 

If  a  function  /{x\  which  has  an  infinite  number  of  maxima  and  minima 

in  the  neighbourhood  of  Xq,  have  at  x^,  and  in  its  neighbourhood,  differential 

coefficients  of  any  number  of  orders,  then  they  are  all  functions  with  an 

infinite  number  of  maxima  and  minima  in  the  neighbourhood  of  x^^  and  all 

of  them  vanish  at  x^,  except  that  the  one  of  highest  order  may  be  discontinuous 

at  Xq,  not  then  necessarily  vanishing  at  that  point.    If  differential  coefficients 

of  all  orders  exist,  they  must  all  vanish  at  x^ ;  and  such  a  (unction  is  incapable 

of  expansion  in  powers  o{  x  —  x^  in  the  neighbourhood  otx^.    An  example* 

of  a  function  of  this  kind  is 

L      .        1 


a^-\'e  (aj-ajj"  sin 


x--  x^ 


FUNCTIONS  WriH  ONE  DERIVATIVE  ASSIGNED. 

224  If  two  functions^  defined  for  a  given  interval,  have  each  limited 
derivatives,  and  if  the  two  functions  have  one  of  their  four  derivatives,  say 
the  upper  derivative  on  the  right,  equal  to  one  another  at  every  point  which 
does  not  belong  to  a  set  of  points  E  of  mea^sure  zero,  then  the  two  functions 
differ  from  one  another  by  a  constant,  the  same  for  the  whole  intervoL 

*  Dini,  Ortmdlagen,  p.  814. 
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This  theorem*  differs  from  that  of  §  206,  in  the  respect  that  the  functions 
are  restricted  to  be  such  continuous  functions  as  have  limited  derivatives ;  it 
is  however  more  general,  in  that  E  is  not  restricted  to  be  enumerable. 

Let  the  points  of  E  he  enclosed  in  the  interiors  of  intervals  of  a  set,  of 
which  the  total  length  has  the  arbitrarily  small  value  e.  To  each  point  P 
of  E  there  corresponds  an  interval  PP\  where  PP'  is  that  part  of  the 
interval  of  the  set  that  encloses  P  which  is  on  the  right  of  P ;  these  intervals 
PP'  may  be  denoted  by  B'.  If  the  two  functions  /i  (x),  /,  (x)  are  such  that, 
at  a  point  x^,  D^f^  (a?,)  =  2)+/, (a^i).  it  has  been  seen  in  §  206,  that  l^f{x^)^0, 
D+f(xi)  ^  0,  where  /(x)  denotes  /i  {x)  -/,  (x).  Since  f(x)  is  continuous  at 
Xi,  it  follows  that  there  is  a  set  of  points  Xi  +  hon  the  right  of  Xi,  such  that 
\f(xi  +  h)  — /(a?i)  I  ^  eA ;  if  we  suppose  h  to  have  the  greatest  value  for  which 
this  holds,  the  interval  (4?i,  a:^  +  h)  is  an  interval  op  the  right  of  Xu  and  such 
intervals  may  be  denoted  by  8. 

Let  f  be  any  point  such  that  a  <  f  ^  6,  and  consider  the  interval  (a,  f ). 
From  the  point  a  lay  off  an  interval  B  or  B',  according  as  a  is  not,  or  is,  a 
point  of  E;  from  the  end  of  this  interval  lay  off  another  interval  B  or  B\  as 
the  case  may  be.  Proceeding  in  this  manner,  we  may  either  reach  the  point 
f ,  after  taking  a  finite  number  of  intervals,  or  else  we  obtain  an  infinite  set 
of  intervals,  the  end-points  of  which  have  a  limiting  point  P^,  which  may,  or 
may  not,  coincide  with  f.  In  the  latter  case,  we  commence  again  to  lay  off 
intervals  on  the  right  of  P«,  until  we  either  reach  f,  or  else  until  another 
limiting  point  P^  is  obtained  as  the  limit  of  a  sequence  of  end-points. 
Proceeding  in  this  manner,  the  point  f  is  certainly  reached  as  the  end  of  an 
ordered  sequence  of  intervals  corresponding  to  a  set  of  ordinal  numbers 
which  comes  to  an  end  before  some  number  of  the  first  or  of  the  second 
class.  The  set  of  points  not  interior  to  the  intervals  is  a  closed  enumerable 
set.  We  can  now  find  /(f)— /(a)  as  the  sum,  or  limiting  sum,  of  the 
differences  of  the  functional  values  at  the  end-points  of  the  intervals  which 
have  been  defined,  and  each  of  which  is  either  a  S,  or  a  B'.     It  is  clear  that 

\A^)-f(a)\^€tB  +  AtB'<€(S-a-\'A\ 

where  the  summations  refer  to  those  of  the  intervals  B,  B'  which  have  been 
employed  in  the  construction ;  and  A  denotes  the   finite  upper  limit  of 

<-^-^ — sL-i—Z    for  every  pair  of  points  jTi,  o;^  in  the  interval  (a,  f),  and  which 

Xj  —  x^ 

is  identical  with  the  upper  limit  of  the  absolute  value  of  the  derivatives 
off(x)  in  the  interval.  Since  e  is  arbitrarily  small,  it  follows  that /(f)  =/(a), 
and  therefore  fi{i)—f%  (f)  =  /  (a)  —  /  (a) ;  thus  the  theorem  has  been 
established. 

*  Lebesgae's  Lemons  ntr  Vintigration,  p.  79. 
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THE  CONSTRUCTION  OF  CONTINUOUS  FUNCTIONS. 

226.  One  of  the  most  fruitful  methods  of  obtaining  continuous  functions 
which  exhibit  various  peculiarities  as  regards  the  existence  or  non-existence 
of  differential  coefficients  at  all  the  points,  or  at  sets  of  points  of  their  domain, 
consists  of  defining  the  functions  by  means  of  series  specially  constructed 
with  a  view  to  the  purpose  on  hand ;  this  method  will  be  explained  and 
illustrated  in  Chapter  vi.  Brod^n,  Kopcke  and  others  have  however  given 
direct  constructions  for  continuous  functions,  which  illustrate  various  possi- 
bilities in  relation  to  the  existence  and  properties  of  derivatives. 

The  method  employed*  by  Brod^n  is  that  of  defining  a  continuous  function 
in  the  domain  (a,  6),  as  the  function  obtained  by  extension  (see  §  191)  of  a 
function  defined  for  an  enumerable  everywhere-dense  set  of  points  in  (a,  6), 
the  primary  points.  A  continuous  function  is  entirely  determinate  when  the 
functional  values  at  such  a  primary  set  of  points  have  been  assigned.  The 
necessary  and  sufficient  condition  that  a  function  defined  for  the  primary  set 
should,  by  extension  to  the  domain  (a,  6),  give  a  function  which  is  continuous 
in  that  domain,  is  that  the  primary  function  should  be  uniformly  continuous 
with  respect  to  the  unclosed  primary  domain.  To  prove  this,  let  {f }  denote 
the  set  of  primary  points,  and  [x]  the  set  of  secondary  points ;  then  the 
condition  that  the  function  /(f)  may  be  uniformly  continuous  with  respect 
to  the  domain  {f },  is  that,  if  fi  be  any  point  of  {f},  and  if  17  be  a  prescribed 
arbitrarily  small  number,  the  condition  |/(f )  — /(fi)  |  <  1;  be  satisfied  at  all 
points  f  which  are  such  that  |  f  -  fi  |  <  €|  where  e  is  a  number  dependent 
on  17,  but  the  same  for  all  points  fi  of  {{ }.  Now  assuming  that  this  condition 
is  satisfied  let  Xi  be  a  secondary  point,  and  let  fi,  fa, ...  fn  ••• »  fi'i  fi'»  •••?»!'••• 
be  any  two  sequences  of  primary  points  each  of  which  has  x^  as  its  limit; 
we  have  to  shew  that  each  of  the  sequences 

converges  to  the  same  number,  which  will  then  be  the  single  functional  value 
f{x^).  Enclose  x^  in  the  interval  {x^  —  ^e,  Xi  -f  ^e) ;  then,  from  and  after  some 
particular  value  of  n,  all  the  points  of  both  sequences  of  values  of  f  lie 
within  this  neighbourhood.     Let  this  value  of  n  be  m,  then 

for  all  positive  integral  values  of  r ;  hence  the  first  sequence  of  functional 
values  is  convergent,  since  17  is  arbitrary ;  and  similarly  the  second  is  also 
convergent.     Also  for  every  rj  there  is  a  definite  m  such  that 

l/(fm+r)-/(fm+r)l<'^; 
*  CrelU^s  JoumtUt  vol.  oxym ;  see  also  Acta  Univ,  Lund.  vol.  zxzin. 
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hence  the  two  convergent  sequences  have  the  same  limit,  and  this  limit 
define6/(a:i).  We  have  now  to  shew  that  the  single- valued  function  so  defined 
is  continuous.    We  have 

|/(«i)  -/(fi)  I  <  V*  provided  |  iPi  -  fi  |  <  ic, 

and  \f(a!^)  -/(fa)  |  <  v,  provided  |  a?2  -  f ,  |  <  i  e ; 

also  |/(fa)  -/(f i)  I  <  V,  provided  |  fa  -  f 1 1  <  e. 

Hence  it  follows  that  |/(^a)  — /(^i)  I  <  3^» 

and  this  holds  provided  |  o^  —  o^i  |  <  2€, 

for  fi,  f,  can  be  taken  to  be  between  Xi  and  w^;  and  therefore  /(x)  is  con- 
tinuous at  Xi,  since  Si;  is  at  our  choice.  The  extended /(j;)  is  also  easily  seen 
to  be  continuous  at  any  primary  point.  It  has  now  been  proved  that  the 
condition  of  uniform  continuity  is  sufficient ;  that  it  is  necessary  follows  from 
the  theorem  of  §  175. 

The  derivatives  at  any  point  depend  only  on  the  functional  values  at  the 
primary  points  in  the  neighbourhood  of  the  point.     For  let  Xi  be  any  point, 

f(x)  —  f(Xi) 

and  consider  the  limit  of  '^-^-^^ — "^         ,  when  x  has  any  sequence  of  values 

X  "■-  x^ 

which  converge  to  ^.  A  set  of  primary  values  of  x  can  always  be  found, 
such  that  the  ratio  converges  to  the  same  limit,  when  x  has  the  values  of 
this  sequence  of  primary  points,  as  for  the  prescribed  sequence  consisting 
of  secondary  points,  or  of  both  primary  and  secondary  points.  For  a  primary 
point  f  can  be  found,  corresponding  to  x,  such  that 

X  ■■■  X^  t  ~-  »4?| 

where  S  is  an  arbitrarily  small  number.    This  follows  from  the  fact  that 

x  —  Xi 

is  a  continuous  (unction  of  x  at  every  point  except  ^. 

226.  In  order  to  construct  monotone  continuous  functions,  the  values  of 
the  function  are  first  assigned  at  the  end-points  a,  b  of  the  interval,  then  at 
two  points  x^,  Xi,  where  a;o<^i;  then  at  four  points  arooi  ^oi,  ^io>  ^i>  where 

*oo<^o»  oSo<Xn<Xio<oi\,  and  a?i<a?u; 
afterwards  at  eight  points 

^^9    ^'Wj    ^010>   ^Wlj    ^'oooi    ^01  >   ^0»    ^11  >    ®C. 

lying  in  the  successive  intervals  measured  from  left  to  right,  into  which  (a,  6) 
was  divided  by  the  four  points;  and  so  on.  The  function  may  then  be 
regarded  as  the  limit  of  a  sequence  of  continuous  functions,  each  of  which  is 
representable  as  a  polygon  obtained  by  joining  the  end-points  of  ordinates 
which  represent  the  functional  values  that  have  been  assigned  at  any  stage 
of  the  process. 
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In  this  manDer  Brod^n  has  constructed  a  monotone  continuous  function 
f(x)y  which  is  such  that  it  has  derivatiyes  on  the  right,  and  on  the  left, 
which  are  everywhere  definite,  finite  and  different  from  zero ;  and  such  that 
a  definite  differential  coefficient  everywhere  exists,  except  at  the  everywhere- 
dense  enumerable  set  of  primary  points. 

He  has  also  constructed  a  monotone  function  f{x)  which  is  such  that  at 
the  everywhere-dense  enumerable  set  of  primary  points,  the  derivative  on 
the  left  exists,  and  is  zero,  and  the  derivative  on  the  right  exists  and  ia 
positive;  for  an  unenumerable  everywhere-dense  set  of  points  there  is  a 
differential  coefficient  everywhere  zero,  and  for  another  such  set  of  points, 
there  is  no  definite  derivative  on  the  left,  but  there  is  a  positive  one  on 
the  right. 

A  third  case  is  the  following: — 

/(w)  is  continuous,  monotone  and  increasing;  at  an  everywhere-dense 
enumerable  set  of  points  the  derivative  on  the  left  is  zero,  and  that  on  the 
right  is  4-  00 ;  for  an  everywhere-dense  unenumerable  set,  both  derivatives  exist 
and  are  positive ;  for  another  such  set  both  exist  and  are  zero ;  for  a  third  such 
set,  both  derivatives  exist  and  are  +00 ;  for  a  fourth  such  set,  neither  derivative 
exists ;  for  a  fifth  such  set,  the  derivative  on  the  left  is  zero,  and  that  on  the 
right  is  indefinite,  but  has  zero  for  its  lower  limit ;  for  a  sixth  such  set,  the 
derivative  on  the  right  is  +  00 ,  but  that  on  the  left  is  indefinite,  with  -h  <x> 
for  its  upper  limit. 

227.  For  the  construction  of  everywhere-oscillating  continuous  ftinctions 
it  is  more  convenient  to  successively  assign  the  functional  values  at  sets  of  points 
proceeding  by  powers  of  3  instead  of  2  as  in  the  case  of  monotone  ftmctions. 
In  this  manner  Brod^n  has  constructed  such  a  function  f(x),  which  has  the 
following  properties : — 

At  an  everywhere-dense  enumerable  set  of  points,  the  derivative  on  the 
left  exists,  and  is  positive ;  that  on  the  right  exists,  and  is  negative  (or  the 
reverse),  this  set  corresponding  to  maxima  and  minima  of  the  ftinction ;  for 
a  certain  unenumerable  everywhere-dense  set,  there  is  a  differential  coefficient 
everywhere  of  the  same  sign ;  and  for  another  such  set,  there  is  a  differ- 
ential coefficient  which  is  zero ;  for  a  third  such  set,  one  or  both  of  the 
derivatives  are  indefinite. 

Kopcke*  has  given  the  firat  example  of  a  function  which  is  everywhere- 
oscillating  and  yet  has  at  every  point  a  definite  differential  coefficient,  thus 
confirming  the  conjecture  of  Dini  that  such  functions  can  exist ;  and  Brod^nf 
has  also  constructed  such  a  function.     A  general  theory  of  such  functions  has 

*  Math,  Ann,  vol.  xzn,  p.  128;  vol.  xzxiv,  p.  161;  vol.  zxxv,  p.  104.    See  also  Pereno,  Giom. 
di  Mat,  vol.  zxxv,  p.  182. 

+  Stockholm  Vet,  Ah,  Ofv.,  1900,  pp.  428  and  748. 
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been  given*  by  Sch5iiflie8.  The  method  adopted  by  Kopcke  is  to  constract 
the  function  as  the  limit  of  a  succession  of  polygons  of  which  the  sides  are 
ciroular  arcs.  Everywhere-oscillating  functions  have  also  been  studied  by 
Steinitz'f'.  A  detuled  account  of  all  the  special  cases  treated  of  by  these 
writers  would  require  a  large  amount  of  space ;  reference  can  therefore  only 
be  made  to  the  original  memoirs.  A  simplification  of  Kopcke's  construction, 
due  to  Pereno,  will  be  given  in  Chapter  vi. 

228.  A  function  f{x)  which  is  of  such  a  character  that  it  can  be  repre- 
sented approximately  by  a  graph,  which  exhibits  all  the  peculiarities  of  the 
function,  so  that  y^f{x)  is  the  equation  of  a  "curve,"  in  the  ordinary  sense 
of  the  term,  must  satisfy  the  following  three  conditions : — 

(1)  The  function  must  be  continuous  everywhere,  with  the  possible 
exception  of  a  finite  number  of  points,  at  which  it  may  have  ordinary  dis- 
continuitiea 

(2)  It  must  be  differentiable,  except  that  there  may  be  a  finite  number 
of  points  at  which  no  differential  coefficients  exist,  but  at  which  definite 
derivatives  on  the  right  and  on  the  left  exist. 

(3)  It  can  have  only  a  finite  number  of  maxima  and  minima ;  and  the 
same  must  hold  of  every  function  obtainable  by  the  addition  of  a  linear 
function  to  the  one  in  question.  This  condition  may  be  expressed  in  the 
form,  that  the  function  must  be  in  general  monotone  with  reference  to  every 
possible  axis  which  may  be  employed  for  the  measurement  of  abscissae. 

A  function  which  satisfies  these  conditions  may  be  characterised^  as  an 
ordinary  function.  As  has  been  already  indicated,  there  exist  functions 
which  satisfy  the  conditions  (1)  and  (3),  but  do  not  satisfy  the  condition  (2). 
Again,  there  exist  functions  which  satisfy  the  conditions  (1)  and  (2),  but  not 
the  condition  (3). 

FUNCTIONS  OF  TWO  OR  MORE  VARIABLES. 

229.  An  association  of  n  numbers  {<iit(^9  •••  ^)  being  considered  to 
represent  a  point  in  n- dimensional  space,  any  set  of  such  points,  whether 
continuous  or  not,  may  be  taken  as  the  domain  of  a  set  (o^,  o^s,  ...  Xn)  of  n 
independent  variables.  When  |  a^i  {,  |  o^s  {, ...  |  ^n  I  ^^i  for  all  points  of  the 
domain,  all  less  than  some  fixed  positive  number,  the  domain  is  said  to  be 
limited. 

A  function y(a?i,  x^^  ...  A^n),  as  in  the  case  of  a  domain  of  one  dimension, 
is  defined  by  a  set  of  rules  from  which  a  single  number,  the  functional  value, 

*  Math,  Arm,  voL  lit  ;  also  his  Berichtt  p.  164. 

t  Math,  Awnaleuy  vol.  Ln. 

t  Do  Bois  Beymond,  Crelle*i  Journal,  vol  lxzix,  p.  82. 
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can  be  arithmetically  determined  for  any  prescribed  point  of  the  given 
domain.  If,  for  every  point  of  the  domain,  |/(a?i,  a?„  ...x^  \  be  leas  than 
some  fixed  positive  number,  the  function  is  said  to  be  limited  in  its  domain. 

Corresponding  to  a  neighbourhood  (a  —  €,  a  +  e)  of  a  point  a  in  a  straight 
line,  the  rectangular  cell  which  contains  all  points  (^i,  a?,,  ...  x^)  such  that 
I  aJi  — Oi  I  ^  €i,  I  a^  —  a^  I  ^  €„  ...  I  a?n  — c^»  I  ^  €»,  where  €i,  6j,  ...  €«  are  definite 
positive  numbers,  is  taken  to  be  a  neighbourhood  of  the  point  (oi,  a,,  ...  On). 
A  ''sphere,"  which  contains  all  points  such  that 

where  p  is  some  assigned  number,  is  also  frequently  employed  for  purposes 
similar  to  those  for  which  the  interval  (a  —  €,  a  +  c)  is  used  in  the  case  of 
a  linear  domain. 

The  definitions  given  in  §  167,  of  the  upper  and  lower  limits,  and  of  the 
fluctuation  of  a  function  in  its  domain,  can  be  immediately  extended  to  the 
case  of  an  n-dimensional  domain. 

The  function  /(a^i,  a^,  ...  x^)  is  said  to  be  continuous  at  the  point 
(oj,  Oa,  ...  On),  which  is  a  limiting  point  of  the  domain  of  the  function, 
provided  that,  corresponding  to  an  arbitrarily  chosen  positive  number  e, 
a  neighbourhood  of  (ai,  a,,  ...  an)  can  be  determined,  such  that 

|/(a?,,  X2,  ...  ic»)-/(ai,  a,,  ...  On)  |  <  e, 

for  every  point  (x^,  x^,  ...  Xn)  in  the  interior  of  the  neighbourhood,  which  is 
conveniently  taken  to  be  a  rectangular  cell. 

A  function  which  is  not  continuous  at  a  point  may  satisfy  the  above 
condition  for  a  neighbourhood  in  which  a?i  — a,,  a?,  —  a,,  ...  a?n— ^n  are  re- 
stricted each  to  have  a  definite  sign.  The  2^  different  partial  neighbour- 
hoods of  a  point  so  determined,  correspond  to  neighbourhoods  on  the  right 
and  on  the  left,  in  the  case  of  one-dimensional  domains. 

Such  partial  continuity  of  a  function  is  a  generalization  of  the  conception 
of  continuity  on  the  right,  and  on  the  left. 

The  saltus  of  a  function  at  a  point  is  defined  as  in  §  180,  as  the  limit 
of  the  fluctuation  in  the  neighbourhood  when  the  greatest  of  the  numbers 
€1,  6s,  ...  €n  converges  to  zero. 

There  is  a  separate  saltus  for  the  limit  of  each  of  the  2*  partial 
neighbourhoods. 

The  domain  for  which  a  function  is  defined  will  most  frequently  be  taken 
to  be  a  continuous  limited  domain,  i,e,  one  which  is  limited,  perfect  and 
connex. 

The  theorem,  of  §  171,  that  for  such  a  domain,  there  exists  one  point  at 
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least,  such  that,  in  any  arbitrarily  small  neighbourhood  of  the  point,  the  upper 
limit  of  the  function  is  the  same  as  the  upper  limit  of  the  function  in  the 
whole  domain,  can  be  extended  to  the  case  of  an  n-dimensional  domain. 

The  whole  domain  may  be  taken  to  be  contained  in  a  single  rectangular 
cell;  this  rectangular  cell  maybe  sub-divided  into  n^  equal  parts  each  similar 
to  the  whole;  these  parts  may  then  be  similarly  sub-divided,  and  so  on, 
indefinitely.  The  proof  of  the  theorem  is  then  precisely  similar  to  that 
given  in  §  171. 

The  theorem  that,  in  the  case  of  a  continuous  function,  the  upper  limit 
of  the  function  is  actually  attained  at  some  point  of  the  domain,  may  be 
proved  as  in  §  171. 

That  a  continuous  function  is  determined  by  the  functional  values  at  the 
points  of  an  everywhere-dense  enumerable  set  contained  in  its  domain,  may 
be  proved  as  in  §  173. 

That  a  continuous  function  defined  for  a  closed  domain  is  necessarily 
uniformly  continuous,  may  be  proved  by  either  of  the  methods  employed  in 
§  175  and  §  185.  Thus,  if  for  each  point  of  the  domain,  a  neighbourhood  be 
determined,  within  which  the  fluctuation  of  the  function  is  less  than  the 
prescribed  number  €,  a  finite  number  of  these  neighbourhoods  can  be  selected 
such  that  each  point  of  the  domain  is  in  the  interior  of  one  at  least  of  them. 
The  finite  number  of  cells  which  overlap  one  another  determine  a  finite 
number  of  non-overlapping  cells.  If  17  be  the  shortest  of  the  edges  of  all 
these  non-overlapping  cells,  any  rectangular  cell  such  that  the  lengths  of  all 
its  edges  are  less  than  rj  will  be  contained  in  the  interior  of  one  of  the  cells 
of  the  finite  overlapping  set.     Thus  the  theorem  is  established. 


FUNCTIONS  OF  TWO  VARIABLES. 

230.  Most  of  the  points  in  which  the  theory  of  functions  of  a  number  of 
variables  involves  considerations  which  are  not  an  immediate  generalization 
of  those  which  occur  in  the  case  of  functions  of  a  single  variable,  are 
sufficiently  illustrated  by  the  case  of  functions  of  two  variables.  Accordingly 
the  properties  of  functions  of  two  variables  will  be  considered  in  some  detail. 

That  a  function  /(x,  y)  should  be  continuous  at  a  point  (a,  h)  which  is  a 
limiting  point  of  its  domain,  it  is  necessary,  but  not  sufficient,  that  the 
function  /(a?,  b)  of  x  should  be  continuous  at  the  point  ir  =  a,  and  that  the 
function  y(a,  y)  of  y  should  be  continuous  at  the  point  y  =  6.  Thus  a 
function  may  be  continuous  at  a  point  with  respect  to  x,  and  also  with  respect 
to  y,  whilst  it  is  discontinuous  with  respect  to  the  two-dimensional  domain 
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It  is  not  even  sufficient  to  ensure  the  continuity  of  f{x,  y)  at  a  point, 
that  it  be  continuous  in  every  direction  from  the  point.    Thus 

/(a  +  rcosO,  ft  +  rsin^) 

may  be  a  continuous  function  of  r,  at  r » 0,  for  each  value  of  0  in  the 
interval  (0,  27r),  and  yet*  the  function  may  be  discontinuous  at  {a,  b). 

The  necessary  and  sufficient  condition  that  /(x,  y)  may  be  continuous  at 
(a,  b)  may  be  expressed  in  the  form,  that  f(Xf  y)  must  be  continwouM  in  every 
direction  at  the  point,  and  uniformly  so  for  all  directions. 

Thus  if /(a +  r  cos  ^,  ft  +  rsin^)  be  continuous  at  r=»0,  for  each  value 
of  6y  and  uniformly  so  for  all  values  of  0,  then  if  6  be  a  prescribed  positive 
number,  a  number  p  can  be  determined,  independent  of  0,  such  that 

\f{a  +  r cos ^,  5  +  r  sin ^)  -/(a,  b)\<e, 

provided  r  <  p.  From  this  condition  it  follows  that  |/(«,  y)  —/(a,  6)  |  <  e, 
provided  |  ^  —  a  |,  |  y  —  &  |  are  each  <  plJ%  and  thus  the  condition  of  con- 
tinuity of  the  function  is  satisfied. 

The  remarks  which  have  been  made  as  regards  the  continuity  of  a 
function  at  a  point  are  applicable  without  essential  change  if  those  functional 
values  in  the  neighbourhood  of  the  point  are  alone  taken  into  account, 
which  are  in  one  of  the  four  quadrants,  the  values  at  points  on  the  axes 
bounding  the  quadrant  being  either  included  or  excluded  from  consideration, 
as  may  be  agreed  upon.  Thus  the  condition  of  continuity  at  a  point  may  be 
satisfied  for  one  such  quadrant  and  not  for  another  one. 

EXAMPLES. 

1.  Let  /(jr,  y)=   ^  ,,  and  /(O,  0)=0.    This  function  is  discontinuous  at  the  point 

(0,  0),  although  it  is  continuous  at  that  point  with  respect  to  x^  and  also  with  respect  to  y, 
since /(j7,  0)=0, /(y,  0)— 0.  In  all  other  directions  the  function  is  disoontinuouB ;  for 
writing  j?=rcos  ^,  y^r  sin  6,  the  function  is  ^sin  %B  and  therefore  has  a  constant  value 
different  from  zero  on  a  straight  line  for  which  6  is  constant,  unless  6  has  one  of  the  values 
0,  ^ir,  IT,  or  Jir. 

2.  Lett /(a:,  y)=  J^  .,  /(O,  0)=0.  This  function  is  discontinuous  at  the  point 
(0,  0),  although  it  is  continuous  in  each  particular  direction,  at  that  point.    We  find  that 

— o  ^  .  <  •  A  ^< ^  if  r<  —  cosec^^ll- Vl-4€*cos*d};  and  in  order  that  this  condition 
cos'd+r'sm*^  2€  ^  " 

may  be  satisfied,  the  greatest  value  of  r  diminishes  indefinitely  as  6  approaches  the  value 

\ir  ;  whereas  when  d=i7r,  the  function  is,  for  every  value  of  r,  equal  to  /(O,  0).     It  is 

thus  seen  that  the  convergence  in  different  directions  is  non-unifonn. 

*  See  Thomae,  AbrU$  einer  Theorie  der  kamplexen  Funetionen,  2nd  ed.  p.  15. 
t  Qenooohi-Peano,  Cole.  Diff.^  §  128. 
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23L  Let  (a,  6)  be  a  limiting  point  of  the  domain  for  which  a  function 
y(«,  y)  is  defined,  and  let  a  neighbourhood  of  which  the  corners  are  the  four 
points  (a  ±  «,  6  ±  e)  be  taken.  Let  UyLhe  the  upper  and  lower  limits  of  the 
function  for  all  points  of  the  domain  in  this  neighbourhood,  the  functional 
value  at  (a,  b)  being  however  disregarded  in  case  (a,  b)  belongs  to  the  domain. 
If  e,  /  be  diminished^  the  number  U  cannot  increase ;  and  when  values  of  e,  e' 
belonging  to  sequences  Cj,  €«,  ...  €»,  ...,  and  e/,  €/,  ...  €n^  ...  each  of  which 
converges  to  the  limit  zero  are  taken,  and  Un  be  the  value  of  U  corresponding 
to  the  values  e^,  e^'  of  e,  €\  the  numbers  Ui,  I7,>  •••  ^n>  •••  form  a  sequence  of 
numbers  which  do  not  increase.  This  sequence  has  then  a  limit  U,  which 
may  however  have  the  improper  value  oo ,  in  case  all  the  numbers  Un  have 

this  improper  value.   It  is  easily  seen  that  U  is  independent  of  the  particular 

sequences  chosen  for  6,  e'.    This  number  U  is  said  to  be  the  upper  limit  of 
tke  /unction  ai  (a,  6),  and  may  be  denoted  by 

Km    fi^fV)' 

The  lower  limit  lim  f(x,  y)  may  be  defined  in  a  similar  manner,  as 
the  limit  of  a  sequence  of  values  of  L ;  and  it  may  have  the  improper  value 

—  00. 

At  a  point  of  continuity  of  the  function,  the  condition 

Tim    /(a?,  y)=     Hm    f(x,y) 

is  satisfied ;  and  further,  each  of  these  limits  is  equal  to  /(a,  6),  in  case  (a,  b) 
belongs  to  the  domain  of  the  function. 

Corresponding  pairs  of  limits  may  also  be  defined  for  the  case  in  which 
the  functional  values  in  one  quadrant  only  are  taken  into  account,  the 
functional  values  on  the  axes  being  either  included  or  excluded,  in  case  they 
exist,  as  may  be  agreed  upon. 

The  saitus  or  measure  of  discontinuity  at  the  point  (a,  b)  is  measured  by 
the  excess  of  the  greatest  over  the  least  of  the  three  numbers 


/(a,  6),      lim    f(x,y\     Hm    f(x,y). 

The  saltus  at  a  point  of  discontinuity  may  have  a  finite  value,  or  it  may  be 
indefinitely  great. 


In  case      lim    f(x,  y)=    Um    f(x,  y),  their  common  value   may   be 

denoted  by  lim  f(x,  y),  and  the  function  is  then  said  to  have  a  definite 
double  limit  at  the  point  (a,  b) ;  this  double  limit  lim  /  (x,  y)  may  be 
finite,  or  infinite  with  a  definite  sign. 
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When  the  upper  and  lower  limits  have  different  values,  \vmf{x,  y)  is 
frequently  regarded  as  existent  but  indeterminate,  the  upper  and  lower 
limits  being  regarded  as  its  limits  of  indeterminacy. 

232.  In  considering  the  functional  values  in  the  neighbourhood  of 
a  point,  and  the  functional  limits  at  the  point,  it  is  frequently  convenient  to 
consider  one  quadrant  only ;  this  we  may  take,  without  loss  of  generality,  to 
be  the  quadrant  in  which  x  —  a^Oy  y  —  b^O.  The  results  which  will  be 
established  are  essentially  applicable  to  any  one  of  the  four  quadrants,  and 
can  be  immediately  extended  to  the  case  in  which  account  is  taken  of  the 
whole  neighbourhood  of  (a,  6),  by  taking  the  totality  of  the  results  for  the 
four  separate  quadrants,  and  for  the  lines  a;  =  a,  y  =  b. 

Assuming  that  a:  —  a>0,  y  —  6>0,  the  function  /{x,  y)  considered  as 

a  function  of  y  only,  with  x  constant,  has  two  functional  limits  /{x,  6  -f  0), 

/(x,  6  +  0),  at  the  point   (a?,  b) ;    these   may   be   denoted  by  lim  /{x,  y), 

_  ....  ^^^ 

lim /(a?,  y)  respectively.    In  case  these  two  limits  are  identical,  their  common 

value  may  be  denoted  by  lim /(a?,  y),  the  functional  limit  /(a?,  6  +  0)  having 
in  that  case  a  definite  value. 


If  either  of  the  limits  lim/(ir,  y),  lim /(a?,  y)  is  to  be  taken  indifferently, 

y=b  7^ 

we  may  denote  them  by  lim  f(x,  y).    This  may  be  regarded  as  a  function  of  x, 

such    that    its    value    at    the    point  (x,   b)  is   multiple-valued,   and    has 
lim  f{x,  y),  lim  f{x,  y)  for  its  limits  of  indeterminacy. 


It  may  happen  that  lim/(a;,  y),  considered  as  a  function  of  or,  has  a 

definite  functional  limit  at  the  point  x  =  a\  this  limit  may  be  either  finite, 
or  infinite  with  fixed  sign.  In  case  such  a  limit  exists,  it  is  denoted  by 
lim  lim  /(a?,  y),  and  it  is  said  to  be  the  repeated  limit  of  /(a?,  y)  at  the  point 

«=a  y-b 

(a,  6),  the  order  of  the  limits  being,  that  the  limit  for  y  =  6  is  taken  first, 
and  then  afterwards  the  limit  for  a?  =  a. 

In  case  this  repeated  limit  does  not  exist,  either  as  a  definite  number,  or 
as  infinite  with  fixed  sign,  we  may  regard  lim  lim /(a?,  y)  as  indeterminate, 

x=a  y—b 

its  limits  of  indeterminacy  being  lim  lim /(a?,  y),  and  lim  lim /(a?,  y). 

The  repeated  limit  lim  lim /(a?,  y),  in  which  the  limit  with  respect  to  x 

y-b  x=a 

is  first  taken,  and  afterwards  that  with  respect  to  y,  may  be  defined  in  a 
precisely  similar  manner. 
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It  is  clear  that  the  functional  values  on  the  straight  lines  a  =  a,y^b  are 
irrelevant  as  regards  the  existence,  or  the  values,  of  the  repeated  limits. 

In  case  the  double  limit     lim     /(a?,  y)  for  x>a,  y>  6,  exists  at  the 

point  (a,  6),  having  either  a  finite  value,  or  being  infinite  with  fixed  sign,  the 
existence  of  the  two  repeated  limits 

lim  lim/(^,  y\     lim  lim /(a?,  y) 

xzsa  y-h  y=6  x-a 

follows  as  a  consequence,  their  common  value  being     lim    f{x,  y).     In  this 
case  lim  /[x,  <f>(x)]  also  exists,  and  is  equal  to  the  double  limit,  where  ^(a?) 


x-a 


is  any  function  of  x,  which  is  >  6,  and  is  such  that   lim  <l>{x)  =  6.     Also 
\im/{<l){t),'^(t)}  exists,  and  is  equal  to  the  double  limit;  where  <l>(t),  -^(t) 

t—r 

are   functions   of   a   variable   t,   such    that   ^  (f)  >  a,   ^  {€)  >  b,  and   that 
lim  <l>{t)  —  a,  lim  ^(^)  =  6. 

The  converse  of  these  statements  does  not  hold  good.     In  particular,  the 
existence  of    lim    f{x,  y)  is  not  necessary  either  for  the  existence  with 

definite  values,  or  for  the  equality,  of  the  two  repeated  limits 

lim  lim /(a?,  y)\    lim  lim /(a?,  y). 

x=a  y=b  y=b  x—a 

EXAMPLES. 

1.  Let  /(x,  y)  bo  defined  for  the  positive  quadrant  by  /(ar,  y)=-— ^.    We  find 
lim  lim  /(jp,  y)=l,  lim  lim  /(^,  y)=  - 1 ;  thus     lim    /(x,  y)  cannot  exist 

2.  Let/(x,  y)=  0,0  .  ; r,.    In  this  case  lim  lim  /(j?,  y)  and  lim  lim  /(a?,  y) 

^«Tr+(*-y;*  x=0  y=o  y=o  «=o 

are  both  zero,  and  yet     lim    /(x,  y)  does  not  exist ;  for  if  y=x,  /(x,  y)=l »  ^nd  there- 
fore  lim  /(jp,  d?)=l. 

3.  Let*  /(a?,  y)  be  defined  for  x>0,  y>0,  by  the  expression  (j?+y)  sin  -sin  -.     In 

X       y 

this  case  Em /(x,  y)=d?8in-,  Hm  /(j?,  y)=  -a:  sin-,  and  lTm/(j?,  y)-lim /(j?,  y)  has 
for  x=0  the  limit  aero.    We  have  then  lim  lim  /(j?,  y)=0,  since  jpsin-,  —  arsin- 

x=0   y=0  *  "^ 

have  each  the  limit  zero  for  x=:0.    It  is  clear  that  lim  lim  f(x,  y)  is  also  zero.    If 

ysO     X=0 

0<x<i€,  and  0<y<j€,  we  see  that  |/(j?,  y)|<«,  and  therefore     lim    /(a?,  y)  exists, 
and  is  equal  to  zero. 

233.     An  important  matter  for  investigation  is  the  determination  of  the 
necessary  and  sufficient  conditions  for  the  existence  and  equality  of  the  two 

*  PriDgsheim,  Encyklopddie  der  Math.  Wi9»en$ch.^  11  a.  1,  p.  51. 
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repeated  limits  at  a  point.  A  knowledge  of  such  conditions,  as  also  of 
sufficient  conditions^  is  required  in  various  fundamental  theorems  of  analysis 
which  turn  upon  the  legitimacy  of  inverting  the  order  of  a  repeated  limiting 
process. 

It  will  be  observed  that  the  existence  of  lim  \imf{x,  y)  does  not  neces- 
sarily   involve   the   existence   of   \vaif{x,  j^)  as  a  definite   number,  since 

lim  \\mf{x,  y\  lim  \\iaf{x,  y)  may  both  exist  and  have  the  same  value, 
without  it  being  necessarily  the  case  that  lim/(^,  y),  Yimf{Xt  y)  are 
identical.      It   is   however   necessary   that   lim /(a?,  y)— lim/(a?,  y)  should 

converge  to  the  limit  zero,  as  x  converges  to  the  value  a. 

The  necessary  and  sufficient  conditions  required  are  contained  in  the 
following  general  theorem : — 

In  order  that  the  repeated  limita  lim  lvmf{x,  y),  lim  lim/{x,  y)  may 

both  exist  and  have  the  sam^e  finite  value,  it  is  necessary  and  sufficient,  (1)  thai 
limf(x,  y)  —  lim /(x,  y)  should  have  the  limit  zero,  for  x^a^  and  thai 

limf{x,  y)  -  lim/(x,  y)  should  have  the  limit  zero,  for  y  =  b;  and  (2)  that, 

x—a  x-a 

corresponding  to  any  fiaed  positive  number  e  arbitrarily  chosen,  a  positive 
number  /3  can  be  determined,  such  that  for  each  value  of  y  interior  to 
the  interval  (6,  b  +  fi)  a  positive  number  Oy  in  general  dependent  on  y  exists, 

such  that,  for  this  value  of  y,  f(x,  y)  lies  between  lim  f{x,  y)  -{-  e  and 
limf(x,  y)  —  €,for  all  values  of  x  interior  to  the  interval  {a,  a  +  Oy). 

Let  us  first  assume  that  the  conditions  stated  in  the  theorem  are  satisfied. 
A  value  of  y  may,  in  virtue  of  (1),  be  so  chosen  that  the  diCFerence  of  the  two 

limits  lim /(a?,  y),  Umf(x,  y)  is  less  than  an  arbitrarily  chosen  number  17; 

x=a  ffsa 

and  this  value  of  y  may  also  be  so  chosen  that  it  is  interior  to  (6, 6  +  j3).  For 
this  fixed  value  of  y,  an  interval  (a,  a  +  aj)  for  x  may  be  so  chosen  that 

f(x,y)  lies  between  lim /(a?,  y)  +  e  and   lim /(a?,  y)  — 6,   provided   y   has 


z=a  x^a 


the  fixed  value,  and  a  <  x  <  a  +  aj :  this  follows  from  the  definition 
of  the  upper  and  lower  limits.  Again,  from  the  condition  (1),  a  number 
a"  can  be  determined,  such  that  if  x  be  interior  to  the  interval  (a,  a  +  a"),  the 
diCFerence  between  the  two  limits   lim /(a?,  y),  lim /(a:,  y)  is  less  than  17. 

Now  let  Oy  be  the  smallest  of  the  three  numbers  Oy,  Oy',  a";  then,  if  a^i,  a:, 

be  any  two  values  of  x  within  the  interval  (a,  a  +  Oy),  and  y  have  the  fixed 
value,  by  applying  the  conditions  of  the  theorem,  we  see  that  the  conditions 
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l/(^»y)-/(^«»y)l<^+2€, 


y-6 


/(^«»y)-lim/(a:^,y) 


y=6 


<^  +  ^, 


are  all  satisfied.     It  follows  that 


^mf{x^,  y)  -  lim /(a?,,  y)    <  817  +  4€ 

ya6  |f«6 


for  every  pair  of  points  x^,  x^  within  the  interval  (a,  a  +  Oy).    Hence,  since  €,  17 
are  both  arbitrarily  small,  lim/(a?,  y)  converges  for  a; «  a  to  a  definite  value 


y=6 


which  is  the  limit  of  both  lim/(a:,  y)  and  of  lim/(a7,  y)  when  a?  =  a;  and 
thus  lim  lim  f{x,  y)  exists. 

Again,  since  lim  lim/(a?,  y)  has  a  definite  value,  an  interval  (a,  a  +  S) 

xs^a  y=b 

can  be  determined,  such  that  for  any  point  x  interior  to  it 


lim  lim /(a?,  y)-lim/(a?,  y) 

x—a  p=b  yaft 


<€. 


Now  lim  lim /(a?,  y)  —  lim /(a?,  y)  is  the  sum  of  the  three  diCFerences 

gaa  y»6 


x^a 


lim  lim /(a?,  y)  -  Hm/(a?,  y), 

«=a  y=6  |f=6 


liE/(^»  y)  -/(^.  y)»  /(^»  y)  -  1h£./(^»  y)» 

y=6 


x^a 


and  for  a  fixed  y,  chosen  as  before,  x  may  be  chosen  so  that  it  not  only  lies 
within  the  interval  (a,  a  +  £),  but  is  also  such  that 


f{x,  y)  -  lim  /(a:,  y)   ,     f{x,  y)  -  lim  /(«,  y) 


ys6 


x=^a 


are  each  less  than  17  +  26.     It  follows  that 


lim  lim  f{x,  y)  -  lim /(a?,  y)    <  5  6  +  217 , 


a;=a 


and  thus  that  lim /(a?,  y)  converges,   as  y  converges   to  6,   to   the  limit 


x^a 


lim  lim /(a;,  y).     It  has  thus  been  shewn  that  the  two  repeated  limits  both 
exist  and  have  the  same  value. 

Conversely,  let  us  assume  that  the  repeated  limits  both  exist,  and  are 
finite  and  equal.    We  have  then    lim  lim /(a?,  y)  —  lim /(a?,  y)    <  f,  provided 

x^a  y=b  x^a 

20—2 
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y  lies  between  b  and  b  +  /3,  where  fi  is  some  fixed  number,  ^  being  an 
arbitrarily  chosen  positive  number;  from  this  it  follows  that 


x=a 


x^a 


is  <2f,  for  b<y<b  +  /3.    Also 

]i5?/(^»  y)  -  lim  lim/(a?,  y)    <  f, 

provided  a?  lies  within  some  fixed  interval  (a,  a  +  8^);  and  fi-om  this  it  follows 
that  lim  f(x,  y)  —  lim/(a?,  y)  is  <  25;  for  a  <  a?  <  a  +  S'.    Since  f  is  arbitrarily 

small,  we  now  see  that  the  condition  (1)  of  the  theorem  is  satisfied.  Farther 
we  see  that 

f{x,y)'-mf{x,y)   <2?+r, 

where  f  is  any  arbitrarily  chosen  positive  number,  provided  x  lies  within 
some  interval  (a,  a  +  a  y),  where  a'y  depends  upon  y,  and  may  diminish  in- 
definitely as  y  approaches  the  value  6.    It  follows  from  the  three  inequalities, 

that  

/(a:,  y)- lira /(a:,  y)    <4?+f, 

provided  b<y<b  +  /3,  and  provided  also  x  lies  within  some  interval 
(a,  a  +  Oy)  where  Oy  depends  in  general  upon  y.  Since  ^  and  (f'  are  both 
arbitrarily  small,  it  follows  that  the  condition  (2)  of  the  theorem  is  satisfied. 

If  the  condition  (2)  in  the  above  general  theorem  be  replaced  by  the 
more  stringent  condition  that,  corresponding  to  any  fixed  positive  number  e, 
arbitrarily  chosen,  a  positive  number  fi  can  be  determined,  which  is  such 
that  for  each  value  of  y  interior  to  the  interval  (6,  b+/3),  a  positive  number 
Oy  dependent  on  y  exists,  such  that  for  this  value  of  y,  and  for  aU  smaller 

values^  fix,  y)  lies  between  lim  /(a?,  y)  +  6,  and  lim /(a?,  y)  —  €,  then  this 

y=6  y=6 

condition  and  the  condition  (1)  are  the  necessary  and  sufficient  conditions 
that  not  only  lim  lim/(a?,  y),  lim  lim /(a?,  y)  exist  and  are  equal,  but  also 

that  the  double  limit      lim     f{x,  y)  exists,  having  a  definite  value  the 

same  as  the  repeated  limits.  In  case  the  function  be  defined  for  values  of 
X,  y  on  the  lines  a;  =  a,  y  =  6,  the  additional  conditions  must  be  added  that 
the  functional  values  on  these  lines  also  converge  to  the  same  limit 

lim     /(a?,  y). 

For,  under  the  conditions  stated,  we  have,  provided  y  lies  within  the 
interval  (6,  b  +  )8i),  where  /8i  <  )8, 


/(a?,  y)  -  lim/(a?,  y) 

y-6 


<€  +  i7. 
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where  x  has  any  value  in  the  interval  (a,  a  +  f),  ?  being  the  lesser  of  the  two 
numbers  a^i  and  ^ ;  the  number  8'  being  so  chosen  that 


lim/{x,y)-']imf{x,y)  <  17,  for  a<a?<a  +  S'. 


9-b  |f=ft 


Also 


lim/(a?,  y)  —  lim  lira  J  (x,  y)   <  6,  provided  x  lies  within  an  interval 

chosen  sufficiently  small.     Hence  the  condition 

/(a:,  y)- lim  lim /(a?,  y)    <26  +  i7 

is  satisfied,  provided  h<y  Kh+^u  and  provided  x  lies  within  an  interval  of 
which  the  length  may  depend  upon  e  and  17.  It  follows,  since  €,  17  are 
arbitrarily  small,  that  f{x,  y)  has  a  definite  double  limit  at  the  point  (a,  6). 
That  the  conditions  stated  are  necessary,  follows  at  once  firom  the  definition 
of     lim     f(x,y). 

231.    The  theorem  obtained  in  §  233  may  be  simplified  in  the  case  in  which 
lim /(a?,  y),  lim /(a?,  y)  both  have  definite  values  at  all  points  on  the  straight 

lines  rr  =  a,  y  =  6  which  are  in  sufficiently  small  neighbourhoods  of  the 
point  (a,  b).    We  may  then  state  the  theorem  as  follows : — 

If  lim  f{x,  y),  lim/(x,  y)  have  definite  finite  values  in  the  neighbourhood 

of  the  point  (a,  6),  then  the  necessary  and  sufficient  condition  that  the  two  repeated 
limits  lim  lim  f{x,  y),  lim  lim  /(x,  y)  may  both  exist  and  have  the  same 

finite  value  is  that,  corresponding  to  any  fi^xed  positive  number  6,  arbitrarily 
chosen^  a  positive  number  fi  can  be  determined,  which  is  such  thaiy  for  each 
value  of  y  interior  to  the  interval  (6,  6  +  ^8),  a  positive  numher  Oy  in  general 
dependent  on  y  exists,  such  that  for  this  value  of  y,  I  /(x,  y)  —  limf(x,  y)  \<  e 

for  all  values  oj  x  within  the  interval  (a,  a  +  Oy), 

In  case  the  condition  \f{x,  y)  —  lim /(a?,  y)  I  <  e  for  all  values  of  a?  within 

(a,  a  +  Oy)  be  satisfied  not  only  for  the  particular  value  of  y  but  for  all  smaller 
values,  and  this  hold  for  every  6,  then  the  double  limit     lim     /(a?,  y)  exists, 

x=3a,  yx-6 

and  is  equal  to  each  of  the  repeated  limits.  In  this  case  the  point  (a,  b)  is 
said  to  be  a  point  of  uniform  convergence  of  the  function  f{x,  y)  to  the 
limit  lim  /(a?,  y)  with  respect  to  the  parameter  x ;  and  thus,  for  such  a  point, 

y«6 

there  exists  for  each  value  of  €,  an  interval  (a,  a  +  a),  where  a  depends  in 
general  upon  €,  such  that  for  each  value  of  x  within  this  interval,  the 
condition  \f(x,  y)  —  lim /(a?,  y)   <  6,  is  satisfied,  provided  y  be  less  than  some 

fixed  value  which  is  the  same  for  the  whole  a;-interval  (n,  a  +  a). 
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It  may  happen  that,  as  e  is  indefinitely  diminished,  a  has  a  positive 
minimum  a.  In  that  case  the  fixed  interval  (a,  a  +  a)  is  such  that,  for  each 
6,   the  condition  |/(a?,  y)  — lim/(«,  y)|  <  6  is   satisfied  for  all  values  of  a: 

within  the  fixed  interval  {a,  a  +  a),  provided  y  is  less  than  some  fixed  value 
dependent  on  e,  the  same  for  the  whole  ^-interval.     In  this  case  f{x,  y)  is 

said  to  converge  to  l%mf{Xy  y)  uniformly  within  the  interval  (a,  a  +  a),  with 

respect  to  the  parameter  x.     Not  only  the  point  (a,  b)  but  also  each  interior 

point  of  the  interval  (a,  a  +  a)  is  then  a  point  of  uniform  convergence  of 
f(x,  y)  to  lim/(a?,  y)  with  respect  to  the  parameter  x. 

236.  The  necessary  and  sufficient  conditions  for  the  existence  and 
equality  of  the  two  repeated  limits  of  /{x^  y)  at  (a,  b)  may  be  put  into  the 
following  form  different  from  that  of  the  theorem  of  §  233. 

The  necessary  and  sufficient  conditions  that  Urn  limf(x,  y)  =  Urn  limf(x,  y), 
their  value  being  finite,  are  (1)  thai  Urn  f{x,  y)  converge  to  a  definite  vaiue 
Urn  limf{Xf  y)  when  y  converges  to  6,  and  that  Urn  f(x,  y)  —  limf{x,  y)  con- 

verge  to  zero,  for  a?  =  a;  and  (2)  that,  corresponding  to  any  arbitrarily  chosen 
positive  number  e,  and  to  an  arbitrarily  chosen  value  b+fi^  of  y,  a  value 
yi  <  6  +  )3o  of  y  can  be  found,  and  also  a  positive  nwmber  a,  such  thai  the 
condition  that  f{x,  y^)  lies  between 


Urn  f{x,  y)  +  €,  and   limf{x,  y)  —  € 

t^  satisfied  for  every  value  of  x  wiihin  the  interval  (a,  a  +  a). 

In  case  Urn  f(x,  y)  everywhere  exists  in  the  neighbourhood  of  x=^a,  the 

condition  (2)  is  thai  \f{x,  yO  —  limf(x,  y)  I  <  6,  for  every  value  of  x  within 

the  interval  (a,  a  +  a). 

That  the  conditions  contained  in  the  theorem  are  necessary,  is  seen  fix>m 
the  theorem  of  §  233;  it  will  be  shewn  that  they  are  sufficient  Let  us  assume 
that  the  conditions  are  satisfied.     We  have 

Em /(a?,  y)  -  lim  Iim/(a?,  y)  =  [^/(a?,  y)  -/(«?,  y)l 
+  [/(«>  y)  -  Km /(a;,  y)"|  +  rnm/(a?,  y)  -  lim  lim /(a?,  y)"| . 
A  positive  number  /3i  can  now  be  chosen,  such  that  if  &<y<&  +  )3i,  the 


Um /(a?,  y)  —  lim  lim /(a?,  y)  <  6  is  satisfied ;  moreover  we  may 

aB=a  |f=6  x-a 


condition 

choose  /3i  so  that  it  is  <  /9o. 
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Next,  a  value  yi  of  y  exists,  such  that /(a?,  yi)  lies  between  lim  /(a?,  y)  +  6, 
and  b*m/(a?,  y)  — e,  provided  x  be  within  the  interval  (a,  a  +  a):  the  value  of 


fio  may  be  chosen  so  small  that  lim  /(a?,  y)  —  lim  /(a?,  y)  <  e,  for  every  value 


x=a  x^a 


of  y  which  is  <  6  +  /8oi  and  therefore  for  the  value  yi  of  y.     Again,  an  interval 
for  X,  possibly  less  than  (a,  a  +  a),  can  be  so  chosen  that 

lim /(a?,  y)  -  lim /(a?,  y)  <  e, 

provided  a;  lie  within  the  interval.    It  follows  that  an  interval  (a,  a  +  a^)  for 
X  can  be  found,  such  that    lim  /(a?,  y)  —/(a?,  y,)   <  3e.    Further,  the  interval 

within  which  x  lies  may,  if  necessary,  be  so  restricted  that 


/(^,  yi)-lina/(^,  yO 


»=a 


<26. 


Hence,  provided  a;  lies  within  a  definite  interval,  we  see  that 

lim  /(a?,  y)  -  lim  lim /(a?,  y)  <  6e; 

y=6  ys6  aT=a 


and  since  this  condition  holds  for  an  arbitrary  e,  it  follows  that  lim /(a;,  y) 

converges  for  a?  =  a  to  lim  lim /(a?,  y),  and  thus  the  sufficiency  of  the  con- 
ditions  is  established. 


PARTIAL  DIFFERENTIAL  COEFFICIENTS. 

236.     If,  at  a  point  (a?o,yo)  in  the  domain  for  which  the  function /(a?,  y)  is 

defined,  the  limit  lim-^^^^'^^^y^i""-^^^^  ^^^  exists,  having  either  a  definite 

finite  value,  or  being  indefinitely  great  but  of  fixed  sign,  this  limit  is  said  to 
be  the  partial  differential  coefficient  of  f{x,  y)  at  (a?o,  y©)  with  respect  to  x, 

and  is  usually  denoted  by  ^  J^*  ^   . 

•^        dx^ 

When  the  limit  W^f^'^^^y^-^^^-f^^^^y^)  exists,  it  is  said  to  be  the 
partial  differential  coefficient  of /(a?,  y)  at  (a?o,  yo)  with  respect  to  y,  and  is 
denoted  by  ^^^l). 

^       dyo 

In  general,  h,  k  in  these  definitions  are  regarded  as  having  either  sign. 
It  is  possible  that  either  of  the  above  limits  may  not  exist,  but  that  there 
may  be  two  definite  limits,  one  for  positive  values  of  the  increment  h  or  k, 
and  the  other  for  negative  values.  In  that  case  the  two  limits  are  said  to 
be  the  progressive  and  regressive  partial  differential  coefficients  with  respect 
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to  the  particular  variable.     It  is  of  course  possible  that^  at  a  particular 
point,  one  of  these  may  exist,  and  not  the  other. 

That  the  two  partial  differential  coefficients  ;-- ,   -^  may  exist,  it  is 

necessary,  but  not  sufficient,  that  f(x,  y)  should,  at  the  point  (^ot  yo)>  ^ 
continuous  with  respect  to  x,  and  also  with  respect  to  y. 

To  express  the  increment  /(a?o  +  A,  yo  +  ^)  — /(^oi  y©)  of  the  function 
f{x^  y),  when  the  two  numbers  aro,  y^  receive  increments  A,  k  respectively,  we 
have 

/(^o  +  A,  yo  +  k)  -/(a^o,  yo)  =  [/(a?o  +  A,  yo  +  k)-f{x^,  y^  +  A?)] 

+  [/(^»  yo  +  *)  -/(a?o,  yo)]. 

If  we  now  assume  that  ^  exists  at  the  point  (x^,  yo),  and  has  a  finite 

Cy 

value,  we  have 

/(a?o,  yo  -h  A?)  -/(a?o,  yo)  ^  a/(a?o,  yo)     ^  ,j(.. 
A  ayo 

where  (r(A?)  converges  to  the  limit  zero,  when  k  is  indefinitely  diminished. 

A      •     f(^o  +  Kyo  +  k)—f(xo,yo  +  k)  x    xu    r    -i.  ?/^       u      i 

Again,  -^-^^ -^ j;    ■^  ^  "'  «y" f  converges  to  the  limit  ~- ,  when  it 

is  first  diminished  to  the  limit  zero,  and  afterwards  h  converges  to  zero,  it 

df 

being  assumed  that  ^  has  a  definite  value,  and  also  that  f{x,  y)  is  con- 

uXq 

tinuous  with  respect  to  y  for  the  value  y  =  yo,  where  x  has  any  value  in  a 
neighbourhood  of  Xq.     In  order,  however,  that  the  double  limit 

j.^   /(a?o  +  A,  yo  +  k)  -/(a^b,  yo  +  k) 

may  exist,  in  which  case  its  value  is  ^ ,  being  independent  of  the  mode  in 
which  hf  k  approach  their  limits,  it  is  necessary  and  sufficient  that 

/(a?o  +  A,  yo  +  k)  ~/(a?o,  yo  +  k) 

h 

should  be  a  continuous  function  of  (A,  k)  at  the  point  A  =  0,  A;  =  0. 

If  this  condition  be  satisfied,  positive  numbers  A^,  k^  can  be  determined, 

/(a?o  +  A,  yo  -f  k)  -/(gp,  yo  -f  k)      df 

h  dxo 

where  17  is  a  prescribed  positive  number,  and  0<|A|^Ai,  0^|A;|^A^. 
We  have  now 

/(^o  +  A,  yo  +  k)  ~/(a?o,  yo  +  k)      9/  . 


such  that 


<V. 
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where  p  (A,  k)  converges  to  zero,  independently  of  the  mode  in  which  A,  k 
converge  to  zero. 

Under  the  conditions  stated,  we  have 

/(^•  +  A,y«  +  *)-/(a?o,yo)  =  A^  +  *^^  +  Ap  +  A:(r 

where  p,  a  converge  to  zero,  when  A  and  k  are  indefinitely  diminished, 
independently  of  the  mode  in  which  they  approach  their  limits.  This  is 
equivalent  to  the  statement  that,  corresponding  to  an  arbitrarily  assigned 
positive  number  17,  positive  numbers  h^ ,  k^  can  be  determined  so  that  |  p  |  and 
I  a  I  are  each  <  17,  for  all  values  of  A  and  k  such  that  { A  |  <  A^,  \k\<ki. 

In  the  notation  of  differentials,  denoting /(aro,  y^  by  -?oi  we  have 

,        dz  J       dz  J 

the  expression  on  the  right-hand  side  being  termed  the  toted  differential 

of  z  at  the  point  (a?,  y),  and  ^  dx,  r—  dy  the  partial  differentUda,     In 

vx^        oyo 

accordance  with  the  arithmetical  theory,  this  equation  can  only  be  regarded 

as  a   conveniently   abridged   form  of  the  result   obtained   in   the   present 

discussion. 

The  theorem  obtained  may  be  stated  as  follows : — 

The   increment  of  a  function  f{xo,  y^   when  x^y  y©  a^«   changed  into 

art  +  A.  yp  +  Jfc  w  h  ^^^l''  y^^  -f  k  ^^^l''  ^'^  +  Ap  +  ka,  where  p,   a  converge  to 

dx^  3yo 

zero  when  A,  k  are  indefinitely  diminished,  independently  of  the  mode  in 
which    tliey  are  diminished,  provided    that  (1)    ^"^^  J'  ^'^ ,   ^^%^  f^^e 

definite  finite  values,  a/nd  (2)  tliat'^^'^''^^'^''^''l''^^'^'*^''^''^isacontinu(ms 
function  of{h,  k)  at  the  point  A  =  0,  A?  =  0. 

It  will  be  observed  that  no  assumption  has  been  made  that  4^ ,  i-  have 

^  ox   oy 

definite  values  except  at  the  point  (x^,  y^)  itself. 

If  it  be  assumed  that  ^  has  a  definite  value  at  (a^o,  y)  for  all  values  of 
y  in  some  neighbourhood  of  y^,  the  condition  (2)  may  be  expressed  in  the 
form  that  (a)  ^  for  a?  =  a?o  must  be  a  continuous  function  of  y  at  y  =  yof  and 
that  (6)  the  point  A  =  0,  A?  =  0  must  be  a  point  of  uniform  convergence  of  the 
function  /(^o  +  A,  yo  +  A?)  -/(ago,  yo  +  k)  ^^^^^^^^^^  ^  ^  function  of  A,  to  its 
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limit  for  A  =  0,  with  A;  as  a  parameter,  in  accordance  with  the  definition  of 
such  a  point  of  uniform  convergence  given  in  §  234. 

df 
If  it  be  assumed  that  ^  exists,  not  merely  at  the  point  (xq,  y^),  but  at  all 

points  in  a  sufficiently  small  two-dimensional  neighbourhood  of  the  point, 
the  conditions  contained  in  the  theorem  may  be  simplified.  For  we  have,  in 
that  case.     /(^  + ^.  y.  +  ^Q-A^,.  y.  +  A;)  ^^^^^^^^  ^^^^^^ 

df(x    Vo) 
where  0  is  such  that  0  <  tf  <  1 ;  and  this  expression  converges  to   ^^      > 

df(x  v) 
provided      \         be  continuous  with  respect  to  (x,  y\  at  the  point  (a^,,  y©)- 
ox 

It  has  thus  been  proved  that*,  in  order  that  the  incf^ement  of  the  function 

may  he  of  the  form  given  in  the  theorem  above,  it  is  sufficient  that  (1)  ^  *  4: 

have  definite  values  at  the  point  {Xq,  yo),  and  (2)  that  one  ai  least  of  these 
partial  differential  coefficients  have  definite  values  everywhere  in  a  two- 
dimensional  neighbourhood  of  (x^,  y»),  and  be  continuous  at  {xq,  y^)  with  respect 
to  the  domain  (x,  y), 

237.  Let  it  now  be  assumed  that,  throughout  a  perfect  and  connex 
domain  D,  the  two  partial  differential  coefficients  ^,  ^  everywhere  exist, 
and  that  they  are  continuous  functions  of  (x,  y).     We  have  then 

f(x  +  h,  y  +  k)--f{x,  y  +  k)^h~^f{x  +  eh,y-^kl 

f(x,  y+k)-f{x,  y)  =  k^f(x,y  +  0,kX 

when  d,  di  are  proper  fractions,  provided  {x,  y)  is  a  point  of  D,  and  h,  k  are  so 
chosen  that  the  straight  line  joining  («,  y  +  k),  (x  +  h,  y  +  A:),  and  the  straight 
line  joining  (x,  y),  (x,  y  +  k)  are  wholly  in  the  domain  D.     Since 

^/(a'.  y).  ^A<^.  y) 

are  continuous  functions  of  {x,  y),  it  follows  that  they  are  uniformly  con- 
tinuous in  the  domain  D.  A  positive  number  S  can  accordingly  be  determined, 
corresponding  to  a  prescribed  positive  number  e,  so  that 


l-fix  +  eh.y  +  k)-^/(x,y) 


<c. 


i^A<^y+e,k)-lfia>,y) 


*  Thomae,  EinUitung  in  die  TheorU  der  besHmmten  InUgraU,  p.  87. 


236,  237]  Partial  differential  coefficients  315 

provided  \h\,  \k\  are  each  less  than  £,  whatever  be  the  position  of  (x,  y) 
in  D. 

We  thus  find  that 

f{x  +  K  V  +  k)-f(x,  y)  =  h^f(x,  y)  +  k^/(x,  y)  +  hR  +  kR, 

where  R  and  R  tend  to  the  limit  zero,  with  h  and  k,  uniformly  for  aU  points 
(^»  y)  of  the  domain  D, 

This  equation  holds  for  every  point  (a?,  y)  of  D,  and  for  all  values  of  h 
and  k,  such  that  the  straight  line  joining 

(«,  y),    {x,  y  +  k) 

and  the  straight  line  joining  (a,  y  +  k),  (a  +  A,  y  +  k)  lie  wholly  in  the 
domain  D,  It  is  easy  to  replace  the  last  condition  by  the  less  stringent  one 
that  the  two  points  P  (x,  y),  Q  (a;  +  A,  y  +  k\  of  the  domain  D  can  be  joined 
by  a  number  of  straight  lines  PPi,  PiPj,  P»Pf, ...  PnQ,  each  of  which  is 
parallel  to  one  of  the  axes,  all  of  which  belong  to  D,  and  are  such  that  all  of 
them  are  wholly  interior  to  a  rectangle  with  its  corners  at  P  and  Q,  and 
sides  parallel  to  the  axes. 

We  have  then 

/(PO-/(P)«A,^/(a:  +  tfA,  y), 

/(P,)-/(^i)  =  *i^/(«^  +  *i,  y  +  eA\ 


where  hi.k^..,  are  the  lengths  of  PPi,  PiPj, ... ,  and  6u  ^a, ...  are  proper 
fractions.  Now  |^|,  |  A;i|,  |  As| ...  all  being  less  than  S,  all  the  partial 
differential  coefficients  on  the  right-band  side  of  these  equations  differ 
numerically  firom  the  corresponding  partial  differential  coefficient 

by  less  than  €.      We  thus  see  that 

f{x^K  y  +  *)-/(a:,  y)^h^f{x,  y)'\'k^f{x,  y)  +  hR  +  kR, 

where  |  i2 1,  122^1  tend  to  the  limit  zero,  with  h  and  k,  uniformly  for  all 
points  of  D. 
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EXAMPLES. 

1.  Let*  /(^,  y)=V|^|,  where  the  positive  value  of  the  square  root  is  to  be  taken. 
In  this  case  J- ,   ^  both  exist  at  the  point  (0,  0)  and  are  both-^O.    We  have 

and  this  has  different  constant  vahies  for  different  constant  values  of  ir/A,  and  is  therefore 
discontinuous  at  the  point  Ab=0,  it=0.  It  follows  that  the  equation /(A,  k)^hp-\-t(ry  when 
p  and  a-  converge  to  zero  with  A  and  ky  cannot  hold. 

2.  Lett/(^,  y)=j?8in(4tan-iy/ar),  for  x>0;  and /(O,  y)=0,  for  all  values  of  y. 
We  find  ^-^^^^^^=0,    --^^^^=0,  and  thus  ^'^-^^^-  is  continuous  with  respect  to  y  at 

(0,  0).    Also,  we  find  ^/^^  ^^=4,  ^l^^^O,  and  therefore  ^•^£—  is  discontinuous 

with  regard  to  x,  at  (0,  0).    The  value  of -^^^^  ^)~/(Q>  ^)  ig  ^  ^4tan-i  jV  and  this  is 

discontinuous  at  A=0,  k=0;  hence  the  relation  df^^dx-{-^dify  does  not  hold  at  the 
point  (0,  0). 

HIGHER  PARTIAL  DIFFERENTIAL  COEFFICIENTS. 

238.     If  the  function  f(x,  y)  have  the  partial  differential  coefficient  J^ ,  it 
may  happen  that,  at  the  point  (d^o,  y^,  the  function  -^  possesses  a  differential 

coefficient  with  respect  to  x.     This  is  denoted  by       \  \       ,  and  is  spoken  of 

as  the  second  partial  differential  coefficient  of /(a?,  y)  with  respect  to  x,  at  the 

point  a?o.  The  second  partial  differential  coefficient  V°«  with  respect  to 
y,  is  defined  in  a  similar  manner. 

It  may  happen  that,  at  the  point  (x^,  yo)>  the  function  ^  has  a  differential 

coefficient  with  respect  to  y :  this  may  be  denoted  by  ^  (^j  or     Jf^      « 

df 
Similarly,  when  ^  has,  at  the  point  (a?o,  yo).  a  partial  differential  coefficient 

with  respect  to  x,  this  is  denoted  by  ^  (^-  j  or    y^^'  ^^' .    These  partial 

differential  coefficients  are  said  to  be  the  mixed  partial  differential  coefficients 
of  the  second  order  at  {x^,  y©)  of  f{x,  y)  with  respect  to  x  and  y,  the  order  of 
differentiation  being  different  in  the  two. 

*  Stolz,  QnmdzUgey  vol.  i.  p.  188. 

t  Hamaok'8  Introduction  to  the  Differential  and  Integral  Calcuhu,  Catheart's  Translation, 
p.  93. 
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Under  certain  conditions  which  will  be  here  investigated,  the  two  mixed 
partial  differential  coefficients  of  the  second  order  with  respect  to  x  and  y 
satisfy  the  relation 

^/(^>  y)  ^  y/(^>  y) 

hxdy  dydx    ' 

which  is  known  as  the  fundamental  theorem  for  partial  differential  coefficients 
of  the  second  order. 

The  differential  coefficient  ^r-  (^  I  >  or    %,    V  ^   ,  is  the  repeated  limit 

dxo  \dyj  dxo  dy^  ^ 

Ijjjj  liin/(^  +  ^>  yo  +  *)  -/(a?o  +  A,  yo)  -/(a^o,  yo  +  A?)  -h/(a?o,  yp) 

We  may  denote  this  repeated  limit  by  lim  lim  F{h,  k).    In  order  that  the 

partial  differential  coefficient  may  exist,  the  value  of  this  limit  must  be 
independent  of  the  signs  of  h  and  k. 

It  should  be  observed  that  it  is  not  essential  for  the  convergence  of  this 
repeated  limit  to  a  definite  finite  value,  that 

jj^j  /(a?o  -f  &,  yo  +  k)  -f(xo  +  h,  yo) 
*«o  k 

should  have  a  definite  value  when  h^O.     Thus  the  repeated  limit  may  have 
a  definite  value  when 

lim  ^  []im^^^ •^  ^>  yo  +  fc)  -/(a?o  +  h,  yp)  _  j.^  f(x,  +  A, yp  +  k) -/fa -h K  yo)1 

vanishes.    The  repeated  limit  cannot  however  have  a  definite  finite  value 

unless  lim*^^    ^^" 1^       ^'         has    a  definite  finite   value,  i.e.    unless 

k'^o  k 

-    r.  exists  and  is  finite.     It  thus  appears  that  ^    *{     may  exist  when 

^  exists  at  the  point  fa,  yp),  but  is  indefinite  at  points  in  the  neighbour- 

hood.    The  existence  of  the  repeated  limit  as  a  definite  number  implies  the 

3/  ^^A  ^e  ^l 


existence  of  ^  and  of  ^    ^    . 

9yo  3a?«  oy^ 

If,  however,  the  repeated  limit  lim  lim  i^(A,  A;)  be  infinite,  with  a  definite 

sign,  we  cannot  infer  that  ^    *!     exists,  with  an  infinite  value,  unless  it 

oxooyo 

be  postulated  that  —^  has  a  definite  value  at  fa,  yo) ;  for  the  existence  of 

oy 

^  at  the  point  cannot,  in  this  case,  be  inferred  from  that  of  the  repeated 
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limit :  and  unless  ^  exists  at  the  point,  ^    {.     has  not  been  defined.    When 

dy  ^         oxodtfo 

this  condition  is  satisfied,  the  value  of  ^    {,     is  infinite  with  definite  sign. 

239.    The  differential  coefficient  ^    {,     is  the  repeated  limit 

dyo  dxo 

jj^  ^^ /(a?o  +  h,yo  +  k)  -/(xp  +  A,  y)  --/(a?o,  yo  +  A?)  +/K,  yo)  . 

and  thus  the  conditions  that  the  relation  ^    1    =  ;^— i—  holds  are  identical 

3«o9yo     3yo9a?o 

with  the  conditions  that  the  two  repeated  limits  may  be  identical.  The 
necessary  and  sufficient  conditions  may  be  accordingly  obtained  by  applying 
the  conditions  contained  in  either  of  the  theorems  in  §  233,  and  §  235,  to  the 

function  F(h,  k)  J^"^  "^  ^'  ^^  "^  ^>  ~-^^^«  +  K^)  "•^^"^'  ^^  +  ^>  +-^^"^'  ^'^ . 
^  hk 

It  is  however  convenient,  for  application  in  particular  cases,  to  have 
sufficient  conditions  relating  to  the  partial  differential  coefficients  in  the 
neighbourhood  of  the  point  (a7o>  yo)« 

The  following  theorem  will  be  established : — 

If  (1),    \"  *  ^^  exist  amd  he  finite  at  all  points  in  a  two-dimensional 

neighbourhood  of  the  point  (xq,  yo),  except  that  its  existence  at  (xq,  y^)  is  not 

d^f(x  y) 
assumed^  and  (2)  the  point  (xq,  y©)  be  a  point  of  continuity  of    i.    '  ^    tvith 

oy  ox 

respect  to  {x,  y),  the  limit  of  this  partial  differential  coefficient  at  (x^,  yo)  being 

a  definite  number  A,  and  (3)  f(x,  y)  be  continuous  with  respect  to  x  at  {x^,  y©), 

^^^  ay(^o,yo)  y/OPo>  yo)  ^^^^  ^.^^^  ^^^  ^^  ^^  ^^^^  ^^^^^  ^ 

3yo  9a?o         9^0  9yo 
It  will   be  observed   that   the  condition   (1)   implies  the  existence  of 

^\  *  ^'  at  all  points  in  a  neighbourhood  of  (a?o,  yo),  except  at  that  point 

ox 

itself,  and  that  it  is  continuous  with  respect  to  y. 

From  the  condition  (2),  we  have,  corresponding  to  an  arbitrarily  chosen 
positive  number  €, 

where  |  a  {  <  e,  provided  |  ^  |i  |  A;  |  are  each  less  than  some  fixed  positive 
number  17  dependent  upon  €,  and  are  not  both  zero. 

Let  u  (A')  denote    ^    ^ — ^^ -  —  Ak',  where  kf  lies  in  the  interval 
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(0,  k) ;    we  have  then     ^    =«  a  (A,  A;'),  and  this  is  numerically  <  e     It 

follows  that     ^     , — —  is  numerically  <  e ;  for,  by  the  mean  value  theorem  of 

§  203,  since  u  {K)  is  continuous  at  k'  =  0,  and  at  k'  =  k,  and  possesses  a  definite 
differential  coefficient  at  every  interior  point  of  the  interval  (0,  k)j  there 

exists  a  number  Ic  in  the  interval  (0,  k)  such  that  . — —  =      A    ,  and 

this  is  numerically  less  than  e.     We  have  now 

^fjx^  +  A,  yo  -f  k)     df(xo  +  h,  yo)     ^j^  _  j^^„  ^^  ^ 

dx  dx 

where  a"  is  numerically  <6.    This  holds  for  each  value  of  h  such   that 

0  <  I A I  <  17. 

Let  v{K)  denote'^^"^"^^^'y^"^^^"'^^"^-^^^'y°^-ilA-,  where  K  lies  in 

K 

the  interval  (0,  A);  we  have  then     }.t    ssa'(h\  k),  and  this  is  numerically 

ah 

less  than  €.    As  before,  since  v(A')  is,  in  virtue  of  (3),  continuous  at  A'  =  0, 

and  also  at  h'  =  A,  and  possesses  a  definite  differential  coefficient  at  all 

interior  points  of  the  interval  (0,  A),  it  follows  that  " — —  is  numerically 

<e;  hence 

hkF(h,  k)  =/(a?o  +  A,  yo  +  *)  -f(xo  +  A,  yo)  -/(a?o,  Vo  +  k)  +/(a?o,  yo) 

^  Ahk -h  hka!"  {h,  k), 
where  of"  is  numerically  less  than  e. 

We  have  now,  corresponding  to  the  arbitrarily  chosen  6,  |  i^(A,  A?)  —  -4  |  <  e, 
provided  A,  k  are  each  numerically  less  than  some  fixed  number  17  dependent 
on  6.  It  follows  that  J^(A,  k)  is  continuous  at  the  point  A  =  0,  A:  =  0  in  the  two- 
dimensional  domain  (A,  k),  and  has  A  for  its  double  limit.  From  this  we  con- 
clude that  the  two  limits  lira  lim  F{hy  k\  lim  lim  FQi,  k)  exist,  and  are  both 

identical  with  Al  It  follows  that,  when  the  conditions  stated  in  the  theorem  are 

satisfied,  the  two  partial  differential  coefficients  ^^C%^\  ^J^'Vo)  ^oth 

dxo  dj/o  oyo  0X0 

exist  and  are  equal  to  A.    The  existence  of  ;r^  ,  ^  follows  from  the  exist- 

0X0    oyo 

ence  of  the  above  partial  differential  coefficients  at  the  point  (^o*  yo)* 

The  sufficient  conditions  in  the  foregoing  theorem  are  somewhat  simpler 
than  those  stated  by  Schwarz*,  who  assumed  the  additional  condition  that 

v.*       exists  and  is  finite  for  values  of  x  in  the  neighbourhood  of  a?  =  x^,  for 

*  Oe$ammeUe  Abh.^  vol  n.  p.  275 ;  see  also  Peano,  Mathesis,  vol.  x.  p.  158.  See  Itirther  Stolz, 
GrvmdsUgt  d.  D^.  Rech.  vol.  i.  p.  147. 
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the  constant  value  ^o-  Schwarz's  theorem  is,  however,  more  general,  in  that 
it  is  applicable  to  the  case  in  which  the  two  partial  differential  coeflScients 
have  an  infinite  value  with  definite  sign.  The  method  of  the  above  proof 
may,  however,  be  extended  to  this  C€we,  as  follows : — 

Let  us  assume  that,  if  AT  be  an  arbitrarily  chosen  positive  number,  the 

condition  ^  ^  1 >  Af,  is  satisfied  for  all  values  of  A  and  k  which 

oydos 

are  not  both  zero,  and  are  both  numerically  less  than  some  fixed  number  17, 

dependent  on  M.    Defining  u  (k')  as  — ^^ ,  we  see,  by  means  of 

the  mean  value  theorem,  that 

u(k)-u (0)  ^jjf   ^j^  a/(^o  +  A,  y,  +  k)  _^  d/(xo  4-  h,  y^)  ^^^ 
k  ^  dx  dx  ' 

Next,  defining  viK)  as  /(^o  +  h\  y,  -h  k)^-^f{x,  -h  h\  y,)  ^  ^^  ^^^^  ^  ^^^^^ 

that  , — —  >  M\  therefore  F{h,  k)  >  Af,  provided  h,  k  are  both  numeri- 

cally less  than  some  fixed  number  17  dependent  on  M.  It  follows  that  F(h,  k) 
converges  to  the  limit  +  00 ,  with  fixed  sign,  as  h,  k  converge  in  any  manner, 
each  to  the  limit  zero ;  thus  both  the  limits  lim  lim  F{h,  k),  lim  lim  F{h^  k) 

are  +  00 .    In  order  that    \}  °*  ^^^ ,  -4—^—  may  exist,  in  which  case  they 

dxodyo         oy odxo         ^  ^ 

both  have  the  value  +  00 ,  it  is  necessary  to  assume  that    ^^'  ^    ,       J* 

ox^  oyo 

both  have  definite  values.  The  case  in  which  the  limits  are  both  —  00  may 
be  treated  in  a  precisely  similar  manner.  The  following  theorem  has  now 
been  established : — 

1/(1)  ^  ^  ■  exist  and  be  finite  at  all  points  in  a  two-dimensional 
neighbourhood  of  the  point  (xq,  y^),  except  thai  its  existence  at  (^,  y^  is  not 
assumed,  and  (2)  tiie  function    %J  '  ^  -  have  the  limit  +'«  or  —  00 ,  tuith  definite 

sign,  at  the  point  (a?oi  ye)»   ^^   (3)   the  differential  coefficients       \^'       » 

§^^^^    both   exist  and   have   definite   values,  then  ^^§?^ ,  ^{(^>  y^> 
dyo  dxody^  dyodx^ 

both  exist,  having  the  value  +  00 ,  or  —  x ,  with  definite  sign. 

240.  The  partial  differential  coefficients  of  higher  order  n  of  a  function 
f(x,  y)  are  of  the  form  ^^^^J[^^^^^»  where  p,  ?,  r,  ...  Z  are  positive 
integers,  including  zero,  such  that  p  +  }-hr  +  ...+f  =  w.     Here,  /  is  first 
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differentiated  I  times  with  respect  to  y,  then  k  times  with  respect  to  x,  and 
so  on.  The  total  number  of  possible  partial  differential  coefficients  of  order 
n  is  2^ ;  the  number  of  those  in  which  r  differentiations  with  respect  to  x^ 


n\ 


and  n^r  with  respect  to  y  are  involved  is  — ,  ,         ^  , . 

r !  (n  —  r)  ! 

Sufficient  conditions  for  the  existence  of  all  the  partial  coefficients  of  ^ 
order  n  may  be  obtained  by  extending  the  theorem  of  §  239,  which  refers  to 
the  case  n=  2.     The  following  criteria*  which  can  be  proved  by  induction, 
will  be  sufficient  for  the  purpose : — 

If  the  n-l  differential  coeffmerds  ^-^.  ^^^^,  ...  ^^^  have 

definite  finite  values  for  all  points  in  a  two-diinensional  neighbourhood  of  the 
point  (x^,  yo)»  (^^d  are  continuous  at  the  point  (o^o,  ^o)  ^^h  respect  to  (x,  y),  then 
all  the  other  mixed  partial  differential  coefficients  of  order  n  exist  at  the  point 
{^»  y^  \  an(2  each  one  of  them  has  the  same  vahie  at  the  point  as  thai  one 
of  those  given  above  in  which  the  same  number  of  differentialions  with  respect 
to  X,  and  with  respect  to  y,  occurs,  as  in  the  one  considered. 

EXAMPLK 

Lett  the  function  /(x,  y)  be  defined  by  /(x,  y)=»jy  «  .  ■!  for  all  values  of  x  and  y 
ezoept  when  ^=0,  y=0 ;  for  which /(O,  0)=sO.  At  the  point  (0,  0),  the  partial  differential 
coefficients  ^-4- ,  ^-4-  both  exist,  and  have  different  finite  values. 

The  function /(.v,  y)  is  continuous  at  the  point  (0,  0) ;  for,  writing  x=r cos ^,  y=: rain  ^, 
the  function  becomes  ^r*  sin  4^ ;  and  this  is  numerically  less  than  f,  provided  r<2  *Jt, 

We  find  a^  =y{^;a^a  +  (^Ij:^} »  *^  ^^  ^^^^  ®^^P*  (^'  ^^ '  *^  ^^^^^  P^^°* 
|:iBlim/(^'^)-/(Q-"),  which  is  =0. 

The  value  of  ^^^  is  -y,  and  that  of  ^^^^  ^^  is  x. 


Wethenfind  ^^^^,,^1^^)  Jm3\^^^ 

oyox         y-oy  \     ox  ox     ) 

?^-(?'-  ^L  lim  -  W^^  -  y(0»  0)1  ^  1 
9«2[y     "^  m^ox\     by  ^     ) 


and 

m  value  of  ?^).  «  also  that  of  ^^  is  ^^-J  (l+(J^.}.  at  eve^ 

point  except  (0,  0).  This  value  is  cos  2^(1 +2  sin^  2^),  which  is  constant  for  a  constant 
value  of  6f  but  has  different  values  for  different  values  of  B ;  and  thus  the  partial  differential 
coeffidentB  are  discontinuous  at  the  point  (0,  0).    The  conditions  of  the  theorem  giving 

sufficient  conditions  for  the  equality  of  ^-4-  and  ;r-i-  are  therefore  not  satisfied  for  the 

^        "^        oxoy  oyox 

point  (0,  0). 

*  See  Stols,  Qtundiage,  vol.  i.,  p.  153.  t  Peano,  Cak.  Diff.,  p.  174. 
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MAXIMA   AND  MINIMA  OF  A   FUNCTION   OF  TWO  VARUBLES. 

241.  Let  us  suppose  that  a  function  f{x,  y)  is  defined  at  all  points  in 
a  two-dimensional  neighbourhood  of  the  point  (cco,  yo)- 

If  the  function  be  such  that  f{x^  +  A,  yo  +  ^)  — /(^o»  y©)  <  0,  for  all  values 
of  hy  k  which  are  not  both  zero,  and  are  such  that  \h\y  \k\  are  both  less 
than  some  fixed  positive  number  S,  then  the  function /(a;,  y)  is  said  to  have 
a  proper  maximum  at  the  point  (a?o,  y©)- 

In  case  the  fixed  number  i  can  only  be  so  determined  that  the  condition 
/(aro  +  A,  yoH-^)— /(^o»  yo)  =  0,  is  satisfied,  the  function  is  said  to  have  an 
improper  maximtmi  at  the  point  (oto,  y©). 

If  the  conditions  contained  in  these  definitions  be  replaced  by 
/(a?o  +  A,  yo  +  k)  -f(xo,  yo)  >  0,   and  f(xo  +  A,  y©  +  k)  -/(a?o,  Vo)  «  0 

respectively,  the  function  f(x,  y)  is  said  to  have,  in  the  first  case,  a  proper 
minimum,  and   in   the   second   case,  an  improper  minimum^  at  the  point 

(^0,  yo). 

A  proper  or  improper  maximum  or  minimum  may  be  spoken  of  as  an 
extreme  of  the  function. 

At  an  extreme  (a?o,  yo), /(a?o  +  A,  yo)-/(^o,  yo), /(«o-A,  yo)-/(a?o.  J^o) 
both  have  the  same  sign,  or  are  zero,  for  all  sufficiently  small  values  of  A ;  it 

follows  that,  if   '^  \^*  ^     exist,  it  must  be  zero.    A  similar  remark  applies 

9yo 

These  conditions  are  necessary,  under  the  hypothesis  of  the  existence  of 
the  two  partial  differential  coefficients,  but  not  sufficient,  for  the  existence 
of  an  extreme  at  the  point  (xq,  yo). 

If  we  write  a:  =  ajo  +  r  cos  ^,  y  =  yo  +  r  sin  tf,  /{x,  y)  =  4^  (r,  0),  it  is  clearly 
necessary  for  the  existence  of  an  extreme  of  f(x,  y)  at  (xq,  y©),  that  ^(r,  0)  for 
each  constant  value  of  0,  should  have  an  extreme  at  r  =  0.  Thus,  for  an  assigned 
value  of  0f  a  positive  number  a^  can  be  determined  such  that  one  of  the  four 
conditions  <^  (r,  0)  -/(a?o,  yo)  <  0,  ^(r,  0)  -f(xo,  yo)  ^  0,  <^(r,  0)  -/(a^b,  y.)  >  0, 
(t>(ry  0)  —f{xQy  yo)  ^0,  according  as  the  point  is  a  proper  maximum,  an 
improper  maximum,  a  proper  minimum,  or  an  improper  minimum,  shall  be 
satisfied  for  all  values  of  r  different  from  zero,  and  such  that  |  r  |  <  ««.  Thus 
an  extreme  of  a  function  is  necessarily  an  extreme  for  values  of  the  function 
on  each  straight  line  drawn  through  the  point. 

This  condition,  though  necessary,  is  however  not  sufficient ;  for  a«  may 
have  a  definite  value  for  each  value  of  0,  and  yet  the  lower  limit  of  a^  for 
all  values  of  0  may  be  zero.  In  this  case,  no  value  of  S  can  be  determined, 
as  required  in  the  definition  of  the  extreme  in  the  two-dimensional  domain. 
It  has  thus  been  shewn  that,  in  order  that  (x^,  y^)  may  he  an  eadbreme  point 
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/or  thefimction  f{x,  y),  it  is  necessary  and  sufficient  that  (1)  r  =  0  should  be 
an  extreme  point  of(l>{r,  0)for  each  value  of  6,  and  (2)  that*  the  nwnber  a^ 
which  is  so  determined  for  each  value  of  6  that  for  \r\<a^ihe  condition  as  to 
♦  (r,  0)  — /(a^,  yo)  ^w^y  fc«  satisfiedy  should  have  a  finite  lower  limit  when  all 
values  of  0,  (0  ^  0  ^  ir)  are  considered.  If  the  lower  limit  of  ot^  be  zerOy  the 
point  is  not  an  extreme  point  of  the  function. 

When  the  lower  limit  of  o^  is  d(>  0),  the  neighbourhood  of  (a?o,  yo)i  which 
must  exist  in  accordance  with  the  definition,  is  the  square  of  which  the 

comers  are  the  four  points  (x^t-j^y  yo± -to)  . 


EXAMPLE. 

As  an  example  of  a  function  which  possesses  no  minimum  at  a  point,  although  the 
point   is   a   minimum   for  each   straight  line 
through  the  point,  we  may  take  the  function  >Q 

where  a  and  b  have  positive  values. 

The  function  is  positive  outside  the  two 

parabolas 

y-aa:»=0,    y-&»«=0, 

and  in  the  space  interior  to  the  inner  parabola ; 
in  the  space  between  the  parabolas,  the  function 
is  negative.  Along  any  straight  line  QAR 
through  A  (0,  0),  the  function  exceeds  /(O,  0) 
at  all  points  interior  to  APy  'and  everywhere 
in  PA  produced;  thus  for  the  line  QAR  the 

function  has  a  minimum  at  A.  The  point  (0,  0)  is  not  a  minimum  of  the  function,  since 
the  lower  limit  of  AP  for  all  positions  of  QAR  is  zero;  and  thus  there  exists  no  two- 
dimensional  neighbourhood  of  il,  in  which  the  function  is  never  less  than  at  A, 

242.  We  may  without  loss  of  generality  take  the  point  at  which  the 
conditions  for  the  existence  of  an  extreme  of  the  function  /(x,  y)  are  to  be 
investigated  as  the  point  (0,  0).  It  will  be  assumed  that,  at  all  points  in  the 
neighbourhood  of  (0,  0),/(ic,  y)  is  continuous  with  respect  to  a?,  and  also  with 
respect  to  y.  The  following  theorem  contains  a  criterion  for  the  existence  of 
a  proper  maximum  (minimum)  at  the  point  (0,  0). 

The  necessary  and  sufficient  conditions  that  the  point  (0,  0)  may  be  a 
point  at  which  /{x,  y)  has  a  proper  maximum  (minimum)  are  the  follow- 
ingt  •. — (1)  A  positive  number  i  muM  exist  which  is  such  that,  if  x  be  any 

*  The  seceMiiy  for  this  condition  has  been  disregarded  in  many  text-books.  The  insoffioienoy 
of  (1)  was  first  pointed  ont  by  Peano,  Cdlcolo  diff.y  Tallin  1SS4,  p.  29,  in  connection  with  the 
example  given  in  the  text.  See  also  DantFcher,  Math,  AnnaUn^  vol.  xLn.,  p.  89,  and  Scheeffer, 
Math,  Annaleny  vol.  xxxv.,  p.  541. 

t  See  Stolz,  Wiener  Beriehte  (Nachtrag),  ?ol.  100,  also  Orundziigey  vol.  i.,  p.  218. 
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number  different  from  zero,  and  numerically  leas  than  S,  the  upper  {lower) 
limit  of  f(x^  y\  for  such  constant  value  of  x,  and  for  all  values  of  y  for  which 

—  x^y^x,  being  f{x,  4>{x)\  this  upper  (lower)  limit  is  for  every  value  of 
a?(—  S<ar4=0<8)  less  (greater)  them  f(0,  0). 

(2)  A  positive  number  B'  must  exist  which  is  such  thaty  if  y  be  any  number 
different  from  zero,  and  numerically  less  than  h\  the  upper  (lower)  limit  of 
f(Xy  y),  for  such  constant  value  of  y,  and  for  all  values  of  x  for  which 

—  y  ^  X  ^y,  being  f('>^  (y),  y),  this  upper  (loufer)  limit  is  for  every  value  of 
y  (-  8'  <  y  4=  0  <  S)  less  (greater)  <Aan/(0,  0). 

It  will  be  observed  that,  since  /(a?,  y)  is  assumed  to  be  continuous  with 
respect  to  x,  and  also  with  respect  to  y,  the  limit  f(x,  <f>(^))  is  actually 
attained  for  some  value  <f}  (x)  of  y  in  the  interval  (—  x,  x),  and  the  limit 
/(-^  (y),  y)  is  actually  attained  for  some  value  -^  (y)  of  x  in  the  interval 
("  y>  I/)'  I^  ^  clear  that,  unless  both  the  conditions  stated  in  the  theorem 
be  satisfied,  /(O,  0)  cannot  be  a  proper  maximum  (minimum)  of  the  function. 
If,  for  example,  no  such  number  as  S  in  (1)  can  be  determined,  there  are 
points  in  every  neighbourhood  of  (0,  0)  at  which /(a?,  y)  is  ^  (^)/(0,  0). 

The  conditions  are  suflBcient.  For,  if  S,  S'  exist,  the  value  off(x,  y)  at  every 
point,  except  (0,  0)  within  the  neighbourhood  the  comers  of  which  are  the 
four  points  (±  B'\  ±  S")  is  less  (greater)  than  /(O,  0),  where  S"  is  the  lesser  of 
the  two  numbers  S,  S'. 

The  necessary  and  sufficient  conditions  that  the  function  f(x,  y)  may 
have  an  improper  maximum  (minimum)  at  (0,  0)  are  similar  to  the  above. 
In  this  case  f(x,  <f>  (x))  must  be  less  than,  or  equal  to  (greater  than,  or  equal 
to)  /(O,  0)  for  all  the  values  of  x  in  the  interval,  and  /(i^  (y),  y)  must  be  less 
than,  or  equal  to  (greater  than,  or  equal  to)  /(O,  0)  for  all  values  of  y  in  the 

interval.     Further,  corresponding  to  every  positive  number  S  <  S,  there  must 

be  a  value  of  x(<B),  for  which  f(x,  <f>(x))=f(0,  0);  or  else  a  similar 
condition  must  hold  for  f('^(y\  y);  or  in  both  cases,  the  condition  may  be 
satisfied. 

Other  methods  of  determining  whether  (0,  0)  be  a  point  at  which  there  is 
a  maximum  or  minimum  oif(x,  y)  will  be  dealt  with  in  Chap.  Vl. 

PROPERTIES    OP    A    FUNCTION    CONTINUOUS    WITH    RESPECT    TO 

EACH    VARIABLE. 

243.  Let  a  function  f(x,  y),  defined  for  all  values  of  x  and  y  in  a  con- 
tinuous domain,  be  everywhere  continuous  with  respect  to  y,  and  be  also 
continuous  with  respect  to  x  along  each  straight  line  parallel  to  the  o^axis, 
and  belonging  to  a  set  cutting  the  y-axis  in  an  everywhere-dense  set  of  points. 
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Let  A  be  the  point  {x,  y\  and  let  BC  be  drawn  with  A  as  its  middle 
point,  parallel  to  the  y-axis,  and  of  length  2/}.  If  a>  (/>)  be  the  fluctuation  of 
/(^>  y)  in  the  interval  BC,  then  a>(p)  is  a  continuous  function  of  />;  and 
lim  (o  (p)  =  0,  since /(a?,  y)  is  everywhere  continuous  with  respect  to  y.    Let  <r 

be  a  fixed  positive  number,  and  let  /3a  {x^  y)  denote  the  upper  limit  of  those 
values  of />  for  which  o)  (/>)  ^  <r :  thus  o)  (p)  ^  <r,  \i  p^Pa{x,y)\  anda)(p)><r, 
ifp>fi^{x,y). 

The  function  ^^(x,  y),  thus  defined  for  every  point  (a?,  y),  is  everywhere 
positive ;  and  it  will  be  shewn  to  be  an  upper  semi-continuous  function  with 
respect  to  the  two-dimensional  continuum  (a?,  y\  in  accordance  with  the  defi- 
nition in  §  183. 

Take    BoA^  =  A^Oo  =  fi^  (^,  yo)l    and    also    ^i^o  =  GoC^  =  Jc,   where   € 
is  a  fixed  positive  number.      The  fluctuation  of 
f(x,  y)  in  BiCi  is  greater  than  <r ;  let  it  be  cr  +  k. 
If  iti  be  a  fixed  positive  number  <  A,  two  points 
M,  N  can  be  found  in  BiCi,  such  that 

\f(M)--f(N)\><r-^h. 

Moreover,  these  points  AT,  N  can  be  so  chosen  as  to 
lie  on  two  straight  lines  parallel  to  the  o^-axis,  which 
belong  to  the  set  along  each  of  which  f(x,  y)  is 
continuous  with  respect  to  x;  this  follows  fi^om 
the  fSact  that  this  set  of  straight  lines  cuts  BiCi  in 
an  everywhere-dense  set  of  points.  Since  /(x,  y)  is 
continuous  with  respect  to  x,  at  each  of  the  points 
Af,  i\r,  two  segments  M'M'\  N'N'\  with  if  and  JV 
>a8  their  middle  points,  can  be  determined,  so  as  to 
have  equal  lengths  2S,  and  to  be  such  that 

\fiP)-f(,M)\<\K, 
\f{Q)-f{N)\<\K 

provided  P  be  any  point  in  M'M",  and  Q  be  any 
point  in  N'N". 

From  these  inequalities  and  the  former  one,  we  deduce  that 

\f{p)-m)\><T. 

Take  the  square  of  which  A^  is  the  centre,  and  of  which  the  sides  are 
parallel  to  the  axes,  and  are  at  a  distance  from  A^  less  than  the  smaller  of 
the  two  numbers  ^e  and  i.  If  A  be  any  'point  in  this  square,  the  distance 
of -4  from  each  of  the  straight  lines  M'M'\  N'N"  is  less  than  /8a(a?o,  y©)  +  €. 
Through  A  let  a  straight  line  be  drawn  parallel  to  the  y-axis,  and  mark  off 
on  it  the  segment  of  which  A  is  the  centre  and  of  which  the  half-length  is 
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^9  (a:©!  yo)  +  « ;  tliis  segment  will  cut  M'M'  and  N'N",  and  therefore  contains 
two  points  P,  Q  which  are  such  that 

\fiP)-fm><^- 

Therefore  the  fluctuation  of  f{x,  y)  in  this  segment  is  >o-,  and  hence  at 
the  point  A  (x,  y)  we  have  PoifHi  y)  <  fio  (a?o,  yo)  +  €.  A  square  having  been 
determined  with  its  centre  at  A^^  such  that  for  every  point  in  this  square 

it  follows  that  ^^{Xy  y)  is  an  upper  semi-continuous  function  at  A^  with 
respect  to  the  two-dimensional  domain  (x,  y), 

244.  Let  us  now  consider  the  linear  set  C  of  points  (x^  y)  defined  by 
y  =  <l>  (x)^  where  ^  (x)  is  a  continuous  function  of  x.  At  each  point  of 
Cy  the  function  ff^ix,  y)  is  defined,  and  has  at  every  point  a  minimum 
relatively  to  the  set  Cy  the  term  being  used  in  accordance  with  the  definition 
given  in  §  180. 

If,  at  a  point  A^  (x^,  y^)  of  C,  the  function  fi^,  {Xy  y)  have  its  minimum  with 
respect  to  C  positive,  then  we  shall  prove  that  the  saltus  of  f(x,  y)  at  A^, 
with  respect  to  the  two-dimensional  domain  (x,  y),  is  ^  2<r.  Let  7  denote 
this  minimum,  and  let  71  be  a  positive  number  <  7. 

Let  an  interval  (x^  —  B,  ar^H-  S)  on  the  line  y^y^y  be  so  determined  that 

in  this  interval 

\i>{x)'-4>(x^)\<^^. 

This  interval  may,  if  necessary,  be  so 
reduced,  that  for  all  values  of  a;  in  it, 

fi^[xy  ^(«)}>7i. 

Describe  the  rectangle  JS,  with  A^  as 
centre,  the  sides  parallel  to  the  axes  of 
X  and  y  being  2S  and  71  respectively.  On 
every  segment  PQ  of  iJ,  parallel  to  Oy, 
the  fluctuation  of  the  function  is  =  <r ; 
for  there  is  on  PQ  a  point  A  of  the  set 
Cy  and  the  segment  with  centre  Ay  and 
length  2/3<r(il)>27i,  contains  the  whole 
segment  PQ, 

Taking  a  fixed  positive  number  6,  an  area  surrounding  A^  can  be  deter- 
mined, in  which  the  fluctuation  of  /(a?,  y)  is  ^  2cr  +  c.  To  effect  this,  take  a 
point  Ai  on  the  ordinate  through  A^y  and  in  the  rectangle  i2,  such  that  A^  is 
a  point  of  continuity  of /(a:,  y)  with  respect  to  x\  then  on  the  straight  line 
y-Vit  take  a  segment  ByC^  with  centre  A^y  and  of  length  2S'  ^  2S,  such  that 
the  fluctuation  of  /  in  B^C^  is  <  e.     Consider  the  rectangle  R  contained  in 
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R,  such  that  the  sides  of  jR'  are  of  lengths  28'  and  71  parallel  to  the  axes,  its 
centre  being  at  A^,  The  fluctuation  of  f{x,  y)  in  this  rectangle  is  <  2<r  +  e. 
For  if  if ,  i\r  be  any  two  points  in  it,  let  ifi,  iV,  be  their  projections  on 
Bfii\  then 

\f{M)  -f(M,)  I  S  «r.    \f(N)-f(N,)  I S  <r,     \f{M,)  -/(N,)  |  <  6 ; 

and  from  these  inequalities  we  deduce  that 

|/(Af)-/(JV)i<2«r  +  e. 

Since  this  holds  for  every  6,  the  saltus  of /(a:,  y)  at  A^  is  ^  2<r.  If,  at  a  point 
A^,  the  saltus  of /(a?,  y)  be  >2<r,  then  at  il,,  the  minimum  of /8,r  with  respect  to 
C  must  be  zero. 

Since  jS^  is  positive  at  every  point  of  (7,  and  is  an  upper  semi-continuous 
function  of  (x,  y),  it  follows  from  the  theorem  of  §  184,  that  in  every  arc  D  of 
the  curve  (7,  there  exists  an  arc  A  in  which  the  minimum  of  /9,  is  positive. 
Let  us  take  a  sequence  cr,,  o-j, ...  <rn ...  of  positive  decreasing  numbers  of 
which  the  limit  is  zero.  It  is  then  clear  that  in  every  arc  D  there  exists  a 
point  where  jSt,^  has  its  minimum  with  respect  to  C  positive,  for  every  <r„. 
At  this  point  the  fluctuation  of  f{x,  y)  with  respect  to  the  two-dimensional 
continuum  (a?,  y)  is  ^  2<rn,  for  all  values  of  w,  and  is  therefore  zero.  This 
point  must  be  a  point  of  continuity  of/ (a?,  y)  with  respect  to  (a?,  y). 

The  following  general  theorem  *  has  now  been  established : — 

If  f{x,y)  he  a  function  of  the  two  variables  a?,  y  which  is  everywhere 
continuous  with  respect  to  y,  and  is  continuous  with  respect  to  x  along  straight 
lines  parallel  to  the  x-aaisy  which  cut  the  y-aads  in  an  everywhere-dense  set  of 
points,  then  in  every  portion  of  a  curve  y  =  4>  (x),  where  <f}(x)  is  a  continuou^s 
fwnction,  there  exist  points  at  which  f(x,y)  is  continuous  with  respect  to  the 
two-dimensional  domain  {x,  y). 

It  follows  from  this  theorem  that  points  of  continuity  exist  in  every  area, 
that  iB/{x,  y)  is  at  most  a  point-vnse  discontinuous  function. 

The  whole  of  the  reasoning  above  is  applicable,  if  only  those  points  of 
{x,  y)  are  taken  account  of,  which  belong  to  a  perfect  set  0.  It  thus  appears 
that,  under  the  conditions  stated  in  the  above  theorem,  f(x,  y)  is  a  point- wise 
discontinuous  function  relatively  to  every  perfect  set  0  of  points  in  (a?,  y). 
The  points  of  continuity  of  f(x,  y)  on  the  curve  y  =  ^  {x\  are  everywhere- 
dense  with  respect  to  every  perfect  set  of  points  on  the  curve. 

EXAMPLES. 

1.  Iff  /(x,  y)  be  a  function  which  is  everywhere  continuous  with  respect  to  each  of 
the  variables  a?,  y,  then  the  points  at  which  the  saltus  of  f{Xy  y)  with  respect  to  the  two- 
dimensional  continuum  (x,  y)  is  >  o-  form  a  set  of  points  such  that  the  projection  of  the 
set  on  either  axis,  by  lines  parallel  to  the  other  axis,  is  a  non-dense  set 

*  Baire,  AvomU  di  Mat,  Ser.  m',  vol.  in.,  1899,  p.  27.  t  Baire,  loc.  cit.,  p.  94. 
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2.  If*  a  fiiuction  /(x,  y,  z)  of  three  variablee  ^,  y,  2  be  everywhere  oontinuoas  with 
respect  to  each  variable,  then  f{x^  y,  z)  is  at  most  a  point-wise  discontinuous  function 
relatively  to  the  three-dimensional  continuum  (a?,  y,  t).  Further,  on  every  surface 
a?=^(y,  z\  where  ^  is  continuous  with  respect  to  (y,  «),  the  function  /(r,  y,  «)  is  at  most 
a  point- wise  discontinuous  fimction  with  respect  to  (y,  z).  The  set  of  points  at  which 
the  saltus  of  /(jr,  y,  z)^(r  may  contain  all  the  points  of  a  continuous  curve. 

3.  Let*  <l>(Xf  y)  be  a  function  which  is  continuous,  with  respect  to  each  of  the 
variables  x  and  y,  and  let  (0,  0)  be  a  point  of  discontinuity  of  ^(jr,  y)  with  respect 
to  (Xy  y).  Define /(a?,  y,  z)  by  the  condition  /(j?,  y,z)^<l>  (a?,  y) ;  then  the  function  /(ar,  y,  z) 
is  continuous  with  respect  to  each  of  the  three  variables,  but  eveiy  point  on  the  ^^-azis  is 
a  point  of  discontinuity  with  respect  to  {x,  y,  z), 

4.  Let*  f{Xf  y,  2)  be  a  function  which  is  constant  along  any  straight  line  parallel  to 
the  straight  line  x^y^z^  and  is  such  that  /(a?,  y,  0)  =  ^^-7T>  /(0»  0,  0)«0.  This 
function  is  discontinuous  at  every  point  on  the  straight  line  xtsyszz, 

245.  The  methods  developed  by  Baire  of  dealing  with  functions  of  two 
or  more  variables,  in  relation  to  the  distribution  of  the  points  of  dis- 
continuity, have  been  applied  by  him  to  the  consideration  of  the  following 
three  problems: — 

(1)  What  must  be  the  nature  of  a  function  ^ {x\  defined  for  a^x  ^fi, 
in  order  that  a  function /(a;,  y)  can  exist  which  is  defined  for  all  points  in  the 
square  a^x^fiya^y^jS,  and  is  continuous  at  every  point  with  respect  to 
X  and  with  respect  to  y,  and  moreover  is  equal  to  (f>  (x)  on  the  straight  line 
a?  =  y? 

(2)  What  must  be  the  nature  of  a  function  ^ (x)  defined  {or  a^  x  ^  fi, 
in  order  that  a  function  /(x,  y)  can  be  defined  for  all  points  in  the  square 
a^x  ^/3,  a  ^y^  I3y  and  which  shall  satisfy  the  conditions  that  it  is  con- 
tinuous with  respect  to  (ar,  y)  at  every  point  for  which  y  >  0,  is  continuous 
with  respect  to  y  at  the  points  of  y  =  0,  and  is  equal  to  (f>  {x)  when  y  =  0  ? 

(3)  A  function  f(xy  y)  is  defined  in  the  rectangle  a^x^/S,  y^y^S, 
and  is  everywhere  continuous  with  respect  to  y.  Further,  there  is  a  set  of 
parallels  to  the  ^-axis,  along  each  of  which /(a?,  y)  is  continuous  with  respect 
to  x;  these  parallels  intersecting  the  straight  line  d?=  a  in  a  set  of  points 
which  is  everywhere-dense  in  the  interval  (7,  S).  What  is  the  nature  of  the 
function  f(Xy  y)  on  a  continuous  curve  drawn  in  the  rectangle  ? 

The  problems  (1),  (2)  are  particular  cases  of  (3).  It  has  been  shewn 
above  that  a  necessary  condition  satisfied  by  f(x,  y)  in  (3)  is  that  it  should 
be  a  point-wise  discontinuous  function  relatively  to  every  perfect  set  of 
points.  That  this  condition  is  also  sufficient,  has  been  demonstrated  by 
Baire  in  his  memoir  quoted  above.  A  proof  of  this  will  be  given  for  the  case 
of  problem  (2),  in  Chapter  vi,  in  connection  with  the  theory  of  functions 
representable  as  the  limits  of  sequences  of  functions. 

*  Baire,  loc.  cit,^  p.  99. 
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THE  REPRESENTATION   OF  A   SQUARE  ON  A  LINEAR  INTERVAL. 

246.  Let  a  point  of  a  square  whose  side  is  unity  be  denoted  by  {x,  y\ 
where  O^x^l,  O^y.^1;  and  let  t  denote  a  point  of  a  linear  interval 
(0,  IX  An  account  has  been  given  in  §  58  of  Cantor's  method  of  establish- 
ing a  (1,  1)  correspondence  between  the  points  of  the  square  and  those  of 
the  linear  interval.  Such  a  correspondence  denotes  functional  relations 
*— /(0>  y  =  0(O  between  Xy  y  as  dependent  variables,  and  ^  as  an  inde- 
pendent variable.  It  will  be  shewn  however  that  no  (1,  1)  relationship 
between  the  two  sets  of  points  can  be  a  continuous  representation*;  i.e.  it 
is  impossible  that  the  functions  f{t),  <[>  (t)  can  be  both  continuous. 

Let  us  assume  that  such  a  continuous  representation  can  be  defined. 
To  any  closed  set  of  points  [t]  in  (0,  1),  there  will  correspond  a  closed 
set  in  the  plane  area.  For  i{  ti^tj,  ...  tny  '--  he  ak  convergent  sequence  of 
points  t,  of  which  t^  is  the  limiting  point,  then  the  point  f(t^\  ff>  (C)  is 
the  limiting  point  of  the  set  of  points  (x^  yi)(a?„  y^)  ..•  (xn,  yn)--*  which 
correspond  to  ^,  ^, ...  ^n»--'  respectively;  therefore  to  a  closed  set  [t]  there 
corresponds  a  closed  set  {(x,  y)}.  Again,  to  a  convergent  sequence  {xi,  y,), 
(^>  t/i)---  of  points  in  the  plane  area,  there  corresponds  a  set  of  points 
^,  ^B, ...  in  the  linear  interval,  the  latter  of  which  has  a  limiting  point  ^«  which 
must  correspond  to  (a?.,  y.);  and  since  only  one  value  of  t  corresponds  to  one 
set  of  values  of  (a?,  y),  there  can  be  only  one  such  limiting  point  ^..  Thus,  to 
a  closed  set  in  the  plane,  there  corresponds  a  closed  set  in  the  linear  interval. 
Take  two  points  ^,  ^  in  the  interval  (0,  1);  these  points  correspond  to  two 
points  Pi,  P,  in  the  square  area.  To  the  closed  linear  interval  (^,  Q  there 
corresponds  a  closed  set  S  which  contains  the  points  Pi,  Pj.  It  can  be 
shewn  that  there  are  points  other  than  P,,  P,  on  the  frontier  of  S,  Denote 
by  C{8)  the  set  of  those  points  of  the  square  area  which  do  not  belong  to  S. 
Two  points  Q,  i2  in  the  square  can  be  determined,  such  that  Q  lies  on  the 
-straight  line  PiPs,  and  R  does  not  lie  on  this  straight  line ;  such  that  neither 
Q  nor  R  coincides  with  P^  or  P,,  and  such  that  one  of  the  two  belongs  to  S 
and  the  other  to  C(8).  The  closed  set  consisting  of  the  straight  line  QR 
contains  points  both  of  S  and  of  C(S);  those  points  of  S  which  lie  on  it 
form  a  closed  set,  and  there  must  be  one  such  point  of  S  at  least  which  is 
on  the  frontier  of  S ;  such  a  point  may  or  may  not  coincide  with  Q  or  i2. 
Since  then  S  contains  points  on  its  frontier  besides  Pi  and  P„  we  can  take  a 
point  i  within  the  linear  interval  (^,  ^)  such  that  the  point  T  in  the  square 
which  corresponds  to  it  is  on  the  frontier  of  S.  Since  T  is  the  limiting  point 
of  a  sequence  of  points  of  C  (S),  it  follows  that  t  must  be  the  limiting  point 

*  See  Netto,  "Beitrag  zur  Mannigfaltigkeitslehre,"  CrelWi  Jl,,  yoL  uoxvi. ;  also  Loria, 
Oiom,  di  Ifat.,  vol.  xzt.,  p.  97.  In  the  proof  given  by  these  writers  it  is  assumed  that  a  oloeed 
curve  oorresponds  to  a  linear  sub-interval  of  (0,  1) ;  this  is  not  necessarily  the  case,  for  a  non- 
dense  dosed  set  may  correspond  to  the  dosed  carve. 
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of  a  sequence  of  points  all  of  which  are  external  to  the  interval  (^,  t^) ;  and 
this  is  impossible.     It  has  thus  been  established  that : — 

No  continuous  (1,  1)  correspondence  ccm  exist  between  aU  the  poirUs  in  a 
square  and  all  ike  points  in  a  linear  interval. 

In  particular,  the  correspondence  shewn  by  Cantor  to  exist,  must  be 
discontinuous. 

247.  The  reasoning  of  §  246  would  be  inapplicable  if  the  corre- 
spondence x=f{t\  y  =  ^{t)  were  such  that,  to  a  given  point  {x,  y)  more 
than  one  point  t  may  correspond,  the  functions  f{t\  ^  (0  being  still  one- 
valued  continuous  functions,  so  that  if  t  be  assigned,  {x,  y)  is  uniquely  deter- 
mined. In  this  case,  the  limiting  point  of  the  set  of  points  external  to  the 
interval  (fj,  ^)  would  be  not  ?,  but  another  value  of  t  which  also  corresponds 
to  the  point  T, 

Peano*  gave  the  first  continuous  correspondence  of  the  kind  just  indicated, 
thus  defining  a  continuous  curve  which  passes  through  every  point  of  the 
square  at  least  once. 

Let  the  points  in  the  interval  (0,  1)  be  expressed  in  the  form 

t  =  'OiOtOs  ...  Oji  . . . , 

in  radix  fractions  in  the  ternary  scale,  so  that  each  a  is  either  0,  1,  or  2. 
Let  k{a)  denote  the  number  2 -a,  so  that  A(2)  =  0.  A:(l)  =  l,  A(0)  =  2; 
and  let  A?*  (a)  denote  the  result  of  performing  this  operation  n  times,  so  that 
k^  (a)  is  a  or  2  -  a,  according  as  n  is  even  or  odd. 

Let  X,  yhe  defined  for  a  prescribed  t  by 

X  =  'bibj>z  .•,,    y^'CiCgCs ..., 

the  ternary  scale  being  again  employed ;  the  numbers  b,  c  being  defined  by 
the  relations 

,  ci^hf^i<hl    c,  =  i^+»3(a,),  ...Cn  =  A^+^+  •+'^-^(a«); 
thus  bn  is  equal  to  a»»_i  or  to  2  — a^^^i,  according  as  a,  +  a4+ ... +a«i-8  is 
even  or  odd. 

The  numbers  t  may  be  divided  into  two  classes : — 

(1)  Those,  other  than  0  or  1,  which  are  capable  of  a  double  repre- 

sentation 

t  =  'OiOsO, ...  an2  2  2  ...  ^'a^a^  ...On  +  lOOO.... 

(2)  Those  which  have  a  single  representation  only. 

If  ^  be  a  number  of  the  second  class,  x  and  y  are  uniquely  defined.  If  t  be 
a  number  of  the  first  class 


^=010,...  an2  2  2  ...  =  'aiO^  ...On  +  lOOO..., 

*  **  Sur  ane  courbe,  qni  remplit  toute  une  aire  plane,"  Math.  Ann,,  yoI.  zzzvi.,  1S90. 
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let  'hibjbt...^  'Wbt'W ...  denote  the  numbers  obtained  by  applying  the 
definition  of  d?  to  the  two  modes  of  representation  of  t  If  n  is  even,  say 
2in,  it  is  clear  that 

61  =  6,',   62  =  fea',  •••&m  =  6m'; 

also  6^1  =  i^+«4+ •••+«*•  2,  6V1  =  Jfc'^^''* '*■••'*■"*' '^■^O, 


hence  bn^i  =  6^+1 1    ^wh-j  =  6'm+«.  •  •  • ; 

and  thus  x  has  the  same  value  whichever  of  the  two  forms  for  t  is  employed ; 

the  case  in  which  n  is  odd  may  be  similarly  treated. 

The  same  result  can  readily  be  shewn  to  hold  for  y.  Therefore,  corre- 
sponding to  any  assigned  t,  x  and  y  are  uniquely  determined. 

Next,  let  us  suppose  x  and  y  to  be  assigned.     We  have 

for,  if  p  =  Af  (}),  then  p  +  9  is  an  even  number. 

In  case  x,  y  are  both  of  the  second  class,  t  is  uniquely  determined. 
If  ^  is  of  the  first  class,  and  y  of  the  second ;  let 

a:  =  -6,6, ...  6n2  2  2  ...  =  -6162 ...  6„+l  0  0..., 

y  =  'CjCj  . . .  CnOfi+i  ...  I 

and  let  the  two  values  of  <  be  denoted  by  'a^cLiO^  ...,  'a^a^' .... 
It  is  clear  that 

Oi  =  tti ,   09  =  03   ...  Osn—i  =  O  jf|_i  J 

also  o«  =  A:(o'a  a«+i«*^^+^^  •+"•(&«),  a;^,^lf^^'^^"'^'-{K+\y, 
thus  Om+i.  a'an+i  are  not  identical,  although  o^n,  o^n'  will  be  so  if  each  is  unity. 
It  is  thus  seen  that  t  has  two  distinct  values  corresponding  to  one  point  {x,y) 
when  or  is  a  number  of  the  first  class,  and  y  is  of  the  second  class.  It  can  be 
shewn  in  a  similar  manner  that  there  are  four  points  t  corresponding  to  a 
single  point  {x,  y)  such  that  x,  y  are  both  numbers  of  the  first  class. 

The  correspondence  is  continuous.  For  if  t.  If  are  identical  as  regards  the 
first  2n  figures,  x  and  x'  are  identical  as  regards  their  first  n  figures,  and  the 
same  is  true  of  y  and  j/. 

The  curve  which  has  thus  been  defined  is  a  continuous  curve  which  passes 
through  each  point  in  the  square  at  least  once ;  there  is  an  everywhere- 
dense  enumerable  set  of  points  through  each  of  which  the  curve  passes  twice, 
and  another  everywhere-dense  enumerable  set  of  points  through  each  of  which 
it  passes  four  times;  through  each  of  the  remaining  unenumerable  set  of 
points,  the  curve  passes  once  only. 
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The  plane  measure  of  an  arc  of  Peano's  curve  which  corresponds  to 
an  interval  (^o>  ^)  ^  ^ot  zero,  %.e,  the  area  which  a  number  of  rectangles 
enclosing  all  the  points  of  the  arc  have  in  common  has  a  lower  limit  greater 
than  zero. 

The  two  continuous  functions  f{t\  ff>  (t\  which  define  x,y  as  functions  of 
tf  possess  for  no  value  of  t  definite  differential  coefficients,  and  are  perhaps 
the  simplest  examples  of  continuous  non-differentiable  functions. 

248.  It  might  at  firat  sight  appear  that  a  curve  having  the  same 
properties  as  that  of  Peano  might  have  been  defined  by  restricting  t  =  'OiO, ... 
to  be  such  that  an  infinite  number  of  digits  other  than  0  are  present,  and 
then  defining  x,  y  by 

If  however  the  double  representation  of  x,  y  were  not  restricted,  as  in  the 
case  of  t,  there  would  be  no  value  of  t  corresponding  to,  say, 

a?=:-1000...,    y  =  -2000.... 

If  {x,  y)  were  on  the  other  hand  so  restricted,  there  would  be  no  values  of 
(Xf  y)  corresponding,  for  example,  to 

^  =  •111010101.... 

It  thus  appears  that  some  such  rule  as  that  given  by  Peano  is  necessary  to 
obviate  the  difficulty  caused  by  the  double  representation  of  a  certain  class  of 
rational  numbers,  in  a  given  scale. 

The  method  may  easily  be  extended  to  obtain  a  continuous  corre- 
spondence between  the  points  in  a  cube  and  those  in  a  linear  interval. 

A  somewhat  different  method  of  establishing  correspondence  between 
the  points  of  the  square,  and  those  of  the  linear  interval,  is  the  follow- 
ing* :— 

Let  ti  denote  one  of  the  perfect  set  of  points  defined  by 

^     3  ^31^38^  •••' 

when  every  a  is  either  0  or  2.  For  such  a  point  ^,  x  and  y  may  be 
defined  by 

2V2      2«     2«^  '")' 

^     2V2      2«     2»  / 

A  point  t  which  does  not  belong  to  the  perfect  set  is  interior  to  one  of  the 

*  See  Lebesgae,  Legont  twr  PinUgratian,  p.  44. 
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complementaTy  intervals  (ti\  t/')  of  the  set ;  in  such  an  interval  we  may 
define  ^,  y  as  linear  functions  of  t,  thus 


a?s=a?'  + 


where  (a?',  j/),  (x'\  y")  correspond  to  ^',  t^'  respectively. 

249.     A  method  of  constructing  a  continuous  curve  which  fills  a  square 
has  been  given  in  a  geometrical  form  by  Hilbert*. 
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Divide  the  interval  (0, 1)  into  four  equal  parts,  and  number  them  in  order 
as  1,  2,  3,  4.  Then  divide  the  square  into  four  equal  parts,  as  in  Fig.  1,  and 
number  them  1,  2,  3,  4,  to  correspond  with  the  segments  of  the  linear 
interval  Next  divide  each  segment  of  the  straight  line  into  four  equal 
parts,  and  each  of  the  four  squares  into  four  equal  parts  as  in  Fig.  2.  The 
sixteen  squares  so  formed  are  then  numbered  in  order  so  that  each  square  has 
one  side  in  common  with  the  one  next  in  order ;  the  squares  then  correspond 
with  the  segments  numbered  in  the  same  way.  At  the  next  stage  there  are 
(Fig.  3)  64  squares  corresponding  to  64  segments  of  the  interval  (0,  1). 
Proceeding  in  this  manner  indefinitely,  any  point  of  (0,  1)  is  determined  by 
the  intervals  of  the  successive  set  of  sub-divisions  in  which  it  lies.  The 
corresponding  point  in  the  square  area  is  determined  by  the  succession  of 
squares  each  containing  the  next  in  which  it  lies.  The  curve  is  thus  deter- 
mined as  the  limit  of  a  sequence  of  polygons  denoted  by  the  thickened  lines 
in  the  figures.     The  curve  thus  obtained  is  continuous,  but  has  no  tangent. 

*  See  Math,  Annalen,  vol.  xxxvm.,  p.  459. 
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Hilbert  remarks  th&t  if  the  interval  (0,  1)  be  taken  as  a  tune  interval, 
a  kinematical  interpretation  of  the  functional  relation  between  the  curve 
and  the  segment  is  that  a  point  may  move  so  that  in  a  finite  time  it  passes 
through  every  point  of  the  square  area. 
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ContmuouB  curves  of  this  kind  can  be  constructed  by  any  method  by 
which  an  everywhere-dense  enumerable  set  of  points  in  the  square  caD  be 
made  to  correspond  with  a  similar  set  of  points  in  the  linear  interval; 
provided  the  functional  relation  x  =f{t\  y^4>  {t\  in  such  correspondence,  is 
uniformly  continuous.  For,  when  this  condition  is  satisfied,  the  functions 
obtained  by  the  method  of  extension  of  /(^),  ^  {()  to  the  remaining  points 
of  (0,  1)  as  secondary  points  (see  §  225)  will  yield  a  correspondence  of  all 
the  points  of  the  square  with  those  of  the  linear  interval,  of  the  required 
character. 

Another  method  differing  from  that  of  Hilbert  has  been  given  by  Moore* 
and  by  Schonfiies-f. 

Let  m  be  an  uneven  number  (in  the  figure,  m =3);  divide  the  linear  interval 
(0, 1)  into  m'  equal  parts,  and  also  the  square  into  m'  equal  parts.     Let  these 
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squares  be  passed  through  by  a  polygonal  line,  of  which  the  sides  are 
diagonals  of  the  squares,  as  in  the  figure ;  in  this  manner  the  squares  are 
arranged  in  order  1,  2,  3, ...  m^  and  are  placed  into  correspondence  with  the 
segments  bearing  the  same  numbers.  At  the  same  time  the  end-points  of  a 
diagonal  so  traversed  are  made  to  correspond  with  the  end-points  of  a 
segment  of  the  linear  interval.  Thus  m*  +  1  points  in  the  linear  interval  are 
placed  in  correspondence  with  points  in  the  square,  so  that  to  each  of  the 
m'  +  1  points  of  the  linear  interval  there  is  one  point  in  the  square ;  but  the 
converse  is  not  the  case.    Next,  divide  each  of  the  m'  linear  intervals  into  m' 


*  IVatu.  Amer.  Math.  Soc.,  Tol.  i.,  p.  77. 
t  Bericht  Uber  die  Mengenlehre,  p.  121. 
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equal  parts,  and  the  corresponding  squares  into  w?  equal  parts;  then  con- 
struct as  before  a  polygon  traversing  diagonals  of  all  the  m*  sqoares,  making 
their  end-points  correspond  to  the  end-points  of  the  corresponding  m^  parts 
of  the  linear  interval.  Proceeding  in  this  manner,  we  gradually  place  points 
in  the  square,  consisting  of  an  everywhere-dense  enumerable  set,  into  corre- 
spondence with  a  set  in  the  linear  interval  which  possesses  the  same 
property ;  and  the  functional  relation  so  set  up  is  uniformly  continuous.  The 
definition  of  the  functions  for  the  whole  linear  interval  is  then  obtaioed,  as 
explained  above,  by  the  method  of  extension.  The  case  m  ^  3,  corresponds 
to  Peano's  analytical  method.  In  the  method  of  Moore  and  Schonflies,  the 
curve  is  determined  as  the  limit  of  a  sequence  of  polygons  inscribed  in 
the  curve.  In  Hilbert's  method  the  polygons  which  approximate  to  the 
form  of  the  curve  are  not  inscribed  in  the  curve,  but  are  otherwise  deter- 
mined. 


CHAPTER  V. 

INTEGRATION. 

260.  The  fundamental  operation  of  the  calculus,  known  as  integration, 
regarded  from  one  point  of  view  consists  essentially  in  the  determination 
of  the  limit  of  the  sum  of  a  finite  series  of  numbers,  as  the  number 
of  terms  of  the  series  is  indefinitely  increased,  whilst  the  numerically 
greatest  of  the  individual  terms  of  the  series  approaches  the  limit  zero. 
The  laws  which  regulate  the  specification  of  the  terms  of  the  series 
must  be  supposed,  in  any  given  instance,  to  be  assigned,  and  to  be  of 
8uch  a  character  that  the  limit  in  question  exists.  It  is  in  this  form  that 
the  problem  of  integration  naturally  presents  itself  in  ordinary  problems 
of  a  geometrical  character,  such  as  the  determination  of  lengths,  areas, 
volumes,  &c.  The  method  of  integration,  so  regarded,  has  its  origin  in  the 
method  of  exhaustions  employed  by  the  Greek  geometers,  and  was  developed 
later  in  forms  of  which  the  exactitude  depended  at  various  epochs  upon  the 
stage  which  the  development  of  Analysis  in  general  had  reached.  In  the 
hands  of  Cauchy,  Dirichlet,  and  Riemann  the  definition  of  the  definite  integral 
attained  to  the  exact  arithmetic  form  in  which  it  is  employed  in  modem 
analysis ;  and  in  fact  the  definition  given  by  Riemann,  which  is  now  held  to 
be  fundamental  in  the  calculus,  leaves  nothing  to  be  desired  as  regards  pre- 
cision. Riemann  gave  not  only  a  precise  definition,  but  also  a  necessary  and 
sufiScient  condition,  for  the  existence  of  the  definite  integral.  Although  a 
more  general  definition  of  integration  has  recently  been  developed  by 
Lebesgue,  in  accordance  with  which  classes  of  functions  are  integrable, 
which  are  not  so  in  accordance  with  the  definition  of  Riemann,  the  latter 
is  the  definition  which  lies  at  the  base  of  almost  all  the  developments  of  the 
theory  of  integration  that  have  been  made  during  the  last  half  century,  and 
will  therefore  be  adopted  for  full  treatment  in  the  present  Chapter.  An 
account  will  however  be  given  of  the  recent  more  general  theory  due  to 
Lebesgue. 

Integration  has  also  usually  been  regarded  as  the  operation  inverse  to  that 
of  differentiation ;  and  the  fundamental  theorem  of  the  Integral  Calculus 
formulates  the  relation  of  this  mode  of  regarding  integration  with  the  one 
referred  to  above.  Many  important  investigations  are  concerned  with  the 
relation  between  these  two  modes  of  regarding  integration,  with  the  establish- 
ment of  the  fundamental  theorem,  and  with  an  examination  of  the  limitations 
to  which  it  is  subject. 

H.  22 
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THE  DEFINITE  INTEGRALS  OF  LDflTED  FrXCTIOKfi. 

261.  Let  /(^)  be  a  limited  fimcticm,  defined  for  the  oontinuons  domain 
{a,  b),  where  6  <  a ;  so  that  there  exists  an  upper  limit  17  and  a  lower  limit  L 
of  the  functional  values  in  the  whole  interval  Let  the  interval  (a,  b)  he 
divided  into  any  Wi  sub-intervals  5i"*,  S,**'.  J,^', ...  8»,"',  so  that 

and  let  A,  be  the  greatest  of  these  sub-intervals.  Let  these  sub-intervals  be 
further  sub-divided  in  any  manner  so  that  the  whole  interval  (a,  b)  then  ood- 
sists  of  7?2  sub-intervals  £j^,  S,^  ...  Bn^^  whose  sum  is  6  —  a,  and  the  greatest 
of  which  is  Ag ;  let  further  sub-divisions  of  these  sub-intervals  be  made,  and 
so  on  continually,  so  that  at  any  stage  of  the  process  the  interval  {a,  b)  isi 
divided  into  «,„  sub-intervals,  Si**',^,^*'^ ...  8««^"*^  the  greatest  of  which  is  A^. 
If  this  system  of  continual  sub-division  be  made  in  any  manner  whatever, 
which  is  such  that  the  sequence  Ai,  A^, ...  Am»  •••  has  the  limit  zero,  we  shall, 
as  in  §  193,  speak  of  it  as  a  convergent  system  of  sub-divisions  of  the  interval 
(a,  b).  Let  3f  (S^^"*')  denote  any  number  whatever  which  is  so  chosen  as  to  be 
not  greater  than  the  upper  limit  of  the  function  f{x)  in  the  closed  interval 
S«^"^',  and  so  as  to  be  not  less  than  the  lower  limit  o{/(x)  in  the  same  interval ; 
and  consider  the  sums 

8,  =  S,  "'if  («,<»')  +  S«"'if  (&,'»0  +  ...  +  S«/»>Jf  («»,<«), 


If  the  sequence  jSj,  &',, ...  Sm, ...  be  convergent  and  have  the  same  number  8 
for  limit  whatever  convergent  system  of  sub-divisions  of  (a,  6)  be  employed,  and 
however  the  nwnibers  M{tg^^)  be  chosen,  subject  only  to  their  limitation  in 
relatiwi  to  the  ujypei*  and  lower  limits  of  f{x)  in  the  intervals  S,*'*\  then  the 
furxtion  f  (a)  is  said  to  be  integrable  in  the  interval  (a,  6),  and  the  number  8 
defines  the  value  of  its  integral.     This  integral,  wlien  the  limit  8  exists,  is 

denoted  by  l  f  (x)  dx. 

It  will  be  observed  that  M{i)  is  not  necessarily  the  value  of  f(x)  at  any 
point  in  the  interval  5;  for  all  that  is  necessary  is  that  it  should  not  be 
greater  than  the  upper  limit,  nor  less  than  the  lower  limit,  of  f(x)  in  the 
interval  £.  In  this  respect  the  definition  is  a  slight  generalization  of  that 
given  by  Riemaiin  *,  who  restricted  M  (S)  to  have  the  value  of  f(x)  at  some 
point  in  the  interval  & 

The  definition  of  a  definite  integi-al,  of  which  Riemann  s  definition  is  a 

♦  h'erke,  2nd  ed.  p.  289. 
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development,  was  given  by  Cauchy*,  for  the  case  of  a  continuous  function. 
Cauchy's  definition  is  in  fact  that  which  arises  when  M{i)  is  in  every  case 
restricted  to  be  the  functional  value  at  one  end  of  the  interval  S;  thus  it  may 
be  expressed  by 

f{x)  dx  =  lim  [{x,  -  a)f(a)  +  {x^-  x,)f(x,)  +  . . .  +  (6  -  Xn)/(xn)l 


J  a 


where  a,  a?i,  as,, ...  x^,  b  are  the  end-points  of  the  sub-divisions,  and  the  limit 
is  determined  under  the  same  conditions  as  have  been  stated  above. 

262.  The  investigation  of  the  necessary  and  sufficient  conditions  that  the 
integral  of  f{x)  in  (a,  6),  as  above  defined,  may  exist,  is  considerably  simplified 
by  the  introduction  of  the  notions  of  the  upperf  and  lower  integrals  of  the 
fdnction  f{x)  in  the  interval  (a,  6). 

If,  in  the  successive  sums  which  are  formed  corresponding  to  a  convergent 
system  of  sub-divisions  of  (a,  6),  we  identify  every  number  M{h)  with  the 
upper  limit  UiS)  of  the  function  in  the  interval  S,  it  can  be  shewn  that  for 
any  limited  function  whatever,  the  sequence  of  numbers 

S,«t7(8.">)  +  8,">£/'(S,«>)+ •••  +  Vf^(^»,'*)  =  2„ 


•  * « 


has  a  definite  limit  when  m  is  indefinitely  increased,  which  is  independent  of 
the  particular  convergent  system  of  sub-intervals.  This  limit  is  called  the 
upper  integral  of  f{x)  in  the  interval  (a,  6),  and  may  be  denoted  by 


J 

J  a 


f  {x)  dx. 


denoted 


A  similar  theorem  holds  if  JIf  (S)  be  in  every  case  identified  with  the  lower 
limit  o{  /(x)  in  the  interval,  the  corresponding  sum  converging  to  a  number 
which  is  also  independent  of  the  particular  convergent  system  of  sub-intervals 
chosen.     This  limit  is  then  termed  the  lower  integral  of  /(x)  in  (a,  6),  and  is 

by  j   f{x)dx. 

To-  prove  that  the  upper  integral  of  a  limited  function  always  exists,  we 
observe  that  when  any  sub-interval  is  subdivided  the  upper  limit  in  no  one  of 
the  sub-divisions  can  be  greater  than  in  the  original  sub-interval,  and  con- 
sequently Sm+i  cannot  be  greater  than  S^.  It  thus  appears  that  Si,  S2>  •  • .  Sm>  •  •  • 

*  Journal  de  VicoU  PolyUehnique,  oah.  19  (1823),  pp.  571  and  590. 

t  The  upper  integral  (oberes  Integral)  and  the  lower  integral  (unteres  Integral)  are  named  by 
Jordan,  'Tint^grale  par  exods,"  and  **rint6grale  par  d6faat"  respectively;  see  Cours  d' Analyse, 
ToL  I,  p.  84.  Tbey  were  introduced  by  Darboaz,  Annales  de  Vicole  normaU^  ser.  2,  vol.  iv,  and 
also  by  Thomae,  Einleitung,  p.  12,  and  by  Ascoli,  Atti  di  Lincei,  ser.  2,  vol.  n,  1875,  p.  863. 
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form  a  sequence  of  numbers  which  do  not  increase,  and  moreover  none  of 
them  is  less  than  i  (6  —  a) ;  consequently  they  form  a  convergent  sequence 
of  which  we  may  denote  the  limit  by  N.  It  must  now  be  shewn  that  N  is 
independent  of  the  particular  convergent  system  of  sub-divisions.  Suppose, 
if  possible,  that  another  system  of  sub-divisions  leads  to  another  limit  N' ; 
we  may  without  loss  of  generality  suppose  that  iV'  <  N,  Take  a  system  of 
intervals  e^,  e^,  ...  €«  belonging  to  the  second  system  of  sub-divisions,  where 
we  may  suppose  8  to  be  so  great  that  the  sum  for  this  system  is  <  iV'  +  f, 
where  f  is  an  arbitrarily  small  number,  and  we  choose  it  so  that  N'  +  ^<N. 
Let  Um  >  8,  and  suppose  the  two  sets  of  sub-divisions 

Oi       ,02'      y***Of^       ,  ci  »««>•••«« 

to  be  superimposed,  so  that  (a,  6)  is  divided  up  by  all  the  points  which 
are  end-points  of  sub-intervals  of  either  set ;  the  new  division  of  (a,  6)  inay 
be  regarded  as  a  continuation  of  either  set  of  sub-intervals  into  further 
sub-division.  Since  «<??,„,  at  most  « —  1  of  the  n^,  intervals  are  divided 
by  introducing  the  points  belonging  to  the  €,  and  the  diminution  thus  pro- 
duced in  2^  is  less  than  or  equal  to  («—  1)  A,„(C7'  — i),  and  thus  the  new 
sum  for  the  combined  sub-divisions  is  ^2^  — («— 1) A„>(J7  — i).     Now  m 

can  be  chosen  so  great  that  A,n<7 Tt/tt — r\'  where  ij  is  an  arbitrarily 

chosen  positive  number  as  small  as  we  please ;  and  if  this  be  done  the  sum 
for  the  combined  sub-divisions  is  >  2^  —  1;  >  JV  —  1;.  Again,  since  the  same 
sum  may  be  regarded  as  belonging  to  a  further  sub-division  of  the  intervals 
€1,  €9, ...  €,,  it  is  <  JV'  +  f.  It  is  now  clear  that,  since  17  can  be  chosen  so 
that  JV— 17  >iV'  +  f,  the  sum  for  the  combined  system  of  sub-divisions  cannot 
be  both  >iV— 17  and  less  than  iV'-h  f;  and  it  is  thus  impossible  that  iVand 
N'  should  be  unequal :  therefore  the  limiting  sum  which  has  been  shewn  to 
exist  for  any  prescribed  system  of  sub-divisions  has  the  same  value  for  all 
such  systems.  The  existence  of  the  lower  integral  may  be  proved  by  similar 
reasoning,  or  is  immediately  deducible  from  the  existence  theorem  for  the 
upper  integral  by  considering  the  function  —/(a?). 

253.  It  has  now  been  shewn  that  a  limited  function  f(x\  defined  for  the 
continuous  interval  (a,  6),  always  possesses  an  upper  and  a  lower  integral  in 
the  interval.  The  necessary  and  sufficient  condition  that  /(os)  should  pos- 
sess an  integral  as  defined  in  §  251  is  that  the  upper  and  lower  integrals  in  the 
interval  be  equal.  That  this  condition  is  necessary  follows  at  once  from  the 
fact  that  all  the  numbers  M(S)  may  be  made  identical  with  J7(S),  or  all  may 
be  made  identical  with  the  lower  limits  L  (S)  of  the  functions  in  the  intervals 
S ;  and  that  the  condition  is  sufficient  follows  from  the  fact  that  Sf^  lies  be- 


«-n«  «-n« 


tween  2  S,<"»^f/'(S,<"*0  and  2  S,<"*>Z(S,<"»>)»  ^^^  thus  that  when  the  two  latter 
sums  have  the  same  limit,  that  limit  is  also  the  limit  of  /S^. 
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The  necessary  and  sufficient  condition*  that  f{x)  may  he  integrable  in  tlte 
interval  (a,  b)  may  now  be  expressed  as  follows: — Let  D  (8^^^)  denote  the  fluctvU" 
tion  U{S^^)  —  L  (S^^)  of  the  function  in  the  interval  S^"*> ;  then  it  must  be  possible 
to  define  a  convergent  system  of  sub-divisions  of  the  interval  (a,  b)  such  that,  if 
cU  any  stage  these  sub-divisions  are  denoted  by  S,<"*^  Sa^"*^ ...  i»»^^"**,  the  sum 

slumUL  have  the  limit  zero,  as  mis  increased  indefinitely. 

That  this  zero  limit  exists  is  equivalent  to  sayiag  that,  correspondiDg  to 
any  arbitrarily  small  positive  number  e,  a  number  m  can  be  found  such  that 

the  absolute  value  of  2  (S,<"*>)  D  (S,^"'^*  or  of  (6  —  a)  M,  where  Jf  is  a  certain 

mean  of  the  numbers  i)(S,<*"0»  for  this  value  of  m  and  for  all  greater  values 
of  m,  shall  be  less  than  e. 


f. 


264.    The    necessary   and    sufficient    condition    for    the    existence    of 
f{x)dx,  may   be   stated    in    a    somewhat    more    convenient    form,   as 

follows : — 

If  any  convergent  system  of  sub-divisions  of  the  ijiterval  (a,  b)  be  taken, 
theti,  corresponding  to  any  arbitrarily  chosen  positive  numbei*  k,  the  sum  of 
those  sub-intervals  of  (a,  6)  in  which  the  fluctuation  of  f{x)  is  greatei'  than  or 
equal  to  k,  must,  as  the  successive  sub-division  advances,  become  arbitrarily 
small,  and  must  then  have  the  limit  zero. 

To  see  that  the  condition  so  stated  is  sufficient,  we  observe  that,  if  «<"*>  be 
the  sum  of  those  sub-intervals  of  S/"*^  Sa'"*\  ...  h^ij^^  iu  which  the  fluctuation 
is  ^  k,  then 

Since  s^'^^  has  the  limit  zero  as  m  is  increased  indefinitely,  the  limit  of 
V8^<*»)2)(8j<«))  is  ^4(6  — a);  and  as  A?  is  arbitrary,  the  limit  must  be  zero. 

To  shew  that  the  condition  is  necessary,  we  observe  that 

t-nm 

2  S«<"*)D  (St^O  ^^s**"*  +  (6  -  a  -  «^"*0  ^  =  ^*•^^ 

where  D  is  the  least  of  the  fluctuations  in  all  the  sub-intervals.  Unless 
therefore  s^^  has  the  limit  zero  it  is  impossible  that  2S<"*>i)(S<"*^)  can  have 
the  limit  zero. 

Another  form  of  the  condition  for  the  existence  of  |  f{x)dx  which  is  for 

many  purposes  more  convenient  than  the  above  forms  of  statement,  involves 
the  saltus  or  measure  of  discontinuity  at  points  of  the  interval  instead  of 
the  fluctuations  in  sub-intervals;  it  may  be  stated  as  follows: — 

*  Biemann's  Wetke,  2nd  ed.  p.  240. 
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The  necessary  and  sufficient  condition  that  the  limited  function  f  (x)  may 
be  integrable  in  the  interval  (a,  6)  is  thai,  for  any  value  whaiever  of'  the 
positive  number  k,  those  points  of  the  interval  at  which  the  saUu>s  a  is  ^k  form 
a  set  of  points  of  zero  content 

To  see  that  the  condition  is  necessary,  let  any  system  of  sub-divisions  of 
(a,  6)  be  taken ;  then  the  sum  of  the  products  of  the  sub-intervals  multiplied 
by  the  corresponding  fluctuations  is  greater  than  k  times  the  sum  of  those 
sub-intervals  which  contain  points  of  the  set  for  which  a  ^k;  unless  therefore 
the  sum  of  these  sub-intervals  have  the  limit  zero  as  the  sub-division  advances, 
it  is  impossible  that  the  sum  of  the  products  of  sub-intervals  and  fluctuations 
should  have  the  limit  zero.  To  shew  that  the  condition  is  sufficient,  we  ob- 
serve that  if  the  content  of  the  set  of  points  a  ^khe  zero,  all  these  points  can 
be  included  in  a  definite  number  of  sub-intervals  whose  sum  is  less  than  the 
arbitrarily  small  number  e,  so  that  all  the  points  of  the  set  are  interior  points 
of  these  sub-intervals ;  and  the  rest  of  the  interval  (a,  b)  consists  of  a  definite 
number  of  sub-intervals  whose  sum  is  greater  than  6  — a  — e,  and  at  every 
point  of  which  a-  <  L  Consider  one  of  these  latter  sub-intervals  B.  In 
accordance  with  the  theorem  established  in  §  185,  S  can  be  divided  into  a 
definite  number  of  parts  in  each  of  which  the  fluctuation  is  less  than  k. 
Since  the  same  reasoning  applies  to  every  sub-interval  S,  therefore  the  whole 
interval  (a,  6)  can  be  divided  into  a  definite  number  of  sub-intervals  such 
that  the  sum  of  those  in  which  the  fluctuation  is  =  &  is  less  than  e,  and  this 
however  sniall  e  may  be ;  and  this  is  the  condition  of  integrability  established 
above. 

The  most  succinct  form  in  which  the  condition  of  integrability  of  a  limited 
function  may  be  stated  is  the  following* : — 

The  necessary  and  sufficient  condition  that  a  limited  function  defined  for  a 
given  interval  may  be  integrable  is  that  the  points  of  discontinuity  of  the 
function  form  a  set  of  measure  zero. 

For  if  ii,  is, . . .  A:„, . . .  be  a  sequence  of  diminishing  positive  numbers  which 
converges  to  the  limit  zero,  and  Gi,  (?,, ...  On, ...  be  the  closed  sets  of  points 
at  which  the  saltus  of  the  function  is  ^  A^i,  ^  A;,, ...  ^  A^n,  •••,  then  the  set  of 
all  the  discontinuities  of  the  function  is  the  limit  of  the  set  On,  when  n  is 
indefinitely  increased,  and  this  set  must,  in  accordance  with  the  theorem  of 
§  88,  have  the  measure  zero,  since  On  has  the  measure  zero,  for  every  value 
of  n. 

This  condition  is  equivalent  to  the  condition  that  every  closed  set, 
contained  in  the  set  of  points  of  discontinuity  of  the  function,  may  have 
content  zerof. 

*  Lebesgae,  Annali  di  Mat,  ser.  3,  vol.  vii,  p.  254. 

t  See  W.  H.  Young,  Quarterly  Journal  of  Math.  vol.  xzxv,  p.  190.      See  also  Hobeon, 
Quarterly  Joumal,  vol.  xxxv,  p.  208. 
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PARTICULAR  CASKS  OF   INTEGRABLE   FUNCTIONS. 

266.  The  followiDg  classes  of  limited  functions  satisfy  the  condition  of 
integrability  which  has  been  expressed  in  various  forms  above. 

(1)  All  functions  which  are  continuous  in  the  intervals  for  which  they 
are  defined. 

(2)  All  functions  with  only  a  finite  number  of  discontinuities,  or  with 
any  enumerable  set  of  discontinuities 

(3)  Monotone  functions,  and  all  functions  with  limited  total  fluctuation. 

For,  as  has  been  shewn  in  §  194,  the  points  of  discontinuity  of  a  function 
with  limited  total  fluctuation  form  an  enumerable  set. 

(4)  Generally,  every  point-wise  discontinuous  function  which  is  such  that 
the  closed  set  of  points  for  which  the  saltus  is  ^  k  has  content  zero,  whatever 
positive  value  A;  may  have. 

Dini*  has  given  the  theorem  that  a  function  is  integrahle,  if  at  all  points 
where  ike  discontinuity  is  of  the  second  kind,  it  is  so  for  all  such  points  only 
on  one  and  the  same  side  of  the  point ;  and  at  these  points  the  function  may 
be  continuous  on  the  oHier  side,  or  may  liave  ordinary  discontinuities  on  that 
side.  In  particular,  any  function  which  has  only  ordinary  discontinuities  is 
integrahle. 

To  prove  this  we  observe  that  it  has  been  proved  in  §  189,  that,  for  such 
a  function,  the  set  of  points  for  which  the  saltus  is  ^k  has  content  zero, 
whatever  positive  value  k  may  have.  Therefore  the  condition  of  integrability 
is  satisfied. 

Riemann  s  definition  of  an  integral,  and  the  condition  for  the  existence  of 
the  integral,  are  applicable,  without  essential  change,  to  the  case  of  a  function 
which,  for  particular  values  of  the  variable,  has  indetenninate  functional 
values  lying,  in  the  case  of  each  such  point,  between  finite  limits  of  inde- 
terminacy. At  each  point  of  indeterminacy  of  the  function,  it  is  immaterial 
whether  the  function  be  capable  of  having  all,  or  only  some,  values  between 
the  limits  of  indeterminacy;  thus  there  is  no  loss  of  generality,  if  the  function 
be  regarded  as  having  two  values  only  at  each  such  point,  viz«  the  two 
limits  of  indeterminacy  at  the  point.  In  estimating  the  fluctuation  of  the 
function  in  a  prescribed  interval,  the  upper  limit  is  found  by  taking  the  upper 
limits  of  indeterminacy  of  the  function  at  the  special  points  as  functional 
values  at  those  points,  whilst  the  lower  limit  is  found  by  taking  the  lower 
limits  of  indeterminacy  at  the  special  points  as  the  functional  values  at 
those  points.  As  in  the  case  of  a  function  which  is  everywhere  single- 
valued,  the  saltus  at  any  point  is  defined  as  the  limit   of  the  fluctuation 

*  See  OrundlayeUt  p.  B85. 
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in  a  neighbourhood  of  the  point,  when  that  neighbourhood  is  diminished 
indefinitely.  The  conditions  of  integrability  are  exactly  the  same  as  for  a 
function  which  is  everywhere  single-valued,  viz.  that  the  function  be  limited 
in  its  domain  and  that  the  set  of  points  of  discontinuity  of  the  function  must 
have  zero  measure. 


PROPERTIES  OF  THE  DEFINITE  INTEGRAL. 

266.     We  proceed  to  consider  the  properties  of  the  integral  I  f{x)  dx.  of 

a  limited  function  f{x\  defined  for  the  interval  (a,  h\  and  such  that  the 
condition  for  the  existence  of  the  integral  is  satisfied. 

(1)  The  integral  I  f(x)dx  exists  and  has  the  value  —  /  f(x)dx. 

For  the  former  integral  when  it  exists  is  defined  by  means  of  the  limit  of 
XhM(h\  where  S  is  one  of  a  set  of  finite  intervals  into  which  (6,  a)  is  divided ; 
any  such  interval  differs  from  a  corresponding  interval  in  (a,  b)  only  in  sign, 
and  the  numbers  M(S)  may  be  taken  to  be  the  sameT  for  corresponding 
intervals  in  the  two  cases.  It  is  thus  clear  that  the  existence  of  the  one 
limit  follows  from  that  of  the  other,  and  that  they  differ  only  in  sign. 

(2)  If  f{x)he  integraUe  in  (a,  6),  so  also  is\/(x)  |,  and 


f/(x)dx\^f\/(x)\dx. 

J  a  \      J  a 


For  the  fluctuation  of  '/(a?)  |  in  any  interval  S  cannot  exceed  that  of  f{x) 
in  the  same  interval;  hence,  if  2DS  for  a  convergent  sequence  of  sub-intervals 
have  the  limit  zero  when  D  is  the  fluctuation  o{/(x)  in  S,  it  has  also  the  limit 
zero  when  D  denotes  the  fluctuation  of  \f(x)  |;  and  thus  the  latter  function  is 
integrable.  Again,  U  the  upper  limit  o{  f(x)  in  S  cannot  numerically  exceed 
U\  the  upper  limit  of  \/{x)  \  in  the  same  interval ;  thus  \t,US\^XU'B,  and 
hence  the  absolute  value  of  the  limit  ofXUSia  ^  that  of  SU'S. 

(3)  If  the  values  of  the  integrable  function  f  (x)  be  arbitrarily  altered  at 
each  point  of  a  measurable  set  of  points  G,  the  new  fwnction  j>  (x)  so  obtained 
is  integrable,  provided  it  be  limited,  and  the  measure  of  the  derivative  G'  of  the 
set  be  zero. 

For  the  only  points  of  discontinuity  of  4>{x)  which  are  not  points  of 
discontinuity  of  /  {x)  are  points  of  G  or  of  G\  and  therefore  form  a  set  of 
measure  zero;  hence  all  the  discontinuities  of  ^(o;)  form  a  set  of  points 
of  zero  measure,  and  j>  (x)  is  therefore  integrable  provided  it  be  limited.  In 
particular,  the  theorem  holds  for  any  reducible  set  (?. 

Also,  if  4^{oo)=f  {x),  at  all  points  belonging  to  a  set  which  is  everywhere- 
dense  in  (a,  b),  then,  provided  (f)  (x)  be  integrable,  its  integral  is  identical  with 
that  of  f{x). 
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For,  in  the  finite  sum  ^M(i\  we  may  take  the  value  of  M{i)  in  any 
interval  8  to  be  one  of  the  values  which  the  two  functions  f{x\  j>  (x)  have 
in  common  in  that  interval ;  hence  the  sums  may  all  be  chosen  so  as  to  be  the 
same  for  the  two  functions.  Thus,  if  the  functions  be  both  integrable,  their 
integrals  are  identical. 

(4)  A  function  f  {x)  which  is  integrable  in  (a,  6)  is  also  iniegrable  in  any 
ifUervcd  (a,  /3)  contained  in  (a,  6). 

For  the  measure  of  the  set  of  points  of  discontinuity  of  /  (x)  in  (a,  b) 
being  zero,  the  measure  of  the  set  of  those  points  of  discontinuity  which 
are  in  (a,  /3)  is  also  zero,  and  thus  the  function  is  integrable  in  (a,  13). 

If  c  is  any  point  in  (a,  6),  we  have 


f  f(x)dx^rf(x)dx-{-[  f(x)dx. 

J  a  J  a  J  c 


For  the  two  integrals  on  the  right-hand  side  both  exist ;  also  a  convergent 
sequence  of  sets  of  sub-divisions  of  (a,  6)  can  be  so  chosen  that  the  point  c  is 
always  an  end-point  of  two  of  the  sub-divisions.  If  this  be  done,  the  sum 
SSJf  (S)  for  (a,  b)  may  be  divided  into  two  parts,  one  of  which  contains  all  the 
intervals  on  the  left  of  the  point  c,  and  the  other  all  those  on  the  right  of  that 
point;  thus  25Jlf (S)  =  2iSilf(S)  +  22SJlf (S).  The  limits  of  the  three  sums 
are  the  three  integrals  of /(a?)  in  (a,  6),  (a,  c),  and  (c,  6)  respectively;  thus 
the  theorem  is  established. 

(5)  If*  /,,  /a,  /,,  .../n  be  a  finite  number  of  limited  fwnctions^  each  of 
which  is  integrcMe  in  (a,  6),  amd  if  -P(/i,/a,  .../n)  be  a  continuous  function 
of  the  n  variables  /n/a,  .../n,  then  the  function  F  is  integrable  in  (a,  6). 

For  the  only  points  of  discontinuity  of  the  function  F(x)  are  those  of  the 
functions /,  (a:), /j (a?),  .../„(ir);  hence  the  set  of  points  of  discontinuity  of 
F(x)  has  measure  zero ;  and  thus  F(x)  is  integrable,  since  it  is  also  a  limited 
function. 

Important  particular  cases  of  the  general  theorem  are  the  following : — 

(a)  Iff(x)=fi(x)+f2(x)-\-..,+fn(x\  where  all  the  functions  fr{x) 

rb  n  rb 

integrable,  then  I  f(x)dx  =  X\  fr  (x)  dx. 

Ja  1  J  a 

(b)  If  f  (x)=fi(x).f2(x)  ,..fn{x),  where  all  the  functions  fr(x)  arc 
integrable  in  (a,  6),  then  f(x)  is  also  integrable  in  (a,  6). 

(c)  If  /  (ar),  (f)  (x)  be  integrable  in  (a,  6),  and    <f>  (x) ,  always  exceed 

f  (x) 
some  fixed  number  A,  so  that  \\  i  is  a  continuous  function  of  /  and  6,  then 

\.),  {  is  integrable  in  (a,  6). 
9  W 

*  Da  Bois  Beymond,  Math,  Antialen,  vol.  xx,  p.  123.    See  also  W.  H.  Young,  Quarterly 
JomnuUqfMaik.  voL  zzxv,  p.  1901 


are 
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(6)  //  two  functions  f'^{x),  /"(x)  be  defined  as  follows: — Let  f'^{x)  =/(jc) 
for  all  values  of  x  such  that  f  (x) > 0,  and  let  f'^{x)  =  0,  when  f  {x) ^0;  let 
f^(x)  =  —fix)  for  all  values  of  x  such  that  f(x)  <  0,  afid  /"(«)  "«  0,  when 
f  (x)  ^  0 ;  then  if  f  (x)  be  integraUe  in  (a,  6),  the  functions  f'^(x),  f'{x)  are 

rh  rb  rb 

integrable  in  (a,  b\  and  I  f(x)dx  =  j  f'^(x)dx-'j  f'{x)dx. 

J  a  J  a  J  a 

For  the  fluctuation  of  f'^{x)  in  any  interval  S  cannot  exceed  that  of  fijr) 
in  the  same  interval ;  hence,  since  2S2)  (S)  for  /  (a?)  has  the  limit  zero,  the 
corresponding  sum  for  f'^(x)  has  the  limit  zero,  and  thus  /"*"(«?)  is  integrable. 
In  a  similar  manner  it  can  be  shewn  that  /""(a?)  is  integrable. 

Since  f(x)=f^(x)—f-(x)y  we  see  from  (5)  (a)  that 

I  V  (x)  dx  =  {'f^{x)  dx  -  \'f'{x)  dx. 

It  should  be  observed  that  it  is  not  in  general  true  that,  if  f  {x)  be 
integrable  in  (a,  6),  and  be  expressed  as  the  sum  /j  (x)  +  /,  (x)  of  two  limited 
functions,  then  /i  (a?),  /a  (a?)  are  also  integrable  in  (a,  6).  For  it  is  clear  that, 
f{x)  being  given,  we  may  take  for  /i  (x)  any  arbitrarily  defined  non-integrable 
function,  then  f^  (x)  is  also  determinate  and  non-integrable. 

(7)  If  f{x)y  <l>(x)  be  both  integrable,  and  be  such  that  f{x)  ^  \^(x), 
for  evert/  valve  of  x,  tfien 


\'f{x)dx  ^\\<f>{xydx. 

J  a  J  a 


18 


In  particular,  if  ^  {x)  is  constant  and  equal  to  P,  the  upper  limit  of  f(jr)  \ 

rb 

in  (a,  b),  then    I  f  {x)dx   ^  P  (6  —  a). 

!  J  a 

For  I  [^<f)(x)\  —  \f(x):}dxis  ^0,  since  in  every  interval  S  no  value  of 

J  a 

\<f>(x)  i  —  I  /(a?)  I  is  negative,  and  thus  the  sums  of  which  the  integral  is  the 
limit  are  all  ^ 0.    Also  from  (2),  we  have  I  I  f{x)  d>x^  I  \  f(x) \ dx,  and  thi 

I  J  a  J  a 

is  ^  /  '  ^  (^)  1  dx.     The  particular  case  follows  by  assuming  ^(a;)  =  P. 

J  a 

If  Uy  L  denote  tlie  upper  and  lower  limits  of  f(x)  in  (a,  6),  theti 

L(b-  a)  ^  j  f{x)  dx^U(b-  a). 

J  a 

For  2817(8),  XSZ(S)  each  lie  between  1728  and  X2S,  or  between  f7(6-  a) 
and  L{b  —  a) ;  the  same  must  hold  of  the  common  limit,  which  is  the  in- 


tegral   I   f(x)dx. 

J  a 


(8)  If  rjiy  V'2y»Vny'  be  an  enumerable  set  of  non-overlapping  intervals 
contained  in  (a,  b)  in  descending  order  of  length,  tiien  tlie  sum  of  the  integrals 
of  f  (x)  taken  through  ViyVif-Vnt  converges  to  a  defmite  finite  limits  as  n  is 
increased  indefinitely;  f(x)  being  a  function  which  is  integraJUe  in  (a,  b). 
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Let  us  denotfe  by  S^  the  sum  of  the  iutegrals  of  /  {x)  taken  through  the 
intervals  i7n  179, ...  fin-  Since  171  +  17s  + . ..  +  i7n  increases  with  n,  and  is  always 
less  than  6  —  a,  it  has  a  definite  limit  as  n  is  increased  indefinitely ;  we  can 
therefore  choose  n  so  great  that  i;»+i  +  rin^  +  . . .  +  fin-^m  <  €,  for  every  value  of 
m,  where  e  is  an  arbitrarily  chosen  positive  number.  With  this  value  of  w, 
we  see  that  j  Sn+m  —  S„  j  <  € .  P,  where  P  is  the  upper  limit  of  /  (x)  \  in  (a,  6). 
If  17  be  an  arbitrarily  chosen  positive  number,  we  can  choose  e  such  that 
€ <  17/P ;  thus  n  can  be  so  chosen  that  | Sn^,,,  —  Sn\<  17,  and  hence  S^  has  a 
definite  limit  as  n  is  increased  indefinitely. 


INTEORABLE  NULL- FUNCTIONS   AND   EQUIVALENT   INTEGRALS. 

267.  li  f{x)  be  integrable  in  (a,  6),  and  be  such  that  its  integral  in 
every  interval  contained  in  (a,  b)  is  zero,  then  f{x)  is  said  to  be  an  integrable 
nuU'fUnction, 

The  necessary  and  sufficient  condition  that  a  limited  function  f{x)  may  be 
an  integrable  nuU-function  is  that  the  set  of  points  for  which  f{x),^  ky  when 
the  set  is  closed  by  the  addition  of  its  limiting  points,  shall  be  of  content  zero, 
whatever  positive  value  k  may  have. 

To  prove  that  the  condition  stated  is  sufficient,  let  us  suppose  the  interval 

(ci,  6)  to  be  divided  into  sub-intervals  by  a  system  of  sub-divisions ;  at  any 

stage,  let  28'  be  the  sum  of  those  intervals  which  contain  in  their  interiors  or 

at  their  ends  points  at  which  \f(x)\  ^h     The  sum,  of  which  the  limit  is 
b 
f  (x)  dx,  is  in  absolute  value  <  P2S'  +  (6  —  a  —  2S')  fc,  where  P  is  the  upper 


/, 


limit  of  \/(x)\  in  (a,  6).  If  the  content  of  the  closed  set  obtained  by  adding 
to  the  set  for  which  \f{x)\^k  its  limiting  points,  have  content  zero,  then 
XB'  has  the  limit  zero,  as  the  number  of  sub-divisions  of  (a,  6)  increases  in- 

definitely;  hence  the  absolute  value  of  I  f(x) dx  is  ^k(b^ a) ;  and  as  A;  is 

J  a 

arbitrarily  small,  this  shews  that  the  integral  vanishea  The  same  argument 
applies  to  any  interval  (a,  ^)  contained  in  (a,  6).  To  shew  that  the  condition 
is  necessary,  let  us  assume  that  f(x)  has,  in  every  interval  contained  in  (a,  i), 
an  integral  which  vanishes.  At  any  point  Xi,  at  which  f(x)  is  continuous, 
f(xi)  must  be  zero.  For  letf(xi\  if  possible,  have  a  positive  value  A]  then  a 
neighbourhood  (xi'-h,a^'\-h)  can  be  found  such  that  at  every  point  in  it 
/(a:)  lies  between  A  —  €  and  A  +  €,  where  e  is  any  assigned  positive  number 
<A:  now  the  integral  of  f(x)  through  this  interval  (xi  —  h,  x^  +  h)  is 
^(-d— 6)2A,  and  thus  cannot  be  zero,  contrary  to  hypothesis.  It  is  there- 
fore impossible  that  /  (xi)  can  have  a  positive  value ;  and  that  it  can  have  a 
negative  value  can  be  shewn,  in  a  similar  manner,  to  be  also  impossible ;  and 
tJias  /  (x)  vanishes  at  every  point  at  which  it  is  continuous.    Considering 
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uext  a  poiut  at  which  f{x)  \  ^  ^^  or  a  point  which  is  a  limiting  point  of  the 
set  of  such  points,  we  see  that  the  saltus  at  the  point  is  ^it;  for  every 
neighbourhood  of  the  point  contains  points  of  continuity  at  which  f{x) 
vanishes.  The  condition  of  integrability  consequently  ensures  that  the  set 
of  points  at  which  |  f{x)  \  ^  k,  when  closed  by  adding  the  limiting  points,  has 
content  zero. 

The  condition  may  also  be  stated  in  the  concise  form  that : — 

A  limited  function  is  an  integrahle  ntdl-functian,  if  it  vanishes  ai  all  points 
of  a  set  of  which  the  measure  is  equal  to  thai  of  the  whole  interval  for  which 
the  function  is  defined. 

Two  integrablc  functions  f  {x\  ^{x)  have  the  same  integrate  in  every 
interval  contained  in  their  domain,  provided  they  differ  from  one  another 
by  an  integrable  null-function. 

If  f{x)  be  an  integrable  point-wise  discontinuous  function,  and  if  the 
function  /,  {x)  be  defined,  as  in  §  191,  by  extension  of  that  function  which 
is  defined  only  at  the  points  of  continuity  oi  f{x\  and  has  at  those  points 
the  same  functional  values  as  f{x)  itself,  then  /i  (a?),  although  it  is  in  general 
multiple- valued  at  the  points  of  discontinuity  of  f{x\  is  an  integrable 
function.  It  has  been  explained  in  §  255  that  Riemann's  definiticm  Is  ap- 
plicable to  such  a  function.  That  f  (x)  is  integrable,  follows  from  the  fiwt 
that  it  is  continuous  at  all  the  points  of  continuity  of  f{x),  and  these  form  a 
set  of  points  of  which  the  measure  is  equal  to  that  of  the  whole  interval  in 
which  f  (x)  is  defined.  The  difference  of  the  two  functions  is  zero  at  the 
points  of  continuity  of /(./;),  and  is  discontinuous  only  at  the  points  of  dis- 
continuity of  /(a?),  which  form  a  set  of  points  of  zero  measure.  The  function 
f(x)  —/,  (x)  is  accordingly  an  integrable  null-function,  and  the  two  functions 
f{x)yfi{x)  have  equal  integrals  in  any  interval  for  which /(a?)  is  defined. 

It  has  therefore  been  shewn  that  an  inlegrable  function  f(x)  is  equal  to 
the  sum  of  an  integrahle  mdl-function  and  of  the  function  obtained  by  extension 
of  the  function  defined  by  the  values  off{x)  at  its  points  of  continuity. 

EXAMPLES. 

1 .  Riomann's  function  / (a-) = W  +  -  ^j"  +  •  •  •  "^  "a  ■*"  •  •  •»  where  (x)  denotes  the  positive 

or  ncgiitive  excess  of  x  over  the  nearest  integer,  and  {x)  =  0  when  x  in  half-way  between 
two  integers,  lia.s  been  shewn  in  Example  2,  §  190,  to  be  point- wise  discontinuous,  with  all 
its  discontinuities  ordinary  ones,  and  everywhere-dense  in  the  interval  (0, 1).  Since  all  the 
discontinuities  are  ordinary  ones,  and  the  function  is  limited, /(j?)  is  int^p^able  in  (0,  I). 

2.  Let  /  (x)  be  defined  for  the  interval  (0, 1 )  as  follows : — If  x  be  irrational,  let  /  (x) = 0 ; 
if  x=plq^  where  pjq  is  in  its  lowest  terms,  let /(a;)=l/g;  also  let /(0)=/(l)«aO.     This 

function  is  an  integrable  point- wise  discontinuous  nuU-fimction ;  thus  I   f(x)dx^O, 
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There  are  only  a  finite  number  of  points  at  which  the  functional  vahie  exceeds  an 
Hssigned  positive  number. 

3.  Let/(:r)=0,  for  all  rational  values  of  x\  and/(^)=l,  for  all  irrational  values  of  a'. 
This  function  is  not  integrable  in  any  interval,  for  it  is  totally  discontinuous. 

4.  Let  f{x)  be  defined*  for  the  interval  (0,  1)  as  follows :— For  „  <  a*  <  1,  let/(.r)=  1 ; 
tor  ^<x^^,  let/(ar)  =  2;  foT~^<x^^^,  let/(:r)=2j;  and  generally,  for 

2^i<^^^.  let/(:r)=^;  and/(0)=0. 

tx  X  \ 

This  function  is  integrable,  and  i    f{x)  dx=^-^  -  «— oi^^^j,  where  x  is  between 

1  .nrl   _L 

2»  *""  2**"^* 


THE  FUNDAMENTAL  THEOREM   OF  THE   INTEGRAI.  CALCULUS. 

268.  The  fundamental  theorem  of  the  Integral  Calculus  asserts  that  the 
operations  of  diflFerentiation  and  of  integration  are  in  general  inverse  operations. 
Before  we  proceed  to  consider  the  conditions  under  which  this  is  the  case,  the 
following  theoreih  will  be  established : — 

//  fix)  he  a  limited  function  which  is  integrable  in  the  interval  (a,  b),  then 
j  f{x)dx  is  a  continuous  function  of  x,  for  the  whole  intei'val  (a,  6),  and 
it  is  a  function  of  limited  total  fluctuation  in  (a,  b). 

It  has  already  been  shewn  that  I  /  (x)  dx  exists,  for  any  point  x  of  the 

J  a 

interval  (a,  6);  denoting  its  value  by  F{x\  we  have 

F{x±h)^F{x)^\     f{x}dx; 

hence  by  (7),  of  §  256,  iFixth)- F(x)\<  Ph,  where  P  is  the  upper  limit  of 
'  /  (ar)  I  in  (a,  b).  If  e  be  any  arbitrarily  chosen  positive  number,  and  we  take 
Ai  <  e/P,  then  for  all  values  of  h  which  are  ^  Ai,  we  have  |  F{x  ±  A)  —  F(x)  |  <  € ; 
but  this  is  the  condition  of  continuity  of  F{x)  at  the  point  x.  In  case  x  be 
one  of  the  end-points  of  (a,  6),  A  must  be  restricted  to  have  one  sign  only. 

To  prove  that  F(x)  has  limited  total  fluctuation  in  (a,  6),  let  (a,  6)  be 
divided  into  n  sub-intervals  by  the  points  a,  a:,,a;a,...a:„_,,  b.  The  sum  of  the 
absolute  differences  of  the  values  of  F{x)  at  the  ends  of  these  sub-intervals  is 

\j'^f(x)dx\  +  \j'y{x)dx 
and  this  is,  in  accordance  with  the  theorem  (7)  of  §  256,  ^  I     |  f(x)  \  dx\  and 

J  a 

therefore  the  sum  is  less  than  a  fixed  positive  number.     Since   the   total 

*  Dini,  Qrundlagen,  p.  344. 


+  ...  +  1/       f(x)dx 
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variation  of  F{x)  in  (a,  h)  is  limited,  it  follows  from  the  theorem  of  §  196, 
that  the  total  fluctuation  in  the  interval  is  also  limited. 

When  f{x)  is  integrable  in  (a,  6),  the  function  1  f{x)dx,  which  has  been 

shewn  to  be  continuous,  and  of  limited  total  fluctuation  in  (a,  6),  is  said  to 
be  the  integral  function  corresponding  tof(x). 

If  f(x)  be  any  fiinction  defined  in  (a,  6),  a  function  ^  (x)  which,  at  every 
point  X  of  the  interval,  possesses  a  differential  coefficient  equal  to  /{x\  is 
said  to  be  an  indefinite  integral  of  f(x). 

The  definition  is,  however,  extended  to  cases  in  which  ^'(ar)  either  does 
not  exist,  or  is  not  equal  to  f(x),  at  points  belonging  to  an  exceptional  set ; 
the  condition  if>'  (x)  =f(x)  being  satisfied  at  all  points  not  belonging  to  the 
exceptional  set. 

Taking   the  function  F(x)=l    f{x)dx,  as  the  integral  function  corre- 

J  a* 

spending  to  f{x),  the  following  properties  will  be  established: — 

(A)  Under  certain  restrict ions«  F{x)  possesses  a  differential  coefficient 
which  is  equal  to  f{x\  and  thus  F{x)  is  an  indefinite  integral  of /(a?). 

(B)  Also  it  will  be  shewn  that,  if  ^  (^)  be  a  function  which  possesses  a 
differential  coefficient  f  {x\  then  f{x)  has  in  general  an  integral  F{x),  in  an 
interval  (a,  x),  which  integral  differs  from  <^(a?)  by  a  constant  only;  and  thus 
that  the  indefinite  integral  of  f{x)  is  determinate  except  for  an  additive 
constant. 

It  will  appear  that  there  are  cases  of  exception  to  both  theorems.  When 
F{x)  is  an  integral  function,  it  happens  in  certain  cases  that  F{x)  does  not 
possess  a  differential  coefficient;  and  when  4>  (^)  is  a  function  which  possesses 
a  differential  coefficient,  it  is  not  always  the  case  that  the  latter  is  integrable, 
and  when  integrated  yields  the  function  <f>  (x)  except  as  regards  a  constant. 

269.  If  f  {no)  ^  cwitiniums  in  the  interval  (a,  6),  and  F(x)  denote  the 
integral  function  I  f(x)dxt  then,  at  every  point  in  (a,  6),  F{x)  possesses  a 

J  a 

differential  coefficient  which  is  equal  to  f  (x). 

For  since  f(x)  is  continuous,  an  interval  (ar  —  Ai,  a?  +  Ai)  can  be  found  such 
that  \f(x±  0hi)—f(x)  I  <  e,  for  all  proper  fractional  values  of  0,     It  follows 

rx±h 

that  F{x±h)-F(x)=\     f  (x)  dx,  lies  between  h  [f{x)  +  e]  and  h  [f{x)  -  e], 

provided  h<h^.     Hence  since  ~  4 —  lies  between  f{x)  +  €,  f{x)  —  €, 

for  h<hi,  it  follows  that  f{x)  is  the  differential  coefficient  of  F{x),  At 
the  points  a,  6,  the  function  F{x)  possesses  derivatives  on  the  right  and  on 
the  left  respectively,  and  their  values  are  f(a\  /(b). 
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If  ^  (a)  be  a  function  which  at  every  point  of  (a,  b)  has  a  differential 
coefficienty  which  is  a  continuous  fimction  f{x),  then 

^(a:)-<^(a)=l  f(x)dx. 

J  a 

For  let  I  f{x)dx  be  denoted  by  F{x\  then  the  function  ^{x)  —  F{x) 

J  a 

has  at  every  point  a  differential  coefficient  which  is  zero,  and  therefore  by  the 
theorem  of  §  206  the  function  <t>  (x)  —  F{x)  is  constant ;  it  is  clear  that  this 
constant  must  be  ^  (a) ;  and  thus  the  theorem  is  established.  In  this  theorem 
and  elsewhere,  a  derivative  at  a  on  the  right,  and  a  derivative  at  b  on  the 
left,  are  included  in  the  term  diflFerential  coefficient. 

260.  If  a  given  limited  integrable  function  f(x)  be  not  everywhere 
continuous  in  the  integral  (a,  6),  the  proof  given  above  is  applicable  to 

prove  that,  at  any  point  of  continuity  of  f  {x\  the  function  I  f{x)dx  has  a 

J  a' 

diffe}*ential  coefficient  equal  to  f{x). 

At  a  point  of  ordinary  discontinuity  of  f(x\  the  same  proof,  when 
modified  by  taking  only  positive  values  of  A,  or  only  negative  values  of  A, 
and  using  /  (a: +0)  or/(iB  — 0),  in  the  two  cases,  instead  oi  f{x\  will  shew 
that  F  (x)  has  at  such  a  point  derivatives  on  the  right  and  on  the  left,  and 
that  these  are /(a?  4-0), /(a?  — 0)  respectively.  At  a  point  at  which  f(x) 
has  a  discontinuity  of  the  second  kind,  the  proof  fails  altogether ;  at  such  a 
point  therefore  F(x)  need  not  possess  a  differential  coefficient,  nor  definite 
derivatives  on  the  right  and  on  the  left,  but  may  have  all  its  four  derivatives 
D^F(x\  D^F{x\  D-F{x),  D^F(x)  of  diflferent  values. 

If  f(x)  be  an  integrable  point- wise  discontinuous  function,  and  y^(x)  is 
the  function  formed  by  extension  of  the  functional  values  of  f(x)  at  its 
points  of  continuity,  as  explained  in  §  257,  we  have  f(x)  =  x(^)'^'^{^)* 
where  x(a?)  is  an  integrable  null-function ;  and  therefore  f{x)  and  ylr{x)  have 
the  same  integral  function  F(x).  The  derivatives  of  F(x)  are  independent 
of  the  function  x(a?),  and  depend  only  upon  ^lt{x\  which  is  determined  by 
the  values  of  f{x)  at  its  points  of  continuity. 

rx+h 
Since  F(af  +  A)  —  jP  (a?)  =  I      -^  (x)  dx,  and  since  the  values  of  yfr  (x)  in  the 

Jx  

interval  {x^x-^-h)  all  lie  between  -^(aj-hO) -he,,  and  '^(a?-hO)  — ^,  where 

€i,  ej  converge  to  zero  as  h  does  so,  we  see  that     ^^ ^ lies  between 

-^(iTO)  +  ei  and  ^(^  +  0)  -  €a,  hence  D+F(x),  D+F{x)  both  lie  between* 

*  It  is  slated  by  Sehdnflies,  see  Berieht  Uber  die  Mengenlekre,  p.  208,  that  the  derivatives  of 
F(x)  are  equal  to  f  (s+0),  ^(ar-fO),  f  (x~0),  f  (g~0).  This,  however,  is  not  necessarily  the 
case.    It  has  been  shewn  by  Hahn,  MonaUhefte  der  Math,  u,  Phy»ik,  vol.  xvi,  p.  317,  that  f(x) 
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i/r^aj  +  O),  i/r  (a?  +  0).     By  taking  A  negative,  we  see  that  I>'F{x\  D^F(x) 

both  lie  between  -^  (a?  —  0)  and  ^(a?  — 0).  In  case  -^(a:)  be  continuous  on  the 
right,  F  (x)  has  a  derivative  on  the  right,  -^  (a?  +  0) ;  and  in  case  -^  (a?)  is  con- 
tinuous on  the  left,  F(x)  has  a  derivative  -^(ar-O)  on  the  left.  It  may 
happen  that  '^(x)  is  continuous  at  a  point  of  discontinuity  of  f(x) ;  at  such 
a  point  F{x)  has  a  differential  coefficient  equal  to  the  value  of  '^(x).  Even 
when  yjr  {x)  has  a  discontinuity  of  the  second  kind,  it  is  possible  that  F{x) 
may  have  a  differential  coefficient,  or  a  derivative  on  the  right  or  on  the  left, 
or  both. 

If  f(x)  be  integrable,  and  F(x)  be  the  corresponding  integral  function,  any 
one  of  the  four  derivatives  DF(x)  of  F(x)  is  integrable,  and  has  F(x)  for  its 
integral  function. 

For  DF{x)  differs  from  f{x)  only  at  a  point  of  discontinuity  of  f{x),  and 
at  a  point  of  discontinuity  DF(x)  lies  between  the  upper  and  lower  limits  of 
'^  (x) ;  thus  f(x)  —  DF(x)  is  an  integrable  null-function.    Therefore 

[V  {x)  dx  =  rn^F  (x)  dx  =  rD+F{x)  dx  =  fDr-Fix)  dx 

J  a  J  a  J  a  J  a 


=  j'D.F(x)dx=('/(x)dx=Fix). 

J  a  J  a 


It  has  been  shewn  that  the  integral  function  of  an  integrable  point-wise 
discontinuous  function  has  a  differential  coefficient  at  the  everywhere-dense 
set  of  points  of  continuity  of  the  discontinuous  function ;  there  may  however 
also  be  an  everywhere-dense  set  of  points  at  which  this  continuous  function 
does  not  possess  a  differential  coefficient. 

261.  It  has  been  shewn  that,  if  the  continuous  function  ^  (x)  possesses 
everywhere  a  differential  coefficient  f(x)  which  is  everywhere  a  continuous 
function,  then 

4>(x)'-4>  (a)  =  rf(x)  dx  =«  F(x). 

J  a 

This  is  a  particular  case  of  the  following  more  general  theorem : — 

If  if}  (x)  be  a  function  continuous  in  the  interval  (a,  6),  and  if  one  of  its  four 
derivatives  D'^^{x\  D+^(x\  D"^(a?),  D^<f>{x)  be  a  limited  integrable  function 
in  (a,  6),  then  each  of  the  other  three  derivatives  is  also  limited  a/nd  integrable 
in  (a,  6),  and  <^  (a?)  —  ^  (a)  is  the  integral  of  any  one  of  the  four  derivatives 
tlirough  the  interval  (a,  x). 

If  (a,  x)  be  divided  into  a  number  of  parts  (a,  a?i),  (a?i,  x^),... (x^^,  x),  it 

may  be  so  chosen  that  the  corresponding  integral  function  has,  at  a  particular  point,  deriTatives 
on  the  right  haying  arbitrarily  given  values  lying  between,  or  equal  to,  the  values  of  fjx +0), 
f  (x  +  0)  at  the  point ;  and  in  particular  that  f(x)  may  be  so  constructed  as  to  have,  at  the  point, 
a  definite  derivative  which  has  an  assigned  value  between  the  two  limits. 
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has  been  shewn  in  §  217,  that  ^       — ^    ^     lies  between  the  upper  and 

lower  limits  of  any  one  of  the  four  derivatives  D^  {x)  in  the  interval  (a?y-.i,  a?,.). 
It  follows  that  ^  (a;)  —  ^  (a)  lies  between  the  two  sums 

{a>^  -  a)  U(a,  x^,  D)  +  (a^  -  x,)  U(x^,  a?,,  D)  + ...  +  (6  -  avi-i)  U(x^i,  6,  D), 
(a?i  -  a)L{a,  a?,,  D)  +  (asj -  a^)  i  (a?i,  a?,,  D)  + ...  +  (6  -  x^^)  L  (a?n-i,  6,  D), 

where  U(xr^i,  a?r,  D),  ii(a?r_i,  a?^,  D)  are  the  upper  and  lower  limits  of  D<f>(x) 
in  the  interval  (xr-.i,  Xr) ;  and  it  is  known  that  these  are  the  same  for  all  four 
derivatives.  The  limits  of  the  above  sums,  when  the  intervals  are  diminished 
indefinitely,  so  that  the  greatest  of  them  converges  to  zero,  are  the  upper  and 
lower  integrals  of  any  one  of  the  four  functions  D^  (a?).  If  it  be  known  that 
any  one  of  these  derivatives  is  integrable  in  (a,  x),  then  the  upper  and  lower 
integrals  are  equal,  and  the  other  three  are  also  integi*able,  the  common  value 
of  the  integral  being  ^  (a?)  —  ^  (a).     Thus 

<l>{x)-4>  (a)  =  ri>^4>  (a?)  dx  =  [*D+^  (x)  dx  =  f  2)-«^  (x)  dx  =  j  D^ff)  (x)  dx. 

It  should  be  observed  that,  as  has  been  shewn  in  §  219,  the  four  derivatives 
are  all  equal  to  one  another  at  a  point  at  which  one  of  them  is  a  continuous 
function  ;  and  thus  at  such  a  point  there  is  a  differential  coefficient.  If  one 
of  the  derivatives  be  integrable,  there  is  therefore  a  set  of  points  of  measure 
equal  to  that  of  the  interval  (a,  6),  at  which  all  four  derivatives  have  equal 
values,  and  at  which  therefore  a  differential  coefficient  exists. 

262.  In  case  Dff)  (x)  be  a  limited  function  which  is  not  integrable,  the 
above  proof  shews  that  ^  (a?)  —  ^  (a)  lies  between  the  upper  and  lower  in- 
tegrals in  (a,  a?)  of  any  one  of  the  four  functions  D^  (x).  This  includes  the 
case  in  which  <f>  (x)  has  a  differential  coefficient  which  is  limited  but  not  in- 
tegrable ;  in  that  case  ^(x)  —  ^  (a)  lies  between  /  ^'  (x)  dx  and  /  ^'  (x)  dx, 

J  a  J  a 

Since  i  if>{x)dx  is  in  absolute  value  less  than  h,U,  where  IJ  is  the 
upper  limit  of  ^'  (x)  in  (a,  6),  it  follows  as  in  §  258,  that  /  <f>  (x)  dx  is  bl  con- 

J  a 

tinuous  function  of  a;;  similarly  it  may  be  seen  that  /  ^'  (x)  dx  isA  continuous 
function  of  a?.     At  a  point  of  continuity  of  ^'  (x),  both  I  <^'  (a?)  dx,  I  if>'  (a?)  dx 

J  a  J  a 

have  the  differential  coefficient  <!>'  {x\  as  may  be  seen  by  a  process  precisely 
similar  to  that  in  §  259.  Thus  the  upper  and  lower  integrals  of  <^'  {x)  possess 
properties  similar  to  those  of  the  integral  of  ^'  (x)  when  it  exists. 

The  function  D<f>{x)  when  not  integrable,  may  be  a  non-integrable  point- 
wise  discontinuous  function,  or  it  may  be  totally  discontinuous. 

H.  23 
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li  f[x)  be  any  non-integrable  limited  function,  the  following  theorems 
may  be  established  by  proofs  similar  to  those  in  §  258  and  §  259: — 

The  upper  and  lower  integrals  I  f(x)  dx,  i   f(x)  dx  are  coniiniumSt  and 

J  a  J  a 

of  limited  total  fluctuation  in  {a,  b). 

At  any  point  of  (a,  b)  at  which  f{x)  is  continuous ^  the  upper  and  lower 

integrals  i  f(x)  dx,  \   f(x)  dx  each  possess  a  differential  coefficient  which  is 

J  a  J  a 

equal  to  f{x). 

263.  An  important  general  class  of  continuous  functions  for  which  the 
four  derivatives  are  not  integrable,  even  when  a  differential  coefficient  exists, 
or  when  derivatives  on  the  right  and  on  the  left  always  exist,  is  the  class  of 
everywhere-oscillating  functions.  Those  functions  which  become  everywhere- 
oscillating  functions  when  a  linear  function  is  added  have  the  same  property. 

If  a  derivative  DF{x)  be  such  that  in  every  interval  it  has  no  finite 
upper  limit  or  no  finite  lower  limit,  it  is  certainly  not  integrable ;  it  is  there- 
fore only  necessary  to  consider  an  interval  in  which  the  function  DF(x)  is 
limited.  Let  {a,  x)  be  such  an  interval,  and  let  us  suppose  that  F  {xy  —  F  (a) 
is  not  zero. 

In  eveiy  interval  {xr-i,  Xr)  contained  in  (a,  x\  U(xr^i,  av,  D)  the  upper 
limit  of  DF(x)  is  positive,  and  L  (a?r-i,  ^n  -D)  the  lower  limit  of  DF{x)  is 
negative ;  thus  the  two  sums 

(xi-a)  U{a,  iCi,  D)  +  (ak  —  x^  U(xi,  x^,  D)+  ... 

+  (6-^»-i)l^(^i,6,i)), 
{xi-  a)  L  (a,  a^i,  D)  4-  (aj,  -  afi)  i  (xi,  x^,  D)  +  ... 

+  {h  -  x^;)  L{x^^,h,  D\ 

are  such  that  the  first  is  essentially  positive,  and  the  second  essentially 
negative,  the  non-vanishing  number  F{x)  —  F(a)  lying  between  them. 

It  follows  that  the  limits  of  these  two  sums,  as  the  number  of  sub- 
divisions of  (a,  x)  is  increased  indefinitely,  must  be  different  firom  one  another, 
since  they  cannot  have  zero  as  their  common  value ;  thus 

rDF(x)dx,    \'DF{x)dx 

are  distinct  from  one  another. 

It  has  thus  been  proved  that  a  continuous  function  which  is  everywhere- 
oscillating  in  (a,  b)  cannot  have  a  derivaiive  which  is  integraHe  in  (a,  h\  even 
if  it  have  everywhei^e  a  diffei^ential  coefficient,  or  defimte  derivatives  on  the  right 
and  on  the  left 
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The  function  DF{a\  or  f{x),  in  the  case  of  such  function,  may  be  a 
point-wise  discontinuous  function  such  that  the  measure  of  the  set  of  points 
of  discontinuity  is  greater  than  zero,  or  it  may  be  a  totally  discontinuous 
function. 

A  continuous  monotone  function,  which  is  not  reducible  to  a  function  with 
an  infinite  number  of  oscillations  by  the  addition  of  a  linear  function,  has 
at  every  point  definite  derivatives  on  the  right  and  on  the  left,  each  of 
which  is  either  continuous  or  is  an  integrable  point-wise  discontinuous 
function,  since  either  derivative  has  only  ordinary  discontinuities.  Thus  such 
a  function  has  integrable  derivatives,  provided  these  derivatives  are  limited 
in  the  interval. 

In  case  the  continuous  function  F(x)  have  a  differential  coefficient,  or  a 
derivative  which  is  not  everywhere  finite,  or  is  not  limited  in  the  interval, 
this  derivative  is  not  integrable  in  the  sense  in  which  we  have  hitherto  defined 
integration.  This  case  will  be  considered  in  connection  with  the  theory  of 
improper  integrals. 

264.  The  preceding  investigations  provide  answers  to  the  questions 
which  arise  as  regards  the  validity  of  the  two  propositions  (A)  and  (B) 
of  §  258,  which  together  constitute  the  fiindamental  theorem  of  the  Integral 
Calculus  asserting  that  the  operations  of  differentiation  and  of  integration 
are  in  general  reversible.  The  definition  of  a  definite  integral  has  hitherto 
been  restricted  to  that  of  Biemann,  and  is  applicable  to  limited  fiinctions 
only.  The  extensions  of  that  definition  to  the  case  of  unlimited  functions, 
which  will  be  considered  later,  and  also  a  more  general  definition  of  integra- 
tion due  to  Lebesgue,  of  which  an  account  will  also  be  given,  will  lead 
to  corresponding  extensions  of  the  scope  of  the  fundamental  theorem. 

As  regards  the  theorem  (A),  that  the  integral  function  F(x)=  I  f(x)  dx 

J  a 

of  a  limited  integrable  function  possesses  a  differential  coefficient  equal, 
at  a  point  x  of  (a,  6),  to  f{x\  it  has  been  shewn  that  the  theorem  holds 
without  restriction  in  case  f{x)  is  a  continuous  function ;  but  that,  if  f{x) 
be  not  continuous,  the  theorem  still  holds  as  regards  every  point  of  continuity 
of  f(x).  It  follows  that  the  points  of  (a,  b)  at  which  F(x)  either  possesses 
no  differential  coefficient,  or  possesses  one  which  is  not  equal  to  /(x),  form 
a  set  of  zero  measure,  which  may  however  be  everywhere-dense  in  (a,  6). 

The  theorem  (B)  that,  if  ^(x)  possess  a  differential  coefficient  f(x), 
then  the  corresponding  integral  function  F{x)=\  f(x)dx  differs  fi:om  ^(a?) 

J  a 

only  by  a  constant,  holds  i{f(x)  be  a  continuous  function,  and  more  generally, 
if  /{x)  be  limited  and  integrable.  In  case  ^  (x)  do  not  at  all  points  possess 
a  differential  coefficient,  the  more  general  theorem  is  applicable  that,  if  any 

23—2 
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one  of  the  four  derivatives  of  ^{x)  be  limited  and  integrable,  then  the 
integral  function  corresponding  to  that  derivative  differs  from  ^(d?)  by  a 
constant  only.  The  theorem  fails  either  in  case  ^  (a)  be  not  a  function  with 
limited  derivatives,  or  in  case  it  be  a  Auction  with  limited  derivatives,  but 
those  derivatives  do  not  satisfy  Riemann's  condition  of  integrability. 

The  problem  of  the  determination  of  a  continuous  function  which  shall 
have  a  given  function  f(x)  for  its  differential  coefficient,  at  every  point  at 
which /(a;)  is  continuous,  may  be  here  considered  in  the  case  in  which /(x)  is 
restricted  to  be  limited  in  the  interval  (a,  b)  for  which  it  is  defined.  This 
problem  is  regarded  as  having  a  determinate  solution  provided  functions 
exist  which  satisfy  the  condition,  and  further  provided  any  two  such 
functions  differ  from  one  another  by  a  constant  only,  that  constant  having 
one  and  the  same  value  for  the  whole  interval  (a,  b).  In  the  first  place,  the 
problem  cannot  be  determinate  unless  f(ai)  be  integrable ;  for  either  of  the 

two  functions  I  J{x)dx,  \  f(x)dx  satisfies  the  condition  of  the  problem, 

J  a  Jja 

and  these  functions  do  not  differ  from  one  another  by  a  constant,  as  they 
both  vanish  at  the  point  a,  and  are  elsewhere  unequal.     Next,  if  /(^)  be 

integrable,  the  function  /  f{x)dx  satisfies  the  condition  of  the  problem, 

but  the  solution  is  not  necessarily  determinate.  In  case  however  the  points 
of  discontinuity  of  the  integrable  function  f{x)  form  an  enumerable  set, 
the  theorem  of§  206  shews  that  the  solution  is  determinate;  for  any  two 
functions  which  have  equal  finite  differential  coefficients  at  all  points  of 
(a,  b)  except   those  of  an  enumerable  set,  differ  from  one  another  by  a 

constant.     In  this  case  1  f{x)dx-\'C  is  the  function  required.     When  the 

points  of  discontinuity  of  the  integrable  function  f{x)  form  an  unenumerable 
set,  although   that  set   must  have  zero  measure,  the  problem  has  not  a 

determinate  solution.     For,  although   I  /(x)dx  is  a  fiinction  which   has 

the  required  property,  another  solution  is  obtained  by  adding  to  it  any 
continuous  function  which  has  all  the  intervals  complementary  to  the  perfect 
component  of  the  unenumerable  set  as  lines  of  invariability;  that  such 
functions  exist  has  been  established  in  §  208.     There  exists  however  only 

one  function,  viz.   /  f(x)dx,  with  limited  derivatives,  which  satisfies  the 

J  a 

condition  of  the  problem;  for  it  has  been  shewn  in  §  224,  that  any  two 
functions  which  have  limited  derivatives,  one  of  which  derivatives  is 
prescribed  at  all  points  not  belonging  to  a  certain  set  of  measure  zero,  differ 
firom  one  another  by  a  constant. 

Similar  remarks  apply  to  the  more  general  problem  of  the  determination 
of  a  function  which  shall  have  one  of  its  four  derivatives,  say  the  upper 
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one  on  the  right,  equal  to  a  given  function  f{x)  at  every  point  of  continuity 
of  f{x).  This  problem  has  a  solution  whenever  f{x)  is  limited ;  in  virtue  of 
the  theorem  of  §  206,  the  solution  is  determinate  when  f{x)  is  integrable, 
and  the  points  of  discontinuity  oi  f{x)  form  an  enumerable  set.  When  f{x) 
is  integrable,  and  the  set  of  points  of  discontinuity  is  unenumerable,  there 
exists,  in  virtue  of  the  theorem  of  §  224,  only  one  solution  for  which  the 
derivatives  are  limited.  As  before,  if  the  restriction,  that  the  required 
function  is  to  have  limited  derivatives  be  not  imposed,  the  solution  of  the 
problem  is  indeterminate. 


EXAMPLE. 

Let  6'  be  a  perfect  non-dense  set  of  points  in  the  interval  (a,  6),  and  such  that  its 
content  is  greater  than  zero.     Let  (a,  /3)  be  an  interval  complementary  to  the  set  O,  and 

let  ^(x,  a)=(jp-a)*sin ,  and  therefore  ^'(^,  a) =2 (x- a) sin cos .    The 

function  ^'  (j7,  a)  vanishes  at  an  infinite  number  of  points  in  (a,  0) ;  let  a  4-y  be  the  greatest 
value  of  J?  which  does  not  exceed  i(a+^),  for  which  ^'(or,  a)  vanishes.  Let  F{x)=0  at 
every  point  of  G',  and  in  each  interval  (a,  /3)  complementary  to  O,  let  F(x)=<l}{a!,  a),  for 
values  of  x  such  that  a^x^a+y;  let  i^(j?)=^(a4-y,  a)  for  values  of  x  such  that 
a+y  <j:^0-y;  and  let  F{x)—-<f>{Xy  y)  for  P-y^x<b.  The  function  F{x)  is 
continuous,  and  has  everywhere  a  finite  differential  coefficient  which  is  limited  in  the 
interval  (a,  b).  It  is  easily  seen  that  F'  (x)  vanishes  at  every  point  of  O.  The  function 
F*  (x)  has  a  discontinuity  of  measure  2  at  each  point  of  the  set  O  which  is  not  of  zero 
content,  and  therefore  F'(x)  is  not  an  integrable  function.  This  example  was  given*  by 
Volterra,  as  the  first  known  example  of  a  continuous  function  possessing  a  non-integrable 
limited  differential  coefficient. 


FUNCTIONS  WHICH  ARE  LINEAR  IN  EACH  INTERVAL  OF  A  SET. 

266.  The  existence  of  continuous  functions  which  are  linear  in  each 
interval  of  an  everywhere-dense  set  of  intervals  has  been  already  referred 
to  in  §  213.  It  has  been  shewn  in  §  208  how  a  function  f(x)  can  be 
constructed  which  is  continuous,  and  has  as  lines  of  invariability  the  intervals 
complementary  to  a  non-dense  perfect  set  of  points.     It  is  clear  that  the 

integral  function  /  f(x)dxia  linear  in  each  of  the  intervals,  and  being  also 

continuous,  it  is  a  function  of  the  type  referred  to.    A  more  general  function 
which  is  continuous,  and  is  linear  in  each  interval  of  the  set,  may  be  obtained 

by  adding  to  /  f(x)dx  any  continuous  function  for  which   the  intervals 

J  a 

of  the  set  are  lines  of  invariability. 

•  Qiom,  di  Battaglini,  vol.  xix,  18S1, 
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MEAN  VALUE  THEOREMS. 

266.  It  is  frequently  of  importance  to  be  able  to  assign  upper  and 
lower  limits  between  which  the  value  of  a  definite  integral  lies,  in  cases 
where  the  exact  determination  of  the  value  of  the  definite  integral  is  not 
required.  Such  estimates  of  the  value  of  a  definite  integral  may  frequently 
be  made  by  means  of  theorems  known  as  mean  value  theorems ;  the  most 
important  of  these  will  be  here  given. 

If y  (a?)  be  a  limited  integrable  function  defined  for  the  interval  (a,  h\  it  is 
clear  from  the  definition  of  the  integral  as  the  limit  of  a  sum,  that  if  {7,  L 
denote  the  upper  and  lower  limits  o(f{x)  in  the  interval  (a,  b),  then 

L(b-a)^f  f{x) dx ^ U{h-a)\ 

J  a 

it  follows  that  1   f{x)  dx  =  {b  —  a)M, 

J  a 

where  M  is  some  number  which  satisfies  the  condition  U  ^M^L. 

In  case  /{x)  is  a  continuous  function,  there  must  be  some  value  or 
values  of  a?  in  (a,  b)  for  which  /(x)  =  Jf ;  if  then  such  a  point  be  denoted  by 
a  +  ^  (6  —  a),  we  obtain  the  following  theorem : — 

If  f{x)  be  continuous  in  the  interval  (a,  6),  ihen 

V(«)  c^a;  =  (6  -  a)/{a  +  «  (6  -  a)}. 


/ 


a 

where  0  is  some  number  such  that  0  ^  (9  ^  I. 

Next,  let /(a?),  ^(a?)  be  integrable  functions  defined  for  the  interval  (a,  6), 
the  function  il>(x)  being  positive,  or  zero,  for  the  whole  interval;  we  then 
have  immediately  from  the  definition  of  the  integral 

b 

f(x)  if}  {x)  dx. 


I. 


a 
b 


l\  4^{x)dx^  I  f{x)if>{x)dx^u\  4>{x)dx, 

>  a  J  a  J  a 

where,  as  before,  J7,  L  are  the  upper  and  lower  limits  of /(a?)  in  (a,  b\ 
It  follows  at  once,  that 

I  V(^)  4>{^)dx^  M,  J  V  {x)  dx, 
where  M^  is  some  number  such  that 

In  case /(^r)  be  a  continuous  function,  we  obtain  the  following  theorem  : — - 
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If  f{x)  he  oontimums  in  {a,  b),  cmd  ^  (x)  be  a  limited  integrable  f  motion 
which  has  the  same  sign  thrcmghout  (a,  b\  except  where  it  may  be  zero,  then 

j  f(x)<l>(x)dx=f[a  +  0,(b~a)}j  <l>(x)dx, 

where  0i  is  eome  number  ettch  that  0  ^  ^i  ^  1. 

This  theorem,  including  also  the  more  general  case  in  which  f{x)  is  not 
oontinuous,  is  known  as  the  First  Mean  Value  Theorem. 

An  extension  to  the  case  in  which  ^  {x)  is  not  necessarily  everywhere  of 
the  same  sign  in  the  interval  (a,  6),  may  be  obtained  by  applying  the  theorem 
to  <f>{x)-\'Ct  where  C  is  so  chosen  that  this  latter  function  is  of  invariable 
sign  in  the  interval. 

267.  If  the  limited  fwncUon  f(x)  be  everywhere  positive  in  the  interval 
(a,  b),  and  never  increase  as  x  increases  Jrom  a  to  b,  and  is  consequently 
integrable^  and  if  (t>{x)  be  limited  and  integrable  in  (a,  b\  then 

I  f(x)  (f)  (x)  dx  =f{a)  I  (f)  (a?)  dx, 

J  a  J  a 

where  f  is  some  number  such  that 

a^^^b. 

Also  if  f{x)  be  everywhere  positive,  and  never  diminish  as  x  increases 
from  atob,  then 

\^f{x)  4> (x) dx ^f{b)  W{x) dx, 

where  {  is  some  number  such  that  a  ^  f  ^  6. 

This  theorem  was  first  given*  by  Bonnet,  and  applied  by  him  to  the 
theory  of  Fourier's  series. 

Another  form  of  the  theorem  was  obtained  by  Weierstrass,  and  also  byf* 
Du  Bois  Reymond,  and  is  generally  known  as  the  Second  Mean  Value 
Theorem.     This  is  as  follows: — 

//  f(x)  be  monotone  and  therefore  integrable  in  (a,  6),  and  if  ^(x)  be 
limUed  and  integrable  in  the  same  interval,  then 

j  /(^)  <l>  («)  dx  ^f{a)  j  il>{x)dx  +/(6) I  4>  (x)  dx, 

where  {  is  some  point  in  the  interval  (a,  b). 

The  theorem  in  this  form  is  deducible  immediately  from  Bonnet's  theorem, 
by  writing  in  that  theorem /(a?) —/ (6),  or /(a?) —/(a),  in  the  two  cases, 

*  See  Mim.  Acad.  Belg.  vol.  xxm  (1850),  p.  8 ;   also  Liouville*$  Journal,  vol  xiv  (1849), 
p.  249. 

t  OreUe*$  Journal,  toL  lux  (1869),  p.  81, 
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instead  of  f{x);  Bonnet's  theorem  is  however  not*  immediately  deducible 
from  the  second  theorem. 

It  is  clear  that,  since  the  value  of 

b 

f{x)^{x)dx 


J  a 


is  unaltered  by  changing  the  values  of  /(a)  and  /(6),  we  may  in  the  above 
statement  instead  of  f(a\f(b)  take  any  two  numbers f  A,  B  which  are  such 
that  the  function  '^  {x)  defined  by 

foT  a<x<b,  is  monotone.  We  have  thus  the  following  generalized  form  of 
the  theorem : — 

I  f(x)il>{x)dx==A\<l)(x)dx-{-B\4>(x)dx, 

J  a  J  a  J  ^ 

where  A^f{a  +  0\    5^/(6-0), 

if  f(x)  never  decreases;  or 

A^f{a  +  0\    B^fib-O), 
if  f(x)  never  increases. 

The  value  of  |  depends  in  general  upon  the  chosen  values  of  A  and  B. 
In  this  generalized  form,  the  theorem  includes  Bonnet's  theorem  as  a 
particular  case.  For  we  may  take  -4=0,  fi=/(6),  if  f(x)  is  positive  and 
never  decreases,  as  x  increases  from  a  to  6 ;  or  il  =f(a),  fi  =  0,  in  case  f(x)  is 
positive  and  never  diminishes,  as  x  increases  from  a  to  6. 

Various  proofs  J  of  the  theorem  of  Weierstrass  and  Du  Bois  Reymond§  have 
been  given.  In  these  proofs  the  frinction  ^  {x)  is  usually  restricted  to  change 
its  sign  only  a  finite  number  of  times ;  but  a  proof  free  from  that  restriction 
was  given  by  Du  Bois  Reymond.  A  proof  has  been  given  by  Pringsheim||  in 
which  <f>{x)  is  not  restricted  to  be  a  limited  function,  but  may  be  any 
function  such  that  it  has  an  absolutely  convergent  integral,  or  in  certain 
cases  it  may  have  an  integral  which  does  not  converge  absolutely. 

The  following  proof,  in  which  ^  (x)  is  restricted  to  be  a  limited  function, 
is  due  to  Holder!. 

*  This  was  pointed  oat  by  Pringsheim,  Milnehener  BeriehU,  vol.  xzx  (1900),  where  an  aooonnt 
of  variouB  proofs  of  the  theorem  is  given. 

t  Dn  Bois  Beymond,  Sehl»mileh*$  Zeitschrift,  toI.  zz  (1875) ;  HUt.  Lit.  Abtg.  p.  126. 

t  For  example,  by  Hankel,  Schldmilch*8  ZeiUchrift,  vol.  xiv  (1869) ;  by  Meyer,  MatK 
Annalerit  vol.  vi  (1872) ;  by  G.  Neumann,  KreU-  KugeU  und  Cylinderfunctionen,  Leipzig,  1881, 
p.  28. 

§  Crelle's  Journal,  vol.  lzxix  (1875),  p.  42.    See  also  Kroneoker's  Vorletungen^  voL  i. 

II  hoc,  eit. 

IT  Oottinger  Ameigen,  1894,  p.  519.  Another  proof  has  been  given  by  Netto,  SchlUmileh's 
Zeitichrift,  vol.  XL  (1895).    See  also  Kowalewski,  Math,  Ann.  vol.  lz,  1905, 
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Let  a,  6  be  denoted  by  Oo,  Oni  and  let  Oi,  Og,  a,, ...  On-i  be  points  in  (a,  6) 
in  order  from  left  to  right.     We  consider  the  sum 

S  (a^+i  -  a^)/(cK)  ^(c^), (1) 

where  c,  is  any  point  in  the  interval  (a,,,  ^r+i);  the  limit  of  this  sum  defines 
the  integral 

I   /(^)^(a?)da?. 

./a 

This  sum  may  be  transformed  into 

2  {[/(cK)-/(Cr+i)]  S  (a^+,  -  a^)  «^  (Cm)} 

n-1 

+  /(cn-i)  2  (a^+i  -  a^)  ^  (c^) (2) 

By  increasing  the  number  of  points  in  the  interval,  we  may  obtain  a  con- 
vergent sequence  of  sub-divisions,  then 

n-l 

has  as  limit  f{b  —  0)  i   tf>  (x)  dx, 

J  a 

We  have  now  to  examine  the  sum 

2  {[/(c.) -/(c.+i)]  2  (a^+i  -  a^)  <^  (c^)}. 
Since  /(a;)  is  monotone,  this  is  equal  to 

JI^*i*[/(C.)-/(Cr+,)]. 

where  JJf  is  between  the  greatest  and  least  of  the  numbers 

V 

1  {a„^i-a^)<f>{c^y 

,1=0 

We  have  now,  from  (1)  and  (2), 

n-l 

2  (ar+i-ar)/(0^(Cr) 

-/(cn-i)  2  (a^i  -  a^)  «^  (c^)  =  3f  {/(Co)  -/(Cn-i)}.  ...(3) 
In  order  to  estimate  the  value  of  M,  we  have 

2  (a^i -  a^) ^ (Cm) -  /        ^(a?)cii:=  2  {<^(0- ^(^)}^; 

^aO  .'A  ,1^0  J  Oil 

the  absolute  value  of  this  difference  is  at  most 

2  (a^+i  -  a^)  A^  ^  2  (a^+i  -  a^)  ^m> 

^-0  11=0 
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where  i^  is  the  difference  between  the  upper  and  lower  limits  of  ^  (a*)  in  the 
interval  (a^,  a^c+O.     We  have  therefore, 

where  —  1  ^  0  ^  1. 

If  G  be  the  greatest,  and  H  the  least  value  of  the  continuous  fanction 

J  a 

of  f,  in  the  interval  (a,  6),  we  have  now,  from  (3), 

We  now  obtain  from  (3),  the  inequalities 
[H  -  *2  (a^,  -  a^)  A^}  [/(co)  -/(c^O] 

^  {(?  +  "2' (a^+,  -  a^)  A^  [/(Co)  -/(cn-i)], 

provided  that  /(^)  does  not  decrease  as  x  increases  in  the  interval  (a,  b)  ;  in 
the  other  case,  the  signs  <  and  >  must  be  interchsuiged. 

We  obtain  now,  by  proceeding  to  the  limit, 
H[f(a-\-0)^f{b-Q)}^rf{x)il>(x)dx 

J  a 

-f(b -  0)  f V  (ar)  dar  S  (?  {/(a  +  0) -/(b  -  0)] ; 
hence      f  f(x)  ^ (x)  dx  -f(b  -  0)  f  V  («) da;  =  if'  {/(«  +  0) -/(6  -  0)}. 

J  a  J  a 

where  M'  is  between  H  and  G.      There  must  be  a  value  of  X  in   the 
interval  (a,  6),  such  that 

J  a 

we  therefore  obtain  the  equation 

/  /(a?)<^(^)(ic=/(a  +  0)J   <^(a?)d«+/(6-0)  [  ^(a:)(ir. 

268.  The  theorem  thus  obtained  is  not  identical  with  the  theorem  of 
Du  Bois  Reymond  and  Weierstrass  in  its  original  form,  since  /(a  +  0), 
/(6  — 0)  take  the  places  of /(a),  f(b)\  it  is  however  a  particular  case  of  the 
generalized  theorem  which  includes  the  original  one.  We  therefore  proceed 
to  deduce  the  generalized  theorem  from  the  special  form  obtained  in  Holder's 
proof. 
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Let  the  monotone  integrable  function  F(x)  be  defined  by  the  conditions 

F(x)  =  A,  for  o  ^  « ii  a  +  e, 

if'(ip)  =/(a?),  for  a  +  e  <  a?  <  6  —  e, 

F{x)  =  5,  for  b-€^x^b; 

we  can  then  apply  the  foregoing  result  to  F(x)  instead  o{f(x) ;  it  is  clear  that 

Jf'(a  +  0)=il,   F(b-0)=^B. 
We  have  now 

I  F(x)il>{x)dx  =  Al  (l){x)dx'^B[  4}(x)dx; 
but       I    f{x)<l)(x)dx-(  F{x)if>{x)dx 

J  a  J  a 

=  [''"[/(«')  -  ^]  *  (a?)  (it  +  f  *    [/(a:)  -  5]  ^  («)  d«. 

The  absolute  value  of  the  expression  on  the  right-hand  side  is  less  than 
€  (P  +  Q\  where  P,  Q  are  the  upper  limits  of 

\{f(x)-A]^ix)\, 
\{f{x)-B]4>{w)\ 

in  the  interval  (a,  h).     Now  e  is  arbitrarily  small,  hence 

I   /(a?)  <^  (a:)  cJIa?  —  il  I  ^  (a:)  da;  —  5  I  ^  (a?)  da?, 

where  f  depends  on  6,  is  <  (P  +  Q)  e ;  hence 

I   f{x){l>(x)dx  =  A  I  <l>{x)dx'\- B  j    <l>{x)dx, 

where  fj  is  the  limit  of  f,  when  e  converges  to  zero.     The  condition  that 
F{x)  is  monotone  is  satisfied,  if 

il^/(a  +  0),  5^/(6-0), 
when  f(x)  never  decreases  as  x  increases  from  a  to  6 ;  and  if 

A^f(a  +  Ol    5^/(6-0), 

in  case  f(x)  never  increases. 

It  will  be  observed  that  the  sole  conditions  which  are  attached  to  the 
functions  /  (a?),  ^  (a?),  are  that  they  be  both  limited,  and  integrable, 
and  that  f(x)  be  monotone ;  both  functions  may  have  any  set  of  discon- 
tinuities which  is  consistent  with  integrability,  and  no  assumption  is  made 
as  to  their  differentiability.  The  proof  of  the  theorem  given  by  Weierstrass 
depended  upon  an  integration  by  parts,  in  which  the  existence  of  a  differential 
coeflScient  of  one  of  the  frmctions  is  a  necessary  assumption ;  this  assumption 
would  place  a  restriction  on  the  validity  of  the  theorem  which  would  unduly 
limit  its  applicability  to  investigations  such  as  those  connected  with  the 
theory  of  Fourier's  series. 
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269.  If  the  function  f{x)  be  not  monotone,  but  be  such  that  the  interval 
(a,  h)  can  be  divided  into  a  finite  number  of  portions  in  each  one  of 
which  f{x)  is  monotone,  the  second  mean  value  theorem  may  be  applied 
to  the  integral  taken  through  each  of  these  portions  separately ;  we  then 
have 

f  /(a?)  ^  (a?)  Ar  =/(a  +  0)  |   '<^ {x)  dx  +/(a,  -  0)  |    ^  {x) dx 

J  a  J  a  J  Xx 

+/(a,  +  0)|    ^(a:)da?+/(a,-0)|    4>{x)dx 

+ 

where  (a,  Oj),  (a,,  a,)  ...  are  the  intervals  in  each  of  which /(a?)  is  monotone. 

When  f{x)  is  a  function  with  an  infinite  number  of  oscillations,  and  is  of 
the  first  species,  a  function  f(x)  —  Ix  can  be  found  which  is  monotone  in 
(a,  h) ;  we  then  have 


f  f(^)<l>(^)dx^f(a)[  il>(x)dx-^f(b)(  4>{x)dx 

Ja  Ja  J$ 


—  laj    <l){x)dx''lb  I    <f>{x)dx 
+  il    x^f)  (x)  dx,     where  a  ^  (  ^b, 

J  a 

Again,  I   a?^  (a?)  da?  =  a  I    <^  (a?)  da?  +  6  I    ^  (x)  da?, 

J  a  V  a  J  (' 

where  a  ^  ^  ^  6 ;  we  thus  find  that 

I  fi^)4>  (^)  dx  ^f(a)  I    il>(x)da 

J  a  J  a 

+/(b)j  tl>{x)dx''l(b-a)j  ^(a?)da?. 

where  I  is,  in  accordance  with  §  214,  any  number  which  does  not  lie  between 
the  upper  and  lower  limits  of  the  derivatives  of  f{x) ;  and  the  values  of  f ,  f ' 
will  in  general  depend  upon  the  value  of  I  chosen. 


IMPROPER   INTEORALa 

270.  The  definition  of  a  definite  integral  becomes  nugatory  if,  in  the 
interval  (a,  6),  there  exists  any  sub-interval  in  which  the  upper  limit  or  the 
lower  limit  of  the  fiinction  is  indefinitely  great.  In  such  a  case  the  function 
is  not  limited,  and  the  sums  whose  limits  are  the  upper  and  lower  integrals 
become  in  one  case  or  in  both  cases  indefinitely  gi*eat ;  and  thus  the  function 
is  not  integrable  in  the  sense  defined. 

Let  us  suppose  that  a  point  c,  where  a<c<b,  is  such  that  in  its 
arbitrarily  small  neighbourhood  the  function  has  no  upper  or  no  lower  limit, 
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and  let  us  suppose  further  that  c  is  the  only  point  of  this  kind,  so  that  the 
function  f{x)  is  integrable  in  any  sub-interval  of  (a,  h)  which  does  not 
contain  c  in  its  interior  or  at  an  end.    The  two  integrals 

I      f{x)dx,    I      f(x)dx 

J  a  J  o+t' 

both  exist,  whatever  sufficiently  small  positive  values  be  assigned  to  e,  e'. 

It  may  happen  thcU,  as  e,  e'  are  diminished  independently  so  as  to  converge 
in  each  case  to  the  limit  zero,  the  two  integrals  also  converge  to  definite  limits ; 
if  this  be  the  case  we  define  the  sum 

lim  I     /(a?)  da?  +  lim  I       /(a?)  dx 

to  be  the  improper  integral  of  f(x)  in  the  interval  (a,  b),  and  we  denote 

this  improper  integral  by 

'b 

f(x)  dx, 


J  a 


using  the  same  notation  as  in  the  case  in  which  f{x)  is  integrable  in  (a,  6). 
The  condition  that 

lim  I      f{x)  dx 

t=oJ  a 

should  exist  is  that,  corresponding  to  each  arbitrarily  small  number  S  which 
may  be  chosen,  a  number  e,  can  be  found  such  that 


/. 


c-e, 

f{x)dx 


<s, 


whatever  value  0  may  have,  subject  to  the  condition  0  <  ^  <  1. 
A  similar  condition  must  be  satisfied  in  order  that 

lim  I      f{x)  dx 
may  exist. 

It  may  happen  that,  although  the  two  limits 

r^f(x)dx,    f    f{x)dx 

do  not  exist,  yet  if  we  take  e'  =  e,  the  sum 

r'"f(x)dx+f     f(x)dx 

may  have  a  definite  limit ;  when  that  is  the  case,  this  limit  defines  Cauchy  s 
principal  value  of  the  integral  oi  f{x)  in  (a,  b). 

It  thus  appears  that  a  principal  value  may  exist  when   the  function 
possesses  neither  an  integral  nor  an  improper  integral  in  the  interval  (a,  6). 
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In  case  the  point  a  itself  be  a  point  of  infinite  discontinuity,  then  the  limit 

Ja+€ 

for  €  =  0,  when  it  exists,  is  defined  to  be  the  improper  integral 

f  fix)  dx 

J  a 

off(x)  in  the  interval  (a,  6). 

A  similar  definition  applies  in  case  the  point  6  is  a  point  of  infinite 
discontinuity  of  the  function. 

If  in  the  interval  (a,  b)  there  are  two  points  of  infinite  discontinuity 
Ci,  Ca  where  (a  <  Cj  <  Ca  <  6),  then  take  any  point  c  between  Ci  and  c,.  In  case 
the  four  improper  integrals 

rf(x)dx,    l'f{x)dx,    rf(x)dx,    rf(x)dx 

all  exist,  their  sum  is  defined  to  be  the  improper  integral  of  /(x)  in  (a,  6), 
and  is  denoted  by 

•6 

f(x)  dx ; 


/ 


and  it  is  clearly  independent  of  the  value  of  c.  The  definition  in  case  one  or 
both  of  the  points  Ci,  c^  are  end-points  of  the  interval  (a,  b)  is  of  the  same 
character.     If  Ci  =  a,  Cj  =  b,  then  if  the  two  improper  integrals 

rf{x)dx,     {'f{x)dx 

J  a  J  c 

exist,  their  sum  defines  the  improper  integral 

f{x)  dx. 


J  a 


The  definition  of  an  improper  integral  is  now  immediately  extensible  to 
the  case  in  which  there  are  any  finite  number  of  points  of  infinite  discontinuity 
in  the  interval.  If  these  be  Ci,  o^,  Cg ...  Cn  taken  in  order  from  left  to  right, 
then  if  the  improper  integrals 

rci  rct  fb 

I  f{x)dx,     I  f(x)dx,...      f{x)dx 

J  a  J  Cx  J  e% 

all  exist,  their  sum  is  defined  to  be  the  improper  integral 

b 
f(x)dx. 


271.  The  definition  of  an  improper  integral  was  extended  by  Du  Bois 
Reymond  and  by  Dini  to  the  case  of  a  function  with  an  indefinitely  great 
number  of  points  of  infinite  discontinuity  forming  a  set  of  the  first  species. 
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The  definition  has,  however,  been  further  extended  by  Hamack  to  the 
more  comprehensive  case  in  which  the  set  of  points  of  infinite  discontinuity 
is  any  set  of  zero  content.  The  set  is  closed,  since  any  limiting  point  of 
points  of  infinite  discontinuity  is  also  such  a  point.  It  is  sometimes  con- 
venient to  include  in  such  a  set,  points  at  which  the  functional  value  is 
regarded  as  indefinitely  great.  Unless  the  upper  or  lower  limit  of  the 
function  for  an  arbitrarily  small  neighbourhood  of  such  a  point  is  also,  when 
the  functional  value  at  the  point  is  disregarded,  indefinitely  great,  such 
a  discontinuity  is  a  removable  infinite  discontinuity. 

The  general  definition  of  an  improper  integral  is  obtained  by  ex- 
tending the  principle  which  has  been  applied  to  the  case  in  which  the 
number  of  points  of  infinite  discontinuity  is  finite,  namely  that  the  neigh- 
bourhoods of  all  the  infinities  are  excluded  in  taking  the  integral  If  the 
integral  is  to  be  considered  as  in  any  sense  belonging  to  the  whole  interval, 
the  sum^f  the  excluded  parts  of  the  integral  should  have  the  limit  zero ;  and 
thus  the  case  in  which  the  content  of  the  closed  set  of  infinite  discontinuities 
is  zero  indicates  the  extreme  extension  which  can  fairly  be  given  to  the 
meaning  of  an  improper  integral  through  a  given  interval. 

Let  the  points  of  infinite  discontinuity  of  the  function  f{x\  defined  for 
the  interval  (a,  6),  form  a  non-dense  closed  set  0  of  zero  content ;  and  further 
let  f{x)  be  integrable  in  any  sub-interval  of  (a,  h)  which  contains  no  point 
of  O  either  in  its  interior  or  at  an  end. 

Let  the  set  O  be  included  in  a  definite  number  n  of  sub-intervals 

Oi,   Oa,  ...  0^1 

each  interval  h  containing  at  least  one  point  of  G^  in  its  interior,  so  that 
the  remaining  part  of  (a,  h)  consists  of  a  number  of  sub-intervals 

^11   ^a>  •••  ^5i> 

which  are  free  in  their  interiors  and  at  their  ends  from  points  of  0.  Denote 
by  ;S||  the  sum  of  the  integrals  oif{x)  taken  through  all  the  sub-intervals  17  as 
these  intervals  are  diminished  and  their  number  increased. 


The  number  n  can  be  so  chosen  that  ^8  is  arbitrarily  small ;  and  therefore 

1 

n 

as  n  increases  indefinitely  S8  approaches  the  limit  zero.     Let  a  series  of 

1 

values  of  n  be  so  chosen  that  SS  has  a  sequence  of  diminishing  values  €1,  e,, ... 
which  converge  to  the  limit  zero,  and  let  r?i,  n,,  n, ...  be  the  corresponding 
values  of  n. 

If*  the  numbers  /S^^  fl^,  Sn^ ...  form  a  convergent  sequence  of  which  S  is 

*  See  Harnack,  Math,  Annalen^  vol.  xxiv,  p.  220,  where  this  definition  is  given  in  sabetance. 
See  alBO  Jordan,  Cour$  d'Analyae,  vol.  u,  p.  50,  where  a  similar  definition  is  given,  except  that 
the  condition,  that  the  set  of  points  of  infinite  disoontinaity  should  have  zero  content,  is  omitted. 
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the  limit,  and  if  S  be  independent  of  the  particular  choice  of  the  intervals  S, 
then  the  number  S  is  defined  to  be  the  improper  integral  of  f(x)  in  (a,  6),  and 


is  denoted 


by  I   f(x)dx. 

J  a 


The  condition  for  the  existence  of  the  improper  integral  thus  defined  is 
that,  corresponding  to  any  arbitrarily  small  number  e,  it  must  be  possible  to 
find  a  number  f  such  that,  if  Sj,  S,, ...  Sn  and  S/.  S/, ...  S'n'  be  any  two  sets  of 
intervals  whatever  of  the  type  defined  above,  and  such  that 

1  1 

then  the  absolute  difference  of  the  corresponding  sums  Sn,  £>V  is  less  than  e. 

In  case  the  improper  integral  I  f{x)  dx  exist,  it  is  the  limit  of  the  sum 

J  a 

of  the  improper  integrals  of  f{x)  through  the  set  of  sub-intervals  comple- 
mentary to  the  set  of  points  0. 

It  is  easily  seen  that  the  general  defiDition  of  the  improper  integral  is 
consistent  with  the  definition  which  has  been  given  for  the  case  in  which 
the  number  of  points  of  infinite  discontinuity  is  finite. 

272.  A  definition  of  the  improper  integral  has  been  given  by  de  la  VaI16e- 
Poussin  *  which  depends  on  a  principle  different  from  that  employed  in 
Harnack's  definition. 

Let  Ml,  ilfa, ...  Jdg ...  and  Ni,  N^y ...  N, ...  be  two  independent  sequences  of 
positive  numbers  each  of  which  consists  of  continually  increoMng  numbers  which 
have  no  upper  limit  Let  a  sequence  of  new  functions  be  defined  as  follows : — 
If  f{x)  be  the  given  function,  which  has  points  of  infinite  discontinuity  in 
the  interval  (a,  6)  for  which  it  is  defined,  let  /« (x)  be  defined  so  that 

for  all  values  of  x  which  are  such  that 

M,^f{x)^-N,',but  Mx)^M. 
for  all  values  of  x  for  which         f(x)  >  M, ; 

and  /#(^)  =  — -^f 

for  all  values  of  x  such  thai       f{x)  <  —  Ntl 

if  f(x)  be  such  that  the  integrals 

rb  rb  rb 

I   fi(x)dx,        f2(x)dx,    ...    I  f,{x)dx... 

J  a  J  a  J  a 

all  exist,  ayui  are  such  tliat  they  form  a  sequence  which  converges  to  a  definite 

*  LiouvUle's  Journal,  ser.  i,  vol.  vni,  p.  427. 
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limit  independent  of  the  particular  sequences  [M\,  [N],  then  that  limit  is  defined 
to  be  the  improper  integral  off{x),  and  is  denoted  by 

f(x)  dx. 


I 


It  will  be  observed  that,  whereas  in  Harnack's  definition  the  improper 
integral  is  defined  as  the  limit  of  a  sequence  of  integrals  of  the  same  function 
taken  through  different  domains,  in  de  la  Vall^e-Poussin's  definition  the 
improper  integral  is  defined  as  the  limit  of  a  sequence  of  integrals  of  different 
functions  all  taken  through  the  same  domain.  It  will  however  be  seen  later 
on,  that  this  distinction  is  an  unessential  one. 

ABSOLUTELY  AND  CONDITIONALLY  CONVERGENT  INTEGRALS. 

273.     An  improper  integral  i  f{x)  is  said  to  be  absolutely  convergent  if 

J  a 

the  improper  integral  I    \f(x)  \  dx  also  exist ;  otherwise  it  is  said  to  be  con- 

Ja 

ditionaUy  convergent. 

It  has  been  seen  in  §  256,  from  the  definition  of  a  proper  integral,  that  all 
such  integrals  are  absolutely  convergent,  and  therefore  the  distinction  between 
the  two  classes  of  integrals  has  reference  to  improper  integrals  only. 

Every  function  f{x)  can  be  exhibited  as  the  difference  of  two  functions 
/■^  {x)  and  /~  (a?),  defined  so  that  /+  {x)  =/(a?)  when  f{x)  >  0,  /+  (a?)  =  0  when 
f(x)  ^  0 ;   and  /-  {x)  =  -/(a;)  when  f{x)  <  0,  /"  (a?)  =  0  when  f{x)  ^  0. 

We  have  then  /(a?)  =/+(«?) -/-(a;),  and  |/(a?)  |  =/+(«?)+ /-(a;).  In  an 
absolutely  convergent  improper  integral  both  the  functions  f^{x\  f~{^) 
possess  improper  integrals,  but  not  so  in  the  case  of  a  conditionally  con- 
vergent improper  integral.  For,  the  points  of  infinite  discontinuity  of  the 
two  functioDS  f{x\  \f{x)  \  being  the  same,  the  improper  integrals  of  these 
two  functions  are  the  limits  of  proper  integrals  taken  over  sets  of  intervals 
which  ai-e  the  same  for  the  two  functions.  It  follows  that  \f{x)  \  -^fi^'), 
|/*(a?)j  — /(a?)  have  improper  integrals,  provided  |/(a?)|,  f{x)  both  have 
improper  integrals. 

The  improper  integrals  defined  in  the  manner  of  de  la  Vall^-Foussin 

are  all  absolutely  convergent.    For,  since  /   /« (x)  dx  has  a  limit  as  the  two 

numbers  Mg,  Ng  are  independently  increased  indefinitely,  and  the  integral  is 
the  sum  of  two  parts,  one  dependent  on  M,,  and  the  other  on  Ng,  it  follows 
that  each  of  these  parts  has  separately  a  limit     Therefore  the  improper 

integral  i  f'^{x)dx  exists,  and  similarly  also  1  f~{x)dx\  hence  I    \f{x)\  dx 

J  a  J  a  J  a 

exists  in  any  case  for  which  I  f{x)  is  defined  as  an  improper  integral. 

J  a 

H.  24 
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The  definition  of  improper  integrals  in  accordance  with  the  method  of 
Hamack  applies  both  to  absolutely,  and  to  conditionally,  convergent  integrals, 
and  is  thus  wider  than  the  definition  of  de  la  Vall^-Poussin. 

It  has  been  pointed  out  by  Schontlies  that  the  condition  that  the  set  of 
points  of  infinite  discontinuity  must  be  of  zero  content,  is  deducible,  in  the  case 
of  de  la  Yall^-Poussin's  definition,  from  the  condition,  contained  in  the 
definition,  for  the  existence  of  the  integral 

Since  the  existence  of 

h 

\f{x)\  dx 

a 


follows  from  that  of 


J  a 

jjix)  dx, 


there  will  be  no  loss  of  generality  if  we  suppose  f{x)  to  be  everywhere 
positive.  Now  the  condition  for  the  existence  of  the  integral  as  a  finite 
number  is  that 

h 


/. 


should,  as  ^r  is  increased  indefinitely,  have  the  limit  zero.  Considering  any 
convergent  set  of  sub^divisions  of  (a,  6),  let  Si,  S,,  ...  8n  be  the  sets  of  sub- 
intervals  at  any  stage,  and  let  a  be  the  sum  of  those  S's  which  contain  points  of 
infinite  discontinuity  oif{x).  In  all  these  latter  sub-intervals  values  oifg  (x) 
equal  to  Mg,  and  values  of/i+i  (x)  equal  to  if ,+i,  occur ;  thus,  in  the  sum  whose 
limit  defines  the  integral,  the  upper  limit  of /,+i  («)—/#(«?)  is  if,+i  —  if,,  and 
the  sum  of  the  products  of  the  intervals  into  the  upper  limits  of  the  function 
in  those  intervals  is  ^  (i/f+i  —  Mg)  a :  hence  the  integral  cannot  have  the  limit 
zero  unless  a  converges  to  zero  as  the  number  n  of  intervals  is  increased 
indefinitely.  Therefore  the  points  of  infinite  discontinuity  must  form  an 
unextended  set,  if  the  integral  is  to  exist  as  a  finite  number. 

274.  In  the  case  of  absolutely  convergent  integrals  it  can  be  shewn 
that  the  definition  of  Hamack  and  that  of  de  la  Vall6e-Poussin  are  in 
complete  agreement.  Since,  in  accordance  with  either  definition,  the 
existence  of  the  absolutely  convergent  integral  of  f{x)  involves  that  of 
the  improper  integrals  of  /"^  (a?),  and  /"  (x\  it  is  clearly  suflScient  to  consider 
the  case  in  which  f{x)  is  positive  or  zero  at  every  point  of  the  interval  (a,  h\ 
Let  us  then  assume  that  the  function  f{x\  which  is  never  negative,  has  an 
improper  integral  in  accordance  with  Hamack's  definition.  The  set  of  points 
of  infinite  discontinuity  of  &  is  enclosed  in  a  finite  set  of  sub-intervals 
(S),  and  the  remaining  part  of  (a,  h)  consists  of  a  set  of  sub-intervals  {17). 
The  sum  28  can  be  chosen  so  small  that  the  integral  of /(a?)  through  the 
intervals  {17}  is  less  than  Hamack's  improper  integral  by  less  than  an 
arbitrarily  chosen  positive  number  f.  Let  iV  be  a  positive  number  not  less 
than  the  upper  limit  of /(a;)  in  all  the  intervals  {1;},  and  \Qt  fn{x)  be  the 
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function,  corresponding  to  N,  employed  in  de  la  Yall^e-Poussin's  definition. 
Let  another  set  of  sub-intervals  [S]  all  interior  to  intervals  of  [h],  enclose 
all  the  points  of  infinite  discontinuity  of  f{x\  and  let  [rf]  be  the  intervals 
complementary  to  these.  The  integral  of  f{x)  through  [q']  lies  betweeu 
the  value  of  the  integral  through  {17},  and  that  of  Hamack's  improper 
integral,  and  therefore  differs  from  the  latter  by  less  than  (f. 

It  follows  that  the  integral  of  f{x)  through  the  intervals  obtained  by 
removing  the  set  [if]  from  the  set  [h]  is  also  <  (f;  and  since  fn{x)^f{x\ 
we  see  that  the  integral  of  f^  (oc)  through  the  same  set  of  intervals  is  <  (f. 

fVom  this  we  deduce  that  lfn(^)dx  taken  through  the  intervals  [B]  is  less 

than  ^+If^Si;   and  since  this  holds  for  an  arbitrarily  small  value  of  X8\ 

N  being  fixed,  we  see  that  //n(^)(2^,  taken  through  the  intervals  {B\,  is  ^  ^. 

It  now  follows  that  /  /n(«)da?—  I    f(x)dx^  f ;  and  since  f  is  arbitrarily 

Ja  J{ri) 

small,  n  being  suflSciently  increased,  it  follows  that  /  fn{i'^)dm  has  a  definite 

Ja 

limit  when  n  is  indefinitely  increased,  and  that  this  limit  is  Hamack's 

improper  integral  I  f{x)  dx.    It  has  thus  been  shewn  that  a  function  which 

•^*  .  .  . 

has  an  absolutely  convergent  improper  integral  in  accordance  with  Hamack's 

definition,  has  one  also  in  accordance  with  the  definition  of  de  la  Valine- 

Poussin,  the  integrals  having  the  same  value  in  the  two  casea 

To  prove  the  converse,  we  assume  that 

/  /n(x)cEa?    or     /    fn{«})dx+\    f{x)dx 

Ja  J{S\  J{n) 

has  a  definite  limit  as    n   is    indefinitely  increased  and  SS  indefinitely 

diminished.     Since  both  the  integrals  are  positive,  it  follows  that  I    f{x)  dx, 

which  increases  as  25  is  diminished,  is  less  than  a  fixed  finite  number,  and 
therefore  has  a  definite  upper  limit.  Therefore  Hamack's  improper  integral 
exists,  and  it  has  been  shewn  above  that  it  must  then  have  the  same  value 
as  de  la  Vall^-Poussin's.  The  two  definitions  have  thus  been  shewn  to  be 
completely  equivalent  to  one  another,  so  far  as  they  both  apply  to  absolutely 
convergent  integrals.  The  definition  of  Hamack  is  the  wider,  in  that  it 
applies  to  the  case  of  non-absolutely  convergent  integrals. 

KXI8TINCE    AND    PROPERTIES    OF    ABSOLUTELY    OONVERQENT 

IMPROPER    INTEGRALS. 

276.  A  definition  of  the  improper  integral  of  a  function  with  infinite 
discontinuities  having  been  given,  it  is  necessary  to  investigate  whether  the 
limit  employed  in  the  definition  really  exists ;  and  it  is  further  necessary  to 

24—2 
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discuss  whether,  in  the  case  of  the  existence  of  the  improper  integral  in  (a,  6), 
that  improper  integral  shares  the  fundamental  property  of  integrals  that  it 
exists  for  any  and  every  sub-intorval  whatever  of  (a,  6),  and  also  exists  for 
every  set  of  such  sub-intervals,  aud  is  in  particular  such  as  to  satisfy  the 
relation 


rf(x)dx^  f V(^)  dx  +  f'fix)  dx. 

J  a  J  a  J  e 


It  will  be  proved  that  the  limit  really  exists  in  the  case  of  absolutely 
convergent  integrals,  and  that  the  improper  integral  then  possesses  the  funda- 
mental properties  just  specified.  In  the  case  in  which  the  convergence  is 
conditional,  it  appears  that  the  improper  integral  when  it  exists  possesses 
some  but  not  all  of  the  fundamental  properties ;  in  view  of  this  fact,  doubt 
has  been  thrown  by  some  writers  upon  the  appropriateness  of  regarding 
improper  integrals  with  conditional  convergence  as  really  entitled*  to  the 
name  of  integral. 

Consider  first  the  case  of  a  function /(^)  which  has  no  negative  values;  so 
that  in  (a,  b),  f{x)  ^0.     In  this  case  it  can  be  shewn  that  the  numbers 

either  increase  beyond  all  limit,  or  have  a  limit  S  which  is  independent  of 
the  mode  of  formation  of  the  successive  sub-intervals. 

Take  sets  of  intervals 


g^dn)    g  (Ml)        ^g      (m) 


each  set  of  which  conaints  all  the  points  of  infinite  discontinuity ;  and  let  the 
corresponding  sets  of  intervals  which  are  free  in  their  interiors  and  at  their 
ends  from  the  points  of  infinite  discontinuity  be 

1?l^^  v^ ...  1M.^^ 


17l<^  1?a^^ ...  i?«,«, 


1?l*•"^W"*^...  w*^* 


Moreover,  let  the  system  of  sets  be  so  chosen  that  all  points  contained  in 
the  i7<"**  are  also  contained  in  the  ly^*^^.  Since  f{x)  is  never  negative,  the 
sums  fi^ftj,  £^,  ...  Sfi^  ...  form  a  constantly  increasing  sequence ;  and  thus  the 

♦  See  Stolz,  SittungthenehU  der  kau,  Akad.  Wien,  vol.  ovn,  Ha  (189S),  p.  207,  and 
vol.  ovni,  na,  p.  1284,  also  vol.  cvii,  p.  211.  See  also  Stolz's  work  QrundxHge  der  Diff,  tc 
InUgralreehnung,  part  iii,  p.  278.  In  these  writings  there  is  a  systematie  treatment  of  the 
absolutely  convergent  improper  integrals  in  aocordance  with  Hamack's  definition. 
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sequence  must  have  a  definite  upper  limit  S^  unless  its  terms  increase  in- 
definitely, in  which  case  the  improper  integral  is  certainly  not  convergent. 
When  S  exists,  we  have  to  shew  that  it  is  independent  of  the  particular 
sets  of  intervals  used  in  obtaining  it.  The  number  m  may  be  chosen  so 
large  that  ;S  —  8%^  <  €,  where  €  is  a  fixed  arbitrarily  chosen  number. 

Next,  take  any  other  set  of  successive  sets  of  intervals  which  enclose  the 
points  of  infinite  discontinuity,  leaving  corresponding  free  intervals,  and  let  8m' 
be  the  sum,  at  any  stage,  of  the  integrals  taken  through  these  fi*ee  intervals : 
then  compare  jS^i^  with  Sm'*  The  two  sums  of  integrals  contain  a  number  of 
integrals  in  common,  namely  integrals  taken  over  those  pieces  of  the  interval 
(a,  b)  which  are  common  to  the  sets  of  intervals  belonging  to  Sji^  and  S^' ; 
Sfi^  may  contain  parts  that  do  not  belong  to  S^'f  these  all  forming  parts  of  the 
intervals  i;*^  ;  also  Sm^  may  contain  parts  that  do  not  belong  to  Su^.  Now  the 
difference  Sf^f  —  £^  is  less  than  the  sum  of  the  integrals  taken  over  these 
latter  parts,  all  of  which  lie  within  the  intervals  8^^\  and  in  all  these  parts 
the  function  /(a?)  is  limited ;   it  follows  that 

where  P  is  a  number  which  does  not  increase  as  m  is  increased.  Now  m  may 
be  chosen  so  great  that 

and  then  S„^  —  Sn^  <  e, 

hence  Sfn'<S-h€; 

and  since  e  is  arbitrarily  small,  we  have 

thus  iSm'  cannot  be  greater  than  S.    We  have  again,  by  similar  reasoning 

where  Q  is  a  number  which  does  not  increase  as  the  number  mf  is  increased, 
depending  as  it  does  on  the  upper  limits  of  f{x)  for  intervals  all  of  which  lie 
in  the  i;**** ;  hence  when  m'  is  sufficiently  great 

It  thus  appears  that  the  second  system  of  divisions  can  be  so  far  advanced 
that  Sm'  lies  between  S  —  €  and  S  +  e,  where  c  is  arbitrarily  small ;  and  hence 
Snt,'  has  S  for  its  limit.  The  existence  of  the  improper  integral  is  now 
established  for  a  function  f(w)  ^  0,  provided  there  be  no  divergence. 

The  theorem  proved  may  be  immediately  extended  to  shew  that  the 
integral  /  f{x)dx  exists,  provided 

J  a 

'\nx)\dx 


exist,  that  is  provided  the  convergence  be  absolute. 
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Replace  f{x)  by  the  diflference  of  the  two  functions  /^(a?)  and  /~(a^); 
then  both  the  integrals 

J  a  J  a 

exist,  unless  the  sums  of  integrals  of  which  they  are  the  limits  increase 
indefinitely. 

Now  f  *  I  fix)  \da!=^rf'^(x)dx-^  f /-  (w)  dx\ 

Ja  Ja  Ja 

hence  if  |/(«)|  have  an  integral,  both  the  functions  /"*"(«),/"(«)  have 
integrals,  and  thus  f(x)  has  also  an  integral  The  existence  of  absolutely 
convergent  improper  integrals  has  thus  been  established. 

276.  If  c  he  a  number  such  thai  a<c<b,  and  if  f(x)  have  an  absolutely 
convergent  improper  integral  in  (a,  b\  then  it  has  also  such  integrals  in  (a,  c) 
and  in  (c,  6),  and  the  sum  of  the  two  latter  integrals  is  equal  to  the 
former  one. 

Consider  a  system  of  intervals  [S],  {17}  as  in  §  275.  If  the  point  c  lies  in 
an  interval  B  it  does  not  affect  the  sums  of  the  proper  integrals  through  the 
intervals  17 ;  but  if,  at  any  stage  of  the  limiting  process,  the  point  c  comes  to  lie 
within  an  interval  17,  it  divides  it  into  two  parts.  Clearly,  the  sum  of  the 
integrals  of  |  f(x)  \  taken  through  those  intervals  17  which  are  on  the  left  of 
c,  and  through  that  part  of  the  interval  containing  c  which  lies  on  the  left 
of  c,  is  less  than  the  sum  of  the  integrals  of  \f(x)  \  through  all  the  intervals  17. 
The  same  is  true  of  the  sum  of  the  integrals  of  |  f(x)  |  through  all  those 
intervals  17  which  lie  on  the  right  of  c,  and  through  that  part  of  the  interval 
containing  c  which  lies  to  the  right  of  c. 

Thus,  since  the  integral  of  \f{x)\  through  all  the  intervals  17  lies  below  a 
fixed  limit,  the  same  is  true  of  the  two  parts  into  which  the  integral  is 
divided  by  the  point  c;  and  thus  the  two  integrals 

r\f(x)\dx,  r\f(x)\dx 

J  a  J  e 

exist;  and  therefore  also 

\'f(x)dx,     rf(x)dx 

J  a  J  c 

exist. 

The  splitting  up  of  the  sum  of  the  integrals  of  f(x)  through  the  intervals 
17  into  two  parts  does  not  affect  that  sum ;  hence  also  in  the  limit  we  have 


rf{x)dx=rf{x)dx+rf(x)dx. 

J  a  J  a  J  c 


A  corollary  from  this  theorem  is  that  if  f{x)  have  an  absolutely  convergent 
improper  integral  in  (a,  6),  it  is  also  integrable  in  any  interval  (a\  b')  which 
forms  part  of  (a,  b). 
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277.  If  Ai,  A,,  ...  Ah,...  be  a  sequence  of  non-overlapping  intervals 
contained  in  (a,  6),  in  descending  order  of  length,  the  sum  of  the  integrals  of 
f{x)  taken  through  Ai,  A,,  ...  An  converges  to  a  definite  limit  as  n  is 
increased  indefinitely,  provided 

converges  absolutely. 

Consider  the  two  functions  /"♦*  (.-r),  /"  (a?)  defined  as  in  §  273.  The  function 
/'*'  (x)  is  integrable  in  each  of  the  intervals  A,  and  the  sum  of  the  integrals 
oif'^{x)  through  the  intervals  A,,  A,, ...  An  is  positive  and  does  not  diminish 
as  n  is  increased ;  also  this  sum  never  exceeds  the  integral  of  /"*"  (a?)  through 
(a,  6).     It  follows  that  the  sum  of  the  integrals  of  /"*•  (a?)  through  ' 

Ai,  A,,  ...  An, 

converges  to  a  definite  limit  as  n  is  increased  indefinitely.  The  same  is  true 
of  /"  {x) ;  and  hence  f(x\  which  is  /"*"  (a?)  — /-  {x\  is  such  that  the  sum  of  its 
integrals  converges  to  a  definite  limit  when  the  number  of  the  intervals  A  is 
increased  indefinitely. 

It  has  thus  been  shewn  that,  iff(x)  have  an  absolutely  convergent  improper 
integral  in  (a,  b\  it  has  also  on  improper  integral  through  any  portion  of 
(a,  b)  which  consists  of  a  finite,  or  of  an  infinite,  number  of  continuous  intervals. 

278.  If  H  be  a  set  of  points  in  (a,  6)  of  zero  content,  so  that  the  points  of 
H  can  be  enclosed  in  intervals  0i,  0%,..,0p  whose  sum  is  arbitrarily  small,  then 
the  integral  off{x)  taken  through  the  intervals  6^,  0^, ,,,  0p  has  the  limit  zero, 
as  the  sum  of  the  intervals  converges  to  zero,  their  member  being  indefinitely 
increased,  f(x)  having  an  absolutely  convergent  improper  integral  in  (a,  b). 

The  points  of  infinite  discontinuity  otf(x)  can  be  enclosed  in  a  set  of 
intervals  Si,  Ss*--*  ^n  such  that  the  integral  of  \f(x)  taken  through  these 
intervals  is  <  €.  Let  <^,  <^s, ...  <^r  be  the  parts  of  the  intervals  0i,  0^, ...  0p 
which  are  common  with  the  intervals  rfuV2.'"Vn^  which  remain  in  (a,  b) 
when  the  Sn  are  removed.     The  absolute  value  of  the  integral  of  f{x)  taken 

through  the  intervals  0i,  0^,...  0p  is  less  than  e  +  Z72^,  or  than  e  +  CTS^,  where 

1  1 

U  is  the  finite  upper  limit  of  \f{x)\  in  all  the  intervals  17.  Having 
fixed  the  intervals  S^,  ^,  •••Sn»  we   can  choose   the  intervals   0  so  that 

Z0<€lU;  thus  the  absolute  value  of  1  f(x)dx  taken  through  the  intervals  0 

is  then  <  ie,  which  is  arbitrarily  small.    The  theorem  is  therefore  established. 

It  follows  that,  in  the  definition  of  the  improper  integral  I  f{x)  dx  as  the 

J  a 

limit  of  the  sum  of  the  proper  integrals  through  the  intervals  17,  we  may 
suppose  the  neighbourhoods  of  the  points  of  J?  to  be  removed  from  (a,  6), 
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these  neighbourhoods  being  so  chosen  that  their  sum  converges  to  zero  as  the 
sum  of  the  proper  integrals  converges  to  its  limit,  the  improper  integral  of 
f(x)  in  (a,  6). 

The  theorem  may  also  be  stated  in  the  form  that,  if  Hhe  any  set  of  points 
of  zero  content,  then  in  applying  Hamack's  definition,  the  set  H  may  be  added 
to  the  set  0  of  points  of  infinite  discontinuity,  without  altering  the  value  of  the 
integral. 

From  this  theorem  we  may  deduce  that  if  f{x),  '^{x)  have  both  absolutely 
convergent  improper  integrals  in  (a,  6),  their  sumf{x)  +  -^  {x)  has  an  absolutely 
convergent  improper  integral  in  (a,  6). 

In  relation  to  I    f{x)dx,  the  points  of  infinite  discontinuity  of  '^{x) 

J  a 

form  a  set  H  such  as  is  contemplated  in  the  foregoing  theorem ;  thus  in  the 
definition  of  I   f{x)  dx  we  may  exclude  the  neighbourhoods  of  the  points  H, 

J  a 

A  similar  remark  applies  to  |    '^(x)  dx.    The  points  of  infinite  discontinuity 

J  a 

of  f{x)-\-'^{x)  consist  in  general  of  the  sets  for  f{x)  and  for  '^{x)  together. 
It  therefore  follows  that  I  {f{x)  +  '^{x)]  dx  exists,  and  is  identical  with 

I  f(x)dx-{-  I    '^{x)dx. 

J  a  J  a 

The  following  theorem  has  been  incidentally  established  : — 

If  2€  be  an  arbitrarily  chosen  positive  number,  then  a  positive  nwmber  r), 
dependent  on  e,  can  be  determined,  such  that,  for  any  finite  set  of  non-overlapping 
intervals  whatever,  whose  sum  is  less  than  r},  the  absolute  value  of  the  sum  of  the 
integrals  off(x)  through  the  intervals  is  less  than  26 ;  it  being  assumed  that 
f{x)  has  an  absolutely  convergent  integral  in  (a,  6). 

279.  If  f(x),  yfr  (x)  have  both  absolutely  convergent  improper  integrals 
in  {a,  b),  and  if  the  two  functions  have  no  points  of  infinite  discontinuity  in 
common,  then  the  product  f(x)  '^  (x)  has  an  absolutely  convergent  improper 
integral  in  (a,  6). 

The  infinities  ot  f{x)  may  be  included  in  intervals  Si,  £2, ...  Sn*  wid  those 
of  -^  (x)  in  intervals  S/,  8,', ...  8„,',  such  that  no  interval  S  encroaches  on  any 
interval  8'.  Let  U  be  the  upper  limit  of  f(x)  in  all  the  intervals  S',  and  let 
U'  be  the  upper  limit  of  yft  (x)  in  all  the  intervals  S ;  thus  U,  U'  are  definite 
numbers.  In  the  intervals  S,  |  f(x)  -^  (x)  \  never  exceeds  V  \  f(x)  |,  and  hence 
since  \f(x)\  is  integrable  in  the  intervals  8,  having  an  improper  integral  in 
each  of  these  intervals,  in  accordance  with  the  definition  in  §  271,  it  is  clear  that 

\f{x)'\jr(x)\  is  also  integrable  in  these  intervals  S;   and  /  \f(x)'^{x)\da: 
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taken  through  the  intervals  S  is  ^V  I  \  f{x)  \  dx  taken  through  the  same 

intervak.     Similarly  it  may  be  shewn  that  |/(«)'^(a?)|  is  integrable  in  the 
intervals  S'.     It  follows  that  |  /(a?)  ^  (x)  \  is,  under  the  conditions  in  the 
enunciation,  integrable  in   the  whole  interval  (a,   6);   and   that   therefore 
f{x)  '^  (x)  has  an  absolutely  convergent  improper  integral  in  that  interval. 

280.     If  f{x)  have  an  absolutely  convergent  improper  integral  in  (a,  h\ 
then  the  improper  integral  I   f(x)  dx  is  a  continuous  function  of  the  upper 

J  a 

limit  X. 

This  theorem  is  the  extension  of  that  of  §  258  to  the  case  of  absolutely 
convergent  improper  integrals. 

Let  F{x)  denote  /    f{x)  dx,  which  has  been  shewn,  in  §  276,  to  exist  for 

J  a 

a^x^b.     We  have -P(a?  +  A)  — jP(a?)=  I      f(x)dx;  if  then  ^  is  not  a  point 

J  X 

of  infinite  discontinuity  of /(a:),  h  may  be  so  chosen  that  (x^x  +  h)  does  not 
contain  any  such  points,  and  in  that  case  \F(x'\-h)'-F(x)\  ^\h\U,  where  U 
denotes  the  upper  limit  of  \f{x)\  in  the  interval  (a:,  x-{-h);  since  U  does  not 
increase  as  A  is  diminished,  it  follows  that,  corresponding  to  a  fixed  number  e, 
a  value  of  A,  say  Ai,  can  be  found  such  that  |  jP(a;  + A)— jP(a?)  |  <€,  for 
I A I  ^  I  Ai  I ;   hence  F(x)  is  continuous  at  x. 

In  case  xhe  &  point  of  infinite  discontinuity  of  f(x),  we  may  enclose  all 
such  points  in  a  finite  set  of  intervals  such  that  the  integral  of  { f(x)  \  taken 

through  all  of  them  is  <  e.    Since    I      f(x)  dx  ^  j       \f{iv)  \  dxt  if  we  choose 

\Jx  \        J  X 

A  so  small  that  (xy  x  +  h)  is  entirely  within  that  interval  of  the  set  which 
contains  the  point  x,  we  see  that  \F{x  +  h)  —  F(x)\<€]  and  hence  the  point 
a?  is  a  point  of  continuity  of  F(x), 


NON-ABSOLUTELT  CONVERGENT  IMPROPER  INTEGRALS. 

281.  It  has  been  shewn  that  an  absolutely  convergent  improper  integral, 
when  it  exists,  possesses  the  fundamental  properties  which  belong  to  a  proper 
integral,  viz.  that  the  function  is  also  integrable  in  any  part  of  the  interval 
which  is  either  continuous  or  which  consists  of  a  finite  or  infinite  number  of 

continuous  portions,  and  that  I  f{x)dx=  I  f(x)d>x+  I  f(x)dx.      Further 

J  a  J  a  J  X 

it  has  been  shewn  that  /  f(x)dx  is  a  continuous  function  of  the  upper 

J  a 

limit  X, 
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If  we  apply  the  definition  of  §  271,  to  .the  case  in  which  I    \f{x)  \  dx  does 

J  a 

not  exist,  it  has  not  been  shewn  that  the  sum  of  the  integrals  ot  f{x)  through 
the  intervals  fj  which  remain  when  the  points  of  infinite  discontinuity  are 
enclosed  in  a  set  of  intervals  S,  necessarily  either  converges  to  a  definite  limit, 

or  increases  indefinitely.     Further,  if  the  limit  which  defines  I   f(x)dx  in 

any  particular  case  actually  exists,  it  has  not  been  shewn  that  f{x)  is 
necessarily  integrable  in  (a,  x\  or  in  general  in  every  interval  contained  in 
(a,  6),  the  proof  in  §  276,  depending  essentially  upon  the  assumption  that 
I  f{x)  I  is  integrable  in  (a,  6).  It  is  thus  a  matter  for  further  investigation 
whether  a  non-absolutely  convergent  improper  integral  defined  in  Hamack's 
manner  necessarily  possesses  the  fundamental  properties  which  would  justify 
us  in  regarding  it  as  an  extension  of  the  conception  of  a  proper  integral  The 
definition  of  de  la  Vall^e-Poussin,  in  §  272,  is  applicable  only  to  absolutely 
convergent  improper  integrals. 

Under  these  circumstances  the  definition  of  a  non-absolutely  convergent 
improper  integral  has,  by  some  writers*,  been  restricted  to  the  case  in 
which  the  set  0  of  points  of  infinite  discontinuity  of  the  function  is  enumer- 
able and  of  the  first  species.  The  mode  of  definition  usually  applied  in  this 
case  will  first  be  briefly  considered,  before  the  more  general  definition  of 
Hamack  is  considered. 

First  let  us  suppose  that  0  consists  of  a  finite  number  of  points 

Ci,  C2,  ...  Cm 

then  as  in  §  270,  T'    f{x)dx 

is  defined  to  be  the  limit  of 

f{x)  dx, 

as  6,  €  independently  of  one  another  converge  to  zero,  on  the  assumption  that 
this  limit  exists. 

If  the  integrals 

/  *  f{x)  dx,     \    f{x)  dx,...     I    f(x)  dx, 

all  exist  in  accordance  with  this  definition,  their  sum  is  defined  to  be  the 
improper  integral 


J  a 


♦  See  Du  Bois  Reymond,  CreUe'$  Journal,  vol.  uizn,  pp.  SO  and  46,  alflo  Dini,  Qnmdia^en^ 
p.  404. 
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This  definition  is  applicable,  whether  \f{m)  \  be  integrable  in  accordance 
with  it,  or  not ;  and  it  thus  defines  non-absolutely  convergent  integrals  in  the 
case  considered. 

Next,  let  us  suppose  that  6  is  of  the  first  species  and  of  the  first  order. 
In  this  case  Q'  consists  of  a  finite  number  of  points  ^,  6S2, ...  ^r* 

If  all  the  improper  integrals 

r*i"«i  r«i-««  />i-«» 

I        f(x)dx,     \       f{x)dx,     \       f(x)dx,..., 

each  of  which  &lls  under  the  last  case,  have  each  a  definite  limit  as 
^i>  ^/>  €>>  ^',  •••  converge,  independently  of  one  another,  to  the  limit  zero, 
then  the  sum  of  these  limits  is  taken  to  define  the  integral 


J  a 


It  is  clear  that  this  definition  admits  of  extension  to  the  case  in  which  0 
is  of  the  first  species  and  of  any  order.  It  is  also  clear  that  an  integral 
in  (a,  6),  which  exists  in  accordance  with  this  definition,  entails  the  existence 
of  the  integral  in  (a,  x\  and  in  any  continuous  interval  contained  in  (a,  6) ;  and 
further  the  truth  of  the  theorem 

f  f{x)  dx  =  rf(x)  dx  +  f  /(x)  dx 

J  a  J  a  J  X 

is  assured. 

The  definition  has  been  extended  by  Schonflies  *  to  the  case  in  which  0 
is  enumerable  but  possesses  derivatives  of  transfinite  oi*der. 

In  the  case  in  which  f(x)  is  absolutely  integrable  in  accordance  with 
Hamack's  definition,  and  in  which  0  is  of  the  first  species,  it  can  be  easily 
shewn  that  Hamack's  definition  reduces  to  the  one  here  given. 

It  should  be  observed  that,  in  the  case  of  a  non-absolutely  convergent 
improper  integral  which  has  an  infinite  set  of  points  of  infinite  discontinuity, 
the  theorem  that  the  function  is  integrable  through  any  set  of  intervals 
contained  in  the  interval  of  integration,  does  not  in  general  hold ;  so  that  such 
improper  integrals  are  not  in  this  respect  on  a  parity  with  proper  integrals. 
For  it  may  be  possible  to  choose  an  infinite  set  of  intervals  so  that  /(x)  is 
everywhere  positive  in  them ;  and  then  the  sum  of  the  integrals  o{f(x)  through 
these  intervals  does  not  in  general  converge  to  a  finite  value,  the  existence  of 
the  integral  in  (a,  b)  depending  essentially  on  the  cancelling  of  the  integrals 
through  those  parts  of  (a,  b)  in  which  f(x)  is  positive,  with  the  integrals 
through  those  parts  in  which /(a;)  is  negative.     The  two  integrals 

Cf^(x)dx,     \'f''{x)dx 

J  a  J  a 

*  See  his  Berieht^  p.  1S5 ;  a  similar  definition  has  also  been  employed  by  de  la  Vallde-Pouflsin, 
loe,  eit^  p.  468. 
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have  no  finite  values,  although 

J  a 

may  have  a  definite  finite  value. 

That  F{x)=^\   f(x)dx  is  a  continuous  function  of  the  upper  limit  x.  in 

J  a 

the  case  when  the  integral  is  a  non-absolutely  convergent  improper  integral, 
in  accordance  with  the  definition  here  given,  can  be  shewn  as  follows : — 

Since  F(x-¥h)- F{x)=  ('    f{x)  dx ; 

J  X 

if  a:  be  a  point  of  infinite  discontinuity  of /(a?),  we  know  that  the  integral  on 
the  right-hand  side  has  the  limit  zero,  when  h  is  indefinitely  diminished 
either  through  positive  or  through  negative  values ;  and  hence  a  value  h^  can 
be  found  such  that     \F(x  +  h)-'  F{x)  |  <  e,   for  |  A  |  <  ^. 

In  case  x  be  not  a  point  of  infinite  discontinuity  of  f(x\  the  proof  is 
identical  with  that  which  has  been  given  for  the  case  of  a  proper  integral. 


EXAMPLEa 

1.  Let  f(x)  denote  a  function  which  is  integrable  in  every  interval  (a,  5),  where 

0  <  a<b;  and  let/(jr),  be  in  the  neighbourhood  of  the  point  0,  of  the  form  ~jr  »  ^^^^ 
k  is  positive,  and  <^  {x)  is  a  limited  function  of  constant  sign. 
We  have 

/.-*^'*!<-</:j<i^c''-*--i 

where  A  is  some  positive  number. 

If  0  <  it  <  1,  it  is  clear  that  /    ^^j^  dx  is  arbitrarily  small  for  a  sufficiently  small 

value  of  f'  (>  f),  and  therefore  the  improper  integral  /  f{x)dx  exists,  being  convergent 

Jo 

at  the  point  x^O,    If  it  ^  0,  the  improper  integral  does  not  exist. 

2.  Let  f{x)  be,   in  the  neighboiu'hood  on  the  right  of  the  point  0,  of  the  form 

<A  (x) 
"IT    "nr+p>  where  p  is  positive,  and  <^  (.r)  satisfies  the  same  condition  as  in  Ex.  1. 


We  have 

e  x\\ogxY*^ 


I/: 


<^{nog€]-'>-[log€l-'>}; 


and  thus  the  improper  integral  I   f{x)dx  exists,  being  absolutely  convergent. 

Jo 

/tan  X 
dx,  taken  through  any  interval  which  contains  a  point  of  infinite  dis- 
continuity of  tan  07,  does  not  exist. 
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T-.' 


^                                           /"*   '  tan  X  ,        2 ,      sin  € 
For  I         or  >  -  log  - 


sm  f ' ' 


and  this  is  arbitrarily  great  for  a  sufficiently  great  value  of  f/f' ;  thus  the  int^ral  does  not 
converge  at  the  point  ars^n-.  The  integral  possesses  however  a  principal  value  at  the 
point  ^ir.    For  the  sum  of  the  integrals  taken  through  the  intervab  (^ir-c,  ^ir-f')  and 

(iir  +  €',ifr+€)i8 

iJcoto:.  j-J-^6ir  <  2€(itr2-c«)-i(l-JO-S 
and  this  converges  to  0,  with  f . 

^      1  i  .      ^ 
4.     The  function  cos  (e*)  +  -  e*  sin  (e*)  oscillates  between  indefinitely  great  positive  and 

iM^tive  values,  in  the  neighbourhood  of  the  point  ^=0.     For  every  value  of  x  except 

d  * 

jr=0,  the  function—  -3-  {x cos  (e*)}. 

1  1  1 


/•  d  -  -  - 

^  -T-  {x  cos  (e*)}  dx=€  cos  (e«)  -  c'  cos  (6«'), 


where  f  >  c'  >  0.     It  thus  appears  that  the  integral  of  the  fiuictiou  converges  at  the  point 
x=0\  and  therefore  the  function  is  int^rable  in  an  interval  containing  that  point. 

282.  The  general  theory  of  improper  definite  integrals,  both  those 
which  converge  absolutely,  and  those  which  converge  non-absolutely,  defined 
according  to  Harnack's  definition,  has  been  treated  by  E.  H.  Moore*,  who 
has  also  considered  other  definitions  of  such  improper  integrals. 

It  has  been  shewn  in  §  276,  that  \i  f{x)  have  an  improper  integral  in 
(a,  6),  in  accordance  with  Hamacks  definition,  and  such  integral  be 
absolutely  convergent,  then  f{x)  is  also  integrable  in  any  interval  {a\  V) 
which  is  part  of  (a,  6).  It  will  now  be  shewn  that  this  holds  whether 
the  improper  integral  converges  absolutely  or  notf. 

Let  [S}  denote  a  finite  set  of  iutervals  enclosing  all  the  points  of  infinite 
discontinuity  of  f(a),  each  interval  of  the  set  enclosing  at  least  one  such 
point;  we  may  denote  hyf^(x)  a  function  which  is  zero  at  all  points  interior 
to  the  intervals  {8},  and  is  at  every  other  point  of  (a,  6)  equal  to  /(a?). 
The  corresponding  function  for  auy  other  such  set  of  intervals  {S'j  may  be 
denoted  by/«'(a?). 

The  condition  stated  in  §  271,  for  the  existence  of  the  improper  integral 
b 
f{x)  dx,  may  be  expressed  in  the  form  that,  corresponding  to  an  arbitrarily 

fixed  positive  number  e,  it  shall  be  possible  to  fix  a  number  {*,  such  that,  for 
any  two  sets  of  intervals  {8},  {8'},  such  that  28  <  f,  28'  <  f,  the  condition 

j  f6(x)dx-j   f^{x)dx 
may  be  satisfied. 

*  Trans,  Amer,  Math,  Soe,,  vol.  u,  1901,  p.  29^,  and  a  second  paper,  p.  459. 

t  This  is  contrary  to  a  statement  made  by  Stolz ;  see  Qrundzilge^  vol.  m,  p.  277. 


/. 


<€ 
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Assuming  that  this  condition  is  satisfied  for  every  value  of  e,  it  will  be 
shewn  that,  for  every  pair  of  points  a\  b'  in  (a,  6),  the  condition 


rb'  rv 

J  a'  J  a' 


<€ 


is  satisfied,  provided  {8},  {£"}  are  any  two  sets  of  intervals  of  the  prescribed 
kind,  and  such  that  XS,  SS'  are  each  less  than  ^^. 

Let  it  be  assumed  that,  if  possible,  a\  b\  [h],  [h'\  can  be  so  determined, 
subject  to  the  conditions  SS<  i^,  S8'  <  |^,  that 


rh'  rb' 

I   fi{pc)dx-  \  fi'{x)dx 

J  a'  J  a' 


^6. 


^€; 


It  will  then  be  shewn  that  finite  sets  [i^%  {S<*}  can  be  determined,  each 
of  total  length  less  than  ^,  and  each  containing  the  set  of  points  of  infinite 
discontinuity,  for  which 

I  f^i^){x)dx-  \  f^){x)dx 

J  a  J  a 

and  since  this  is  contrary  to  the  hypothesis,  the  impossibility  of  the  above 
assumption  will  have  been  demonstrated. 

To  define  {8<*^},  {S***},  we  take  any  interval  of  [h]  within  (a',  6'),  as  an 
interval  of  (8'*};  and  any  interval  of  {8'}  within  (a',  V\  as  an  interval  of 
[i^^].  Further,  we  take  for  the  parts  of  {S^j  and  {h^^\  within  (a,  a) 
and  (&',  h)  the  set  of  those  intervals  which  are  common  to  the  parts  of 
{8}  and  {8'}  that  lie  in  (a,  a')  and  (fc',  b). 

In  case  a  is  contained  in  intervals  (a,  ^),  (a',  /S'),  of  {8}  and  of  {S'j 
respectively,  we  take  (a',  ^)  and  (a',  ^')  as  intervals  of  {8^*}  and  of  {8*^} 
respectively,  where  a'  >  a.     A  similar  specification  will  refer  to  V. 

It  is  now  clear  that,  in  accordance  with  these  definitions  of  {8^}  and 
{8«},  we  have /j  (a?)  =/3fi)  (a;),  and /^  (a;)  =/^(,)  (a;),  if  x  is  within    (a',  6'); 

and  /j(a)  {x)  =/a(3)  (x\  if  x  is  within  (a,  a'),  or  within  (6',  6). 

It  follows  that 

rb  rb  rb'  rb' 

I  /a(i) {x) dx -  I  /jp,  (ic) da;  =  I  J\{x) dx -  \  fy(x) dx, 

J  a  J  a  J  a'  J  a' 


and  thence  that 


rb  rb 

I  fm  ix)dx-  I  /jpi,  (x)  dx 

J  a  J  a 


^e; 


moreover  it  is  clear  from  the  mode  of  construction  of  [S^^]  and  18<*},  that 
28<'^>  <  ?,  28**'  <  f.  The  impossibility  in  question  has  therefore  been 
demonstrated. 

Since  for  every  pair  of  numbers  a\  V  such  that  a  ^  a'  <  6'  ^  6,  corre- 


<€, 


^6, 
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sponding  to  any  arbitrarily  chosen  number  e,  a  number  Jf  can  be  found 
such  that 

\j  A(^)dx-j  fv{x)dx 

for  every  pair  of  sets  of  intervals  {8},  {8'},  enclosing  the  points  of  infinite 

discontinuity,  at  least  one  such  point  being  contained  in  each  interval  of 

rb' 
either  set,  and  such  that  28  <  Jf,  28'  <  J?,  it  follows  that  I  f{x)  dx  exists. 

J  a' 

Moreover,  since  (f  is  independent  of  a\  h\  we  have  established  the 
following  theorem: — 

If  I  f(x)  dx  exist  as  an  improper  integral,  in  a^ordance  with  Hama^k^s 

J  a 

fb' 

dejinitiofi,  tJien  I  f{x)  dx  also  exists,  where  a ,  b'  are  such  that  a^a'  <b'  ^b; 

J  a' 

and  the  convergence  of  this  integral  is  uniform  for  all  values  of  a*  and  b'. 
The  last  part  of  this  theorem  expresses  the  fact  that 

\jy(x)dx^jy,(x)dx 

provided  2  (8)  <  ^5",  for  every  value  of  a'  and  6' ;  the  number  f  depending  on 

the  arbitrarily  chosen  number  e. 

fb'  r&  re' 

The  theorem         I  f{x)dx+  I  f{x)dx^  \  f(x)dx 

J  a  Jb'  J  a' 

is  valid. 

This  follows  from  the  corresponding  theorem  for  the  proper  integrals 
o{  fi{x)'y  for  it  appears  that  the  expressions  on  the  two  sides  of  the 
equation  differ  from  one  another  by  26  at  most ;  and  since  e  is  arbitrarily 
small,  their  equality  is  established. 

Since  the  existence  of  the  integral  oi  f{x)  in  any  sub-interval  (a',  6') 
of  (a,  6)  has  been  shewn  to  be  a  necessary  consequence  of  the  existence  of 
the  integral  in  (a,  6),  it  is  clear  that  the  integral  of  f{x)  taken  through 
any  finite  set  of  non-overlapping  intervals  contained  in  (a,  b)  also  exists; 
being  the  sum  of  the  integrals  taken  through  the  separate  intervals.  How- 
ever, if  a  non-finite  set  of  non-overlapping  intervals  be  taken  in  (a,  6),  it  is 
not  in  general  true  that  the  sum  of  the  integrals  of  f{x)  through  these 
intervals  converges  to  a  definite  number,  unless  the  integral  of  f{x)  is 
absolutely  convergent,  which  case  has  been  treated  in  §  277.  It  will  in 
fact  be  shewn,  by  means  of  an  example,  that  the  property  in  question, 
that  f(x)  is  integrable  through  a  non-finite  set  of  intervals  in  (a,  6), 
does  not  appertain  to  non-absolutely  convergent  integrals,  and  must  be 
regarded  as  peculiar  to  absolutely  convergent  integrals.  This  does  not 
however  seem  a  sufficient  reason  for  refraining  from  applying  the  term 
"  integral "  to  non-absolutely  convergent  improper  integrals. 
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283.  The  following  theorem  coutains  the  Decessary  and  sufficient  con- 
ditions for  the  existence  of  the  improper  integral  of  a  function  f{x)  in 
an  interval  (a,  h\  in  which  the  set  0  of  points  of  infinite  discontinuity 
oi  f(x)  exists. 

The  complementary  intervals  of  0  being  denoted  by  (a,,  b,),  the  necessary 
and  sufficient  conditions  for  the  existence  of  I  f{x)  dx  are 

J  a 

(1)  that   all  the  integrals    I    f(x)dx  shall  exist,  ea^ch  siuJi  integral 

J  a^ 

being  defined  as  the  limit  of  \        f{^)  dx,  when  e,  e'  converge  itidependently  to 

tfie  limit  zero,  and 

(2)  that  0)1  +  a>i  + . . .  +  0),  sh>all  converge  to  a  definite  number,  as  v  is 

indefinitely  increased ;  where  ©„  denotes  tlie  fluctuaiion  of  I   f(x)  dx  in  t/ie 
interval  (a„,  6„). 

Moreover,  wfien  tlie  conditions  (1)  and  (2)  are  satisfied,  tiie  ewm 

V  fby 

2       f{x)dx 
is  convergent,  aiid  its  limit,  as  v  is  indefinitely  decreased,  is  I  f(x)  dx. 

J  a 

For  the  proof  of  this  theorem,  which  is  due  to  E.  H.  Moore,  reference 
must  be  made  to  the  original  memoir*. 

It  will  be  observed  that  in  Harnack's  definition  of  an  improper  integral, 
the  set  of  intervals  {§}  which  are  of  arbitrarily  small  sum,  and  which  enclose 
the  points  of  infinite  discontinuity  of  the  function,  have  been  so  chosen  that 
each  interval  S  contains  at  least  one  of  these  points.  If  this  latter  condition 
were  omitted  from  the  definition,  the  amended  definition  would  admit  only 
of  the  existence  of  absolutely  convergent  improper  integrals.  An  integral 
thus  defined  has  been  named  by  K  H.  Moore  a  broad  integral,  in  contra- 
distinction to  the  narrow  integral  as  given  by  Harnack  s  original  definition. 
It  is  unnecessary  here  to  shew  that  a  broad  integral  is  necessarily  absolutely 
convergent,  because  the  corresponding  definition  for  double  integi'als  will  be 
fully  considered  below.  The  broad  integrals  are  a  special  ca&e  of  the  narrow 
ones;  those  narrow  integrals  which  are  not  broad  ones  are  the  non-absolutely 
convergent  integrals. 

284.  A  method  will  now  be  given  of  constructing  a  function  f(x)  which 
is  continuous  at  every  point  of  the  interval  (a,  6),  except  at  the  point  6  at 

*  loc,  ciL,  p.  324. 
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which  the  function  has  an  infinite  discontinuity  of  such  a  character  that 
I  f{x)dx  converges  non-absolutely. 

J  a 

Let  a  sequence  of  intervals  (oi,  6i),  (oa,  62), ...  (on,  M  •••  be  defined  in  the 
interval  (a,  6),  such  that  no  two  of  the  intervals  overlap,  and  that  h  is  the 
limiting-point  of  each  of  the  sequences  (oi,  a^, ...  a„ ...),  (fcj,  621  •••  &•»,..•)• 
Let  i*i  +  tia4-...4-Mn  +  --  denote  a  non-absolutely  convergent  arithmetic 
series  (see  Chap.  VI).  Li  (on,  6n)>  let  f{x)  be  defined  so  as  to  be  continuous 
in  that  interval,  and  everywhere  of  the  same  sign,  and  let  f{x)  vanish  at 
a„  and  b^.     Further,  let  f{x)  be  so  chosen  in  the  interval,  that 


/, 


f{x)  dx  =  Un. 


At  all  points  of  (a,  b)  exterior  to  all  the  intervals  (on,  fc„),  let /(a?)  =  0. 

The  function  y(ar)  so  defined  is  continuous  in  (a,  6),  except  at  6. 

In  (On,  6n)»  the  function  \f(x)  \  has  a  maximum  greater  than  |  Wn  |/(tn  —  cLn% 
and  therefore /(a?)  has  indefinitely  great  positive  and  negative  values  in  every 
neighbourhood  of  the  point  b. 

We  have  now 

rx  r^n 

I    f{x)  da;  =    2  Wn  +  6Un^i, 
J  a  r=l 

if  X  lies  in  the  interval  (6n,  ^n+i) ;  where  0  is  some  proper  fraction. 

Now  the  improper  integral   I  f(x)dxia  defined  by  lim  /  f(x)  dx,  and 

J  a  m^b  J  a 

its  value  is  therefore  the  limiting  sum  of  the  series  t*i4-Wa+...  +  ttn4-.... 
It  is  further  clear  that  I  \f(x)  \  dx  does  not  exist,  since  the  series 

J  a 

|t^|  +  |Wa|+  ...  +  |t/n|+... 

is  not  convergent. 

This  case  may  be  employed  to  illustrate  the  fact  that  the  non-absolutely 
convergent  improper  integral  is  not  necessarily  the  limit  of  the  sum  of 
the  integrals  taken  through  a  set  of  intervals  which  in  the  limit  converges 
to  the  whole  interval  of  integration ;  and  thus  that  such  an  integral  is  not  a 
broad  integral 

Let  the  integral  of  f(x)  be  taken  through  the  intervals 

(a,  6«),  (Op,,  bpjy  (a^,  6pJ  ...  (Op,.,  6^), 

where  PuPty^Pr  are  increasing  numbers  all  >m,  such  that  w^,,  ^p,, ...  Up^ 

rbm 

are  all  of  the  same  sign.    It  is  clear  that  m  may  be  so  chosen  that  |   f(x)  dx 

J  a 

H.  25 


/, 
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is  arbitrarily  near  to  I  f{x)dx\  then,  for  such  a  fixed  value  of  m,  the  numbers 

J  a 

Pi,p2,  "'Pr  ii^ay  be  so  chosen  that  iij,,  4- 1/^^  +  ...  Upr  is  as  large  as  we  please, 
since  the  series  Xu^  is  non-absolutely  convergent.  As  m  is  increased  in- 
definitely, the  set  of  intervak  (a,  6^),  (aj>,,  6|>,)...(apr>  bp^  converges  to  the 
whole  interval  (a,  6),  the  total  length  of  the  complementary  part  of  (a,  6) 
diminishing  indefinitely,  and  yet  the  sum  of  the  integrab  oi  f{x)  taken 
through  the  set  of  intervals  is  divergent. 

This  example  may  be  used  to  illustrate  the  fifict  that  the  theorem 
established  in  §  278,  for  absolutely  convergent  integrals,  does  not  hold  for 
non-absolutely  convergent  integrals.     It  is  not  in  £Etct  true  that,  in  defining 

f{x)dx,  the  set  of  points  Oi,  a,, ...  On...  bi,  &2>  •••  &n>  •••  &>  which  is  of  zero 

a 

content,  may  be  excluded  by  enclosing  these  points  in  a  set  of  intervak 
of  arbitrarily  small  sum.  For  we  may  include  all  the  points  Oi,  a,,...  a,,, 
bit  &2>  •••  bm  which  occur  in  (a,  bm)  in  a  finite  set  of  intervals,  so  that  when 

these  are  excluded  from  the  domain  of  integration  of  j  /(x)dx,  that 
integral  is  altered  by  an  arbitrarily  small  amount. 

Again  we  may  shorten  each  of  the  intervak  (cLp^,  6p,) ...  {ap^,  bp^)  at  each 
end,  so  that  the  sum  of  the  integrals  taken  through  these  intervak  is 
diminished  by  an  arbitrarily  small  amount.  All  the  points  Oi,  a,,..., 
6i,  63, ...  &  are  now  included  in  a  finite  set  of  intervals,  such  that  the  integral 
of  /(x)  taken  through  the  complementary  intervak  has  an  arbitrarily  great 
sum.  These  complementary  intervals  consist  of  those  intervak  which  have 
been  obtained  by  shortening  (a^,,,  6p,)  ...  (Op,.,  bp^),  and  of  the  parts  of  (a,  6^) 
which  remain  when  the  points  Oi,  &i,  a,,  6,, ...  b^  have  been  included  in  a 
suitable  set  of  intervals. 

Let  (l>(x)  be  an  improper  integral  for  which  all  the  points  Oi,  o^, ..., 

61,  6.J, ...  6  are  points  of  infinite  discontinuity ;  and  thus  1  <f>(x)dx  may  exist 

J  a 

in  accordance  with  Harnack's  definition.     Also  I  /(x)  dx  exkts,  as  defined 

J  a 

above,  having  its  single  point  of  infinite  discontinuity  at  6.  It  appears 
however  that  I  lf(a^)+if>(x)]dx  does  not  exkt,  because /(ar)  +  ^  («)  has 
infinite  discontinuities  at  all  the  points  afi,bnf  and  at  b,  and  its  exktence 
would  imply  that  in  defining  I  f(x)  dx  we  could  employ  sets  of  intervak 

J  a 

which  exclude  not  only  the  point  6,  but  also  all  the  points  a^,  6n. 


Ik 
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THE    FUNDAMENTAL    THEOREM    OF    THE    INTEGRAL    CALCULUS   FOR    THE 

CASE    OF    IMPROPER    INTEGRALS. 

286.  The  theorem  of  §  260,  that  if  f{x)  be  integrable  in  (a,  6),  and 
F(x)  be  the  corresponding  integral  function,  any  one  of  the  four  derivatives 
DF{x)  oi  F{x)  is  integrable  in  (a,  fc),  and  has  F{x)  for  its  integral  function, 
is  applicable  to  the  case' in  which  the  integral  oif{x)  is  improper  in  the  sense 
in  which  an  improper  integral  has  been  defined  above  in  the  two  cases  of 
absolute  and  of  non-absolute  convergence. 

Let  F{x\  ^fr  (a?)  be  two  functions  which  are  both  continuous  in  (a,  b\  and 
let  us  suppose  that  one  of  the  four  derivatives  DF{x)  is  finite  and  equal  to 
the  corresponding  derivative  Ih^  (x),  at  every  point  of  (a,  6)  with  the  excep- 
tion of  a  set  of  points  6,  non-dense  in  (a,  6),  and  such  that  the  content  of  the 
closed  set  Hy  obtained  by  adding  to  0  all  its  limiting  points,  is  zero.  At  the 
points  o{  Hy  the  derivatives  DF(x),  Ih^{x)  may  be  supposed  not  to  be  finite, 
or  not  to  be  equal 

The  function  F(x)—y^(x)  is  then  constant  throughout  any  one  of  the 
intervab  complementary  to  H;  and  it  has  been  shewn  in  §  206  that 

F(x)^yfr(x) 
is  constant  throughout  (a,  6),  in  case  H  be  enumerable,  but  that  it  need  not 
be  constant  if  JET  be  unenumerable.     In  the  latter  case  the  complementary 
intervab  of  H  are  lines  of  invariability  o(  F(x)  -  -^  (x\  and  the  function 

DF(x)''Df(x) 
is  a  null-function  with  an  improper  integral  in  (a,  b). 

If  4>{^)bea  continuous  Junction,  and  one  of  its  four  derivatives 

have  a  set  of  points  of  infinite  discontinuity  which  is  enumerable,  and  D(f>  (x) 
have  an  improper  integraX  in  (a,  6),  then 


J  a 


f{x)dx  =  (l>{x)-(l>(a). 

For  the  set  of  points  of  infinite  discontinuity  is  non-dense  and  closed,  and 

has  zero  content,  since   1  f{x)dx  exists.      If  -^{x)^  I  f{x)dx,  the  two 

functions  '^  (x),  (f)  (x)  are  both  continuous,  and  have  the  derivatives  Z)^  (x), 
Dif>  (x)  everywhere  identical  with  f{x\  except  at  that  set  of  points,  of  zero 
measure,  at  which  f(x)  is  discontinuous.  Hence  (see  §  224),  in  any  interval 
containing  no  points  of  infinite  discontinuity  of /(a?),  the  functions  (f>{x)tf(x) 
differ  by  a  constant.  Since  f{os)  —  <f>(x)  has  as  lines  of  invariability  the 
intervals  complementary  to  an  enumerable  closed  set,  it  is  constant  through- 
out (a,  b);  and  it  is  clearly  equal  to  (f)  (a). 

If  the  set  of  points  at  which  D<f>  (x)  =  f{x)  is  infinite  be  of  the  power 
of  the  continuum,  we  can  no  longer  conclude  that  -^  (x),  (f>  (x)  differ  by  a 
constant.    In  this  case  we  have  the  theorem : — 

25—2 
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lfif>  (x)  be  a  continuous  function,  such  that  one  of  its  derivatives 

D<t>(x)  =  f{x) 

possesses  an  improper  integral  in  (a,  h\  and  if  the  set  of  points  of  infinite 
discontinuity  of  D^  (a?)  he  unenumerable,  then 

\*  f{x)dx^if>{x)^i\>{a)^-U{x)'-U{a) 

where  U{x)  is  a  function  with  an  everywhere-dense  set  of  lines  of  invariability. 

Accordingly,  in  this  case,  the  fundamental  theorem  of  the  Integral 
Calculus  does  not  hold,  in  its  original  form. 

The  following  definition  of  the  definite  integral  of  a  function  f{x\ 
which  in  the  interval  (a,  b)  possesses  an  enumerable  set  G  of  points  of  infinite 
discontinuity,  has  been  given  by  Holder*. 

Let  F{x)  be  any  function  which  is  continuous  in  (a,  6),  and  is  such  that, 
for  any  two  points  Xi,  X2,  such  that  no  point  of  0  lies  in  the  interval  (a:,,  x^, 
the  relation 

holds;    the  function /(a?)  being  assumed  to  be  integrable  in  every  such 
interval.     Then  the  definite  integral  o{f(x)  in  any  interval  (a\  b')  whatever, 

contained  in  (a,  fc),  is  defined  by  /  f{x)dx  =  F{b')--F(a'). 

J  a' 

That  F(x)  is  unique,  except  for  an  additive  constant,  has  been  shewn 
above.  If  0  were  unenumerable,  this  definition  would  not  suffice  to  define 
the  integral,  because  F(x)  would  not  be  unique. 


GEOMETRICAL    INTERPRETATION    OF    INTEGRATION. 

286.  Let/(^)  be  a  limited  function  defined  for  the  interval  (a,  6),  and  of 
which  all  the  values  are  positive  or  zero.  This  function  may  be  considered  to 
define  a  two-dimensional  set  of  points  (x,  y)  which  consists  of  all  the  points 
of  which  the  coordinates  satisfy  the  conditions  a^x^b,0^y^  fi^)-  ^^ 
accordance  with  Jordan's  theory  of  the  measure  of  sets  of  points  (see  §  84), 
this  set  has  an  exterior  extent,  and  an  interior  extent,  and  the  set  of  points  is 
measurable  when  the  two  have  the  same  value.  The  extent  of  a  two- 
dimensional  set  of  points  may  be  regarded  as  a  generalization  of  the  con- 
ception of  area ;  thus  in  the  present  case,  the  exterior  extent  and  the  interior 
extent  may  be  spoken  of  as  the  exterior  area  and  the  interior  area  of  the 
space  bounded  by  the  axis  of  x,  the  two  straight  lines  /r  =  a,  a?  =  6,  and  the 
"  curve  "  defined  by  y  =f{x).    This  set  of  points  0  has  an  area,  in  the  ordinary 

*  Math,  Afmalefit  vol.  xxiv,  18S4. 
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sense,  when  the  exterior  area  and  the  interior  area  are  equal.  The  frontier 
of  the  two-dimensional  set  0  consists  of  those  points  of  G  which  are  limiting 
points  of  the  complementary  set  C(Cr),  and  of  those  points  of  C(0)  which  are 
limiting  points  of  G,  Those  points  of  G  which  do  not  belong  to  the  frontier 
are  said  to  be  interior  points  of  6r.  If  a  rectangle  be  drawn  on  (a,  b)  as  base, 
and  of  height  greater  than  the  upper  limit  ot  /(x)  in  (a,  b\  and  if  this 
rectangle  be  divided  into  a  number  of  rectangular  portions  by  drawing 
straight  lines  parallel  to  the  axes  of  coordinates,  then  if  the  number  of  these 
rectangles  is  increased  indefinitely,  in  such  a  manner  that  the  maximum  of 
the  diagonals  has  the  limit  zero,  then  the  interior  extent  of  the  given  two- 
dimensional  set  of  points  is  the  limit  of  the  sum  of  those  rectangles  every 
point  of  each  of  which  is  an  interior  point  of  G.  The  exterior  extent  is  the 
limit  of  the  sum  of  those  rectangles,  each  of  which  contains  at  least  one  point 
which  is  either  an  interior  point  or  a  point  of  the  frontier  of  G. 

If,  at  any  stage  of  the  subdivision  into  rectangles,  those  sides  which  are  on 
(a,  6)  be  Si,  Sj,  ...  Sn,  the  two  sums  just  referred  to  are 

1  1 

where  U  (S),  L  (8)  are  the  upper  and  lower  limits  of  f(x)  in  the  interval  S ; 
and  the  limits  of  these  sums  are  the  upper  and  lower  integrals  of /(a?)  in  the 
interval  (a,  b). 

It  thus  appears  that  the  upper  integral  I    /(x)  dx  is  the  exterior  extent 

J  a 

of  the   set  of  points  defined   by  a  ^  x  ^b,  0  ^  y  ^  f{x) ;  and  the  lower 
tegral  I  f{x)  dx  is  the  interior  extent  of  the  same  set.    If /(a?)  be  integrable, 

J  a 

the  upper  and  lower  integrals  are  equal,  and  the  set  of  points  is  measurable 
in  accordance  with  Jordan's  definition  of  measure.  Thus  the  integral  repre- 
sents the  area  defined  as  the  measure  of  the  set  of  points,  when  that  set  is 
measurable. 

In  case  f(x)  be  limited,  but  not  always  positive  or  zero,  we  may  take 
/(^)—fi{^)''A(^)>  where /i  (a?)  = /(a?)  when  f{x)  is  positive  or  zero,  and 
fi  (x)  =  0,  when /(a?)  is  negative ;  with  a  corresponding  definition  o{f^  (x).  In 
case   the   two  sets  of  points  (x,  y)  for  which  a  ^x^b,  0  ^y  ^/i(x)  and 

a^  X ^b,  0  ^y  ^fi(x)  are  both  measurable,  the  integral  /   f(x) dx  is  the 

J  a 

excess  of  the  measure  of  the  first  of  the  two  sets  over  that  of  the  second ;  and 
this  may  be  interpreted  as  the  excess  of  that  part  of  the  area  defined 
by  iT  =  o,  a?  ==  6,  y  =  0,  y=f(x)  which  is  above  the  a?-axis  over  that  part  which 
is  below  it. 

If  the  two  sets  of  points  be  not  measurable,  the  exterior  and  interior 


in 
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extents  of  the  first  set  are  I   fi{x)dx,    I   fi{x)  dx\  and  those  of  the  second 

J  a  J  a 

set  are  I   fi(jc)dx,    I   /a (a?)  da?  respectively. 

J  a  J  a 


a 

7b 


The  upper  integral  i  f(x)  dx  is  then  the  excess  of  the  exterior  extent  of 
the  set  a  ^  07  ^  6,  0  ^  y  ^  /i  {x\  over  the  interior  extent  of  the  set  a  ^  rr  ^  6, 

0  ^  y  ^  /a  (a:) ;  whilst  the  lower  integral   /   f(x)  dx  is  the  excess  of  the 

J  a 

interior  extent  of  the  first  of  the  sets,  over  the  exterior  extent  of  the 
second  set. 

The  condition  of  integrability  of  the  function  f{x)  is  that  the  frontier 
which  consists  of  the  set  of  points  a  ^x  ^b,y  =/(a?)  when  closed  by  adding 
the  limiting  points,  shall  be  a  set  of  zero  measure ;  this  measure  being  that 
which  is  applicable  to  two-dimensional  sets.  This  is  the  condition  for  the 
existence  of  the  area  in  the  ordinary  sense  of  the  term,  and  is  equivalent 
to  that  of  the  existence  of  the  corresponding  integral. 

If  a  linear  set  of  points  0  be  defined  on  the  ^-axis,  which  is  limited  and 
lies  in  the  interval  (a,  6),  then  a  function /(a;)  may  be  defined  by  the  rule  that 
/{x)  =  1,  if  a?  be  a  point  of  0,  sndf(x)  =  0,  if  a:  be  not  a  point  of  G,    This  set 
G  has  always  an  exterior  extent,  and  an  interior  extent,  which  are  given  by 

I   f(x)dx,    I  f(x)dx 

J  a  J  a 

respectively,  as  may  be  seen  by  referring  to  the  definitions.  For  it  is  easily 
seen  that  the  exterior  or  the  interior  linear  extent  of  G  is  numerically 
identical  with  the  corresponding  extent  of  the  two-dimensional  set,  defined 
by  the  function  y  =/  {x).  When  G  is  measurable  in  accordance  with 
Jordan's  definition  of  a  linear  measure,  the  function  f{x)  is  integrable  in 

(a,  h\  and  I   f{x)  dx  is  the  measure  of  G.     This  measure  may  be  regarded  as 

J  a 

a  generalization  of  the  notion  of  length  of  a  linear  interval  The  condition 
that  a  linear  set  G  be  measurable  is  that  its  fix>ntier,  which  consists  of 
those  points  of  G  which  are  limiting  points  of  C{G\  and  of  those  points 
oiG(G)  which  are  limiting  points  of  6,  have  the  linear  measure  zero. 

lebesoue's  theory  of  integration. 

287.  A  definition  of  integration  has  been  developed*  by  Lebesgue  which 
is  applicable  to  a  more  extensive  class  of  functions  than  those  which  are 
integrable  in  accordance  with  Riemann's  definition.  The  theory  depends 
essentially  upon  the  employment  of  the  conception  of  the  measure  of  a  set  of 

*  See  his  memoir  *'Int^grale,  Longueur,  Aire/'  Annali  di  Mat,,  seriefl  nxa,  Yol.  vii,  1902; 
li)80  hif  Le^oru  sur  Vintigrationy  Paris,  1904. 
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points,  in  the  sense  in  which  the  term  is  employed  by  Borel  and  Lebesgue.  It 
has  been  shewn  in  Chapter  III,  that  a  set  which  is  measurable  in  accordance 
with  the  definition  employed  by  Jordan  is  also  measurable  in  accordance 
with  the  definition  employed  by  Borel  and  Lebesgue,  but  that  the  converse 
does  not  hold. 

A  function  f(x)  defined  for  the  interval  (a,  6),  is  said  to  be  summabU,  if 
the  set  of  points  x  of  the  interval  (a,  fc),  for  which  A  <f{x)  <B,  is  always 
measurable,  whatever  numbers  A  and  B  may  be, 

A  function /(a?)  which  satisfies  the  condition  stated  in  the  definition  may 
or  may  not  be  limited. 

The  set  of  points  of  (a,  b)  for  which /(a?)  has  a  fixed  value  k  is  measurable, 

it  f{x)  is  a  summable  function.     For  this  set  is  the  set  of  points  common  to 

the  measurable  sets  for  which  &  —  8  <f(x) <k  +  8,  where  8  has  a  sequence  of 

values  converging  to  zero ;  hence,  by  a  theorem  of  §  82,  the  set  for  which 

y (a?)  =  A:,  is  measurable. 

Let  f(x)  be  a  summable  iunction  which  is  limited  in  (a,  6),  and  is  never 
negative.  Let  the  interval  (Z,  U)  of  variation  o(f(x)  be  divided  into  any 
n  parts  (oo ,  Oi),  (oi ,  Qj),  . . .  (on-i , «»»)»  where  a^  =  L,an=U.  Let  e^  be  the  linear 
set  of  points  in  (o,  6)  for  which  f(x)  =  a^,  and  let  e/  be  the  linear  set  of  points 
in  (a,  6)  for  which  a^  <  f(x)  <  a^+i ;  let  E  denote  the  two-dimensional  set  of 
points  for  which  a^x^b,0^y^ f{x).  Those  points  of  the  set  E  for 
which  the  values  of  x  belong  to  e,  form  a  two-dimensional  set,  of  which  the 
measure  is  ajn(ei) ;  and  those  points  of  E  for  which  the  values  of  x  belong  to 
e/  form  a  set  which  contains  a  set  of  measure  aim{e^'\  and  is  itself  contained 
in  a  set  of  measure  a,4.im  (e/). 

The  set  E  contains  a  set  of  measure 

n  n 

2  a.mie,)^-  %  a,^im{e^,^i)- M; 
and  it  is  contained  in  a  set  of  measure 

n  n 

2  a^m(e^)'\-  2  a^m(e\^i)^M\ 

The  interior  measure  of  Eia^M,  the  measure  of  the  set  which  E  contains;  and 
the  exterior  measure  of  J?  is  ^  M\  the  measure  of  the  set  in  which  E  is  con- 
tained. The  measures  M  and  M'  of  the  two  sets  differ  from  one  another  by 
not  more  than  (6  —  a)  a,  where  a  is  the  greatest  of  the  numbers  a,  —  a^^l.  If 
n  be  increased  indefinitely,  and  the  sub-division  of  (L,  U)  be  such  that  the 
greatest  interval  a  converges  to  zero,  we  see  that  the  limits  of 

n  n 

2  a,m(d,)+  2  a,-.i w  (e',.i) 

n  n 

2  'a,m  (e,)  +  2  a,m  {e\^i) 

both  exist,  being  identical  in  value,  and  that  E  is  measurable,  its  measure 
being  the  common  limit.    It  is  easily  seen,  by  superimposing  two  sets  of 
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sub-divisions,  that  the  common  limit  is  independent  of  the  particular  sets 
of  sub-divisions  of  (  f7,  L).     It  has  thus  been  proved  that : — 

If  f{x)  he  a  limited  sumnwJble  function  which  is  never  negative  in  the 
interval  (a,  6),  then  the  two-dimensumal  set  E  of  points  (x,  y)  defined  by 
a^x^b,0^y^  f(x)  is  measurable,  and  its  meaeure  m  (E)  is  the  common 
limit  of  the  sume  given  above. 

The  value  of  the  Lebesgue  integral  of  f{x)  in  the  interval  (a,  b)  is  defined 
to  be  the  measure  m  (E). 

It  may  be  shewn  that : — 

The  Lebesgue  integral  off{x)  lies  between  the  upper  and  lower  integrals  of 
f(x),  and  is  identical  with  the  Riemann  integral  in  case  the  latter  exists. 

For  it  is  clear  that  m  (E)  is  not  greater  than  the  sum  £»  employed  in  §  252, 
in  defining  the  upper  integral  |  f(x)  dx,  and  hence  m  (E)  ^  I  f{x)  dx. 

In  a  similar  manner  it  can  be  shewn  that  m(E)  ^  I    f(x)dx. 

If  0  be  any  measurable  set  of  points  contained  in  {a,  b),  and  0«,  e/  now 
denote  those  measurable  sets  of  points  of  G  at  which  f(x)  =  a»,  a^<f(x)  <  a,^., 
respectively,  then  the  common  limit  of  the  two  sets  of  numbers  Jlf,  M\  formed 
as  before,  defines  the  Lebesgue  integral  of  the  summable  function  f(x)  relatively 
to  the  measurable  set  0. 

288.  If  f{x)  be  limited  and  summable,  but  be  not  restricted  to  be 
positive,  wo  can  express  f{x)  as  the  diflTerence  of  two  summable  functions 
f\  (^)»  /a  (^)  ^^^^^  ^f  which  is  positive  or  zero.  Thus  f  (x)  =f(x\  when  f(x)  ^  0, 
and  /,  (x)  =  0,  when  /(a;)  <  0 ;  also  /a  (x)  =  —/(a?),  when  f(x)  ^  0,  and  /,  (x)= 0, 
when  f(w)  >  0.  The  two  sets  of  points  a^x^b^O^y  ^f  (x\  and  a^x^b, 
0^y:if{x\  being  measurable,  their  measures  may  be  denoted  by  m{Ei) 
and  m  {E,^,  A  similar  statement  holds  when  the  interval  (a,  6)  is  replaced 
by  a  moaHurable  set  0  contained  in  that  interval. 

The  Lebesgue  integral  of  a  limited  summxjble  function  f(x)  is  defined  to 
be  m  (El)  -  m  (E^),  where  Ei ,  E^  are  the  two  sets  of  points  above  defined. 

The  measures  of  the  two-dimensional  sets  J?i,  E^  are  the  areas  in  the 
extended  sense  of  the  term,  which  are  defined  by  the  parts  of  the  function 
f{x)  which  are  respectively  above  and  below  the  axis  of  x. 

The  measures  m  (Ej),  m{E^  are  identical  with  Jordan's  measures  of  the 
same  sets,  in  case  the  latter  measures  exist ;  and  thus  Lebesgue's  value  of  the 
integral  is  in  agreement  with  the  value  according  to  Riemann's  definition,  when 
the  latter  is  applicable.  Sets  of  points  which  are  not  measurable  according  to 
Jordan's  system  are  in  general  measurable  in  accordance  with  the  Borel- 
Lebesgue  definition ;  accordingly  functions  which  are  not  integrable  according 
to  Riemann's  definition  may  be  so  according  to  Lebestgue's  definition.     It  is 
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not  known  whether  sets  exist  which  are  not  measurable ;  but,  as  we  have  seen 
in  Chapter  III,  all  the  sets  which  are  defined  in  the  various  modes  usually 
employed,  are  measurable.  Thus  Lebesgue's  definition  of  a  definite  integral 
has  the  advantage  over  that  of  Riemann,  in  that  all  summable  limited 
functions  are  integrable  in  accordance  with  it. 

The  essential  distinction  between  the  two  definitions  of  an  integral  as  the 
limit  of  a  sum  is  that,  in  Kiemann's  definition,  a  system  of  successive  sub- 
divisions of  the  interval  (a,  h)  of  the  variable  is  taken  as  the  basis,  whereas 
in  Lebesgue's  definition,  a  system  of  successive  sub-divisions  of  the  interval 
(Z,  U)  of  the  function  is  fundamental. 

The  relation  of  Lebesgue's  integral  to  the  fundamental  theorem  of  the 
Litegral  Calculus,  and  to  the  problems  which  arise  in  connection  therewith 
will  be  dealt  with  in  Chap.  VL  It  will  there  be  shewn  that  if  the  limited 
function  f{x)  possess  a  limited  differential  coefficient  f{x)  in  the  interval 
(a,  6),  then/'  (a?)  is  always  integrable  in  accordance  with  Lebesgue's  definition, 

and  I  f\x)dx'=^f{x)—f{a).     It  has  been  seen  in  §  264  that  this  does  not 

J  a 

always  hold  when  the  definition  of  Riemann  is  employed. 

289.     If  6  >  a,  /   f{x)dx  may  be  defined  to  be  —  I    f(x)  dx.     It  is 

J  b  ^  J  a 

clear  that  if /(a?)  is  integrable  in  (a,  h)  it  is  integrable  in  any  part  (a,  x)  of 
(a,  6),  and  that 

f  f{x)dx^  rf(x)dx+  f  f{x)dx, 

J  a  J  a  J  X 

7/*^,  ^,, ...  ^m  &e  limited  summahle  functions,  and  if 

be  a  function  which  is  continuous  with  respect  ^o  (^n  <^,  ...  <l>m),  o.nd  is  limited 
in  the  interval  (a,  6),  it  is  also  a  summahle  function. 

If  Li ,  Ui  are  the  lower  and  upper  limits  of  ^i  in  the  interval  (a,  6),  we 
may  divide  the  interval  (Z,,  C/,)  into  paits  (X,,  y,)»  (yi»  2^2), ...  (yn-2,  yn-^\ 
(y»_i,  U,),  each  of  which  is  less  than  a  prescribed  number  e.  Let  -^^  (x)  be 
defined  as  follows : — -^i  {x)  =  Xj,  for  all  values  of  x  such  that  Li^  <f>i  (x)  <  y^: 
'^i(x)s=yi,  for  all  values  of  x  such  that  yi^<f>\{^)<y%\  ^^'^  generally 
-^j  {x)ssy^  for  all  values  of  x  such  that  yr  ^  (f>i  (x)  <  y^^i.  It  is  clear  that  the 
function  -^i  (a?)  is  summable,  and  it  is  such  that  |  <^i  (a?)  —  -^j  {x)  \  <  e.  Let  the 
functions  ^^ix),  ^t(^)t  •..  '^mi^)  which  correspond  to  <f>2(x),  <fh{^)*  ...  0m (^) 
respectively,  be  defined  in  a  similar  manner.  Since  F  is  a  continuous  function 
of-^f  4hf  '"  0m,  therefore,  corresponding  to  a  fixed  positive  number  17,  a 
number  e  can  be  found  such  that 

I  -^(01,  02,  ...  <f>m)-f'(i^u  i^2y  ...  i^m)\<Vy 

when  -^1,  -^j,  ...  ^^^  are  defined  as  above  for  the  value  of  €  which  corre- 
sponds to  rj.     Thus  if  -P(^i,  -^a,  ...  V^m)  be  denoted  by  \(x),  we  have 
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also,  if  Z,  17  be  the  lower  and  upper  limits  of  x  (^)>  ^^  (flf  ^)>  we  have 

L-f)<\{(c)<  U+f), 

for  the  whole  interval  (a,  6).  Now  let  rj  have  successively  the  values  of  the 
numbers  in  a  decreasing  sequence  %,  ly,,  ...  rjn  ...  which  converges  to  the 
limit  zero,  and  let  Xi (x),  Xj (a?),  .,.  \n (^),  ...  be  the  corresponding  functions 
\  (x).  If  A,  B  be  any  two  numbers  in  the  interval  (Z,  U),  the  sets  of  points 
for  which  A  <\{x)  <  B,  A  <\i{x)  <  B,  &c.,  are  all  measurable ;  and  the  set  of 
points  for  which  il  <  ;^  (^)  <  J3  is  such  that  each  point  belongs  to  an  infinite 
number  of  the  sets  for  which  A<\{x)<Bf  and  is  therefore,  by  a  theorem 
of  §  82,  measurable.  It  thus  appears  that  the  function  x  (^)  ^  summable, 
and  therefore  has  an  integral  in  accordance  with  Lebesgue's  definition. 

In  particular,  the  sum,  or  the  product^  of  a  finite  number  of  summable 
ftmctions  is  ^iimniahle. 

Iff  (x),  ft  (x)  be  summMe  in  the  interval  (o,  6),  then 

C  [/i (^)  +/. («)] dx^Tf  (x) da'\-f^f  (x) dx. 

J  a  J  a  J  a 

It  having  been  shewn  above  thatf  (x)  -^fix)  is  a  summable  function,  we 
observe  that  if  -^i  (x),  ylr^ix)  be  two  functions  defined  as  above,  eacli  of  which 
has  only  a  finite  number  of  values  in  the  interval  (a,  6),  and  be  such  that 

i/i(A')-'^i(^)|<e,    I /,(«;) --^/r, (a?)  I  <e, 
then  f\f(a!)+A(^)]dx 

J  a 

differs  from  I    [-^j  (x)  +  -^a  (x)]  dx 

J  a 

by  less  than  2€  (6  —  a). 

Also  I    [-i/r, (a?)  + -i/ra (a?)]  da;  =  I    ylri{x)dx+   I   '^i(x)dx, 

J  a  J  a  J  a 

each  integral  being  an  integral  in  accordance  with  Riemann's  definition ; 


hence  since 


I   '^i{x)dx 

J  a 


differs  from  I   d>y(x)dx 


J  a 


by  less  than  €  (fc  —  a), 

and  /   ylr2{x)dx 

J  a 

differs  from  I   ^{x)dx 

J  a 

by  less  than  €  (6  —  a), 

it  follows  that  I    [f  (x)  +  /,  (a:)]  dx 
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differs  fix)m  /   /,  (a?)  da?  +  /   /a  {x)  dx 

by  less  than  4e  (b  —  a).    Since  e  is  arbitrarily  small,  the  equality  contained 
in  the  theorem  is  established. 


That 


rf(x)dx, 

J  a 


for  a  function /(a?)  which  is  summable  in  (a,  6),  is  a  continuous  function  of  a?, 
is  established  in  the  same  manner  as  in  the  case  of  a  function  integrable  in 
accordance  with  Biemann's  definition. 

290.  A  general  theory  of  integration  has  been  developed  by  W.  H.  Young 
independently*  of  the  work  of  Lebesgue,  in  two  memoirs.  In  the  second 
of  these  memoirs,  the  theory  there  developed  is  brought  into  relation 
with  the  work  of  Lebesgue.  The  domain  of  the  independent  variable, 
for  which  the  function  is  defined,  is  taken  to  be  any  set  of  points,  and 
the  following  definition  of  integration  of  a  function  with  regard  to  such  a 
set  is  formulated: — 

Let  the  fundamentcU  set  be  divided  into  measurable  components  in  any 
conceivable  way,  and  let  the  measure  of  eaxih  component  be  multiplied  by  the 
upper  (lower)  limit  of  the  values  of  the  function  at  points  of  that  component, 
and  the  sum  of  all  such  products  be  formed ;  then  the  outer  {inner)  mea^sure 
of  .the  integral  is  defined  to  be  the  lower  (upper)  limit  of  all  such  sumnuitUms. 

K  it  be  assumed  either  (1)  that  all  sets  are  measurable,  or  (2)  that 
all  functions  are  summable,  then  the  outer  and  inner  measures  of  the 
integral  are  equal  to  one  another,  and  their  common  value  defines  the 
integral  of  the  function  with  respect  to  the  fundamental  set  of  points. 

291.  Lebesgue  has  extended  his  definition  so  as  to  afford  a  definition  of 
an  absolutely  convergent  improper  integral.  It  is  clearly  sufficient  to  take 
the  case  of  an  unlimited  summable  function  f(x)  which  is  nowhere  negative 
in  the  interval  (a,  b)  for  which  it  is  defined. 

.  Let  Oo,  Oi,  as»...an,...  be  a  sequence  of  increasing  numbers,  such  that 
Oo  =  0,  and  that  a^,  has  no  upper  limit  as  the  index  n  is  indefinitely  increased : 
also  let  the  differences  ai  —  a©,  a,  —  Oi, . . .  0,1^.1  --a^,..,  be  limited,  having  1;  as 
their  upper  limit.    Consider  the  two  series 

00  30 

<r=s  2  arm(er)-\-  2  a^m(er\ 

rs=0  r=0 


on  00 


<r'=  2  arm(er)-\'  2  ar^^m(er)y 
where  e^,  er'  have  the  same  meaning  as  in  §  287. 

•  See  his  papers  **  On  apper  and  lower  integration/*  Proc.  Land,  Math.  Soc.,  ser.  2,  vol.  n ; 
f^so  "  On  the  general  theoiy  of  integration,"  Phil.  Trant,,  toI.  ociv,  1906. 
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CD 

Since  the  difference  of  the  two  series  is  2  (a^+i  —  Or)  wi  (fir'\  which  is  less 

r=0 

than  i;  2  m  («/),  it  is  clear  that  the  two  series  are  either  both  convergent,  or 

r=0 

are  both  divergent.  Let  us  suppose  that  the  function /(d?)  is  such  that  both 
series  are  convergent;  it  can  then  be  easily  shewn  that  they  are  still 
convergent  when  further  numbers  are  interpolated  between  each  consecutive 
pair  of  the  numbers  Oq,  Oi,  a,, ...,  and  the  corresponding  new  aeries  are 
formed ;  for  by  this  process  a  is  increased,  and  a'  is  diminished.  Therefore 
as  the  process  of  further  sub-division  of  the  interval  (0,  oo  )  proceeds,  in  any 
manner  consistent  with  the  continual  diminution  of  17  to  the  limit  zero,  the 
sums  a,  <t'  both  converge  to  one  and  the  same  number.  By  superimposition 
of  different  systems  of  sub-division  it  can  also  be  directly  shewn  that  the  limit 
to  which  a  and  a  converge  is  independent  of  the  particular  system  of  sub- 
division chosen.     The  common  limit  of  a  and  a\  when  it  exists,  is  then 

defined  to  be  the  value  of  the  improper  integral  I  f{x)  dx.    In  order  that  an 

J  a 

improper  integral  of  the  function  f{x)  may  exist,  it  is  necessary,  though  not 
sufficient,  that  f{x)  be  a  summable  function  ;  and  also  that  the  measure  of 
those  points  {x)  at  which  f{x)  is  ^  an  arbitrarily  great  number  N  shall  be 
arbitrarily  small  for  a  sufficiently  great  value  of  N.     For  it  is  a  necessary 

OD 

consequence  of  the  convergence  of  the  above  series,  that  S  [m  (e^)  +  *»  (01» 

which  is  the  measure  of  that  set  of  points  at  which  f{x)  ^  a^,  should  have  a 
value  which  converges  to  zero,  as  n  and  a„  are  indefinitely  increased.  It  is 
however  not  necessary  that  the  content  of  the  set  K^  of  all  the  points  of 
infinite  discontinuity  should  be  zero;  in  fact  it  is  even  possible  that  the 
improper  integral  may  exist  whilst  every  point  of  (a,  h)  is  a  point  of  infinite 
discontinuity. 

It  will  now  be  shewn*  that  Lebesgue's  definition  can  be  replaced  by  one 
which  differs  from  that  of  de  la  Vall^e-Poussin  only  in  the  one  respect,  that 

the  convergent  sequence  of  proper  integrals  lfn(^)d^  consists  of  Lebesgue 

integrals,  which  are  not  necessarily  Riemann  integrals. 

From  the  condition  of  convergence  of  the  second  series,  it  follows  that, 
corresponding  to  an  arbitrarily  chosen  positive  number  e,  we  may  determine 
8  so  that 

<r'=  2  arm{er)'^    2    ar+im(er')  + -B, 
where  R<  e;   whilst  at  the  same  time  tj  may  be  chosen  so  small  that  a 

*  Hobson,  Proc,  Lond.  Math.  8oe.  ser.  2,  vol.  iv,  p.  144. 
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differs  from  I   f{x)  dx  by  less  than  e.     Now  let  a,  =  N,  and  let  /» (x)  be 

J  a 

that  function  which  =/(a?),  for  f(x)<N,  and  =i\r,  for  /(x)^K. 

The  Lebesgue  proper  integral   I  fn(x)(lx  is  then  the  limit,  when  17 
converges  to  zero,  of  the  sum 

and  this  sum  is  equal  to 


2   tt^m  (^r)  +   2   Or+ifn  (er)  +  S, 
r=0  »'=0 


where  S<  R<€.  Keeping  a^  =  iV^  fixed,  we  may  now,  if  necessary,  diminish 
tf  by  interpolating  further  numbers  between  the  pairs  of  numbers 
Oo,  Oi,  a,,  ...,  until  we  have  the  new  sum  which  corresponds  to 


2  arVi(er)'\-  2  m(er)  +  S, 

r=0  rssO 


/. 


differing  from    I  fn(^)dx  by  less  than  e;    the   part  iS  not   having   been 

J  a 

increased   by  any  diminution   of  17.     We   thus   find   that  a'  differs   from 

b 

fn{^)dx  by  less  than  e,  when  N  is  sufficiently  great,  and  17  sufficiently 
small.     Also  a   has  been  taken  to  differ  from   I  f(x)dx  by  less  than  e, 

J  a 

Tf  having  been  chosen  sufficiently  small.     Since  e  is  arbitrarily  small,  it 
is  clear  that    I  fn  (x)  dx  converges  to   I  f(x)  dx,  as  N  'm  increased   in- 

J  a  J  a 

definitely. 

It  has  now  been  shewn  that  de  la  Vall^e-Poussin's  definition   of  an 
improper  integral  may  be  extended  to   the   case  in  which   the   integrals 

fn(x)dx  exist  only  in  the  sense  defined  by  Lebesgue.     This  definition 


/. 


is  then  equivalent  to  that  of  Lebesgue.  It  is  clear  that  Harnack's  definition 
is  only  capable  of  extension,  in  the  case  in  which  K^  has  zero  content.  If 
the  condition,  that  K^  have  zero  content,  be  satisfied,  the  reasoning  in  §  274 
is  applicable  without  essential  change ;  and  in  that  case  Hamack's  definition 
of  an  improper  integral  can  be  extended  to  the  case  in  which  the  proper 
integrals  employed  in  that  definition  exist  only  in  the  sense  defined  by 
Lebesgue.  Thus,  in  this  case,  all  three  definitions  are  equivalent  to  one 
another. 
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INTEGRALS    WITH    INFINITE    LIMITS. 

292.  The  definition  of  the  integral  of  a  limited  integrable  function 
given  in  §  251  is  applicable  only  to  the  case  in  which  both  the  limits  a,  h  are 
definite  points,  and  in  which  therefore  the  interval  of  integration  is  finite. 

Let  ^1,  0^2,  ...  Xn,  ...  be  a  sequence  of  increasing  numbers  which  has  no 
upper  limit ;  it  may  then  happen  that  the  sequence  of  integrals 

I   f{x)dx,    I   f(x)dx,...    I   f{x)dx,... 

J  a  J  a  J  a 

has  a  definite  limit  A^  independent  of  the  particular  sequence  {«^  chosen. 
When  this  is  the  case /(a?)  is  said  to  have  an  integral 


I   f{x)dx, 

J  a 


in  the  unlimited  interval  (a,  oo  ),  the  value  of  this  integral  being  A.  It  has 
been  presupposed  that,  in  every  interval  (a,  x),  the  function  f{x)  is  limited 
and  integrable. 

If  the  integrals 

I    f{x)dx,    I   /(x)dx,...     I    /(x)dx,... 

where  Xi,  x^,  ...  Xn  ...  is  a  sequence  of  descending  values  of  x  which  has  no 
lower  limit,  all  exist,  and  have  a  limit  B  independent  of  the  particular 
sequence  chosen,  the  limit  B  is  denoted  by 

I' ^  f(x)  dx. 
If  the  two  integrals 

rf{x)dx.  r  /(x)dx. 

Jo  J  -00 

as  thus  defined,  both  exist,  their  sum  is  denoted  by 


r 


/(x)  dx. 

J    -Xi 

The  three  numbers 

rf(x)dx,  f  f{x)dx,  r  f{x)dx, 

J  a  J  —00  J  -  30 

being  the  limits  of  integrals,  and  not  themselves  in  the  pix)per  sense  of  the 
term  integrals,  belong  to  the  class  of  improper  integrals. 

In  each  case  it  is  necessary,  but  not  sufficient,  for  the  existence  of  these 
improper  integrals,  that  /(x)  be  integrable  in  every  finite  interval  contained 
in  the  intervals  (a,  oo  ),  (—  oo ,  6)  or  (—  oo  ,  oo  ) ;  and  it  will  be  at  first  assumed 
that  /(x)  is  limited  in  every  such  finite  interval,  and  thus  has  therein  a 
proper  integral. 
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In  case  the  integral  I     /(x)  dx  have  a  definite  limit,  as  o  is  indefinitely 
increased,  that  limit  is  said  to  be  the  principal  value  of 

I      f{x)  dx. 

This  principal  value  may  exist,  even  when  the  integral 

r  /(<c)dx. 

J  —00 

as  defined  above,  does  not  exist ;  but  in  case  the  latter  do  exist,  its  value  is 
equal  to  its  principal  value. 

Tlie  necessary  and  sufficient  condition  for  the  existetice  of  the  integral 

rf{a>)dx, 

J  a 

is  tluit  {\)  the  integral  exist  in  every  interval  (a,  x)  where  x>a,  and  (2)  that, 
corresponding  to  every  arbitrarily  chosen  positive  number  e,  a  value  ^  of  x 
can  be  found  such  that 


dx 


/.  /« 


<€, 


for  every  value  of  f  such  that  f '  >  f . 

A  similar  condition  applies  to  the  case  of 

I      f{x)  dx. 


„   » 00 


293.  It  was  shewn  in  §  253  that  the  necessary  and  sufficient  condition 
that  f{x)  be  integrable  in  the  interval  (a,  b)  is  that,  if  1^"^^  Sa<"»), ...  h^"^^ 
be  a  particular  set  of  intervals  whose  sum  is  (a,  &),  and  of  which  A^  is  the 


u. 


greatest,  SDS  shall  converge  to  zero,  as  m  is  increased  without  limit,  the 
1 

system  being  subject  to  the  condition  that  A^  have  the  limit  zero ;  the 
fluctuation  oi  f{x)  in  h  being  denoted  by  D.  If  this  condition  be  satisfied 
for  any  one  such  succession  of  sub-divisions,  then  it  is  satisfied  for  every 
other  such  system.  We  have  to  enquire  how  far  a  corresponding  condition 
applies  to  the  case  of  an  integral  through  an  infinite  interval. 

Since  I    f{x)dx,  when  it  exists,  is  the  limit 

lim  I   f{x)dx, 

6s  00  J  a 

we  see  that  /   f(x)dx 

J  a 

is  given  as  the  repeated  limit  lim  lim  UB,    The  question  then  arises  whether, 
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and  under  what  conditions,  the  order  of  the  repeated  limits  may  be  reversed, 
so  that 


/. 


00  »  flO 


f{x)  da;  =  lim  2  f^S  =  lim  2Z8 

AsO  A=0 

00  00 

where  2178  or  2ZS  denotes  the  limit  of  the  sum  of  the  Uh,  or  the  Lh,  taken 
through  a  finite  number  of  intervals  S,  as  the  number  of  these  intervals 
is  increased  indefinitely  owing  to  continual  increase  in  6. 

In  the  first  place,  it  is  clearly  necessary  for  the  truth  of  this  proposition 

00  00  00 

that  the  limits  ]^  Ui,  2ZS  should  exist,  and  that  their  ditference  2i)S  should 
converge  to  zero  when  A  does  so. 

Let  us  consider  a  sequence  of  intervals  (a,  Xi\  (xi,  x^,  ...  (a;w-i>  ^»)  ••• , 

where  x^  has  no  upper  limit  as  n  is  increased  indefinitely.     Assuming  that 

/(jc)  has  a  proper  integral  in  each  of  these  intervals,  a  system  of  successive 

sub-divisions  of  (a,  Xi)  can  be  found  such  that  2DS  converges  to  zero  as  the 

greatest  of  the  h  does  so  ;  and  thus  a  set  of  intervals  h  exists  in  (a,  x^  such 

that 

2i)S<i€, 

whei*e  6  is  a  fixed  arbitrarily  chosen  number.  Similarly  a  set  of  intervals  can 
bo  chosen  for  {xi^  x^)  such  that  %D8  <  ^i  ^>  ^^^  ^  ^^  *  ^^^b  ^^^  (^t^n  ^n)  a  set 

of  sub-divisions  can  be  found  such  that  2jDS  <  s^j  «.     A  set  of  sub-divisions  can 

acci>rdingly  be  found  for  the  unlimited  interval  (a,  oo  ),  such  that  2jD8  for  (a,  Xn) 

is  <€(1  — ^).     The  sum  2DS  thus  found  converges,  as   n  is  indefinitely 

iucriMised,  to  a  value  which  is  <  e.  By  taking  a  sequence  of  values  of  e, 
i^mvorging  to  zero,  we  now  see  that  a  system  of  successive  sub-divisions  of 

00 

^n,  x)  can  be  found  such  that  XDS  converges  to  zero,  as  the  greatest  of 
Iho  8  converges  to  zero.     Conversely,  if  a  system  of  sub-divisions  of  (a,  oo  ) 

00 

^int  Buoh  that  21)8  converges  to  zero  as  the  greatest  of  the  B  does  so, 
il  fbllowH  that  f{x)  is  integrable  in  any  finite  interval  contained  in  (a,  oc ). 

00 

>\>r  l^t  the  successive  sub-division  be  so  far  advanced  that  2jD8  <  rj,  where  rj  is 
^i^^^  fixed  number,  and  consider  any  interval  (a,  0)  in  (a,  oo  ).  Then  XDS 
^^Xw  for  those  S,  finite  in  number,  which  either  lie  wholly  inside  (a,  /3),  or 
liflY^  one  end  inside  (a,  /8),  is  less  than  tj ;  thus  we  have  a  set  of  sub-divisions 
^i%fi)  mich  that  2-DS<i7.  By  letting  17  decrease  through  a  sequence  of 
lll^yiii  ^hioh  converges  to  zero,  we  see  that  a  system  of  successive  sub-divisions 
^^  fi)  oxists,  such  that  2jDS  converges  to  zero,  and  hence  that /(a?)  is 
^lUip^blt)  in  (a,  fi). 

Il  \^  thus  been  established  that  the  necessary  and  sufficient  condition 
MM  ^  ii^*<^  fxmctum  f{x)  defined  for  (a,  co)  he  integrable  in  every  finite 
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interval  contained  in  (a,  <X))i8  that  a  system  of  successive  sub-divisions  of  (a,  <x>) 

should  exist  such  that  XDh  converges  to  a  value  X,  which  itself  converges  to  zero 
as  the  greatest  of  the  intervals  8  converges  to  zero. 


The  convergence  of  2JDS  to  zero,  for  a  particular  system  of  successive 
sub-divisions,  is  not  sufficient  to  ensure  the  existence  of  the  improper  integral 

rf{x)d<c, 

J  a 

but  only  that  I    f(x)dx 

J  a 

shall  exist  for  every  value  of  6.  In  this  respect  an  integral  through  an  infinite 
interval  differs  from  one  through  a  finite  interval ;  since,  in  the  latter  case,  the 
convergence  of  the  finite  sum  XDh  to  zero,  for  a  particular  system  of  sub- 
divisions, is  sufficient  to  ensure  the  existence  of  the  integral. 

294.  In  the  case  of  a  finite  interval  of  integration,  the  convergence  of 
2(78,  2//S,  where  U,  L  are  the  upper  and  lower  limits  of  the  function  in  the 
interval  8,  to  one  and  the  same  definite  limit,  follows  as  a  consequence  of  the 
convergence  of  XDi  to  zero ;  but  in  the  case  of  the  integral  through  (a,  oo ), 

OP  00  00 

the  convergence  of  S  f/S,  2ZS  does  not  necessarily  follow  from  that  of  %Dh. 
It  will  however  be  shewn  that,  t/'/or  a  function  f{x),  limited  in  the  interval 

00 

(tt,  00 ),  a  system  of  successive  sub-divisions  of  (a,  <x>)  exist,  such  that  S  US, 

CO 

XLS  have  the  same  definite  valus  X  which  converges  to  a  definite  number  A,  as 
the  greatest  interval  S  converges  to  zero,  then  the  integral  I  f(x)dx  exists,  and  its 
value  is  A, 

00  00 

From  the  existence,  and  convergence  to  the  same  value,  of  XUS,  XLS,  the 

00 

convergence  of  XDS  to  zero  follows,  and  therefore  f{a:)  is  integrable  in  any 
finite  interval  of  (a,  oo  ).  • 

n 
nil  n 

Again  2£/iB  —  I       f{x)dx  ^  XDS,  for  any  finite  value  of  n;  and  hence,  if 

1  J  a  1 


00 


all  the  S's  are  so  small  that  XDS  <  rj,  we  have 

n 

XUS-  I      ^ f{x)dx<f), 

1  J  a 

n 

Since  XUS  converges,  as  n  is  increased  indefinitely,  to  a  definite  value  2, 
1 

oc 

a  number  m  can  be  found  such  that,  if  n  ^  m,  2  US<fj;  hence 

n+l 


n 

00 


/•a-f  Ao 

-J.  '/<': 


XUS-l       f{x)dx 


<  2i7,  if  n  ^  m. 

26 
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Now  we  may  suppose  the  successive  sub-division  to  be  so  far  advanced  that 
I  S  Z78  —  ^  I  <  17 ;  we  then  have 


A 


f{x)  dx 

J  a 


<  397,  for  n^m. 


It  follows  that 


A  —  I  f{x)  dx   <  3^,  for  all  values  of  f  such  that  f  =  a  +  2S, 

Ja  1 

n  ^m.     If  then  X  be  any  number  greater  than  the  least  of  these  values  of  f , 
two  values  of  f  exist  between  which  X  lies;  and  if  fi  be  the  smaller  of  these,  we 

have  1  /(x)  dx  <  J7cr,  where  a  is  the  greatest  of  all  the  intervals  B,  and  U  is 
the  upper  limit  off(x)  in  (a,  00  ).     It  now  follows  that 


A 


J  a 


dx 


<  3i7  +  fTcr 


for  all  values  of  X  which  exceed  a  fixed  number.  Since  17  and  a  are  both 
arbitrarily  small,  it  follows  that  I  /(a?)  dx  converges  to  the  limit  -4,  as  X  is 

J  a 

indefinitely  increased,  and  thus  that  the  integral  (  /(x)  dx  exists. 

J  a 

296.     It  will  now  be  proved  that,  if  I  f(x)  dx  have  a  definite  finite  valiie, 

J  a 

a  'particular  system  of  successive  sub-divisions  of  the  unlimited  interval  (a,  «  ) 

CO 

can  always  he  found,  such  that  %US  exists  for  each  set  of  the  system,  and  con- 
verges to  the  value  of  the  integral  as  the  greatest  of  the  intervals  B  converges 
to  zero. 

For  in  (a,  Xi)  we  can  find  a  set  of  intervals  such  that 

tUS-[y{x)dx<^€; 

J  a 

in  (iFj,  x^)  we  can  find  a  set  such  that  2Z7S  —  I  /(«)  dx  K^e;  and  generally 
in  (xn-i ,  Xn)  a  set  can  be  found  such  that  2?7S  —  I    f{x)  dx  <-^€.     Thus  a 

set  exists  in  (a,  a^n)  such  that  XVB—  I  /(a:) ctr <  6 ( 1  —  —  j .  Now x^ can  be 
taken  so  great  that  I    f{x)dx—\f{x)dx 

\  J  a  J  a 


<v- 


00 


Thus  an  infinite  set  XUB  exists  such  that 


00 


2  f^a  -  I'fTS  <  i,  e, 


and  that 


oo 


lUB 


J  a 


dx 


<V  +  €. 
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Therefore  SJTiS  converges  to  a  definite  limit  SJ78  which  diflfers  from  /  f{x) 

by  less  than  97  +  e,  or  by  not  more  than  e,  since  17  is  arbitrarily  small.     By 

taking  a  sequence  of  values  of  e,  we  obtain  a  sequence  of  sub-divisions  of 

00  -00 

(a,  00  )  such  that  2  IT'S  converges  to  the  value  /  f{x)  dx, 

J  a 

It  may  also  be  possible  to  define  a  system  of  successive  sub-divisions, 
such  that  the  greatest  of  the  intervals  converges  to  zero  as  the  successive 

sub-division  advances,  but  such   that   XUh  does   not  converge  to  a  value 

00 

2  Uh ;  and  thus  the  theorem 


/ 


'00  00  00 

fix)  dx  =  lim  XUi  =  lim  2XS 

A=0  A=0 


only  holds  provided  the  sub-divisions  of  (a,  00 )  be  such  that  2  Uh  exists  for 
each  successive  set  of  intervals,  after  some  fixed  one. 

It  can  also  be  shewn  that  when  the  integral  I   f{x)dx  has  a  definite  finite 

J  a 

value,  then,  for  every  system  of  successive  sub- divisions  of  (a,  00  )  which  is  such 

00 

that  2DS  exists  and  converges  to  zero  as  the  greatest  S  converges  to  zero,  the 

00 

set  of  numbers  ^UB  exists  and  converges  to  the  value  of  the  integral. 
For  since,  for  every  value  of  n,      • 

n 
n  ra-^lZ  n 

lUBsl      f  (x)  dx  +  IDS, 

J  a 
n 

we  see  that  XUB  converges,  as  n  is  indefinitely  increased,  to  the  value 

0  00 

f{x)dx  +  lDS'y 
and  hence,  since  2D8  has  the  limit  zero,  as  the  successive  sub-division  proceeds 

00  r* 

indefinitely,  it  follows  that  2  UB  has  the  limit  I  f{x)  dx.     For  a  system  of 

J  a 

00  n 

successive  sub-divisions  which  is  not  such  that  XDB  converges  to  zero,  XUB 
does  not  in  general  converge  to  a  definite  finite  value  as  n  is  increased 
indefinitely. 

296.     The  definitions  of  I  f{x)dx,  I     f{x)dx  maybe  extended  to  the 

J  a  J  -00 

case  in  which  f{x)  has  points  of  infinite  discontinuity.  If  the  improper 
integral  I    f{x)dx  exists  for  every  value  of  X  which  is  >  a,  and  if  it  con- 

J  a 

verges  to  a  definite  limit  as  X  increases  indefinitely  through  a  sequence  of 
values,  independently  of  the  particular  sequence,  then  that  limit  defines 


/. 


rf{x)dx. 

J  a 


26—2 
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The  integrals  I  f{x)  dx,   I     f{x)  dx,  when  they  exist,  possess  many  of  the 

J  X  J  —00 

properties  of  a  proper  or  improper  integral  I  f{x)dx.    These  integrals  are 

J  a 

continuous  functions  of  the  finite  limit  x.     For 

r  f(x)dx=r  f{x)dx-\-\*f{x)dx, 

where  a<x\  and  since  I  f{x) dx  is  dk  continuous  function  of  x,  so  also  is 

J  a 

\     f{x)  dx, 

J     —00 

If  a  function  F(x)  be  such  that  the  sequence  F(xi),  Fix^),  .,.F(xn\ ...» 
where  Xi,  x^, .,.  x^,  *..is  a  sequence  of  values  of  x  having  no  uppei*  limits  has  a 
definite  limit,  independent  of  the  particular  sequence  [x^^,  then  thai,  limit  may  he 
denoted  by  F{co\  and  the  function  F(x)  is  said  to  be  continuous  at  x=  oo . 

When  the  integral  I    f(x)dx  exists,  the  integral  I  f{x)dx  is  continuous 

J  a  J  a 

for  all  values  of  x  in  the  interval  (a,  oo  ),  including  a;  =  oo . 

If  the  integral  I  f{x)dx  exist  for  every  finite  value  of  x  in  the  interval 

J  a 

(a,  00  ),  and  if  <f>  (x)  be  a  function  which  is  finite  and  continuous  for  every  such 
value  of  X,  and  be  such  that 

J  a 

then,  provided  ^  (x)  be  continuous  for  a;  =  oo ,  the  function /(a:)  is  integrable 
in  (a,  00  ),  and  ^  (oo  )  —  ^  (a)  =  I  /(a:)  dx.     If  the  function  <f>  {x)  have  a  deri- 

J  a 

vative,  say  D'^^  (x\  which  is  integrable  in  every  interval  (a,  x)  of  (a,  oo  ) ;  then 
if  the  integral  be  a  proper  one,  or  be  such  an  improper  one  that  the  relation 

<t>(oc)-<t>  (a)  =  r  i)+<^  (x)  dx 

subsists,  then,  provided  the  limit  ^  (oo  )  exist,  we  have  also 

<^(oo)-<^(a)=f   D+<t>{x)dx. 

J  a 

A  similar  statement  applies  to  each  of  the  other  derivatives  of  ^(^).     In  the 
case  in  which  <f>(x)^  <t>(<^)  differs  from  I    D'^f{x)dx  by  an  integrable  null- 

J  a 

function,  this  holds  also  for  the  limit  a?  =  oo . 

297.    An  integral   f    f(x)dx  is  said  to  be  absolutely  convergent  when 

J  a 

the  integral  I    |/(^)|  dx  exists;    otherwise  it  is  said  to  be  conditionally  or 

J  a 
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reiativdy  convergent     If   /    \f{x)\dx  exists,  then  also  |  /(a?)  da;  exists;  for 
\\    f  {^)  ^\^  \     |/(^)  I  ^>  *^d  hence  the  convergence  of  the  latter  integral 


foIloT('8  from  that  of  the  former  one. 


If*  f{x)  and  fix)  <f>  (x)  be  both  integrable  in  every  interval  (a,  x)  contained  in 
(a,  00  ),  and  if  I  f(x)  dx  be  absoliUely  convergent,  and  if  <f>  (x)  be,  from  and 
after  some  fixed  value  of  x,  numerically  less  than  some  fixed  nvmnber,  then  the 
integral  I    f(x)<t>  (x)  dx  exists,  and  is  absolutely  convergent 

J  a 

For  since  I  f(x)dx  is  absolutely  convergent,  we  can  find,  corresponding 

J  a 

to  a  fixed  positive  number  <r,  a  number  f  >  a,  such  that  /      |/(«)  \dx  <  a, 
for  all  positive  values  of  A ;  we  have  then 

I  f  ^V(^)  <t>(^)dx^^  KJ^^^fix)  \dx^Ka, 

where  K  is  the  upper  limit  of  |  <^(a:)|,  and  is  by  hypothesis  finite.     It  is 
thus  seen  that  I   f{x)  ^  (x)  dx  is  convergent.     Also  since 

J  a 

\f{x)<t>(x)  \dx^K  \f(x)\dx  ^  Ka, 

we  see  that  the  convergence  is  absolute. 

298.     If  f{x)  and  f{x)  <f>  (x)  be  both  integrable  in  every  interval  (a,  x\  and 

if  I   f(x)dx  exist  and  if  further,  from  and  after  some  fixed  value  of  x,  ^  {x) 

J  a 

be  monotone,  and  \f(x)\,  \<t>(^)\  be  each  less  than  some  fi^xed  number,  then 
I   /(^)  i>  (^)  ^^  ^^w  ct  definite  finite  value, 

J  a 

If  cT  be  a  fixed  positive  number,  a  value  ^  oi  x  can  be  so  chosen  that 
I      f{x)  dx  <a,  for  every  positive  value  of  h  ;  also 

f(x)4>(x)dx^<f>(^)         f(a:)dx  +  <t>(^+h)         f{x)dx, 

where  0  is  in  the  interval  (0,  1).     l{\<f>(x)\  <  K,  for  every  value  of  x  con- 
cerned, we  have 

f{x)4>{x)dx\<2aK\ 
hence,  since  tr  is  arbitrarily  small,  the  integral  /  f(x)<f>  (x)  dx  is  convergent. 

J  a 
*  Biemann'B  Werke,  p.  229 ;  also  Pringsheim,  Math,  Annaleiit  vol.  zzzvn,  p.  591. 
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299.     An   important   set   of  tests   of  the   absolute  convergence   of  an 
integral   I    f{x)  dx  is  the  following : — 

J  a 

If  f{x)  he  integrahle  in  every  interval  (a,  x\  then  I  f(x)dx  converges  to 

Ja 

a  definite  finite  valuer  provided  f(x)  converge  to  zerOy  as  x  is  increased  indefi- 
niteltff  in  such  a  manner  that  one  of  the  expressions  f{x) .  x^'^^yf(x)x{logxy^^, 

f  {x) xlog X  {log log  xy^^y f(x)x  logx .  log  log  x (log log  ...  log  xf'^, 

converges  to  zero  as  x  is  indefinitely  increased^  k  denoting  some  fixed  number 
greater  than  zero. 

The  integral  I    f(x)dx  is  not  convergent,  in  case  f(x)  be  of  invariable 

J  a 

sign,  from  and  after  some  fixed  value  of  x,  and  provided  also  any  one  of  the 
above  expressions  do  not  converge  to  zero  a^  x  is  increased  indefinitely,  when 
k  has  the  value  zero. 

We  see  that  in  the  first  case,   I        \f{x)\dx  is  numerically  less  than  one 

of  the  expressions 

^  r^+*  dx        r-^+A      dx  ^  r^+* dx 

Jx      ^'■^*'        JX      a?  (log  a?y+*  *         Jx      a:  log  a?  (log  log  a?)*"*"*  *  * " 

where  (7  is  a  constant  dependent  on  X,  which  converges  to  zero  as  X  is 
indefinitely  increased.     These  expressions  have  the  values 

0  rj_  _     1     1    c  r 1 1      1 

klX^    (Z  +  A)*J  '   k  [(log  Xf    (log  x^-hfy 

^r \ 1 1. 

A  [(log  log  Z)*     (log  log  X  +  A)*J  ' 
hence,  k  being  positive,  it  is  clear  that  X  may  be  so  chosen  that 

j^     \f{x)\dx 

is  less  than  an  arbitrarily  fixed  number,  and  thus 

r\f(x)\dx 

J  a 

is  convergent.     In  the  second  case,  k  being  now  zero,  we  see  that 

f(x)dx 

J  X 

is  numerically  greater  than  one  of  the  expressions 

Jx      ^*      Jx     a;loga?'      Jx     a?  log  a?  log  log  a? '" " 

or  than  one  of 

^,     X  +  h      ^,     log(Z  +  A)     ^,      ,     log  (X  -h  h) 
Clog-^,    (71og-Ai__.^    gloglog    \^j^      ,  ... 
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and  these  expressions  increase  indefinitely  as  A  is  increased.     It  follows  that 

) 

f{x)  dx  is  in  this  case  divergent. 


/. 


300.     An  important  case  of  convergent  integrals,  which  do  not  necessarily 
converge  absolutely,  is  that  of  the  integrals 

I    ^  (a;)  sin  a;  die,       /    <f>  (x)  cos  x  dx, 
Jo  Jo 

when  <t>(x)  is  monotone,  from  and  after  some  fixed  value  of  x,  and  converges 
to  zero  as  ^  is  indefinitely  increased. 

We  have     |    ^{x)smxdx  =  (f>  (xi)  I    sin  xdx-^  <f>  (x^)  j    sinx  dx, 

where  a?,  is  so  great  that  ^  (x)  is  monotone  for  x^Xi,  and  x^>Xi,     From 
this  we  have 


/; 


^  (x)  sin  X  dx 


and  hence,  if  o^i  be  taken  sufificiently  great,    I     0  {x)  sin  x  dx    is,  for  all  values 

J  X\ 

of  arj,  less  than  an  arbitrarily  fixed  number  e.  The  convergence  of  the  integral 
has  thus  been  established.  The  case  of  the  second  integral  may  be  treated 
in  the  same  manner. 


INTEGRATION   BY   PARTS. 


301.  Let/(a:),  ^(a?)  be  two  functions  which  are  continuous  in  the  in- 
terval (a,  6) ;  also  let  Df(x)  be  one  of  the  four  derivatives  of /(a?),  and  D<f>  (x) 
one  of  the  four  derivatives  of  <f>  (x).  If  the  two  derivatives  Df{x\  JD<^  (x)  be 
both  limited  integrable  functions  in  the  interval  (a,  6),  the  relation 

f  fix)  D4>  (x)  dx  =  \f(x)  <t>  (x)T  -  f V  (^)  ^f{^)  dx 

Ja  [_  ja       Ja 

is  satisfied,  where 


[/(^)<^(^)]| 


denotes  f(b)4>(b)  -f(a)4>(a). 


It  U  he  A  function  which  diflers  from  Df{x)  only  by  an  integrable  null- 
function,  and  V  differ  from  D<t>  (x)  only  by  an  integrable  null-function,  the 
above  formula  may  be  written  in  the  form 

b 


ijif. 


Udxjdx 


(f^u^)(fy<b] 


-/>(/» -^^ 


where  a,  jS  are  arbitrarily  fixed  points  in  the  interval  (a,  6).     This  general 


408  Integration  [ch.  v 

theorem  in  integration  was  first  *  obtained  by  P.  Du  Bois  Reymond,  and  is  a 
generalization  of  Leibnitz's  formula  for  integration  by  parts, 


f^    dv  .      r    >      r*  du. 

Ja      dx  I     Ja       Ja    dx 


To  prove  the  theorem,  let  (a,  b)  be  divided  into  n  sub-intervals  S,,  S,,  ...  S,, ; 
then,  if  x^^^.x^  denote  the  end-points  of  the  sub-interval  Sr,  where  j:^  =  a, 
Xn  =  6,  we  have 

Now  /  '^®®  between  the  upper  and  lower  limits  oi  Df{x)  in  the 

sub-interval  8^*  and   similarly  ^  ^^ — '^  lies  between  the  upper  and 

lower  limits  of  D^  {x)  in  the  same  interval ;  therefore  it  follows  that  the  sum 
on  the  right-hand  side  of  the  above  identity  may  be  written  in  the  form 


r=s« 


2   Sr[<^(d?,.)Xr+/(^r-i)'fr], 

where  Xr  is  between  the  upper  and  lower  limits  of  Df{x),  and  '^r  between 
those  of  D^  (x)  in  the  interval  S^. 

Let  Xr  =  I^fi^r)  +  €r,  "^r  =  -D^  (^r-i)  +  ?r,  whero  |  €r  \  caunot  exceed  the 
fluctuation  of  Df(x)  in  the  interval  Sr,  and  |fr|  cannot  exceed  that  of 
D<f>  (x)  in  the  same  interval. 

We  have  now 

r/(^)  <t>  (X)J^  JlK  [4>  (Xr)  Df{Xr)-^f{Xr^^)  D<t>  (Xr-,)] 

+   18r[<t>  (^r)  €r  +/(a?r-i)  ?r]  ; 

and  the  absolute  value  of  the  second  sum  on  the  right-hand  side  cannot 
exceed 


r=n  (  ")  r=n  ( 


where  4>,  F  are  the  upper  limits  of  |0(a;)|,  |/(ar)|  in  the  interval  (a,  b). 
Since  Df{x\  D<f>{x)  are  by  hypothesis  integrable  in  (a,  6),  the  set  of  sub- 
intervals  may  be  so  chosen  that 


T|S,16,|},       T{«r|rr|} 


are  arbitrarily  small.     Since  (f>(x)  Df(x\  f(x)D<t>(x)  are  by  hjrpothesis  in- 
tegrable, we  see  that,  if  the  number  n  be  made  to  increase  indefinitely,  and 

*  Abhandlungen  d.  Miinch,  Aktid.,  vol.  xzi,  p.  129. 
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the  intervals  8  be  so  chosea  that  the  greatest  of  them  converges  to  the  limit 
zero,  the  above  identity  assures  us  that 

r/(^) <t>  (a?)?  =£  it>{x) Df{x)  dx  +Jy (^) D4>{x)dx\ 
and  thus  the  theorem  is  established. 

302.  The  theorem  may  be  extended  to  the  case  in  which  Df{x),  D<f>  (x) 
are  not  restricted  to  be  both  limited  functions,  but  may  have  points  of 
infinite  discontinuity  forming  an  enumerable  non-dense  closed  set.  It  has 
been  shewn  above  that,  in  any  interval  (c,  x)  contained  in  (a,  b),  in  which 
^  (x)  Df{x)  +/(a?)  D<t>  (x)  has  a  proper  integral, 

^f{x)  <t>  {x)J^  =  IJji^  (x)  Df(x)  +f{x)  D<t>  (a?)|  dx. 

It  follows  from  the  theorem  of  §  285,  that 

provided  that  the  improper  integral  on  the  right-hand  side  exists.  If  now 
the  two  functions  <f>  (x)  Df  (x\  f  (x)  D<f>  (x)  possess  absolutely  convergent 
improper  integrals  in  (a,  6),  it  follows  that  their  sum  has  the  same  property, 
and  that 

Ifix)  <f>  {x)T  =  £  ^  (x)  Df(x)  dx  -h  Ijix)  D<t>  (x)  dx. 

The  theorem  has  now  been  proved  under  tlie  suppositions  that /(a?),  <t>(os)  are 
continuous  in  (a,  6),  that  Df{x\  Dif>{x)  have  at  most  points  of  infinite  dis- 
continuity forming  a  closed  enumerable  set,  and  that  the  functions  f{x)  D<t>  (x), 
0(d?)  Df{x)  possess  absolutely  convergent  improper  integrals  in  (a,  6). 

lif{x)  <t>  (x)  have  a  finite  limit  for  a?  =  oo ,  and  be  continuous  at  ^  =  oo ,  in 
the  sense  defined  in  §  296 ;  and  if  further  the  conditions  be  satisfied,  that  the 
functions  f{x)D^{x\  <f>(x)Df(x)  are  integrable  in  the  infinite  interval 
(a,  00  ),  then  the  formula 

f(x)  if>(x)\    =  /  <^  (x)  Bf{x)  dx  +  /  fix)  Dif>  (x)  dx 

Ja        J  a  J  a 

holds.  If  the  formula  for  integration  by  parts  holds  for  (a,  6),  whatever 
finite  value  6  may  have,  but  if  f(x)  (f>  (x)  be  not  finite  and  continuous  for 
d?  =  00  ,  then  one  at  least  of  the  integrals 


I    <l>(x)I)f(x)dx,    /  f(x\D<f>(x)dx 

J  a  J  a 


is  infinite,  or  does  not  converge  to  a  definite  value. 
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CHANGE   OF  THE  VARIABLE   IN   AN   INTEGRAL. 

303.  Let  f(x)  be  a  limited  function,  integrable  in  the  interval  (a,  6). 
We  now  assume  that  ^  is  a  continuous  function  '^  (y)  of  another  variable  y, 
defined  for  the  interval  (a,  yS),  where  a==yjr  (a),  b  =  -^(/S),  and  that  y^iy)  is 
monotone  in  the  interval  (a,  yS).  If  we  further  assume  that  y^  (y)  has  no 
lines  of  invariability  in  the  interval  (a,  fi\  then  y  can  be  regarded  as  a  single- 
valued  function  ^(x)  of  x,  defined  for  the  interval  (a,  6)  of  a?;  and  also  f{x) 
can  be  regarded  as  a  function /{-^(y)}  of  y,  defined  for  the  interval  (a,  )3). 

//  2)^  (y)  be  one  of  the  derivatives  of  yjr  (y),  then,  provided  Ih^  (y)  be 
limited  and  integrable  in  (a,  yS),  the  function  f{^{y)]D^(y)  is  integrable  in 
(a,  /8),  and 

ff{x)  dx  =|y  {^(y)}  D^  (y)dy. 
This  result  is  a  generalization  of  the  well-known  formula  of  substitution 


f'f{x)dx^{'f[^{y)]^'(jf)dy, 

J  a  •/  a 


the  particular  case  of  the  theorem  which  arises  when  y^  (y)  is  differentiable 
throughout  the  interval. 

Let  the  interval  (a,  yS)  be  divided  into  n  parts  8,',  Sg',  ...  Sn  ;    then  the 
interval  (a,  6)  is  divided  into  corresponding  parts  hi,Z%,  ...  hn* 

Since  "^(y)  is  a  continuous  function  of  y,  the  intervals  {S'}  can  be  so 
chosen  that  in  each  of  them  the  fluctuation  of  ^(y)  is  less  than  a  fixed 
arbitrarily  chosen  positive  number  €,  and  hence  so  that  each  of  the  intervals 
h  is  less  than  6.  If  then  a  sequence  of  diminishing  values  of  e  be  taken, 
which  converges  to  the  limit  zero,  we  obtain  a  convergent  system  of  sets  {S'j, 
and  corresponding  to  them  a  convergent  system  of  sets  [h]  of  sub-intervals  of 
(a,  6).  We  may  assume  that  f{x)  is  positive;  for  if  it  is  not  so  throughout 
the  interval  (a.  6),  it  may  be  made  so  by  the  addition  of  a  properly  chosen 
constant  c:  then,  if  [c +/{'^(y)}]/)'^(y)  be  integrable  in  (a,  S),  it  follows, 
since  Dyjr(y)  is  integrable  in  that  interval,  that  /  {-^  (y) j  D^  (y)  has  the 
same  property.  Let  Ur,  Lr  denote  the  upper  and  lower  limits  of  /(a?)  in  Sr, 
or  of /|>/r(y)}  in  S/;  and  let  Ur,  lr  denote  the  upper  and  lower  limits  of 
Dylt  (y)  in  8/.  The  fluctuation  2)/  of/  [yit  (y)}  i)f  (y)  in  S/  is  S  UrUr  -  Ulr, 
or  ^  Ur{ur  —  lr)-¥lr(Ur—  Lr).  Heucc,  siucc  IrSr  ^  Sr,  it  being  assumed 
that  Ihlt  (y)  is  always  positive,  or  zero,  so  that  lr  is  not  negative,  we  have 

D;  S/  ^   U{Ur  -  lr)  8/  +  Br(Ur-Lr), 

where  U  is  the  upper  limit  oif{x)  in  (a,  6). 
We  have  now 

22)/S/  ^UX{Ur-  lr)  8/  +  2  (CT^  -  Lr)  Sr; 

1  1  1 
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and  it  follows,  from  the  conditions  of  integrability  of  Ih^  {y)  in  (a,  ^8),  and  of 
f(x)  in  (a,  6),  that  f['^{y)\  D'^{y)  is  integrable  in  (cr,  j8). 

Next,  we  have 

1  1  1 

where  X^  lies  between  the  upper  and  lower  limits  of  D-^  (y)  in  the  interval 
Sr\    The   absolute  value  of  the  expression  on  the  left-hand   side  is  con- 

n 

sequently  less  than  Cr2S/(i^  ~  Ir),  which  is  arbitrarily  small,  on  account  of 

the  condition  of  integrability  of  D\fr  (y)  in  (a,  /8).     It  has  thus  been  estab- 
lished, that 


fj(x)  dx  ^\[m  (y)l  D^  (y)  dy. 


304.  The  theorem  can  be  extended  to  the  case  in  which  D^(y)  has 
points  of  infinite  discontinuity  forming  an  enumerable  closed  set,  provided  that 
Dyjriy)  have  an  absolutely  convergent  improper  integral  in  the  interval  (a,  /8). 

For  in  this  case,  the  equality 

fjix)  dx = |V{t  (y)}  D^lr  (y)  dy 

holds  for  any  interval  (c\  y)  which  contains  none  of  the  points  of  infinite 
discontinuity  of  D^  (y).     The  integral  I  f(x)dx  is  a,  continuous  function  of 

the   upper  limit  x,  and   the  integral  I   f[^{y)]D^{y)dy  is  a  continuous 

function  F(y)  —  F{c')  of  the  upper  limit  y.  Since /{/(y)}  is  limited  in 
the   interval   (a,  /8),  f  {^  (y)]  D^r  (y)  has    an    improper   integral    in    that 

interval ;   and   the  relation   F (y)  -  F (c)  =  I   /{i^ (y)}  D^ (y) dy   holds  in 

intervals  (c,  y),  which  contain  points  of  infinite  discontinuity  of  D'^{y),  It 
thus  appears  that  the  substitution  formula  holds  for  the  interval  (a,  h)  together 
with  the  corresponding  interval  (a,  fi).  Precisely  similar  considerations 
suffice  to  shew  that  the  theorem  still  holds  when  f{x)  has  a  set  of  points  of 
infinite  discontinuity  forming  an  enumerable  closed  set,  provided  f{x)  have  an 
absolutely  convergent  improper  integral  in  (a,  6). 

306.  The  theorem  of  substitution  is  still  valid  when  -^  (y)  is  no  longer 
monotone  in  the  interval  (a,  )8),  but  has  a  finite  number  of  maxima  and 
minima,  or,  under  certain  restrictions,  an  infinite  number  of  maxima  and 
minima.  The  function  -^  (y)  may  also  have  lines  of  invariability.  In  this 
case  X  has  a  single  value  for  each  value  of  y  in  (a,  fi)  defined  by  the  con- 
tinuous function  -^  (y),  but  the  inverse  function  ^  {x)  is  not  single-valued. 
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It  may  happen  that  the  values  of  x  given  by  -^  (y)  do  not  all  lie  within  the 
interval  (a,  b).  lu  this  case  it  is  conveuient  to  conceive  the  function  f(x)  to 
be  defined  for  all  such  values  of  x,  so  that  it  is  integrable  in  every  interval 
of  Xf  such  interval  extending  so  far  as  necessary  beyond  (a,  b).  The  result  of 
the  substitution  will  consist  of  two  or  more  integrals  with  respect  to  y. 

Let  us  assume  that  the  points  y  at  which  ^(y)  has  a  maximum  or 
minimum,  or  is  the  end-point  of  a  line  of  invariability,  form  a  set  of  points 
in  (a,  13)  with  the  content  zero ;  they  can  then  all  be  enclosed  in  a  finite  set 
of  intervals  of  which  the  sum  is  less  than  an  arbitrarily  chosen  number 
€.  If  it  be  assumed  that  Ih^  (y)  has  finite  upper  and  lower  limits  in  (a,  ^9), 
then  the  sum  of  those  intervals  in  (a,  6),  produced  if  necessary,  which  correspond 
to  the  finite  set  of  intervals  constructed  in  (a,  ^9),  is  less  than  e  multiplied  by 
the  upper  limit  of  |  D^  (y)  \  in  (a,  ^) ;  and  this  may  be  made  as  small  as  we 
please  by  choosing  e  small  enough.  To  each  of  the  remaining  intervals  of 
(a,  /8),  when  the  finite  set  of  intervals  is  removed,  the  theorem  of  §  303  is 
applicable,  it  being  remembered  that  along  a  line  of  invariability  Zhfr  (y)  »  0. 

In  such  an  interval  (or,  I3r)  we  have 


f '  /  [yf.  (y)}  Ihfr  (y)  dy  =  f'  /  {x)  dx. 


where  (a^,  K)  corresponds  to  (or,  ^r),  since  -^(y)  is  monotone  in  the  interval. 

The  sum  of  the  integrals  on  the  left-hand  side,  taken  for  all  the  finite 
number  of  values  of  r,  differs  from 


/, 


V  [ir  (y)}  Df  (y)  dy 


by  less  than  e  multiplied  by  the  upper  limit  of  1  /  {^  (y)}  Ih^  (jf)  \  in  the 
interval  (a,y9)  ;  and  the  sum  of  the  integrals  on  the  right-hand  side,  taken  for 

all  the  values  of  r,  differs  from   I  f(x)dx  by  less   than   e  multiplied    by 

the  upper  limit  of  |  D^  (y)  \  in  (a,  )8),  and  by  the  upper  limit  of  \f(x)\  for 
all  the  values  of  x  for  which  f(x)  has  been  defined.  Since  e  is  arbitrarily 
small,  the  theorem  has  been  proved  for  the  case  in  which  -^  (y)  has 
maxima  and  minima  at  a  set  of  points  of  zero  content,  and  may  also  have 
lines  of  invariability  of  which  the  end-points  form  a  set  with  zero  content. 

The  theorem  here  established  can  be  extended,  as  in  §  304,  to  the  case  in 
which  Dy^{y)  has  points  of  infinite  discontinuity  forming  an  enumerable 
closed  set,  provided  D^^  (y)  have  an  improper  integral  in  (a,  i8).  An  extension 
can  be  made  to  the  case  in  which  f{x)  has  a  set  of  points  of  infinite 
discontinuity,  with  zero  content,  on  the  assumption  that  f{x)  possesses  an 
improper  integral  in  (a,  6). 
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306.  The  theorem  of  §  30.S  may  be  generalised  so  as  to  apply  to  the  case 
when  the  limited  function  f{x)  is  not  necessarily  integrable  in  the  interval 
(a,  6).  It  being  assumed  as  before  that  -^  (y)  is  monotone  in  (a,  yS),  and  has 
no  lines  of  invariability,  and  that  D'^  (y)  is  limited  and  integrable  in  (a,  /8),  it 
will  be  shewn  that  the  upper  integral  of  f(x)  in  (a,  6)  is  equal  to  the  upper 
integral  of/{^(y)}  Dijtiy)  in  (a,  ^). 

Denoting  by  V  the  upper  limit  off[yjr  (y)]  Dyjr  (y)  in  the  interval  V>  we  see 
that  Ur'  lies  between  Uriir  and  Uflr-  Also  Br  lies  between  ti^S/  and  Z,^/,  thus 
we  may  write  8r  =»  8/  (u^  —  ^^  (w^  -  ^r)}.  where  0  ^  ^r  ^  1*  We  have  to  prove 
that  'S.UfSr  and  2u/8/  converge  to  the  same  limit.  Writing  2(7^8,.  — Sw/S/ 
in  the  form 

lS;[Ur{Ur'-0r(Ur^lr)]-'Ur'l 
or  28/ (  i7rMr  —  t//)  -  SV^r  •  f^r  (^r  —  IrX 

we  have  28/  (  Urlh  —  ^')  «  ^8^'  Ur  (Ur  —  Zr)  =  iriBr  (Ur  —  Ir), 

and  also        IB/OrUr  (tv  -  W  ^  S8/[7^  (w^  -  Z,)  ^  C/28/  (wr  -  U 

Since  D^  (y)  is  integrable  in  (a,  )8),  it  follows  that  28/  (ur  —  Zr)  is  arbi- 
trarily small,  when  the  number  of  intervals  8'  is  increased ;  it  thus  appears 
that  2Cr,^r  — 2tt/8/  is  arbitrarily  small,  and  thus  2l7r?r.  2m/8/  converge  to 
the  same  limit.     It  has  now  been  established  that : — 

If  Dyft  (y)  be  one  of  the  derivatives  of  -^  (y),  and  if  Dyjr  (y)  be  limited  and 
integrable  in  (a,  /8),  the  continuous  function  -^  (y)  being  monotone  and  without 
lines  of  invariability  in  (a,  yS),  then. 

f^  f{x)dx=  J*  /{^r  {y)]  D^  (y)  dy. 

The  corresponding  theorem  for  the  lower  integrals  may  be  established  in 
a  similar  manner. 

It  follows  from  these  theorems  that,  under  the  conditions  stated,  if  either 

of  the  integrals  I   f{x)  dx,  \   /  {-^  (y)}  D'^  (y)  dy  have  a  definite  value,  then 

the  other  one  has  the  same  definite  value.     The  method  of  substitution  may 

accordingly  be  applied  to   I   f{x)dx  without  assuming   that   this  integral 

J  a 

has  a  definite  value,  and  may  thus  be  employed  to  decide  the  question  of 
the  integrability  of  f{x). 

The  extensions  in  §  304  and  §  305  may  be  applied  to  the  case  of  the 
upper  or  the  lower  integrals  of/ (a?). 

307.  It  may  happen  that,  when  x  and  y  are  connected  by  the  relation 
x^^yjt  (y),  an  infinite  interval  for  y  corresponds  to  the  interval  (a,  6)  of  x. 
For  example,  y==^oo  may  correspond  to  x=^b:  in  that  case  we  assume  that 
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'^  (oo  )  is  coDtinuous,  i.e.  that  it  is  the  limit  of  '^  (y)  when  y  is  indefinitely  in- 
creased. If  the  conditions  of  the  theorems  in  §§  303-305  be  satisfied  for  every 
interval  (a,  6  —  e)  of  x,  with  the  corresponding  interval  (ot,  /8')  of  y,  we  have 

f  *  "fix)  dx  =  f  /  {Vr  (y)}  D>ir  (y)  dy ; 

and  since  this  holds  for  every  e,  we  have,  on  proceeding  to  the  limit  e  =  0, 

ffix)  dx  =  f /{t  (y)}  ^t  (y)  dy. 

in  accordance  with  the  definition  of  the  improper  integral  on  the  right-hand 
side.  Similar  considerations  apply  to  the  case  in  which  y  =  —  ao  corresponds 
to  a7  =  a. 

308.  If  one  or  both  of  the  limits  a,  6  be  indefinitely  great,  it  may  happen 
that  finite  values  of  y  correspond  to  a?  =  a,  a?  =  6,  or  else  that  one,  or  both,  of 
the  limits  of  y  may  be  infinite. 

The  method  of  procedure  adopted  above  suffices  to  establish  the  theorem 
that,  if  f(x)  be  integrahle  in  the  finite  or  infinite  interval  (a,  6),  then  the 

Integral  I  f{x)  dx  can  he  transformed  by  means  of  x^'^  (y)  into  the  integral 

J  a 

f  [^Ir  (y)}  D^  (y)  dy,  in  which  the  interval  of  integration  is  finite  or  infinite. 


%n 


I. 


provided  that  '^(y)  be  finite  and  continuous  in  (a,  /8),  or  have  at  most  in  every 
part  of  (a,  /8)  points  of  infinite  discontinuity  forming  a  set  of  zero  content;  witfi 
the  further  conditions  that  Dyjr  (y)  be  integrable  in  (a,  /8),  and  that  in  every  part 
of  this  interval  its  maxima  and  minima  and  end-points  of  lines  of  invariability 
form  a  set  of  points  of  zero  content 

It  will  be  observed  that  a  large  class  of  those  improper  integrals  which 
have  an  infinite  interval  of  integration  may  be  transformed  into  proper 
integrals.  It  has  been  suggested  by  Kronecker  that  every  such  integral 
through  an  infinite  interval  can  be  transformed  into  a  proper  integral. 

309.     If  it  be  desired  to  transform  the  integral   /  f{x)dx,  by  means  of 

J  a 

the  relation  y  =  <t>{x),  where  (f>(x)  is  a  single-valued  function  of  x,  then, 
unless  <^  (a:)  be  monotone  in  the  interval  (a,  6),  the  inverse  function  -^(y)  will 
not  be  everywhere  single-valued. 

If  it  be  assumed  that  ^  (x)  is  monotone  in  (a,  6),  and  that  a  =  ^  (a), 
)8  =  <^  (6),  a  derivative  D<f>  (x)  of  if>  (x)  is  reciprocal  to  a  derivative  D^  (y ) 

of  '^(y).     If  it  be  assumed  that  jyT-r-i  is  integrable  in  (a,  /8),  and  that 

the  same  holds  for  /\2/\  ^^^^sidered  as  a  function  of  y,  or  else  that  f(x) 
is  integrable  in  (a,  6),  then  we  may  use  the  transformation 
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l^'^H'.WU^j"- 


If  4>  {pc)  be  not  monotone,  I  f{x)  dx  can  not  in  general  be  transformed  into 

J  a 

a  single  integral  in  y.  If,  for  example,  <f>  {x)  increases  from  x  =  a  to  x  —  k, 
and  then  diminishes  from  a?  =  A;  to  a;  =  6,  we  must  take 

and  the  integrals  on  the  right-hand  side  cannot  in  general  be  amalgamated 
into  one  integral  through  the  interval  (a,  /8),  because  in  the  two  integrals 
the  integrand  has  different  values  for  the  same  value  of  y. 

Thus,  for  example,  if  ^  =  sin  x, 

Jo    Vl-y«  ^'o        Vl-y«  *^ 

the  value  of  cos  a;  in  the  second  integral  on  the  right-hand  side  of  the 
first  equation  being  negative,  and  the  values  of  sin~^y,  cos~^y  being  in 
the  interval  (0,  ^7r). 

DOUBLE   INTEGRATION. 

310.  Let  0  denote  a  set  of  points  in  two-dimensional  space,  entirely 
contained  in  a  rectangle  with  sides  parallel  to  the  x  and  y  axes;  the 
set  0  is  accordingly  a  bounded  set.  It  has  been  pointed  out  in  §  286  that,  if 
the  fundamental  rectangle  be  divided  into  any  number  of  parts  by  means  of 
straight  lines  parallel  to  the  sides,  and  the  sum  of  those  rectangles  be  taken 
each  point  of  which  belongs  to  0,  then  the  sum  of  the  rectangles  has  a 
definite  limit  Si,  the  interior  extent  of  G,  when  their  number  is  increased 
indefinitely  in  any  manner,  subject  to  the  condition  that  the  diagonal  of  the 
greatest  of  the  rectangles  have  the  limit  zero.  Also  the  sum  of  those  rect- 
angles each  of  which  contains  at  least  one  point,  either  of  G  or  of  the 
frontier  of  6,  has,  under  a  similar  condition,  a  definite  limit  S^,  the  exterior 
extent  of  0.  When  iSfi  =  S„  the  set  of  points  G  is  measurable  in  accordance 
with  Jordan's  definition,  and  consequently  also  in  accordance  with  the 
definition  of  Borel  and  Lebesgue ;  and  the  set  G  then  has  a  single  definite 
extent  or  area,  the  measure  of  the  set. 

Let  a  function  f(x,  y)  be  defined  for  the  bounded  set  G,  which  we  shall 
assume  to  have  a  definite  extent  in  the  sense  just  explained.  We  further 
assume  that  \f(x,  y)  \   has  a  definite  upper  limit  for  the  set  G,  so  that 
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f{x,  y)  is  a  limited  function.     It  will  be  convenient  to  assume  that  /(ar,  y) 
is  extended  to  the  whole  rectangle  in  which  G  is  contained,  by  providing' 
that  f{x^  y)  vanishes  at  every  point  of  the  rectangle  which  belongs  to  the 
complementaiy  set  C  {0). 

The  definition  of  the  double  integral  oi  f{x,  y),  with  respect  to  the  set 
6r,  is  now  similar  to  Riemann's  definition,  in  §  251,  of  a  single  integral  o 
a  function  with  respect  to  a  linear  interval. 

Let  the  fundamental  rectangle  be  divided  into  n^  rectangular  portions 

n 

8i<*>,  8,^^  ...  Sn,^'\  80  that  2  8^^'*  =  ^,  the  area  of  the  fundamental  rectangle; 

and  let  Ai  denote  the  greatest  of  the  diagonals  of  the  rectangular  portions. 
Let  these  rectangles  be  further  sub-divided  in  any  manner,  so  that  the  whole 
area  A  is  divided  into  r?,  parts,  the  greatest  diagonal  being  A,;  the  rect- 
angular portions  of  A  now  being  Sj<*>,  i^^\  ...  hn^^.  Let  this  process  of  sub- 
division of  A  be  carried  on  indefinitely,  so  that  at  any  stage  of  the  process 
A  is  divided  into  n^  rectangular  portions  hi^'^\  K^^\  ...  ^nj^\  the  greatest 
of  the  diagonals  of  these  portions  being  A,n.  If  this  system  of  sub-division 
of  A  be  made  in  any  manner  whatever,  which  is  such  that  the  sequence 
Ai,  A9,  ...  Am,  ...  has  the  limit  zero,  it  will  be  spoken  of  as  a  convergent 
system  of  sub-divisions  of  the  area  A. 

Let  M{ig^^^)  denote  any  number  whatever  which  is  so  chosen  as  to  be 
not  greater  than  the  upper  limit,  and  not  less  than  the  lower  limit,  of  f{x,  y) 
in  hf^^^ ;  and  consider  the  sums 

S,  =  «,<«  Jf  (S^w)  +  8,(1)^/(8,(1))  +...+  8^/1)  M{hn,^^\ 


Sm=  8i<"»>if  (8i<~))  +  8,<»^>ilf  (8,<"'0  +...+  Bn^^^>  M  {BnJ"^^). 

If  the  sequence  Si,  S^,  ...  8fn,  ...  be  convergent^  and  have  t/ie  same  number 
8  for  its  limit,  whatever  convergent  system  of  sub-divisions  of  A  be  employed, 
and  however  the  numbers  if  (8,^**')  be  chosen,  subject  only  to  their  limitation  in 
relation  to  the  upper  and  lower  limits  of  f{x,  y)  in  the  rectangle  W'^,  then  the 
fwnction  f{x,  y)  is  said  to  be  integrable  in  the  set  0,  and  the  number  S  defines 
the  value  of  the  double  integral.     This  double  integral*,  when  it  exists,  may  be 

denoted  by  \     f(x,  y)  (dxdy). 

ho) 

It  will  be  observed  that  the  double  integral  has  been  defined  as  the 
single  limit  of  a  sum,  and  accordingly  the  sign  of  integration  is  here  employed 

*  The  extension  of  Riemann's  definition  to  double  integrals  was  given  by  H.  J.  S.  Smith, 
Proc,  Lend.  Math,  Soc,,  vol.  vi,  p.  162,  1S76,  and  by  Thomae,  Einleitung  in  die  Theorie  der 
bettimmten  InUgrale,  p.  88,  1S75 ;  also  8chUSmHek*i  ZeiUekrift,  vol  zxi,  p.  234. 
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each  multiplied  by  the  corresponding  upper  limit  of  the  function,  is  obtained 
by  diminishing  2^  by  less  than  17  —  i  multiplied  by  the  sum  of  those  of 
the  S's  which  are  not  interior  to  rectangles  e.  Those  of  the  rectangles  h  which 
are  interior  to  a  rectangle  e  are  also  elements  of  the  superimposed  system. 
If  we  consider  any  one  of  the  rectangles  e,  the  sum  of  the  areas  of  those 
rectangles  h  which  encroach  on  this  rectangle  e,  but  are  not  contained  in 
its  interior,  is  less  than  the  perimeter  of  this  rectangle  €,  multiplied  by  A^ 
the  greatest  diagonal  of  all  the  rectangles  S.  Therefore  the  sum  of  the  areas 
of  all  those  rectangles  S  which  are  not  entirely  interior  to  some  rectangle  € 
is  less  than  Aj^-P,  where  P  is  the  sum  of  the  perimeters  of  all  the  rectangles  c. 
Hence  the  sum  S^  is  diminished  in  the  new  system,  obtained  by  superim- 
position,  by  less  than  {U—L)^mP'  Since  A^  diminishes  indefinitely  as  m 
is  indefinitely  increased,  we  may  choose  m  so  great  that  (U—  L)^P  is  less 
than  an  arbitrarily  chosen  positive  number  rj.  Hence  the  sum  for  the  super- 
imposed system  is  >2to  — »;,  or  >2  — i;.  But  this  new  sum  is  certainly 
<  2'+  f.  Now  rf  can  be  chosen  so  small  that  the  conditions  that  the  new 
sum  is  <  2'  +  t  and  >  2  -^  i;  are  incompatible  with  one  another.  It  thus 
appears  that  2  and  2'  cannot  be  unequal. 

The  existence  of  the  lower  integral  follows  from  the  fact  that  it  is  the 
upper  integral  of  —/(a?,  y),  if  its  sign  be  changed. 

The  condition  for  the  existence  of  I     /(a?,  y)  (dxdy)  is  then  that  thefunda- 

J{G) 

mental  rectangle  can  be  divided  into  a  number  of  rectangular  parte  such  thai 
the  sum  of  the  products  of  the  area  of  each  part  into  the  fluctuation  of  f{x,  y) 
in  that  part  is  less  than  an  arbitrarily  chosen  positive  number. 

By  reasoning  precisely  similar  to  that  in  §  254,  the  intervals  and  neigh- 
bourhoods being  replaced  by  rectangles,  it  can  be  shewn  that  the  condition 
for  the  existence  of  the  double  integral  is  reducible  to  the  following  form: — 

The  necessary  and  sufficient  condition  for  the  existence  of  the  double 
integral  of  a  limited  function  defined  for  a  domuin  Q  contained  in  a  rect- 
angular area  is  that  those  points  at  which  the  saltus  of  the  function  is  «  i-, 
form,  for  each  value  of  the  positive  number  A?,  a  set  of  points  of  zero  content. 

It  will  be  observed  that  those  points  of  A  which,  without  being  points  of 
G,  are  points  of  the  frontier  of  0,  will  in  general  be  points  of  discontinuity 
of  the  function  f(x,  y)  extended  to  the  whole  domain  A  by  attributing  zero 
values  to  the  function  for  all  points  of  A  which  do  not  belong  to  0.  It  has, 
however,  been  assumed,  in  assuming  that  the  frontier  0  has  zero  measure, 
that  those  points  of  A  which  are  limiting  points  of  G,  without  belonging 
to  (j,  form  a  set  with  zero  measure.  Therefore  the  content  of  the  points 
at  which  the  saltus  of  the  function  is  ^  k,  is  unaffected  by  the  points  of  the 
boundary  of  G  which  do  not  belong  to  it ;  and,  in  the  above  statement  of 
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the  condition  of  integrability,  the  set  of  points  at  which  the  saltus  is  ^  A; 
may  be  taken  to  be  points  of  0  only. 

As  in  the  case  of  single  integrals,  the  necessary  and  sufficient  condition 
for  the  existence  of  the  integral  may  be  expressed  in  the  form,  that  the  set  of 
points  of  discontinuity  of  the  function  in  the  domain  for  which  it  is  defined 
must  form  a  set  of  which  the  two-dimensional  msasure  is  zero. 

It  is  clear  that  the  definition,  and  the  condition  for  the  existence,  of 
an  integral  of  a  function  of  any  number  of  variables,  called  a  multiple  integral, 
are  of  the  same  character  as  in  the  case  of  a  double  integral.  For  simplicity, 
the  investigations  will  be  here  restricted  to  the  case  of  double  integrals ; 
and  it  will  then  be  easy  to  extend  the  results  to  triple  or  to  n-fold  integrals. 

312.  In  defining  the  double  integral,  successive  sub-division  of  the 
fundamental  rectangle  into  rectangular  portions  has  been  employed ;  it  will 
however  be  seen  that  this  mode  of  sub-division  is  not  essential,  but  is  a 
special  case  of  a  more  general  mode.  Let  us  consider  a  closed  connex  set  e 
of  points  in  the  fundamental  rectangle.  The  distance  between  a  pair  of 
points  of  e  has  an  upper  liioiit,  when  every  possible  pair  is  considered ;  this 
upper  limit  we  may  speak  of  as  the  diameter  of  the  closed  connex  set  e. 
Let  the  fundamental  rectangle  be  divided  into  a  definite  number  m  of  closed 
connex  sets  «i,08)'**^>  the  frontier  of  each  of  which  has  zero  content;  let 
^«,i  C^«,»  •••  f^«r  denote  the  upper  limits  of  the  limited  function  f{x,y)  in  the 
various  sets  e\  and  let  jte,»  -^e,.  •••  -^e,  denote  the  corresponding  lower  limits; 
also  let  d  denote  the  greatest  of  the  diameters  of  the  sets  e. 

Let  us  now  consider  an  indefinite  succession  of  such  sub-divisions  of  the 
fundamental  rectangle,  subject  to  the  condition  that,  as  the  number  r  of  the 
parts  of  the  rectangle  is  increased  indefinitely  as  the  successive  sub-division 
proceeds,  the  number  d  converges  to  zero. 

r  r 

The  two  sums  2  U^m^e),  2  L^m  (e),  where  m  {e)  denotes  the  measure  of 

1  1 

r 

the  set  e,  converge  to  two  definite  numbers.     For  2  Uem  (e)  cannot  increase 

1 
as  the  successive  sub-division  proceeds,  and  it  is  not  less  than  L  multiplied 

by  the  area  of  the  fundamental  rectangle;  and  therefore  it  converges  to  a 
definite  limit.  The  proof  is  precisely  similar  for  the  second  sum.  It  will  be 
shewn  that  these  limits  are  independent  of  the  mode  of  successive  sub- 
division of  the  fundamental  rectangle,  provided  the  conditions  stated  above 
are  satisfied.  It  follows  that,  in  the  definition  of  the  double  integral,  any 
mode  of  successive  sub-division,  of  the  type  specified,  may  be  employed ; 
the  sub-division  into  rectangular  parts  being  merely  a  special  case  of  the 
general  moda  The  division  of  the  rectangle  into  curvilinear  portions  by 
means  of  two  &milies  of  ordinary  curves  is  a  special  case  of  the  mode  of 
sub-division  specified  above. 

27—2 


420  Integration  [ch.  v 

T 

In  the  first  place,  since  S  U^m{e)  is  greater  than  a  fixed  number,  it  follows 

1 

that  there  exists  a  lower  limit  2  of  all  the  numbers,  2  U^m(e),  for  every 

1 

value  of  r,  and  for  every  possible  system  of  sub-divisions  of  the  type 
considered. 

It  will  next  be  shewn  that  any  system  of  rectangular  sub-divisions,  as  in 
§  311,  is  such  that  ^  is  the  lower  limit  of  the  sum  Sm  for  such  sub-divisions, 
i.e.  that  X  =  % 

Consider  the  rectangles  8i<'»>,  S,^'^), ...  S„^<«»>,  for  which  2^  =  28<'»»  U(B^). 
We  observe  that  a  system  of  sub-divisions  ^,  62,  ...  6«  may  be  so  chosen  that 

XUetn  (e)  is  less  than  2  +  17,  where  t)  is  an  arbitrarily  chosen  positive  number. 
We  may  suppose  rra  to  be  fixed  so  large  that  A^  is  less  than  the  least  of  the 
diameters  of  6],  6,,  ...  6«.  Some  of  the  rectangles  5  will  be  interior  to  one  or 
other  of  the  e's,  and  others  will  contain  points  of  the  frontier  of  two  or  more 
of  the  6  8.  We  may  divide  XS^^^U(B^^^)  into  two  parts,  corresponding  to 
this  distinction  relatively  to  the  rectangles  S.  Denoting  these  two  parts  by 
2mi,  2mj  respectively,  we  have 

where  2  denotes  the  sum  of  all  those  of  the  S's  which  are  not  interior 
to  one  of  the  6*s. 

Now,  since  the  frontiers  of  all  the  e*8  have  zero  content,  it  follows 
that,  when  m   is  sufficiently   large,  (U  —  L)X   is  less  than   an   arbitrarily 

chosen  number  f ;  and  therefore  2^  <  ^  + 1;  +  f.  Also  2,„  ^  5 ;  hence,  since 
r)  and  f  are  arbitrarily  small,  it  follows  that  2,  the  limit  of  2m,  is  equal  to  2. 

Lastly,  it  will  be  shewn  that  for  any  system  of  successive  sub-divisions  e, 

r 

of  the  type  defined  above,  the  limit  of  2  Vein  (e),  when  the  sub-division  is 

1 

continued  indefinitely,  is  the  same  as  for  a  rectangular  system  of  sub- 
divisions. The  general  theorem  will  then  have  been  established,  that,  what- 
ever system  of  sub-divisions  be  taken,  of  the  type  defined  above,  the  limit  of 

r 

2  Uem(e)  is  one  and  the  same  number,  which  is  the  upper  integral  of  f{x,  y) 
in  the  fundamental  rectangle. 

Taking  a  fixed  set  of  rectangular  sub-divisions,  for  which  the  sum 
2g(tn)  {/(gitn))  is  less  than  2  +1;,  we  may  suppose  the  successive  sub-divisions 
into  parts  e  to  be  so  far  advanced  that  d  is  less  than  the  least  of  the  sides  of 
the  rectangular  sub-divisions.  Some  of  the  parts  e  will  then  be  interior  to 
a  rectangle  h,  but  none  will  contain  such  a  rectangle  in  its  interior. 
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We  have  then 

1 

where  P  denotes  the  sum  of  the  perimeters  of  all  the  rectangles.     Since  d  is 
arbitrarily  small,  and  Sm  <  S  + 17,  we  see  that 

it7em(e)<2  +  ?. 
1 

r 

where  f  is  arbitrarily  small.     Hence  2  Uem{e)  lies  between  2  and  2  +  f ; 

1 

r 

and  therefore  the  lower  limit  of  2  U^m  (e)  is  2.     The  corresponding  theorems 

for  the  lower  integral  may  be  deduced  by  changing  the  sign  of /(a?,  y). 

If  we  denote  the  measure  of  a  portion  e  of  the  fundamental  rectangle  by 
Be,  we  may  denote  the  double  integral  of  /(a:,  y)  over  this   rectangle  by 

j(x,y)de,  where  dxdy  is  written,  as  in  §  310,  for  de,  in  case  a  rectangular  system 

of  sub-divisions  of  the  fundamental  rectangle  be  supposed  to  be  employed. 

The  definition  of  the  integral  of  a  summable  function,  due  to  Lebesgue 
(§  287),  can  be  immediately  extended  to  the  case  of  summable  functions  with 
two  or  more  variables.  In  this  case  the  formal  theory  is  exactly  similar  to 
that  developed  in  §§  287,  288,  for  the  case  of  summable  functions  of  a  single 
variable.  The  sets  e^,  e/  there  employed,  must  be  interpreted  to  be  sets  of 
points  in  two  or  more  dimensions,  the  measures  m(e^)y  m{e*)  denoting  two- 
dimensional,  or  multi-dimensional,  measures. 


/^ 


REPEATED   INTEGRALS. 

313.  The  actual  evaluation  of  a  double  integral  over  the  fundamental 
rectangle,  of  which  the  sides  are  x^Xq,  x  =  Xi,  y  =  y©,  y  =  yi>  is  usually  made 
to  depend  upon  the  evaluation  of  successive  single  integrals  taken  first 
with  respect  to  one  of  the  variables,  and  then  with  respect  to  the  other. 
The  expression 

I    dx     /{x,y)dy, 

J  Xt         J  If 

in  which  f(x,  y)  is  supposed  to  be  integrated  first  with  respect  to  y,  for 
a  constant  value  of  x,  and  then  with  respect  to  a?,  is  called  a  repeated 
integraL     Similarly,  the  expression 

in  which  the  integrations  are  performed  in  the  reverse  order,  is  also  called  a 


J  % 
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repeated  integral.  The  question  of  the  existence  of  these  repeated  integrals, 
and  in  any  given  case,  their  relation  with  one  another,  and  with  the  double 
integral,  will  be  here  investigated.  It  will  be  observed  that  the  double 
integral  has  been  defined  as  a  single  limit;  whereas  the  repeated  integrals 
are  each,  when  they  exist,  obtained  as  the  results  of  repeated  limita  We 
have  then  to  investigate  whether,  or  under  what  conditions,  a  double  integral 
is  capable  of  representation  as  a  repeated  limit  of  one  of  the  forms  indicated. 
It  cannot  be  assumed  a  priori  that  the  existence  of  the  double  integral 
necessarily  implies  the  existence,  for  each  value  of  x,  of  the  single  integral 

jro 

as  a  definite  number.  Neither  is  the  existence  of  this  single  integral, 
as  a  definite  number,  necessary  for  the  existence,  as  a  definite  number, 
of  the  repeated  integral 

\    dx\    f{x,y)dy. 
In  fact,  if  we  assume  that  the  upper  and  lower  integrals 

have  different  values  for  some  of  the  values  of  x,  it  may  happen  that  the  two 
repeated  limits 

I    dxl    f{x,y)dy,        \    dx  \   /(x,y)dy 

have  identical  values. 

The  repeated  integral  will  consequently  be  regarded   as,   in  this  case, 
existing;  and  thus  it  may  be  defined  as 


I    dx\    f(x,y)dy, 


where  the  upper  or  lower  integral  with  respect  to  y  is  to  be  taken  in- 
differently, provided  the  repeated  limit  exists  as  a  definite  number. 


In  a  similar  manner 


I    dy\    f{x,y)dx. 


when  it  has  a  definite  value  independent  of  whether  the  upper  or  lower 
integral  with  respect  to  x  be  used,  will  be  regarded  as  the  repeated  integral, 
first  with  respect  to  x  and  then  with  respect  to  y. 

314,  It  was  first  established  by  P.  Du  Bois  Reymond*  that,  when  the 
limited  function  /  {x,  y)  has  a  double  integral  in  the  fundamental  rectangle, 
then  the  two  repeated  integrals  exist  and  are  each  equal  to  the  double  integral. 

•  CrelU't  Journal^  vol.  xciv,  18S8,  p.  277. 
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We  shall  first  give  a  proofs  of  this  theorem  which  exhibits  its  relation  with 
the  theory  of  sets  of  points. 

The  following  preliminary  theorem  will  be  first  established  : — 

If  jf(x,  y)  {dxdy\  taken  through  the  fundamental  rectangle,  have  a  definite 

value,  then  the  set  of  values  of  x  for  which  the  single  integral  \f{x,  y)dy,  taken 

with  X  constant,  has  a  definite  value,  defines  a  set  of  points  on  a  side  of  the  rect- 
angle, of  linear  measure  equal  to  the  length  of  that  side. 

It  follows  firom  this  theorem,  that  the  set  is  everywhere-dense  in  the 
interval,  and  of  cardinal  number  c.     Moreover,  the  points  at  which 

jfQ^>y)dy,   jf{^,y)dy 

differ  from  one  another  form  a  set  of  measure  zero. 

On  the  assumption  of  the  existence  of  the  double  integral,  the  set  K  of  all 
the  points  at  which  the  saltus  o(f{x,  y)  is  ^  k,  where  k  is  an  arbitrarily  chosen 
positive  number,  is  a  closed  set  of  plane  content  zero.  If  a  straight  line  be 
drawn  parallel  to  the  y-axis  through  the  point  x  of  the  side  of  the  rectangle, 
then  the  component  of  K  on  this  straight  line  will  be  denoted  by  Kx,  and  its 
linear  content  by  /  {K^.  It  has  been  shewn  in  §  108,  that,  a  denoting  a 
prescribed  positive  number,  the  linear  content  of  that  set  of  points  x,  on  the 
side  of  the  rectangle,  for  which  /  (Kg^  ^  cr,  is  zero ;  and  thus  that  /  {K^, 
considered  as  a  function  of  x,  is  an  integrable  null-function,  for  each  value 
of  A.     The  function  x(fl?),  =lim/(jBr«),  is  also  an  integrable  null-function; 

for  the  set  of  points  at  which  x  (^)  d^>^  ^^^  vanish  is  made  up  of  those  sets 
of  points  at  which  I{Kx^'^),  I (K^^),  ...  /(ir,<~0»  •••  do  not  vanish,  where 
K^\  K^,  ...  K^\  ...  correspond  to  a  diminishing  sequence  of  values  of  k 
converging  to  the  limit  zero :  and  since  each  of  these  sets  has  zero  measure, 
it  follows  that  the  set  of  points  at  which  ;^  {x)  does  not  vanish  has  zero 
measure.  At  any  point  x^,  at  which,  x  (^)  vanishes,  I(Kx^)  vanishes  for  every 
value  of  k. 

It  should  be  observed  that,  at  a  point  of  Kx,  it  is  not  necessarily  the  case 
that/(«,  y),  considered  as  a  function  of  y,  with  x  constant,  has  its  saltus  ^  k ; 
in  bet,  this  saltus  may  be  less  than  k,  or  may  be  zero.  However,  all  the 
points  at  which  the  saltus  of  f{x,  y)  taken  with  x  constant,  is  ^  £,  are 
certainly  included  in  the  set  Kx- 

For  any  fixed  value  of  x,  the  upper  and  lower  integrals 

j /(«»  y)  dy,     jf{x,  y)  dy 

*  The  inveetigation  is  fonnded  od  that  of  Sohdnflies,  Berieht  fiber  die  Mengenlekre,  p.  198. 
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both  exist,  and  the  two  have  equal  values  at  any  point  of  the  every whei-e- 
dense  set  of  points  x,  at  which  x  (^)  vanishes.  The  preliminary  theorem 
above  stated  has  thus  been  established. 

Let  F{x)  denote    \f{x,  y)dy,  where  F{x)  consequently  has  a  single 
determinate  value  at  each  point  x  at  which 

are  equal.     At  any  point  of  that  set  of  zero  measure,  at  which 

jf{^.y)dy,   jf(^>y)dy 

have  difiFerent  values,  F{x)  is  regarded  as  indeterminate;  and  the  upper  and 
lower  integrals  are  the  upper  and  lower  limits  of  indeterminacy.  It  will 
now  be  shewn  that  the  function  F(x\  so  defined,  is  an  integrable  function. 

Let  X  be  a  point  on  the  side  of  the  rectangle,  such  that  the  component 
Kaf  of  K,  on  the  line  x  =  x\  has  content  <  <r.  A  finite  number  of  intervals 
^n  ^2>  •••  ^m  can  be  determined  on  the  straight  line  a?=a?',  neither  abutting 
on,  nor  overlapping,  one  another,  such  that  their  sum  Ci  -h  €,  +  ...  +  €»i  >  6  —  cr, 
where  b  is  the  length  of  the  side  of  the  rectangle  parallel  to  the  y-axis,  and 
such  also  as  to  contain,  in  their  interiors  and  at  their  ends,  no  points  at  which 
the  saltus  of  f(x,  y)  is  =  A?.  For  each  point  of  one  of  these  intervals  e  there 
exists  a  rectangle  with  the  point  at  the  centre,  such  that  the  fluctuation 
of  f{x,  y)  in  that  rectangle  is  <  h  The  breadths  of  these  rectangles  for  all 
points  of  6  must  have  a  finite  minimum,  for  otherwise  there  would  exist  a  point 
of  6  which  would  belong  to  K,  It  follows  that,  for  the  point  x\  an  interval 
(ic' —  a,  ii/ +  yS)  can  be  determined,  such  that  the  straight  lines  x^af  —  a, 
x  =  x'  -V  P,  intersect  all  the  rectangles  corresponding  to  all  the  points  of  the 
intervals  €i,  6,,  ...  6„».     If  iCi,  ar,  be  any  two  points  in  the  interval 

(a;'-a,  x'-\rfil 
we  have  \F  {x^)  -  F  {x^)\<lk  •¥  fr  {U  —  L). 

Now  a  finite  number  of  separate  intervals  S],  Ss,  ...  S,.  can  be  determined 
on  the  side  x  of  the  rectangle  (length  =  a),  such  that  Sx  +  82  +  •  •  •  +  Sr ><*  —  *?» 
where  ?;  is  a  prescribed  positive  number,  and  such  that  each  point  of  each  of 
the  intervals  S  is  a  point  x\  for  which  an  interval  (a/—  a,  a/  +  /8)  can  be  deter- 
mined as  above.     By  applying  the  Heine-Borel  theorem  we  see  that 

Oj,  Sj,  ...  Sy 

will  all  be  covered  by  a  finite  number  of  these  intervals  (a:'  —  a,  a?'  +  /8).  It 
thus  appears  that  the  ^r-side  of  the  rectangle  can  be  divided  into  a  finite 
number  of  parts 

''"li  Tj,  •••  Tp, 
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&IIQ  ,  \i,  K^f  •••  A^, 

such  that  T,  4-  T,  4-  ...  4-  Tp  >  a  — 17, 

and  Xi  +  X,+  ...  +Xg<i7; 

and  such  that  the  fluctuation  of  F{x)  in  any  one  of  the  parts  r  is 

<6ifc  +  (r([7-Z). 
Let  k^€/2b,  (r=  €/2([7-Z); 

we  see  then  that  F(x)  is  such  that  the  ^-side  of  the  fundamental  rectangle 
can  be  divided  into  a  finite  number  of  parts,  such  that  the  sum  of  those  parts, 
in  which  the  fluctuation  of  F(x)  is  ^e,  is  less  than  the  arbitrarily  chosen 
number  17.     It  follows  that  F  (x)  is  integrable  along  the  side  of  the  rectangle. 

It  has  now  been  shewn,  on  the  assumption  of  the  existence  of  the  double 
integral,  that  the  repeated  integral  • 


j  F{x)  dx,    or  j  dxjf(x,  y)dy. 


taken  through  the  fundamental  rectangle,  has  a  definite  value.  Moreover, 
this  value  is  equal  to  that  of  the  double  integral.  For,  let  the  fundamental 
rectangle  be  divided  up  by  means  of  straight  lines  parallel  to  the  y-axis,  through 
the  end-points  of  each  interval  of  the  two  finite  sets  [rj  and  {X}.  Any  one  of 
the  rectangles  so  constructed,  with  t  as  base  and  with  height  6,  can  be 
divided  into  parts  by  means  of  straight  lines  parallel  to  the  ^-axis,  such  that, 
in  each  one  of  a  number  of  these  parts  the  sum  of  whose  heights  is  >  6  —  a-, 
the  fluctuation  of  f{x,  y)  is  <  k.  The  fundamental  rectangle  has  now  been 
divided  into  a  finite  number  of  parts,  such  that  the  sum  of  the  products  of 
each  part  multiplied  by  the  upper  limit  of  f(x,  y)  in  that  part  exceeds  the 
sum  of  the  products  of  each  part  multiplied  by  the  lower  limit  of  the  function 
in  that  part,  by  less  than  ahk  4-  {aa  4-  617) (U  —  L),  which  is  arbitrarily  small. 

Also  j  dx  j  f(x,  y)  dy,  and  j  f{x,  y)  {dxdy\ 

both  lie  between  the  two  sums  of  products,  and  therefore  differ  from  one 
another  by  less  than  ahk 4- {aa  +  br))(U -  L),  The  equality  of  the  double 
integral  and  the  repeated  integral  is  thus  put  in  evidence  by  the  mode  of 
sub-division  of  the  rectangle  which  has  been  adopted. 

Similar  reasoning  applies  to  the  repeated  integral  in  which  the  integration 
is  taken  first  with  respect  to  x,  and  then  with  respect  to  y. 

It  has  thus  been  established  that,  if  the  double  integral  through  the  funda- 
mental rectatigle  exist,  then  the  two  repeated  integrals  also  exist,  and  are  each 
equal  to  the  double  iniegrcd. 
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All  the  points  at  which  x  ("')  vanishes  are  points  of  continuitj  of  the 
funetion  F(x);  but  there  may  also  be  other  points  at  which  F{x)  iB  con- 
tinuous ;  because  the  existence  of  a  saltua  of  /{x,  y)  at  a  point  (»,  y)  is 
consistent  with  /{x,  y)  being  continuous  with  respect  to  x,  and  atso  with 
respect  to  y,  at  the  point. 

The  function  F(x)  may  be  replaced  by  ^(x),  the  most  nearly  continuous 
function  related  to  it  (§  192).     We  thus  have 


|/(«,j,)(<farfy)-|tW4«. 


It  has  been  assumed  that  the  set  of  points  0,  for  wbich^(a;,  y)  is  defined, 
is  measurable  in  accordance  with  Jordan's  definition  of  a  measurable  set ;  and 
thus,  that  the  double  integral  of  the  limited  function  may  be  replaced  by  that 
of  the  function /(a;,  y),  defined  for  all  points  of  a  rectangle  which  contains  0, 
by  the  convention  that/(:c,  y)  shall  vanish  at  all  those  points  of  the  rectangle 
which  do  not  belong  to  6.  If  the  set  6  be  such  that  each  strught  line 
parallel  to  the  y-axis  contains  points  of  6  which  (ill  up  a  finite,  or  an 
indefinitely  great  number  of  continuous  intervals,  or  more  generally,  if  the 
set  of  such  points  for  each  value  of  ;c  be  linearly  measurable,  then  theint^ral 


j/(x,  y)dy. 


taken  along  the  whole  segment  of  the  line  between  the  sides  of  the  rectangle, 
may  be  replaced  by  the  same  integral  taken  through  the  component  of  G  on  the 
same  segment.  In  particular,  if  the  points  of  0  on  the  straight  line  through 
the  point  x  consist  of  all  the  points  in  the  linear  interval 

{Mx),Mx)l 

we  may  replace  //(*.  V)  ^V 

by  f('>,y)dy; 

■>AM 
and  therefore  in  this  case, 

f    /i^,yKdxdy)=("  dx  T'^ /i»,y)d!,. 

Jo  Jx,  J  Aim) 

310.  A  simple  proof*  of  the  fundamental  theorem  of  §314,  will  be  given, 
which  depends  upon  the  fact  that,  for  any  limited  fbtietiaii /{i^  jf\  if  the 

operation  of  taking  the  upper  integral  first  with  respect  to  y,  and  then  with 

*  This  method  of  proof  ms  finl  employed  hj  Hamaok ;  see  his  edlCton  of  Serret'a  Difftrmlial 
and  Integral  Caleubu,  p.  289.  Other  proofB  ol  this  kind  have  been  giveD  hy  kr%e\k,  Mtm.  lUtC  lit. 
di  Bologna,  ser.  6,  vol.  a,  p.  133 ;  by  Jardan,  Liouvillt'i  Journal,  aer.  4,  vol.  fin,  p.  M,  or  Camn 
iTAnalyte,  vo\.  i,  p.  4S  ;  aJao  bj  FrioKsheim,  SiUvngibirichte  d.  MSnch.  Akad..  vol.  xitiii, 
p.  69,  uid  to),  xui.  p.  89.  Sm  iIbo  Fierpont'a  paper  "On  mnltiple  inteer&lH,"  7*riiiu.  Amer. 
Matk.  Soe^  vol.  n,  1B06,  when  %  ptoof  of  this  ohuactet  tor  multiple  intagrali  is  givsn. 
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respect  to  ^^  be  performed,  the  result  cannot  exceed  the  upper  double  integral ; 
and  that,  similarly,  the  result  of  successively  taking  the  lower  integrals  with 
respect  to  x  and  to  y  cannot  be  lees  than  the  lower  double  integral :  thus 

the  integrals  being  all  taken  over  the  fundamental  rectangle. 
If/(«,  y)  be  integrable,  ao  that 

J/(a:.  y)  (dxdy)  =  j/{x.  y){dxdy). 
it  followB  that 

/ic  J/(«,  ,)  dy  =  Jd.J/(«,  s)  dy 

-fdnJAi,  y)  dy  -jdj:j/(i,  y)dy. 
and  thtu  that  the  repeated  integral 

ld,j/(^.y)dy 
has  s  definite  value  equal  to  the  double  integral. 

To  establish  the  theorem,  let  the  rectangle  be  divided  into  a  number  of 
parts  S  by  means  of  straight  lines  parallel  to  the  sides.  Since  the  double 
intc^^  is  assumed  to  exist,  this  may  be  done  in  such  a  manner  that,  t 
denoting  an  arbitrarily  chosen  positive  number,  the  conditions 

j/i'',yKd«ds)-t  £  S  [SL{i)]  S  1  {BU{S)]  ^f/i«!,  y)idxdy)  +  € 

are  satisfied,  where  the  suromatioii  S  is  taken  for  all  the  rectangles  S,  and 
17(8),  L{B)  denote  the  upper  and  lower  limits  oi  f{x,y)  in  a  rectangle  i. 
Now,  if  we  take  the  upper  and  lower  integrals  of/ (a:,  y)  along  a  straight  line 
parallel  ta  the  y-azis,  we  have 


|/(«,y)<iyS2,{S'i(S)). 


where  the  summation  S,  refers  to  all  those  rectangles  8  which  are  intersected 
by  the  straight  line  along  which  the  upper  and  lower  integrals  are  taken ;  and 
in  the  case  when  that  straight  line  is  along  one  or  more  boundaries  of  the 
rectangles  8.  S  refers  to  all  the  rectangles  on  one  side  of  that  line :  also  S 
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denotes  that  interval  aloog  the  liae  of  integration  which  is  in  the  rectangle  I. 
It  follows  that 

and  jdxj  f{x,y)dy  S.SlSl(.B)l  i,  j  /(x,y)(,d^ds-)-,: 

and  since  these  inequalities  hold  for  every  value  of  e,  we  have 
j4.J/(«,  J,)  dy  S  J/(i,  y)  (dxdy) 

jdijflx,  y)  dy  S  J/(«,  ,)  (dxdy) ; 
and  thus  the  theorem  is  estahlished. 

316.  The  converse  questions  now  arise  whether,  from  the  existence  of  one 
of  the  repeated  integrals,  or  from  the  existence  and  equality  of  both  repeated 
integrals,  that  of  the  double  integral  can  be  inferred.  The  answer  to  both 
questions  must  be  in  the  negative.  Continuity  of  a  function  /{m,  y)  with 
respect  to  x  and  y  separately  does  not  necessarily  imply  continuity  with 
respect  to  (x,  y) ;  moreover,  the  t^altus  of  the  function  at  a  point  with  respect 
to  X,  when  y  has  a  constant  value,  or  with  respect  to  y  when  x  has  a  constant 
value,  is  not  necessarily  equal  to  the  saltus  of  the  function  with  respect  to 
{x,  y).  It  may  happen  that  the  component  of  £*  on  a  straight  line  parallel 
to  one  of  the  axes  may  consist  of  points  some  or  all  of  which  are  points  of 
continuity  of  the  function  when  considered  as  a  function  of  one  variable  on  that 
straight  line.  Thus  K  may  have  a  plane  content  greater  than  zero ;  and  yet 
the  linear  content  of  the  points  on  all  straight  lines  parallel  to  the  axes,  at 
which  the  linear  saltus  of  the  function  is  £  k,  may  be  zero.  Hence  either,  or 
both,  of  the  repeated  iotegrals  may  exist,  whilst  for  valnes  of  it,  the  seta  K  are 
not  of  zero  content*;  and  therefore  whilst /(x,  y)  does  not  admit  of  a  double 
integral.  The  relation  of  Lebesgue  integrals  with  repeated  integrals  will  be 
considered  in  Chap.  vi.  . 

EXAMPLEa 

1.+  For  the  rectangle  bounded  by  a^—0,  i—l,  y=0,  y=l,  Iet/(*,  y)=l,  for  all 
rational  values  of  x,  and  f{x,  y)^iy,  for  all  irrational  valuas  of  x.  We  have  than 
I    f{x,  y)dy—l,  whatever  value  x  xaaj  have ;  and  henoe  the  repeated  integnd 


/.'■^/.'/c^')* 


*  An  incorrect  theorem  relntin);  Ci>  Ihis  point  has  bt^eii  given  b;  SchOnflies,  see  hia  Beriehl, 
p.  197.  In  thii  theorem  the  condition  tbat  E  should  be  closed  ie  etalei.1  to  be  the  condition  for 
the  existence  of  the  double  integral.  If,  bowerer,  JTwere  do!  closed,  it  could  not  represent  the 
set  of  point*  hi  which  an;  function  had  a  saltus  ^  k.  The  eiamples  giren  by  Schiinlliev  do  not 
in  reality  accord  with  hia  theorem. 

t  Thomae,  SeMAnileh'i  Zeitichri/i.  vot.  uiu,  p.  ST. 
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has  Uie  value  1 :  but  the  double  integral  does  not  eiiet,  since  /(f)  >0,  foraxty  value  of 
k  in  the  interval  (0, 1). 

2.*  Let  j:  be  represented  hj  a  finite  or  infinite  decimal,  excluding  those  decimals  in 
which  every  figure  from  and  after  some  fixed  place  is  9.  Let  p^  denote  the  number  at 
decimal  places  in  the  representation  of  x  in  the  manner  described.  Let  y  be  represented 
in  a  similar  manner,  with  a  corresponding  definition  of  p,.  Let  the  function  f{x,  y)  be 
defined  in  the  rectangle  bounded  by  x=0,  x=\,  y=<i,  y=\,  by  f{x,  y)=  — — -rH — 
when />!  and  ji,  are  both  finite;  otherwise  let /(j!,y)=0. 

We  have  /  — — =  dj/=0;  for  there  are  only  a  finite  number  of  values  of  j  in  (0,  1),  for 
which  p^  ia  less  than  an  arbitrarily  chosen  fixed  integer,  or  — —:  is  greater  than  an 
arbitrarily  chosen  fixed  proper  fraction.  The  function  f{x,  y)  vaniahea,  except  when  one 
at  least  of  .r  and  y  is  repreaentable  by  a  finite  decimal ;  and  thus  the  double  integral 

//(*,»)  (■i«*-o. 

and  thus    I    f{x,  y)  dy  has  no  definite  value  for  any  value  x  of  the  everywhere-dense 
enumerable  set  of  pointe  for  which  p,  is  finite. 

Neverthdees  j^^dxVf{x,y)dy=0=jflx,y)(,dxdy). 

3*.  With  the  same  notetion  as  in  the  last  example,  let /(j;,y)=0,  when  /x,,  p^  are 
both  finite  or  both  infinite;  let /(;):,  y)  = :.  ,  when  p^  is  finite  and  p,  infinite,  and 
/(">  9)~  T~T~~ f  when^  is  finite  and  p^  is  infinite.  In  this  caae  f\x,y)  differs  from  0  at 
an  unenumerable  set  of  points ;  and  yet  the  set  of  points  at  which  /(x,  y)  >  <  has  the 
plaoe  content  tero,  since  all  such  points  are  on  a  finite  number  of  lines  parallel  to  the 
coordinate  axia,  although  they  are  everywhere-dense  on  those  lines.  The  double  inU^ral, 
and  consequently  the  repeated  tntegnls,  exist  in  this  case. 

4.*  An  example  has  been  given  in  Ex.  1,  §  108,  of  a  set  of  points  E  which  is 
everywhere-dense  and  unclosed,  whereas  the  sets  Ki,  K,  are  all  finite.  Let  f{x,  y)=i^  at 
erery  point  of  K,  and  "O  at  every  other  point.  In  this  case,  the  double  integral  does  not 
exist;  but 

/^/C*.y)'^=''.       \^f{'',y)dy=<!, 
wfaaterer  Tsloea  jr  and  a  mey  have  in  the  first  and  in  the  second  integral  respectively. 

,J(ii  this  cose 

exist  and  have  the  same  value  c. 

b.'     Lot  a  act  ((j;',  y')]  be  defined  an  fullows ;— Let  x"  have  any  value  for  which  p^  is 
finite;  and  with  such  a  fixed  value  of  y,  lot  every  y"  be  tiiken  for  which  p,.^fi^.    On 
T  line  pnridlel  to  the  y-aiia  there  are  only  a  finite  number  of  pointe  of  the  set;  but 

*  pTJngsheiiD,  Sitt-ungiberiehtt  d.  Le\f»§«T  AltadBiait,  vol.  xxTm,  p.  71. 
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the  set  is  everywhere-dense  on  every  line  which  is  parallel  to  the  ^-axis,  and  which  has 
for  its  ordinate  one  of  the  y'.  Let  f{x,  y)^d  for  the  set  {(*•',  y*)},  and  let  /(*^y)=c 
for  all  remaining  points. 

We  have,  in  this  case,  /    /(a:,  y)dy^c^ 

and  1^1    /(*»y)^y"^- 

But  /    /(or,  y)  dr  has  c  and  c'  for  its  upper  and  lower  values ;  and  the  set  of  values 
of  y  being  everywhere-dense,  j    dy  j    /(a:,  y)<iar  does  not  exist. 

6.*    Let  fix^y)  be  defined  at  all  points  of  the  rectangle  bounded  by  x=0,  jr=l, 
y=0,  y=l,  by  the  condition  that/(d;,  y)=0,  except  at  those  points  (jt',  y^  at  which 

y=?!^,    y=^^\  where /(y,y)=i. 

m^Uyp  and  ^  being  positive  integers. 

In  this  case  the  double  integral  exists,  and  therefore  the  repeated  integrals  both  exist  t. 


PROPERTIES  OF  THE   DOUBLE  INTEGRAL. 

317.  The  following  properties  of  the  proper  doable  integral  may  be 
established  in  a  simple  manner: — 

(1)  l{f(x,  y)  have  a  double  integral  in  the  domain  0,  then  \f{x,  y)  |  also 
has  a  double  integral  in  the  same  domain ;  %.e.f{x,  y)  is  absolutely  integrable 
in  the  domain  0, 

For  the  fluctuation  of  \f{x,  y)  \  in  any  rectangular  cell  cannot  exceed  that 
of /(a?,  y)\  hence  it  follows  from  the  condition  of  §311,  that  \f{x,y)\  is 
integrable,  if /(a?,  y)  be  so. 

It  follows  from  the  definition  that 


If  f{x,y){dxdy)\^\  \f(x,y)\(dxdy). 

\Jo  I     Jo 


(2)  If  G  be  divided  into  two  parts  &i,  Ot,  each  of  which  is  measurable 
in  accordance  with  Jordan's  definition,  then  if  /(x,  y)  have  a  double  integral 
in  (r,  it  has  also  double  integrals  in  Oi  and  6,,  which  satisfy  the  condition 

I    /(^>  y)  {dxdy)  +  I    f{x,  y)  (dxdy)  =  |   f{x,  y)  (dxdy). 
J  Ox  J  Ot  Jo 

For  Ky  the  set  of  points  of  G  at  which  the  saltus  of  f{x,  y)  is  ^  it,  may  be 
divided  int.o  its  two  components  Ki  in  &],  and  K^  in  6,.     The  only  points  of 

*  Da  Bois  BeymoDd,  Crelle^s  Journal,  vol.  xciv,  p.  27S ;  also  Stols,  OrundsUge,  yol.  m,  p.  73. 

*im  + 1 
t  This  is  denied  by  Stolz,  GrundzUge,  vol.  in,  p.  88,  on  the  ground  that  /(x,  y)  for  x= 

is  not  integrable  with  respect  to  y,  bnt  has  ^  and  0  for  its  upper  and  lower  values.     We  have, 
however,  shown  that  this  is  no  justifioation  for  denying  the  existence  of  the  repeated  integral. 
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Oi  at  which  the  saltus  of  /(x,  y),  considered  as  defined  for  Oi  only,  is  ^  k, 
consist  of  the  points  of  the  set  Ki,  together  with  points  forming  a  set  Ki  on 
the  frontier  of  G,.  The  content  of  this  frontier  being  zero,  Ki  has  zero 
content ;  also  Ki  has  zero  content,  since  it  is  a  part  of  K.  Since  Ki  +  if/  has, 
for  every  value  of  k,  the  content  zero,  it  follows  that  f{x\  y)  is  integrable  in 
0^\  similarly,  it  is  integrable  in  &,.     Also 


/, 


f(x,  y)  (dxdy) 
is,  by  definition,  the  limit  of  the  finite  sum 

• 

The  rectangles  S  consist  of  (1)  those  which  contain  interior  points  of  (?,  only, 
(2)  those  which  contain  interior  points  of  O2  only,  (3)  those  which  contain 
points  on  the  frontiers  of  0  and  of  Gi  and  G,.  The  above  sum  may  therefore 
be  divided  into  three  portions  containing  those  S's  respectively  which  belong 
to  (1),  (2)  and  (3).    The  limit  of  the  first  of  these  is 


/ 


that  of  the  second  is 


f{x,y){dxdy\ 

Ox 


I. 


f(x,  y)(dxdy\ 

Ot 


and  that  of  the  third  is  at  most  equal  to  U  multiplied  by  the  content  of  the 
points  on  the  frontiers  of  Oi  and  G„  where  U  is  the  upper  limit  of  \f{x,  y)  |. 
Since  the  contents  of  the  frontiers  are  zero,  the  limit  of  the  third  part  of  the 
sum  is  zero;  hence  the  second  part  of  the  theorem  is  established. 

(3)  If  F(/i,f2,  '>>fn)  he  a  continuous  function  in  0  of  the  n  functions 
fit  f if  -"fn>  each  of  which  has  a  double  integral  in  Oy  then  F  has  itself  a 
double  integral  in  0. 

The  proof  of  this  is  identical  with  the  one  applicable  to  the  case  of  a 
single  variable,  given  in  §  256. 

That  the  sum  or  product  of  two  or  more  integrable  functions  is  integrable 
is  a  particular  case  of  this  theorem.  ■ 

(4)  If  /  be  integrable  in  (?,  and  the  function  /i  be  defined  by/i  =/,  for 
every  positive  value  of/,  and  by/i  =  0,  when/ is  negative  or  zero  ;  the  function 
/i  being  defined  by/9=  — /,  for  every  negative  value  of  /,  and  by/i  =  0,  when 
/  is  zero  or  positive  ;  then  /i  and  /j  are  each  integrable  in  0.  For/j  -/,  being 
=/,  is  integrable,  and  also  in  virtue  of  (l),/i  -f /j  is  integrable  in  G,  hence  by 
(3),  /i  and  /,  are  both  integrable  in  0. 
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IMPROPER  DOUBLE  INTEGRALS. 

318.  As  in  the  case  of  single  integrals,  the  definition  of  a  double 
integral  may  be  extended  to  the  case  in  which  the  function  has  a  set  of 
points  of  infinite  discontinuity.  This  set  is  necessarily  closed,  and  it  will  be 
assumed  throughout  that  its  plane  content  is  zero.  It  will  also  be  assumed 
that  the  domain  for  which  such  a  function  is  defined  is  bounded,  and  that  the 
frontier  has  the  content  zero,  the  domain  being  therefore  measurable  in 
accordance  with  Jordan's  definition  ;  and  consequently  the  function  may  be 
replaced  by  another  function  defined  for  all  the  points  in  a  fundamental 
rectangle,  the  new  function  being  taken  to  vanish  at  all  points  not  in  the 
original  domain,  and  to  have  the  same  value  as  the  original  function  at  ftll 
points  of  that  domain.  These  assumptions  being  made,  a  definition  of  the 
improper  double  integral  which  is  substantially  the  one  given  by  Jordan* 
and  adopted  by  Stolzf,  may  be  stated  as  follows : — 

Let  Di,  D^y  ...  Dn  .,,  denote  a  sequence  of  domains  contained  in  the  funda- 
mental rectangle^  each  one  of  which  consists  of  a  finite  number  of  connex  closed 
portions  each  with  its  frontier  of  zero  content,  and  in  which  the  number  of  tJie 
portions  may  increase  indefinitely  with  n.  Further ^  let  us  suppose  that  none  of 
these  domains  contain,  in  their  interiors  or  on  their  frontiers,  any  point  at 
which  f{x,  y)  has  an  infinite  discontinuity,  and  that  the  sequence  is  such  thai 
the  measure  of  Dn  converges  to  that  of  the  fundamental  rectangle ;  then  if 
the  upper  integrals 

\    f{^yy){dxdy),    \    f{x,y){dxdy),...  \    f{x,y){dxdy\.,. 

taken  over  the  domains  2),,  Dj, ... ,  converge  to  a  definite  limit  independent  of 
the  particular  sequence  [Dn]  chosen,  this  limit  is  defined  to  be  the  impropef 
upper  integral 

f{x,y)(dxdy) 


/- 


of  f(x,  y)  in  the  given  domain.     A  similar  statement  applies  to  the  case  q 
the  improper  lower  integral.     When  the  improper  upper  and  lower  integrals 
both  exist,  and  have  the  same  value,  then  the  improper  integral 


/■ 


f(x,  y)  idxdy) 

over  the  given  domain  is  said  to  exist,  and  to  have  this  common  value. 

It  will  be  observed  that  the  domains  Dn  are  all  measurable  in  accordance 
with  Jordan's  definition  of  a  measurable  set,  and  therefore  also  in  accordance 
with  the  definition  of  Borel  and  Lebesgue. 

*  Cours  d* Analyse,  voL  n,  p.  76. 
t  QrundzUge,  vol  m,  p.  124. 


318, 319]  Improper  dovbU  integrals  433 

In  case  the  function  f{x,  y)  be  integrable  in  all  the  domains  A,  A>  •••  > 
however  this  sequence  may  be  chosen,  subject  to  the  conditions  stated 
above,  then  if  the  sequence 


/    f{^>y){dxdy\    \    f{x,y){dxdy\... 


converge  to  a  definite  limit,  independent  of  the  particular  sequence  [Dn],  that 
limit  defines  the  improper  double  integral 


jf(^>y)(d^dy). 


If  a  function  f{w,  y)  have  an  improper  integral  in  the  fundamental  rect- 
angle, then  f{x,  y)  has  a  proper  integral  in  any  connex  closed  domain  of 
which  the  frontier  has  zero  me€t8ure,  and  which  is  contained  in  the  funda- 
mental rectangle,  but  itself  contains  no  points  in  its  interior,  or  on  its  frontier, 
at  which /(a?,  y)  is  infinitely  discontinuoua     For,  by  the  definition, 


I   f{^*y){dxdy\   I  f{x,y){dxdy) 

J  D  J  D 


converge  to  one  and  the  same  definite  limit,  as  D  converges  to  the  funda- 
mental rectangle ;  therefore  D  can  be  so  chosen  that,  if  €  be  an  arbitrarily 
chosen  positive  number. 


f  f{oc,y){dxdy)-\    f  (x,  y)  (dxdy)  <  €. 

J  D  J  D 


Now  if  iX  be  any  domain  of  the  type  defined  above,  in  the  interior  of  D,  it  is 
clear  that  the  difference  between  the  upper  and  lower  integrals  of /(a?,  y) 
throughout  IX  cannot  exceed  the  difference  of  the  upper  and  lower  integrals 
throughout  D,  and  is  therefore  <  €.  Since  6  is  arbitrarily  small,  it  follows 
that  the  upper  and  lower  integrals  throughout  D'  must  be  identical,  and 
therefore  that  f(x,  y)  is  integrable  in  I/,  It  has  thus  been  shewn  that 
if  f{x,  y)  have  an  improper  double  integral  in  the  fundamental  rectangle, 
it  must  possess  a  proper  integral  in  any  connex  closed  domain  interior  to 
that  rectangle,  such  thai  the  domain  has  its  frontier  of  zero  measure,  and 
contains  no  points  of  infinite  discontinuity  of  the  function,  either  in  its  interior 
or  on  its  frontier. 

319.     The  necessary  and  sufficient  condition  for  the  existence  of  the  im- 
proper upper  double  integral 


jf{^^  y)  (dxdy) 


is  that,  corresponding  to  any  arbitrarily  chosen  positive  number  e,  another 
positive  number  S  can  be  determined,  such  that,  if  ^  be  any  connex  closed 
domain  whatever,  of  which  the  frontier  has  zero  mea^sure,  and  which  is  contained 

H.  28 
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in  the  fundamental  rectangle^  hut  itself  contains  no  points  of  infinite  discon- 
tinuity of  f(x,  y),  either  in  its  interior  or  on  its  frontier,  then^  provided  the 
measure  of  ^  is  <h,  the  condition 


//' 


<€, 


{x,y){dxdy) 

taken  over  A,  is  satisfied. 

A  similar  theorem  applies  to  the  improper  lower  double  integral. 

To  shew  that  the  condition  stated  in  the  theorem  is  sufficient,  let  2),  U 
be  two  domains  of  the  kind  specified  in  §  318, .such  that  m{D),  m{iy)  both 
differ  from  the  area  of  the  fundamental  rectangle  by  less  than  h  \  they  are 
both  interior  to  the  fundamental  rectangle,  and  contain  none  of  the  points 
of  infinite  discontinuity  of  the  function.  Let  d  be  the  set  of  points  of  D 
which  do  not  belong  to  iX,  and  d'  the  set  of  points  of  U  which  do  not 
belong  to  D ;  then 

m{d)<A-m{iy)<h, 

and  m  (df)  KA-miD)  <  S, 

where  A  is  the  area  of  the  fundamental  rectangle.     Also,  since  the  domains 
D  +  d\  U  -\-d  are  identical,  we  have 

iD  —  J^jy^Id  —  Id:* 
where  I  denotes  the  upper  double  integral 


jf(x,y)(dxdy) 


taken  over  the  domain  indicated  by  a  suffix.     It  follows  that 

\Ii,-Ijy\^\Ia\  +  \I^\<2€; 
and  hence  it  is  easily  seen  that  any  two  sequences 

both  converge  to  one  and  the  same  definite  limit. 

To  shew  that  the  condition  stated  in  the  theorem  is  necessary,  let  us 
suppose  that  it  is  not  satisfied.  We  thus  assume  that  a  domain  d  of 
arbitrarily  small  measure  can  be  found,  such  that  |  /||  |  >  €. 

Let  D  be  interior  to  the  rectangle,  and  such  that 

A-m(D)<&. 

Taking  D  to  contain  d,  we  then  have  * 

m(2)-d)>il-2S, 

provided  m  (d)  <  S. 

The  two  domains  D,  D  —  d  both  converge  to  J.,  if  S  be  decreased  indefinitely ; 
*uid  r_      T       ^  T  . 


319] 
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thus  I  I  J)  -  Ij)-d  I  >  €, 

however  small  i  may  bo;  hence  the  limit  does  not  in  this  case  exist. 

The  necessary  and  sufficient  condition  Hiat  the  impropei^  upper  and  lower 
integrals  of  f{x^  y)  in  the  fundamental  rectangle  may  both  exist  is  that  the 
improper  upper  integral  of  \  f(x,  y)  \  may  exist. 

To  shew  that  the  condition  stated  is  sufficient,  we  observe  that,  on  the 
assumption  of  the  existence  of 


j\f(^yy)\(d^dyl 


t  follows  from  the  theorem  established  above  that  the  upper  integral  of 

l/(^>y)l 

through  a  connex  domain  Z),  interior  to  A,  and  containing  none  of  the 
points  of  infinite  discontinuity,  tends  to  the  limit  zero  as  m{D)  does  so. 
Also 

I    f(^fy)(dxdy)    ,    If  f(x,y)(dxdy) 

J  D  \J^D 

are  both  ^  |    \J{x,y)\  (dxdy), 

J  D 

as  is  easily  seen.    It  follows  that  both 

I    f{^yy)(dxdy\     I    f{x,y)(dxdy) 

converge  to  zero  as  m(D)  does  so,  and  uniformly  for  all  such  domains  D;  and 
that  these  are  the  sufficient  conditions  for  the  existence  of 


jf(^>  y)  (d^dy),  jf(x,  y)  (dxdy). 


To  prove  that  the  condition  stated  is  a  necessary  one,  let  us  assume  that, 
for  every  connex  domain  D  satisfying  the  specified  conditions,  and  such  that 
m  (D)  <  S,  we  have  _ 

f(x,y){dxdy) 


I 


<€. 


Now  let  / (x,  y)  =/+  {x,  y)-f^ (x,  y), 

where  f'^(^yy)='f  (^>  y) 

at  all  points  where /(ar,  y)  is  positive,  and  everywhere  else 

also  /"■  (^>  y)  =  -/(^»  y)» 

at  every  point  where  f(x,  y)  is  negative,  and  f''(x,  y)  is  everywhere  else 
zero.  The  domain  D  may  be  divided  into  a  finite  number  of  rectangles  S, 
some  of  which  may  lie  partly  outside  D;  the  frmctions  being  taken  to  be 

28—2 
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zero  in  all  such  outlying  portions.     Denoting  by   U^  the  upper  limit  of  a 
function  in  the  rectangle  S,  we  have 

in  all  elements  h  in  which  f{x,  y)  has  positive  values ;  and  in  all  other  elements 

The  elements  may  be  taken  such  that,  if  17  be  an  arbitrarily  chosen  number, 
the  inequalities 

^iU,  [f{x,  y)]-\  f(x,7/)(dxdy)<v, 
UUt  {/+  {X,  y)}  -7  f+{x,y){dxdy)<fi 

J  D 

are   both   satisfied.      These   conditions  are  also  satisfied  for  any  domain 
contained  in  D. 

We  have  now 

7  /+(^,  y)dxdy  ^  lBU,\f^  {x,  y)]  ^  thU,[f{x,  y)] 

J  D  D  Di 

=  [  f(^,y)(dxdy)'¥v 

JDx 
^€  +  17, 

where  A  consists  of  the  domain  which  is  composed  of  those  elements  S  of  D 
in  which  f{x,  y)  has  positive  values.     Since  17  is  arbitrarily  small,  we  have 

I   f'^(a^^y)(dxdy)^€. 

J  D 

Again,  since 

f  f(x,  y)  {dxdy)  =  -  f  -{f{x,  y)]  (dxdy) 

J  D  J  D 

we  see  that  I  -  [f{x,y)\{dxdy) 

J  D 

has  the  limit  zero  when  m{D)  has  the  limit  zero;  and  fix)m  this  it  follows  as 
before  that 

/   f~{^.y){dxdy)^€. 

J  D 

Hinco  f(x,  y)  =/+  {x,  y)  -/"(«»  y\ 

m^  have  [  |  f{x,  y)  \  {dxdy)  ^  26 ; 

J  D 


and  therefore  /    \f{x,  y)  \  {dxdy) 

J  D 
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has  the  limit  zero  when  m{D)  converges  to  zero.    It  now  appears,  by  employ- 
ing the  first  theorem  of  this  section,  that 

~\\f(,x,y)\(dxdy), 

taken  throughout  the  fundamental  rectangle,  has  a  definite  value. 
It  should  be  observed  that  since 

f  \f{x,y)\  (dxdy)  &  J  I  f(x.  y)  \  (dxdy), 

the  lower  integral 

I    \f(^»y)\(dxdy) 

has  the  limit  zero,  whenever  zero  is  the  limit  of 

J  D 

and  that  therefore  I  |/(a?,  y)  \  (dxdy) 

always  exists  when  1 1/(^>  y)  I  i^^v) 

does  so,  the  integration  being  over  the  fundamental  rectangle. 

320.  It  has  been  seen  in  §  318  that,  in  case  f{x,y)  have  an  improper 
integral  in  the  fundamental  rectangle,  it  has  a  proper  integral  in  any  closed 
connex  domain  D  contained  in  that  rectangle,  with  frontier  of  zero  measure, 
and  containing  no  points  of  infinite  discontinuity  of  the  function.  It  follows 
by  the  theorem  of  §  317  (1),  that  \f{x,  y)  \  is  also  integrable  in  the  domain  D; 
and  we  have  already  seen  that  the  existence  of  an  improper  upper  integral  of 
l/(^>  y)l  ^  *  necessary  consequence  of  the  existence  of  the  improper  integral 
of  f(x,  y).  It  thus  appears  that  the  improper  upper,  and  lower,  integrals 
of  \f(x,  y)\  must  be  identical,  and  therefore  that,  if  f(x,  y)  be  a  function 
which  has  an  improper  dovhle  integral,  in  accordance  with  Jordan's  definition, 
then  \f{x,  y)  \  has  also  an  improper  integral,  so  that  every  such  improper 
integral  is  absolutely  convergent. 

We  have  seen  that  Hamack's  definition  of  an  improper  single  integral  is 
applicable  not  only  to  the  cases  in  which  the  convergence  is  absolute,  but 
also  to  cases  in  which  the  convergence  is  not  absolute.  Jordan's  definition 
of  an  improper  double  integral  is  however  much  more  stringent  than 
Hamack's  definition  of  an  improper  single  integral.  In  the  latter  case 
the  integral  is  defined  as  the  limit  of  the  proper  integral  taken  through  a 
finite  number  of  intervals,  not  chosen  arbitrarily  in  any  manner  consistent 
with  the  condition  that  the  sum  of  these  intervals  is  to  converge  to  the 
length  of  the  interval  of  integration,  but  chosen  so  as  to  satisfy  the  special 
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condition  that  they  are  complementary  to  a  finite  set  of  intervals  which 
contain  in  their  interiors  all  the  points  of  infinite  discontinuity  of  the 
function,  each  interval  of  the  finite  set  containing  at  least  one  such  point 

If  the  proper  integrals  of  which  the  improper  integral,  in  Hamack's 
definition,  is  the  limit,  were  not  subjected  to  the  above  mentioned  restriction, 
reasoning  precisely  similar  to  that  applied  above  would  shew  that  every 
improper  single  integral  must  be  absolutely  convergent.  In  order  that 
a  definition  of  the  improper  double  integral  should  admit  of  the  existence  of 
double  integrals  which  do  not  converge  absolutely,  it  would  be  necessary  to 
subject  the  domains  A.  A»  •••  J^m  ••..  (the  proper  integrals  through  which 
define,  as  their  limit,  the  double  integral),  to  some  restriction  which  would 
allow  of  the  existence  of  a  limit  in  cases  in  which  such  a  limit  does  not  exist, 
independently  of  the  particular  set  {Dn}  chosen,  when  no  such  restriction 
is  made.  Such  a  restriction  as  to  the  nature  of  the  domains  2>«  would 
correspond  to  the  restriction  to  a  special  class  of  sets  of  intervals,  of  the 
intervals  through  which  the  proper  integrals  in  Hamack's  definition  of  an 
improper  single  integral  are  taken.  The  true  extension  of  Hamack's 
definition  to  the  case  of  double  integrals  would  be  the  following: — 

Let  Hie  points  of  infinite  discontinuity  of  f(x,  y)  {the  set  of  such  points 
being  of  zero  content),  be  enclosed  in  a  finite  set  of  rectangles  with  sid^ 
parallel  to  those  of  the  fundamental  rectangle,  each  rectangle  of  the  finite  set 
containing  at  least  one  point  of  infinite  discontinuity,  and  no  such  point  being 
on  the  frontier  of  the  set  of  rectangles ;  and  let  D^  denote  the  remaining  part 
of  the  fundamental  rectangle  when  the  finite  set  of  rectangles  is  removed,  tlien,  if 
f(x,  y)  have  a  proper  integral  in  every  such  domain  D^,  and  if  this  proper  in- 
tegral converge  to  a  definite  limit  when  any  sequence  whatever  of  such  domains 
Dn  is  taken,  such  that  the  measure  of  D^  converges  to  thai  of  the  fundamental 
rectangle,  this  limit  shall  define  the  improper  double  integral  off{x,  y). 

This  extension  of  Hamack's  definition  would  admit  of  the  existence  of 
non-absolutely  convergent  improper  double  integrals,  as  we  have  seen  to 
be  the  case  for  improper  single  integrals.  With  this  definition,  the  theorems 
of  §  319  would  no  longer  be  valid. 

When  it  is  asserted  that  non -absolutely  convergent  double  integrals  do 
not  exist,  the  assertion  must  be  taken  to  mean  that  such  integrals  do  not 
(txint  in  accordance  with  the  definition  of  Jordan,  and  not  that  it  is  im- 
poHHible  to  give  definitions,  such  as  the  above  extension  of  Hamack's,  in 
iu!(!()r(lance  with  which  double  integrals  exist  that  do  not  converge  absolutely. 

The  properties  of  improper  double  integrals  which  are  not  necessarily 
almolutely  convergent  are  more  restricted  than  those  which  exist  in  accor- 
(lanco  with  Jordan's  definition,  and  it  is  consequently  a  matter  of  opinion 
whtdher,  though  the  former  certainly  exist  as  limits,  the  name  integral 
limy  bo  appropriately  applied  to  such  limits. 


320]  Improper  dovble  integrals  439 


EXAMPLK 

If  we  take  as  the  domain  of  int^ration  the  rectangle  bounded  by  x—0,x=a,y=Oj 
y =6,  then  the  double  integral  of  -  sin  -  is  not  convergent,  and  therefore  in  accordance 

with  Jordan's  definition  does  not  exist ;  although  the  single  mtegnd  /  -  sin  -  dor  is 
non-absolutelj  convergent,  and  does  exist  in  accordance  with  Hamack's  definition. 

The  existence  of  f  -  sin  -  dx  depends  upon  the  fact  that  /  -  sin  -  d!r  converges  to 
a  definite  limit  as  c  converges  to  zero,  and  this  is  sufficient  to  ensure  the  existence  of  the 
single  integral    Although  /  -  sin  -  (dxdy)  taken  over  the  domain  bounded  by  ^=€,  a;=a, 

J    X  X 

y=0,  y=6,  converges  to  a  definite  limit,  as  c  converges  to  zero,  this  is  not  sufficient  to 
ensure  the  existence  of  the  Jordan  double  integral.  Taking  Jordan's  definition,  let  the 
domain  D^  consist  of  the  rectangular  spaces  bounded  by  the  lines  y=0,  y=h^  and  the 
lines  parallel  ^  the  y-axis  at  the  extremities  of  the  intervals  on  the  ^-axis 

\(2n+l)ir'  V*     \(2n+3)tr'    (2n+2)trj'     V(2n+6)jr'    (2n+4)trj'  '" 

_J \.\ 

X4»+l)w'    4njr/' 
The  double  integral  taken  through  these  spaces  is 

1 


k 


or 


J        1         JO*         X  p— fi^.]  J        1         JO*         * 

(2n+l)ir  (2p+l)» 

/"•  r*  1  1  /■»  .     ^=*"       1 

y       1       JO  X  X        ^        Jo  p=n+l«+2p»r 


which  is  greater  than 


/all  n  [^ 

-  sin  -  dx+bj-z — .  ,.       I    sin  zdz, 
1       X       X  (4n  +  l)tryo 


(«n+l)i 


or  than  6  i  -sm-ar+,-: tt— ; 

y       1        4?        ^  (4w+l)ir' 


(2n+l)i 


and  this  converges  to  b  I     -Hin-dx+^r-  • 

yo  ^       "^         2»r 

whereas  j  -eiu-  (dxdy)  taken  over  the  domain  bounded  by  ^=f,  a7=a,y=0,  y^ft,  con- 

J  X         X 

verses  to  6  /     -sin-otr. 

®  Jo  X       X 

Therefore  the  mode  of  choice  of  the  intervals  />.  affects  the  limit  to  which 


/, 


-  sin  -  (dxdy) 
D^x       X 


converges,  as  2>„  converges  to  the  complete  domain.    Thus  it  is  clear  that  the  double 
integral,  in  accordance  with  Jordan's  definition,  does  not  exist. 
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321.  A  definition  of  the  improper  double  integral  has  been  given  by 
de  la  Valine- Poussin,  precisely  similar  to  his  definition  for  single  integrals. 
This  may  be  stated  as  follows: — 

Let  fn  (ic,  y)  be  the  function  whick  is  such  that 

fn  (^,  y)  ^fipc.  y) 

at  every  point  (x,  y)  at  which 

where  Mn,  Nn  are  two  positive  numbers,  and  is  also  such  that 

fn  ifOy  y)  =  M^, 
at  every  point  where  f(x,  y)  >  Mn;  also  let  fn  (a?,  y)  =  —  iV^n. 
at  every  point  where  f(x,  y)  <  ~  N^. 

If  /{x,  y)  be  such  that  the  proper  integral 


\' 


\fn  (a?,  y)  {dxdy) 

earists,  whatever  positive  values  M^,  N'n  may  have,  and  if  also  the  double  limit 

lim.         fn  (x,  y)  (dxdy) 

have  a  definite  finite  value,  that  limit  is  said  to  define  the  improper  integral 

'/(^»  y)  (dxdy). 


I' 


The  existence  of  the  double  limit  implies  that,  if 

jXi I ,  jxi^,  •  •  •  Jn  f) f  •  •  •  anu  jy  \ ,  jm %,  •  • »  ^ ti i  *  *  * 

be  any  two  independent  sequences  of  increasing  numbers  with  no  upper 
limits,  then  the  sequence  of  numbers 

j/i (^>  y) (dxdy),    j/j (x,  y)  (dxdy)  ...  jfn  (a?,  y) (dxdy)  . . . 

converges  to  a  definite  limit,  independently^  of  the  mode  in  which  the  two 
sequences  [M^,  [N^^  are  chosen. 

It  may  be  shewn,  exactly  in  the  same  manner  as  in  §  273,  that  the 
existence,  in  accordance  with  this  definition,  of  the  improper  integral 

|/(^>  y)  (dxdy), 

implies  the  existence  of  1 1/(^»  y)  I  (dxdy) ; 

and  thus,  that  all  improper  integrals,  so  defined,  are  absolutely  convergent. 

As  in  §  273,  it  appears  that,  for  the  existence  of  the  double  integral,  it  is 
necessary  that  the  closed  set  of  points  of  infinite  discontinuity  of  the  function 
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should  have  zero  conteDt ;  and  in  fact  that,  k  denoting  any  positive  number, 
the  set  of  points  at  which  the  measure  of  discontinuity  of  the  function 
is  ^  A;,  must  have  content  zero.  Thus  all  the  points  of  discontinuity  of  the 
function  form  a  set  of  zero  plane  measure. 

322.  Since  the  definitions  given  by  de  la  Vall^e-Poussin  and  by  Jordan 
both  apply  only  to  the  case  of  absolutely  convergent  integrals,  it  is  of 
importance  to  shew  that  they  are  completely  equivalent  to  one  another. 
If,  in  the  proof  given  in  §  274,  of  the  equivalence  of  the  two  definitions  of 
absolutely  convergent  single  integrals,  intervals  be  replaced  throughout  by 
rectangular  cells  with  sides  parallel  to  the  sides  of  the  fundamental  rectangle, 
we  have  a  proof  that  in  the  case  of  absolutely  convergent  double  integrals, 
the  definition  of  de  la  Vallde-Poussin  is  completely  equivalent  to  the 
extended  definition  of  Hamack,  given  in  §  320.  It  only  remains  to 
prove  that  the  latter  is,  in  the  present  case,  equivalent  to  Jordan's.  It 
will  be  sufficient  to  give  a  proof  that,  for  a  function  which  is  never  negative, 
if  the  integrals  taken  through  the  special  domains  D^  which  consist  of 
sets  of  rectangles  with  sides  parallel  to  the  axes  of  x  and  y,  converge  to  a 
definite  limit,  then  the  integrals  taken  through  domains  Un,  each  of  which 
consists  of  a  finite  number  of  connex  closed  portions  of  any  kind,  also 
converge  to  the  same  definite  value  as  in  the  case  of  Dn,  when  m{iy^ 
converges  to  the  area  A  of  the  fundamental  rectangle. 

Taking  U^  so  that  A  '-m(D'n)='€ny  Dn  can  be  so  chosen  as  to  contain 
D^n  in  its  interior.  For,  since  jy„  does  not  contain  either  in  its  interior  or  on 
its  frontier  any  points  of  infinite  discontinuity  of  the  function,  therefore,  for  each 
one  of  the  latter  points,  the  distance  from  all  the  points  of  D'n  has  a  minimum 
greater  than  zero,  IXn  being  closed  and  connex.  Hence  each  point  of  infinite 
discontinuity  can  be  enclosed  in  a  rectangle  which  contains  no  points  of  D'n 
either  in  its  interior  or  on  its  sides. 

Since  the  set  of  points  of  infinite  discontinuity  is  closed,  a  finite  set  of 
the  rectangles  can,  in  accordance  with  the  Heine-Borel  theorem,  be  chosen 
so  as  to  enclose  the  whole  set  of  these  points ;  and  the  complement  of  this 
finite  set  of  rectangles  may  be  taken  to  be  Dn. 

This  may  be  done  for  each  value  of  n. 

If  m  (lyn)  converge  to  -4,  it  is  clear  that  m  (Dn)  which  is  >  m  (D^n)  also 
converges  to  A,  Also  a  number  n  >  n,  can  be  determined,  such  that  ZXn' 
encloses  D^  in  its  interior;  we  have  then 

f     f(^»y)(dxdy)^l   f{x,y)(dxdy)^     f{x,y){dicdy). 


If  f    f{x.y){dxdy) 

J  Dm. 
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converge  to  a  definite  limit         |/(^»  y){dxdy\ 
n  may  be  taken  so  great  that 

j /(^.  y)(dxdy)  -  j     f{x,  y)  (dxdy) 
is  less  than  the  arbitrarily  small  number  17 ;  then  also 

I /(^,  V)  {dxdy)  -  [     /(a?,  y)  (ctrdy)  <  17, 

and  it  thus  follows  that  I      /(a?,  y)  {dxdy) 

also  converges  to  the  limit  //(^»  y){dxdy). 

The  complete  equivalence  of  the  two  definitions  has  now  been  estab- 
lished. 

The  definition  of  a  Lebesgue  integral  may  be  extended  to  the  case  of 
improper  integrals,  as  in  §  291.  It  may  be  shewn,  precisely  as  in  §  291,  that 
the  definition  of  a  Lebesgue  improper  double  integral  may  be  put  into  a 
form  which  is  an  extension  of  de  la  Vallt^e-Poussin's  definition  to  the  case  in 
which  the  functions  /„  {x,  y)  possess  Lebesgue  integrals,  but  not  necessarily 
Riemann  integrals.  Exactly  as  in  §  291,  it  may  be  shewn  that  the  three 
definitions  of  an  improper  double  integral  are  in  accord*  with  one  another 
whenever  all  three  are  applicable. 

DOUBLE  INTEGRALS  OVER  INFINITE  DOlfAINS. 

323.  Let  the  function  f{x,  y)  be  defined  for  an  unbounded  domain  G, 
and  let  it  be  assumed  that /(a?,  y)  possesses  either  proper,  or  improper,  upper 
and  lower  integrals  for  every  bounded  domain  D  contained  in  6,  such  domain 
being  closed,  and  having  its  frontier  of  zero  content. 

Let\  D,,  Da,  ...  -Dm  •••  6(?  a  sequence  of  domains  each  consisting  of  a  finite 
number  of  connex  closed  portions^  and  such  that  Dn  contains  every  point  of  G 
of  which  the  distance  from  the  origin  is  <  pn,  where  p^  is  a  positive  number 
which  increases  indefinitely  with  n.  If  ilie  proper  or  improper  upper  integral 
of  f{x,  y)  taken  over  Dn  have,  for  the  whole  sequence,  a  definite  limit  inde- 
pendent of  the  particular  sequence  {Dn}  chosen,  subject  to  the  above  condition, 
then  this  limit  is  said  to  define  the  improper  upper  integral  of  f{x^  y)  over  the 

unbounded  domain  G,  and  it  may  be  denoted  by  I    f(x,  y)  (dxdy).     A  similar 

Jo 

statement  applies  to  the  improper  lower  integral  I    /(a?,  y)  {dxdy). 

Jjo 

*  Hobson,  Proc.  Lond.  Math,  Soc,  ser.  2,  voL  iv,  p.  145. 

t  See  Jordan's  Cours  d* Analyse,  vol.  u,  p.  81 ;  also  Stolz's  OrwuUUge^  voL  n,  p.  148. 
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When  the  improper  upper  and  lower  integrals  both  exist,  and  have  the 
same  valae,  then  this  value  defines  the  improper  integral 


L 


f{x,  y)  (dxdy) 


of  /(a?,  y)  over  the  domain  0. 
The  necessary  and  sufficient 


\    f{^yy){dxdy) 
J  o 


is  that,  corresponding  to  each  arbitrarily  chosen  number  e,  a  number  p  can  be 
determined,  such  that  for  every  bounded  connex  closed  domain  A  contained  in  G, 
and  itself  containi'ng  no  points  of  distance  from  the  origin  <p,the  inequality 


I 


f{x,y){dxdy) 


<6 


<€; 


be  saJtisfied. 

Let  us  first  assume  that  the  condition  stated  is  fulfilled.  Let  D,  U  he 
two  domains  each  containing  as  a  part  all  those  points  of  0  of  which  the  dis- 
tance firom  the  origin  is  <  />,  and  let  E  be  the  domain  common  to  D  and  D', 

Let  D  —  E=^^,  /y  —  ^  =  A';  then  all  points  of  A,  A'  are  at  distances 
^p  from  the  origin.    We  have  then 

\j^f(^>y){d^dy)   <e,  j^ /(a?,  y)  (da:dy) 

and  since  A  —  A'  =  D  —  IX,  we  have 

j    f  {^f  y)  idxdy)  - ^   f{po,y){dxdy)   <2€; 
and  the  condition  for  the  existence  of 

j    f{^^y){dxdy) 

is  therefore  satisfied. 

To  shew  that  the  condition  stated  in  the  theorem  is  a  necessary  one, 
let  us  assume  that  the  condition  is  not  satisfied.  Then,  for  every  pair  of  values 
of  €  and  p,  there  exists  a  domain  A,  all  the  points  of  which  are  of  distance 
^p  from  the  origin,  such  that 


I 


f{x,  y)  (dxdy) 

A 


^«. 


Let  ^  be  a  bounded  domain  contained  in  0,  and  itself  containing  every 
point  of  which  the  distance  from  the  origin  is  <  ^ ;  and  let  E  contain  A.    Let 
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E—^^Ei;  then  Ei  also  contains  every  point  of  0  whose  distance  from 
the  origin  is  <p.     Then 


J  E  J  JSt 


€. 


It  follows  that,  however  great  p  nriay  be,  there  exist  in  0  two  domains, 
each  containing  all  points  of  G  of  distance  from  the  origin  </>,  such  that  for 
them  this  last  condition  is  satisfied  ;  in  this  case  the  improper  upper  integral 
through  0  cannot  exist.  It  has  therefore  been  shewn  that  the  condition 
stated  in  the  theorem  is  a  necessary  one. 

The  necessary  and  sufficient  condition  that  the  upper  and  lotver  integrals  of 
f(x,  y)  through  the  infinite  domain  0  may  both  exist  is  thai  the  improper 
upper  integral  of  \  f{x,  y)  \  over  0  may  exist. 

The  proof  of  this  theorem  is  a  repetition  of  the  proof  of  the  corresponding 
theorem  in  §  319 ;  the  only  difference  being  that,  in  the  present  case,  D  is 
taken  to  be  a  connex  closed  domain  contained  in  G,  every  point  of  which  is  at 
a  distance  from  the  origin  ^  p.  The  indefinite  increase  of  p  corresponds  to 
the  indefinite  diminution  of  m  (D)  in  the  former  case. 

324.  It  now  follows,  as  in  §  320,  that,  i/f{x,  y)  he  a  function  which  his 
an  improper  integral  over  the  infinite  domain  0,  in  accordance  with  Jordan's 
definition^  then  \f{x,  y)  \  has  also  such  an  improper  integral,  so  that  every 
improper  integral  is  absolutely  convergent. 

In  order  to  obtain  a  definition  in  accordance  with  which  non-absolutely 
convergent  improper  integrals  over  an  infinite  domain  may  exist,  some 
restriction  must  be  imposed  upon  the  nature  of  the  domains  A,  Ds,  ... 
which  are  employed  in  the  definition  in  §  323.  For  example,  we  may 
restrict  Ai  A,  •••!  as  in  the  extended  definition  of  Hamack,  which  has 
been  given  in  §  320. 


1*     The  integral 


/ 


EXAMPLES. 


sin  {ax +hy)af''^y*-^  {dxdy\ 


where  0<r<l,  0<«<1,  taken  over  the  positive  quadrant,  has  no  existence  as  an 
absolutely  convergent  improper  integral.  We  find  that  the  integral  taken  over  the  rect- 
angle bounded  by  a;=0,  a?=A,  y=0,  y=^k  tends  to  the  limit  a~«'6"*r(r)r(«)sin  J(r+«)«', 
as  k  and  k  are  increased  indefinitely.  If  the  integral  be  taken  over  the  domain  j;>0, 
y>0,  aX'\-hy<hy  then  when  h  is  indefinitely  increased,  the  integral  has  no  limit  if 
l<r+«<2  ;  but  it  tends  to  the  same  limit  as  before,  when  r+<<l.  The  int^ral  may 
be  regarded  as  conditionally  convergent,  if  we  adopt  a  definition  in  acoordanoe  with  which 
it  is  sufficient  that  the  integral  taken  through  the  rectangle  x^^O,  s^h^  y^Of  y^k  have  a 
definite  double  limit,  as  h  and  k  are  indefinitely  increased. 

*  Hardy,  Mettenger  of  Math,,  vol.  xxxn,  p.  96. 
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2*     The  integralB 

/  cos  (a«*+2Aa!y + fiy*)  {dxdy\       I  sin  (<m^+ 2Axy +6y*)  {dxdy) 

where  a,  a6-A'  are  positive,  taken  over  the  positive  quadrant,  do  not  exist  as  absolutely 
convergent  int^irak.  It  may  be  seen  that,  if  the  integrals  are  taken  over  the  quadrant 
'of  a  drde  bounded  by  ras^  the  value  of  the  integral  has  no  definite  limit  as  i2  is 
increased  indefinitely.  If  the  integral  be  taken  over  the  rectangle  bounded  by  j?~0,  x^h\ 
ysO,  yal^i  then,  when  A'  and  kf  are  increased  indefinitely,  the  integrals  have 

0,  and  — J-  COS"*  -7= 

for  limits  respectively,  the  inverse  cosine  having  its  least  positive  value.  These  may  be 
regarded  as  the  values  of  the  integrals,  subject  to  a  suitable  restriction  on  the  domains 
of  which  the  positive  quadrant  is  the  limit. 

If  a-0,  6-0,  A= J,  • 

I  n^nxy{dxdy) 

over  the  positive  quadrant,  has  no  existence,  even  considered  as  the  limit  of  an  integral 
over  the  rectangle.    But 

iXMxy{dxdy) 


I 


exists  and  is  equal  to  ^ir,  when  the  int^ral  is  defined  as  the  limit  of  the  integral  over  the 
finite  rectangle.    It  may  be  remarked  that  the  single  integrals 

omxydx^      j    einssydy 
are  both  diyeigent. 


THE  TRANSFORMATION   OF  DOUBLE   INTEGRALS. 

326.  Let  (x,y)  be  a  point  of  a  limited  perfect  and  connex  domain  H,  and 
let  X  and  y  be  expressed  by  means  of  two  functions  /i,  /,  in  terms  of  two 
new  variables  f,  17,  which  may  be  represented  by  points  (f ,  17)  in  another  plane. 
Let  us  suppose  that  the  functions 

and  the  reciprocal  functions 

are  such  that  the  following  conditions  are  satisfied: — 

(1)  To  each  point  (a?,  y)  there  corresponds  one  point  (f ,  rj) ;  and,  con- 
versely, to  each  point  (f ,  rj)  there  corresponds  one  point  (a?,  y) ;  and  to  the 

limited  domain  H  there  corresponds  a  limited  domain  S. 

(2)  The  functions  /^  (f,  17),  /,  (f ,  rj)  are  continuous  functions  of  (f ,  17) 
throughout  the  domain  S. 

*  Hardy,  Mei$enger  of  Math,,  vol.  zzxn,  p.  169, 
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(3)  The  functions  /i  (f ,  17),  /a  (f,  17)  have,  at  every  point  (f,  17)  of  H, 
definite  partial  differential  coefficients  with  respect  to  f  and  17,  and  each  one 
of  these  is  everywhere  continuous  with  respect  to  (f,  17),  and  nowhere  vanishes. 

(4)  The  Jacobian  of  /i  (f,  17),  /a  (f,  17)  with  respect  to  f  and  17  does  not 
vanish  in  the  domain  S,  In  virtue  of  (3)  the  Jacobian  is  everywhere  con- 
tinuous, and  of  fixed  sign. 

From  (2)  and  (3)  it  follows  that,  if  (f  +  Af ,  17  +  ^17),  (f,  17)  be  two  points 
of  H,  and  {x  +  Aa?,  y  +  Ay),  (a:,  y)  the  corresponding  points  of  JT,  then 

where   ^1,   ^a,  Oi,  64  converge  to  zero  as  Af,  A17  do  so,  and  (see  §  237) 

uniformly  for  all  points  (^,  17)  in  any  closed  domain  contained  in  ^.  On 
solving  these  equations,  we  find 

^ — 7+75 — ■ 

with  a  similar  expression  for  A17,  where  J  denotes  the  Jacobian 

a  (?,  v) ' 

and  tti  is  a  function  of  6^^  62,  0^,  64  which  converges  with  them  to  zero. 
Since,  by  (4),  J  never  vanishes,  it  follows  from  these  equations  that  Af,  A17 
converge  to  zero  with  Ax,  Ay,  and  thus  that  the  functions  4>i(x,  y),  ^(a;,  y) 
are  both  continuous  functions. 

The  partial  differential  coefficients 

^sr^/j       ^        ?^        ^ 
dx      drjl     '       3y  '       dx  '       By 

are  also  continuous  in  H;  and  therefore 

where  Xi'  X»'  X»»  X*  converge  to  zero  with  Aa?,  Ay,  and  uniformly  so  for  all 
points  (Xf  y)  in  H. 

Corresponding  to  any  closed  set  A,  of  zero  content,  contained  in  H,  there 
is  a  closed  set  h,  of  zero  content,  contained  in  IS.  It  is  clear,  from  the  con- 
tinuity of  the  functions  which  define  the  transformation,  that  a  limiting 
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point  of  a  sequence  of  points  in  H  corresponds  to  the  limiting  point  of  the 
corresponding  sequence  in  S\  and  thus  H  is  closed,  since  h  is  so. 

Writing  Af  =*  XAa?  +  M^y,      Ai;  =  L'dkx  +  if' Ay, 

it  follows,  since 

7X^^7X^  =  ^'  +  ^''  +  ^'  +  ^''  +  2|Z.if+X'if'|, 
( Ad?)»  +  (Ay)* 

where  X,  L\  ...  converge  uniformly  to 

dx'      dx'      ••*' 
that,  if  I  Ao;  I ,  I  Ay  I  be  both  restricted  to  be  less  than  a  fixed  positive  number 

€,  the  ratio 

(Af)«+^i;|» 

(A^y+CAy/ 

has  a  finite  upper  limit  A*,  for  the  whole  domain  H,  Now  let  the  points  of 
h  be  enclosed  in  a  finite  number  of  circles,  the  radii  of  which  are  all  <  € ; 

it  then  follows  that  the  points  of  h  can  be  enclosed  in  a  finite  number  of 
circles  of  which  the  radii  are  all  less  than  6 A.  The  sum  of  the  areas 
of  these  circles  on  the  (f ,  17)  plane,  which  contain  in  their  interiors  all  the 

points  of  ^.  has  to  the  sum  of  the  areas  of  the  circles  on  the  {x,  y)  plane, 
which  enclose  all  the  points  of  A,  a  ratio  less  than  A'.  Since  the  sum  of  the 
latter  circles  can  be  taken  to  be  arbitrarily  small,  it  follows  that  the  points  of 

A  can  all  be  enclosed  in  a  finite  number  of  circles  the  sum  of  whose  areas  is 

arbitrarily  small.     Therefore  Ti  has  the  content  zero. 

326.  Let  f{x,  y)  be  a  limited  function,  defined  for  all  points  of  a  closed 
connex  domain  0  contained  in  B,  the  frontier  of  0  having  content  zero; 
and  let/(a?,y)  be  integrable  in  0,  If  x^  y  be  expressed  in  terms  of  f,  rj  by 
the  relations 

which  satisfy  the  conditions  of  §  325,  then,  corresponding  to  /(a?,  y)  in  G,  we 
have  a  function  F{!^,  rj)  in  the  domain  7},  contained  in  W,  which  corresponds 
to  0.  The  frontier  of  S,  corresponding  to  the  frontier  of  (7,  has  also  the 
content  zero.  A  point  of  discontinuity  of /(a:,  y)  in  the  (x,  y)  plane  corre- 
sponds to  a  point  of  discontinuity  of  F(^y  17)  in  the  (^,  17)  plane,  the  measures 
of  discontinuity  at  the  corresponding  points  being  the  same.  Since  those  points 
of  (or,  y)  at  which  the  saltus  of /(or,  y)  is  ^  A;  form  a  closed  set  of  zero  content, 
it  follows  that  the  points  of  (f,  17)  at  which  the  saltus  of  F(^,  rf)  is  ^k  form 

also  a  closed  set  of  zero  content ;  and  therefore  F{^,  17)  is  integrable  in  0. 

In  order  to  transform  lf{Xy  y)  (dxdy),  taken  throughout  0,  into  an  integral 
taken  throughout  ?,  it  is  convenient  to  make  use  of  an  intermediate  transfer- 
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mation*  0?=*^  (wi,  i^j),  y  =  u^y  followed  by  the  transformation  «,= f ,  t«,  ==/,  (f ,  17); 
the  function  '^(i^,  lis)  being  such  that 

i|r  (l^,   Ma)  =/i  (f,  17). 

It  is  easy  to  see  that  each  of  these  transformations  satisfies  the  conditions 
of  §  325. 

Since  f{x,  y)  is  integrable  in  G,  we  may,  in  accordance  with  the  result  of 
§  314,  replace  the  double  integral 

J/(^>  y){dxdy) 
by  the  repeated  integral  \dy  \f(x,  y)  dx, 

or  by  jdy  Jf(x,y)dx, 

Applying  the  transformation  x^^^yfr  (oi,  u^)  to  the  upper  and  lower  integrals 

jf(x,y)dx,        jf(x,y)dx, 

these  may,  in  virtue  of  the  theorem  of  §  306,  be  transformed  into  the  single 
upper  and  lower  integrals, 

j<l>  K,  Wj)  g^  dtii,  j<f>  (Ui,  Ma)  ^  dttx, 

where   <t>{ui,  n^  represents   the   function   of  tii,  m,  which    corresponds  to 
f{x,  y).     We  thus  have 

j/(^»  y)  (dxdy)  =  J  dwa  j^  (w,,  tij)  ^  du^ 

=  jdwa  j<^(Mi,  u^)^du^ 

=  j<t>  (wi,  y^)  g^  (duidu^), 

the  double  integral  being  taken  through  the  domain  in  the  plane  (ui,  Ua)> 
which  corresponds  to  G  in  (x,  y). 

vX 

Since  5—  is  the  Jacobian  of  {x,  y)  with  respect   to  (tii,  u,),  we  have 

by  a  known  theorem 

j_^    d (til,  t^) . 

atii'ac?,^)' 

*  This  method  is  employed  in  the  general  case  of  moltiple  integralB  by  Pierpont;  see  his 
paper  **  On  maltiple  integrals,"  Trans,  Amer.  Math,  Soc.,  vol.  vi,  p.  432.  It  is,  howeYer,  there 
assumed  that  /  (x,  y)  is  integrable  with  respect  to  x  tot  each  value  of  y :  bat  thia  is  nnneoeasaiy. 
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hence,  since  J  never  vanishes, 

—   and  ^-^-^ 
also  never  vanish. 

Applying  the  same  method  of  transformation  to 

where  u,^l    t^  =/«(?.  ^), 

we  have  |/(^,  y)  (dordy)  =  ^F{1 1?)  ^  ^  (dfdi;), 

where  9^«_  9(^i,  ^a). 

hence  finally  we  obtain  the  formula 

//(^,  y)  {dxdy)  =JF  (I  rj)  J(d^dv); 

which  is  the  formula  of  transformation  of  the  integral  of  f(x,  y)  throughout 
0  into  an  integral  through  0, 

It  has  been  assumed  that  J  has  a  fixed  sign  throughout  the  domain  of 
integration.  If  now  this  sign  be  negative,  the  product  Af  Ai;,  in  t/A^Ai;, 
which  corresponds  to  AarAy  in  the  plane  of  (a?,  y),  must  be  accounted  negative, 
when  AjyAy  is  positive.  It  is  however  more  convenient  to  consider  A^Ai; 
as  essentially  positive,  otherwise  the  measure  of  a  set  of  points  in  the 
(f,  j;)  plane  would  have  to  be  reckoned  as  negative.  Adopting  this  con- 
vention, we  write  |t/|AfAi;  instead  of  Jd^drj]  and  therefore  the  formula 
of  transformation  will  be  written  in  the  form 


//(^,  y){dxdy)=JF(l  v)\J\  (d^dv). 


327.  Let  us  now  assume  that  at  certain  points  of  G,  which  form  a  set  L  of 
zero  content,  either  (1)  f{x,  y)  has  an  infinite  discontinuity,  or  (2)  one  or 
more  of  the  partial  differential  coefficients 

df,    df,    dj,    df, 
af'   dv'  ar   ^v 

does  not  exist,  or  is  discontinuous,  or  (3)  the  Jacobian  J  vanishes.  In  case 
J  be  positive  over  a  part  of  0,  and  negative  over  another  part,  it  is  convenient 
to  divide  the  double  integral  into  two  portions,  taken  over  these  two  parts 
of  0  respectively,  and  to  transform  these  two  portions  separately.  It  will 
accordingly  be  assumed  that  J  never  actually  changes  its  sign  in  the  domain 
0,  although  it  may  vanish  at  the  points  of  the  part  L  of  0.  We  may 
H.  29 
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denote  by  Z  the  set  of  points  on  the  (^,  17)  plane  which  corresponds  to  Z :  it 

will  be  assumed  that  L  has  zero  content.    It  will  be  shewn  that,  if  one  of  the 
two  integrals 

f{x,y){dxdy\ 


taken  over  0,  and 


JF(^,v)\J\(d^dn), 


taken  over  0,  exists  as  an  absolutely  convergent  improper  integral,  or  as  a 
proper  integral,  then  the  other  one  exists,  and  the  two  have  the  same  value. 

Let  us  assume  that  /  f(x,  y)  (dady)  exists :  it  will  then  be  sufficient,  in 

Jo 

order  to  establish  the  existence  of  the  other  integral,  and  its  equality  with 
the  first,  to  shew  that,  for  any  domain  Wi  contained  in  6  and  itself  contain- 
ing no  points  of  Z  either  in  its  interior  or  on  its  frontier  (which  frontier 
is  to  be  taken  to  be  of  zero  measure),  the  condition 


I  f{^>yHdxdy)^[  F(lff)\J\(didv) 

Jo  J^ 


<v 


is  satisfied,  provided  that  m  (?)  —  m  (^)  be  less  than  some  fixed  finite  number 
dependent  on  1;. 

A  domain  g  interior  to  (7,  and  containing  in  its  interior  and  on  its  frontier 
no  points  of  L,  can  be  found  such  that 


I  /(^»  y)  (dxdy)  -  I  /(a?,  y)  (dxdy) 

JO  J  a 


<€. 


If  h  be  any  domain  contained  in  g,  such  that  m  (gr)  —  m  (A)  is  sufficiently 
small,  we  have 

I  /(^»  y)  (dxdy)  -  I  f{x,  y)  {dxdy) 

J  a  J  h 


<€; 


<2€. 


and  therefore  1   f  (x,  y) (dxdy)— \  f(x,y) (dxdy) 

JO  J  h 

Now  let  khe  a  domain  interior  to  0,  containing  in  its  interior  and  on  its 
frontier  no  points  of  L,  and  containing  h,  then 


f  /(^»  y)(dxdy)-  I  f(x,  y)(dxdy) 

JO  J  k 


<2€. 


For  let  p  denote  the  domain  obtained  by  taking  the  two  domains  g  and 
k  together,  then 

f  /(^»  y)(dxdy)''  j  f(x,  y)(dxdy) 

Jo  .'p 


and 


\j  f(^f  y)  (dxdy)  -  j  /(a:,  y)  (dxdy) 
and  by  combining  these  inequalities  the  result  follows. 


<€, 


<€, 


327, 328]         Transfarmatian  of  dovble  integrals  451 

We  have  now 

where  U  is  the  domain  formed  by  taking  all  points  which  belong  to  one 
or  both  of  the  domains  ^  and  J;  and  T'  consists  of  those  points  which 
belong  to  X  but  not  to  ^]. 

Now  U  corresponds  to  a  domain  in  the  {x,  y)  plane  which  contains  A,  and 
which  domain  may  be  taken  to  be  identical  with  k ;  therefore 

f  F{lfi)\J\{dUv)  differs  from    f  f{x,y){dxdy) 

Jff  Jo 

by  a  number  numerically  less  than  26.    Again 


/. 


F{lri)\J\{didri) 


<,i{m{7})^m{lT,)] 


where  ^  is  the  upper  limit  of  |^(f,  'n)J\  ^^  ^^^  domain  'V  obtained  by 
removing  from  h  those  points  which  belong  to  ^. 

We  thus  have 
]^\j{x,y){dxdy)''^^F{lfi)\J\{d^d7i)\^<2e  + 

Now  let  6  be  fixed  so  that  it  is  <\ri,  then  Ti  is  fixed,  so  that  /x  cannot 
exceed  a  fixed  finite  number  /ii.    If  then  &i  be  so  chosen  that 


7r\  ^   V 


m('5)-m(Gi)< 


2/^' 
the  inequality 

I  fix,  y)  (dxdy)  -  [  F{1  v)  \J\  (d^dv)    <  v 
Jo  Jo, 

will  be  satisfied.     Therefore  it  follows  that 

F{^.v)\J\(d^dv) 


L 


O 

exists,  and  is  equal  to 


/. 


/(a;,  y)(dxdy). 


328.  This  method  of  transformation  may  be  extended  to  the  case  in 
which  one  of  the  domains  G,  0  is  infinite,  or  to  the  case  in  which  both  are 
infinite.     It  can  be  shewn  that,  if  either  of  the  integrals 

jj^ix,  y)  {dxdyX        j  F{^,v)\J\  (d^dv) 

exist,  the  definition  of  §  323  being  applied  when  G  or  ^  is  infinite,  then  the 

29—2 
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other  integral  also  exists,  and  the  two  integrals  are  equal.     The  proof  can  be 
given  by  slightly  modifpng  the  procedure  of  §  327. 

There  may  be  a  set  of  points  of  zero  content,  in  the  domain  of  6,  such 
that  the  corresponding  values  of  f ,  17  are  infinite,  or  such  that  one  of  them 
is  infinite.  This  set  now  takes  the  place  of  the  set  L.  Whether  0  be  finite 
or  infinite,  the  finite,  or  infinite,  domain  h  contained  in  0  may  be  so  fixed  as 
to  exclude  all  points  which  correspond  to  infinite  values  of  f  or  17.  The 
domain  k  including  A,  and  containing  no  points  which  correspond  to  infinite 
values  of  {  and  17,  may  then  be  fixed  as  before,  and  will  satisfy  the  condition 

I  /(^»  y)(d^dy)-j  f{^>  y)  {dxdy)  j  <  2€, 

it  being  assumed  that  the  integral  of  f{x,  y)  over  0  exists. 

The  finite  domain  fi  contains  all  points  of  0  of  which  the  distance  from 
the  origin  is  less  than  some  number  R  depending  on  the  domain  G  —  A,  which 
contains  in  its  interior  all  points  {x,  y)  that  correspond  to  infinite  values 

of  ^  or  17  or  of  both.     The  same  statement  holds  for  X,  which  contains  A. 

When  the  finite  domain  (?,  is  such  that  the  condition 


/. 


V 

is  satisfied  (and,  in  order  that  this  may  be  the  case,  ^  must  certainly  contain 

all  points  of  Q  whose  distance  from   the  origin   is  less  than  some  fixed 
number  B^  ^  i2),  we  have  as  before 


f  /(^,  y)  {dxdy)  -  f    ^  (f,  17)  I  J^l  (df  di7) 


<^; 


and  as  17  is  an  arbitrarily  fixed  number,  we  thus  see  that 


exists  and  is  equal  to 


/, 


i 


/  («,  y)  {dxdy). 
o 


CHAPTER  VI. 

FUNCTIONS  DEFINED   BY  SEQUENCES. 

329.  Let  us  suppose  that  u,,  u^,  t^, ...  Un,  ...  is  an  unending  sequence  of 
numbers,  so  that  Vn  has  for  each  value  of  n  a  definite  numerical  value, 
assigned  by  means  of  a  prescribed  rule  or  set  of  rules.  Let  the  sums  t^i, 
Mi  +  ^>  t*i+ttj  +  u,,  ...tti  +  w,+  ...  +  i(n, ...  be  denoted  by  «j,  s^y  «s, ...  «,», ... , 
and  let  us  consider  the  aggregate  («i,  ^j,  ...,«„...  ).  If  this  aggregate  be  a 
convergent  one,  in  the  sense  described  in  §  28,  it  has  a  limit  ««  or  «,  which 
is  said  to  be  ^  limiting  sum  of  the  infinite  series  Ui  + 1^,  +  ...  +  Wn  +  •••  i 
in  which  case  the  series  is  said  to  be  convergent. 

The  condition  that  the  sequence  («i,  «a,  ^j, ...  Sn, ...)  be  convergent  is  that, 
corresponding  to  each  arbitrarily  chosen  positive  number  6,  a  value  of  n  can 
be  found  such  that  1 8n^„^  —  «„  |  <  «,  for  m  =  1,  2,  3, This  is  then  the  con- 
dition that  the  infinite  series  i^  +  Ua  +  ...+Un+...  may  be  convergent. 

The  difference  «n+m  — «n  =  ^+i +  ^ii+a  + ... +iin+m  is  called  a  partial 
remainder  of  the  infinite  series,  and  may  be  denoted  by  Rn^m'  Thus  the  con- 
dition of  convergence  of  the  infinite  series  may  be  stated  in  the  form,  that, 
corresponding  to  each  arbitrarily  chosen  positive  number  €,  a  value  of  n  can 
be  found  such  that  all  the  partial  remainders  Rn,i>  -Rn,2i"»  Rn^tm  •••  (^^^ 
numerically  less  than  e. 

Since  i2„_j,i  =  Wn,  it  is  seen  to  be  a  necessary,  but  not  a  sufficient,  con- 
dition for  the  convergence  of  the  series,  that  \un\  be  arbitrarily  small  when  n 
is  sufficiently  great ;  this  condition  may  be  written  in  the  form  liin  Un  =  0. 


nsoo 


If  the  series  ttj  4-  m,  4- . . .  +  Wn  +  •  •  •  te  convergent,  then,  for  any  value  of  n, 
the  series  ti||+i  +  tVi-s+  ...  is  also  convergent,  and  has,  in  the  sense  defined 
above,  a  limiting  sum  which  may  be  denoted  by  En.  This  limit  is  called  the 
remainder  after  n  terms  of  the  original  convergent  series ;  thus  «  =  «»  +  Rn- 

It  is  clear  that,  the  given  series  being  convergent,  the  sequence 
iJj,  iJ,, ...  Rny ...  is  also  convergent,  and  that  its  limit  is  zero.  That  this  may 
be  the  case  has  sometimes  been  given  as  the  necessary  and  sufficient  condition 
for  the  convergence  of  the  given  series ;  such  a  statement  of  the  condition  is, 
however,  circular,  because  the  existence  of  the  numbers  i^ncai^i^ot  be  assumed 
unless  the  given  series  is  already  known  to  be  convergent. 
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It  is  important  to  observe  that  the  number  8  has  not  been  defined  as  the 
sum  of  the  infinite  series  t^  +  t£a4- ...  4-  Wn+  ... ;  for  that  would  have  implied 
the  completion  of  an  indefinite  series  of  operations  of  addition :  but,  conversely, 
the  limiting  sum,  or  simply  the  sum,  of  the  infinite  series  has  been  defined  to 
be  that  number  8  which  was  itself  defined,  as  in  §  28,  by  means  of  a  con- 
vergent sequence. 

330.  If  all  the  terms  of  the  series  Uj4-t«j+...4-tt»+...  be  positive,  the 
numbers  of  the  sequence  «i,  «,,...«„>  •••  continually  increase ;  and  hence  it  is  a 
sufficient  condition  for  the  convergence  of  the  series  that  a  number  K  exist 
such  that  8n<K  for  every  value  of  n;  for  the  numbers  «i,  «,,...  «|», ...  then 
have  an  upper  limit  8, 

If  the  terms  of  the  series  Wj +1/3  +  11,  + ... +  tt»4- ...  be  of  alternate  signs, 
or  if  this  be  the  case  from  and  after  some  fixed  term,  then  the  necessary  and 
sufficient  conditions  for  the  convergence  of  the  series  are  that  |  u^  \  should 
continually  diminish  as  n  is  increased,  and  that  lim  Un  =  0.     For,  in  this  case 

i Sn^m  —  8n\<\  t^n+i  |t  for  cvory  valuo  of  m,  from  and  after  some  fixed  value  of 
n,  and  {  Un+i  \  is  arbitrarily  small,  if  a  sufficiently  great  value  of  n  be  chosen ; 
hence  the  sequence  «i,  «„  ...«»,...  is  convergent. 

If  the  8er%es  Wi  +  i*2+...+Un  +  -«.  be  convergent,  and  Oi,  a,,...  a», ...  be  a 
eequence  of  numbere  which,  from  and  after  eome  particular  value  of  n,  are  all 
positive,  and  do  not  increase  as  nis  increased,  then  the  series 

a,M,  +  a5Wa  +  -.-  +  a„w»+... 
is  also  convergent 

In  proving  this  theorem,  it  is  clear  that,  without  loss  of  generality,  we 
may  suppose  all  the  numbers  ai,a,, ...  to  be  positive  and  not  increasing, 
since  we  need  only  remove  a  definite  number  of  terms  firom  each  series  to 
reduce  the  general  case  to  this  one.     We  have 

Since  the  series  %u  is  convergent,  we  can,  corresponding  to  an  arbitrarily 
chosen  e,  find  n  such  that  Rn,  Rn^i,  i^n+a,  ...  are  all  numerically  less  than  €; 
also  an^^— a„+i,  On+j  — an+«»  •••  are  all  of  the  same  sign,  therefore 

<  2a,^,€  <  2ai6 ; 

and  thus,  from  and  after  a  large  enough  value  of  n,  all  the  partial  remainders 
of  the  series  ^au  are  arbitrarily  small,  and  therefore  the  series  is  convergent. 

It  is  clear  from  the  preceding  proof  that  the  theorem  also  holds  if,  from 
and  after  some  fixed  index  n,  the  numbers  a^,  a,,  a,, ...  do  not  diminish,  but 
be  such  that  all  of  them  are  less  than  some  fixed  number. 
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NON-CONVERGENT  ARITHMETIC  SERIES. 

331.  The  partial  sums  «j,  «9, ...«», ...  of  a  series  i^  +  ti,+ ... +Wn  + ••• 
may  be  represented  in  the  usual  manner  by  an  enumerable  set  of  points  0^  on 
a  straight  line.    The  following  cases  may  arise : — 

(1)  The  set  0  may  all  lie  between  two  fixed  points  A,  5,  and  the  deriva- 
tive G  may  consist  of  a  single  point  8 ;  in  this  case  the  series  is  convergent, 

and  8  is  the  limiting  sum. 

• 

(2)  There  may  not  exist  any  two  points  A,  B  between  which  all  the 
points  of  0  lie,  and  0'  also  may  not  exist ;  in  this  case  { «„  {  has  no  upper 
limit,  and  the  series  is  said  to  be  divergent, 

A  divergent  series  may  be  such  that,  from  and  after  some  fixed  term,  all 
the  partial  sums  are  of  the  same  sign  and  increase  without  limit.  An  example 
of  a  divergent  series  of  this  kind  is  the  series 

2     3  n 

A  divergent  series  may  be  such  that,  although  1 8n  \  increases  without 
limit,  there  are  an  unlimited  number  of  positive  elements  8n,  and  also  an 
unlimited  number  of  negative  elements  «»•  An  example  of  this  class  of 
divergent  series  is  the  series  1  —  2  +  3  —  4  + ... +(2n  —  1)  —  2n +  ... ,  for 
which  8t^i  =  n,  e^^-n. 

(3)  The  set  0  may  consist  of  points  all  lying  between  two  fixed  points 
A  and  B,  and  the  derivative  0'  may  consist  of  more  than  one  point ;  in  this 
case  the  series  is  said  to  be  an  oedllating  aeries.  The  set  0'  may  contain 
a  finite,  or  an  infinite,  number  of  points,  but  it  must  be  a  closed  set ;  it  con- 
sequently has  an  upper  boundary  U  and  a  lower  boundary  L;  and  these 
boundaries  CT,  L  are  called*  the  limits  of  indeterminacy  of  the  series.  It 
is  always  possible  to  find  a  sequence  («n,»  Sn^,8n^,,,,)o{  partial  sums,  where 
til  <  n,  <  n„  ... ,  which  converges  to  the  point  U,  and  another  such  sequence 
which  converges  to  Z,  or  to  any  point  of  0'  which  may  be  chosen.  It  thus 
appears  that,  by  introducing  a  suitable  system  of  bracketing,  according  to 
some  norm,  the  terms  of  an  oscillating  series,  the  series  may  be  converted  into 
a  convergent  one  of  which  the  limiting  sum  is  any  chosen  point  of  0\  in- 
cluding either  limit  of  indeterminacy.  The  set  0'  may  be  non-dense  in  the 
interval  (L,  U),  or  it  may  consist  of  all  the  points  of  that  interval,  or  it  may 
consist  of  a  closed  set  of  the  most  general  type,  as  described  in  §  86. 

The  series  1—1  +  1  —  1  +  1  ...  has  1  and  0,  for  the  upper  and  lower  limits 
of  indeterminacy ;  and  0'  may  be  i*egarded  as  consisting  of  these  two  points. 

*  This  term  is  due  to  Dn  Bois  Raymond:  see  his  AfUrittsprogramm,  p.  3. 
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1  1  1  2  1  2  1 

and  generally 

_      1  _      2  tn  +  l 

«m(m+i)  +1  -  2m  +  2 '    *«»<»^+^>+«  -  2m +  1 ' '  * '  *^'""^'^*  ~  mT2 ' 

_      1  _      2  _m+l 

«(m+i)«+i - 2^^3 »    «(tn+i)t+2 - 2^^-j;:2 '  •  •  •  *<*^'^ ^•^  "" iJT+S " 

It  follows  that  the  series 

1115  7 


2     2.3     3.4  '  3.4     3.5  '  *• 

has  1  and  0  for  the  upper  and  lower  limits  of  indeterminacy.  The  set  0 
consists  of  all  the  rational  numbers  between  0  and  1 ;  so  that  O'  consists  of 
the  whole  interval  (0,  1).  By  introducing  a  properly  chosen  system  of 
brackets,  the  series  may  be  converted  into  one  converging  to  a  limiting  sum 
which  is  any  prescribed  number  of  the  interval  (0,  1). 

(4)  The  derivative  G'  may  exist,  but  one  or  both  of  the  points  A,  B  may 
be  absent ;  in  this  case  also  the  series  is  said  to  be  an  oscillating  series.  If  the 
points  8n  have  no  upper  boundary,  then  the  upper  limit  of  indeterminacy 
is  said  to  be  +  oo ;  and  if  they  have  no  lower  boundary,  the  lower  limit  of 
indeterminacy  is  said  to  be  —  oo  .  Id  this  case  the  series  may  be  made  to 
diverge,  by  introducing  a  properly  chosen  system  of  brackets,  or,  on  the  other 
hand,  it  may  be  made  to  converge  to  any  point  of  0\ 

It  should  be  observed  that  oscillating  series  are  frequently  included  in  the 
term  divergent  series. 

For  example,  a  series*  may  be  constructed  which  oscillates  between 
infinite  limits  of  indeterminacy,  but  which,  by  introducing  a  suitable  system 
of  brackets  in  accordance  with  a  norm,  may  be  made  to  converge  to  any 
prescribed  number  whatever. 

If  of  =    .  z ,  where  the  positive  sign  is  ascribed  to  the  radical,  the 

wx{l  —x) 

points  X  of  the  interval  (0,  1)  have  a  (1,  1)  correspondence  with  the  points  x' 
of  the  unlimited  straight  line  (—00,00).  It  is  clear  that  a  set  of  points  [x] 
in  the  interval  (0,  1)  corresponds  to  a  set  [x']  in  (—  00 ,  00  ),  the  relation  of 
order  being  conserved  in  the  correspondence.  Further,  a  limiting  point 
of  the  one  set  corresponds  to  a  limiting  point  of  the  other  set.  The  rational 
points  of  the  interval  (0,  1)  of  x  correspond  to  a  set  of  points  of  everywhere- 
dense  in  (—  00 ,  00  ).  This  method  of  transformation  may  be  applied  to  the 
series  obtained  in  (3),  which  oscillates  between  the  limits  of  indeterminacy 
0,  1,  and  which  can  be  made,  by  introducing  suitable  brackets,  to  converge  to 
any  prescribed  number  in  the  interval  (0,  1). 

*  See  Hobson,  Proe.  Lond.  Math.  Soc,,  ser.  2,  yoL  ni,  p.  50. 
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We  find  that 

,  ,_      1  ,_      2  ,_J_        ,     _3 


*«   =  0,        *7   — 7^  9        *8 Trt  >         *9    -~  "To  >      *10 


5^ 


and  generally 


_  2m  ,  _  2m -3 

*  m(nH-i)+i  ~ //0«v.    I    1  \  »      *  m(fiH-i)+2  ""  ~" 


V(2m  +  1)'    ""*<"»+"+*        V{2(2m-1)}"- 

,         _  m  ,  _        2m  + 1 

*^"^*»*"     V(^+l)'        *<'«+^)^^-     V(2m  +  2) ' 

,  m  —  1 

*  (m+i)  (m-f^  -  ^{2  (,,r+ T)}  • 

Therefore  the  series 


V2'*'W2     V3/'^W3"^V2J      V2     V2y'*"2       "'■^••• 


3     ^ 

has  the  required  character:  it  may  be  made  to  converge  to  any  assigned 
number  whatever,  by  suitably  bracketing  the  terms  together  in  accordance 
with  a  norm,  and  amalgamating  the  terms  in  each  bracket. 


ABSOLUTELY  CONVERGENT,   AND  CONDITIONALLY  CONVERGENT,   SERIES. 

332.  Let  us  suppose  the  terms  of  a  convergent  arithmetical  series  to  be 
all  positive.  The  order  of  the  terms  in  the  series  is  defined  by  the  norm 
which  defines  the  series. 

If  now  a  new  series  be  defined  by  another  norm,  and  be  such  that  any 
assigned  term  in  either  series  is  identical  with  a  definite  term  in  the  other 
series,  then  the  new  series  is  said  to  be  obtained  by  rearranging  the  terms 
of  the  original  series;  and  the  two  series  are  conventionally  regarded  as 
identical  with  one  another.  It  can  be  shewn  that  the  new  series  converges  to 
the  sum  of  the  original  series. 

Let  (tf„  «,, ...  «n>  •••)>  (^/>  ^21  •••  ^'n'y  •••)  be  the  aggregates  of  partial  sums 
of  the  two  series,  and  let  s  be  the  sum  of  the  given  series  defined  by  the  first 
of  these  aggregates.  If  e  be  an  arbitrarily  chosen  positive  number,  n  can  be 
determined  so  that  *  —  «„<€;  and  then,  since  all  the  terms  of  the  series  are 
positive,  it  follows  that  8  -  «„+,„  <  e,  for  m  =  1,  2,  3, . . . . 

A  number  n'  can  be  determined  such  that  the  first  n  terms  of  the  first 
series  all  occur  in  the  first  n'  terms  of  the  second  series;  and  therefore 
*n <  *V.  Again  a  number  n'  can  be  determined  so  that  the  first  n  terms 
of  the  second  series  all  occur  in  the  first  n"  terms  of  the  first  series ;  then  we 
have  «n  <  *  n'  <  ^n"-   Since  «  —  «»>*  —  «n"  are  both  <  e,  it  follows  that  8  —  8n'<€\ 
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and  this  clearly  holds  for  all  values  of  nf  greater  than  the  one  employed. 
Since  €  is  arbitrary,  it  has  thus  been  shewn  that  the  second  aggregate  of 
partial  sums  converges  to  s;  and  therefore  the  sum  of  a  convergent  series 
whose  terms  have  all  the  same  sign  is  unfdtered,  if  the  order  of  ihs  terms  be 
altered  in  accordance  with  some  norm,  such  that  each  term  of  th^.  original 
series  has  a  def/nite  place  in  the  new  series. 

333.  Next  let  us  suppose  the  arithmetical  series  1^1+1*5  +  ^,+  ...  to  have 
both  positive  and  negative  terms,  each  indefinitely  great  in  number.  Let  the 
positive  terms,  in  the  order  in  which  they  occur,  be  Oi,  a„a,, ...  and  the 
negative  terms,  in  the  order  in  which  they  occur,  be  —  61,  -  62.  —  6f,  •••  J  and 
consider  the  two  series 

01+02+0,+  ...,  (1) 

fti  +  fti+ftf+ (2) 

Denoting  by  o-m,  o-'m'  the  sums  of  m  and  m'  terms  respectively  of  these  series, 
we  see  that,  if  in  the  first  n  terms  of  the  given  series  there  are  m  positive  and 
m'  negative  terms,  then 

If  both  the  series  (1),  (2)  be  convergent,  then  <r,„,  <rV  have  finite  limits, 
and  the  given  series  is  itself  convergent,  its  sum  being  independent  of  the 
arrangement  of  the  positive  and  negative  terms,  provided  only  that  each  term 
of  the  original  series  occurs  in  the  series  obtained  by  the  rearrangement  of 
the  order  of  the  terms. 

The  series  t^i  + 1^2  +  ^  +  •  •  •  **  *oid  to  be  absolutely  convergent,  provided 
I  Wi  I  + 1  Wa  I  +  I  ^  I  +  •••  ^^  convergent,  which  is  the  case  when  both  the  series 
(1),  (2)  formed  respectively  by  the  positive  and  by  the  negative  terms,  are 
convergent.  The  sum  of  an  absolutely  convergent  series  is  thus  unaltered  by 
a  rearrangement  of  the  terms,  in  accordance  with  some  norm. 

If  one  of  the  two  series  (1),  (2)  be  convergent,  and  the  other  be  not  con- 
vergent, the  given  series  is  not  convergent. 

If  both  the  series  (1)  and  (2)  be  divergent,  it  may  happen  that  the  given 
series  itself  is  convergent ;  in  this  case  0-^  —  o-'m'  has  a  definite  limit,  although 
Cfm  a-'m'  have  no  limits. 

If  the  series  tii  +  w,  +  ...  be  convergent,  whilst  the  series  |  Ui  |  +  |  ti,  |  + ...  is 
not  convergent,  then  the  given  series  is  said  to  be  conditionally*  convergent. 

It  will  be  seen  that  the  order  of  the  terms  in  a  conditionally  convergent 
series  cannot  in  general  be  altered  without  affecting  the  sum  of  the  series,  or 
of  possibly  rendering  it  no  longer  convergent 

*  By  Stokes  the  term  aooidentally  convergent  is  ased ;  by  many  writers  snch  series  are  spoken 
of  as  semi-oonvergent,  but  this  term  is  also  used  in  quite  another  oonneotion. 
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884.  It  will  now  be  shewn  thsit  the  terms  of  a  conditionally  convergent 
series  can  always  be  so  rearranged  in  accordance  with  a  norm,  that  (1)  the  new 
eeries  is  convergent,  and  has  as  sum  an  arbitrarily  given  number;  or  (2)  so 
that  the  new  series  is  divergent;  or  (S)  that  the  new  series  oscillates  between 
arbitrarily  given  limits ;  moreover  each  of  these  rearrangements  may  be  made 
in  an  indefinitely  great  number  of  ways. 

Let  Jki,ikj,i„  ...  fcn> ...  be  a  sequence  of  positive  numbers,  assigned  in  accord- 
ance with  any  prescribed  law,  and  which  are  such  that  no  one  is  less  tban  the 
preceding  one.  Take  pi  terms  of  the  series  (1),  so  that  di-^  a^-k-  ...-^ap^ 
or  (Tp^,  is  greater  than  fcj,  whilst  <r^_i  ^  ki ;  next  take  qi  terms  of  the  series  (2) 
such  that  Oi  +  OaH- ... +  apj  —  6i  — 6j— ...  -  6^j,  or  o-p^  —  iTq^,  is  less  than  Atj, 
whilst  ap^  —  o-'g,-i  =  *i.  Next  take  p^  more  terms  of  the  series  (1)  so  that 
cTp,  -  ffg'  +  {op^+i  +  ap^+2  +  ...  +  ctp.+p,)  is  greater  than  Atj,  whilst 

then  take  ^s  niore  terms  of  the  series  (2),  such  that 

whilst  <Tp^  -  Cr^;  +  {<Tp^+p,  -  (Tp)  -  (<^'^.+^.-i  -  (Tq')  ^  K 

By  proceeding  in  this  manner,  we  define  an  arrangement  of  a  number  of 
terms  of  the  given  series,  which  is  such  that 

(aj  +  a,+  ...  +ap,) -(61  +  62+  ...  +6^,) 

+  (^1+1  +  •  •  •  +  ^p,+p^  "■  V>qx+l  +  •  •  •  +  6g,+g,) 

+  ... 

Ls  less  than  k^,  whilst,  if  we  leave  out  the  last  bracket,  the  expression  is 
greater  than  kn-  It  will  be  observed  that  none  of  the  numbers  j9,,j98,  ...pn, 
?ii  ?2»«-»?n  can  be  zero.  The  expression  we  have  obtained  diflTers  from  i„ 
by  less  than  6^,+^,+  ...^^^;  and  if  in  the  expression  we  leave  out  the  last 
bracket,  the  resulting  expression  differs  from  k^  by  less  than  api+p,+  ...-n>„; 
also,  since  the  given  series  is  convergent,  both  the  numbers  ap,+i>,+  ...+i»,, 
*«!+*+ ...-Kii  *^^  ^  small  as  we  please,  if  n  be  taken  sufficiently  large.  Now 
suppose  (ii,  Aa, ...  fc„, ...)  to  be  a  convergent  sequence  which  defines  the 
number  k,  arbitrarily  given,  then,  taking  n  large  enough,  Jfcn,  )fcn+i, ...  all 
differ  from  k  by  less  than  an  arbitrarily  small  number;  hence  a  number  n  can 
be  found  such  that,  for  it  and  for  all  succeeding  integers,  the  series  we  have 
found  differs  by  an  arbitrarily  small  number  from  k,  even  when  we  suppress 
the  last  bracket  We  have  thus  assigned,  by  means  of  a  norm,  an  arrange- 
ment of  the  terms  of  the  given  series  so  that  the  new  series,  so  defined, 
converges  to  the  arbitrarily  given  number  k\  and  it  is  clear  that  this  may 
be  done  in  an  indefinitely  great  number  of  ways,  since  there  are  an  in- 
definitely great  number  of  convergent  sequences  which  define  the  same 
number  k. 
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Next  suppose  the  sequence  ki,k^,,..kny.>»  increases  without  limit;  then 
we  have  defined  an  arrangement  of  the  terms  of  the  given  series  which  makes 
the  new  series  divergent.  It  is  clear  that  the  same  method  Would  have  been 
applicable  if  we  had  taken  the  numbers  Atj,  A^, ...  all  negative  and  numerically 
increasing. 

It  remains  to  be  shewn  that  the  terms  of  the  series  can  be  arranged  so 
that  the  sum  of  the  new  series  oscillates  between  two  arbitrarily  given  numbers 
k,kf  {k>  ky  We  may  suppose  without  loss  of  generality  that  k,  k'  are  both 
positive. 

Let  {ki,  kty ...  kn ...)  be  an  aggregate  of  increasing  numbers  which  defines 
the  number  k,  and  (A;/,  k^^ ...  kn  ..»)  another  such  aggregate  which  defines  it'; 
where  we  may  suppose  that,  for  all  values  of  n,  A:;^  >  kn'. 

Choose  pi  80  that  a-p^  >  k^  whilst  <rp,.i  ^  ki ;  next  choose  qi  so  that 
(Tp,  —  aq'  < ki\  whilst  <rp^  —  <T'q^-i  ^  fc/;   then  choose  p,  so  that 

whilst  <rp,  -  <Tg,'  +  (cTp^-Kft-i  -  o-p,)  ^  h  \ 

then  choose  q^  so  that 

whilst  <rp^  -  a^;  +  (cTp^+p,  -  ap)  -  (cr'^,-Hr-i  -  cr,/)  ^  k!. 

Proceeding  in  this  manner,  we  define  a  series  of  the  form  (3)  whose  sum 
is  < in,  but  differs  from  A,/  by  less  than  ftgj+^,+...4^»;  and  moreover,  if  the  last 
bracket  be  suppressed,  the  sum  is  then  >  kn,  but  differs  from  kn  by  less  than 
ap,.^^+...4.p^.  It  is  now  clear  that  an  arrangement  of  the  terms  of  the  given 
series  has  been  assigned,  such  that  the  resulting  series  oscillates  between  k  and 
k' ;  and  this  can,  as  before,  be  done  in  an  indefinitely  great  number  of  ways. 

A  special  case  of  this  general  theorem  as  to  the  nature  of  the  new 
series  obtained  by  rearranging  the  terms  of  a  conditionally  convergent  series 
in  accordance  with  some  norm,  is  that  in  which  ai  =  &i,  0,=  &s, ...  On  =  &n  •••  ; 
so  that  the  original  series  is  ai  — 01  +  0,-02  +  0,-0,+  ...,  which,  provided 
lim  Qn  =  0,  has  zero  for  its  sum.     It  thus  appears  that,  from  the  terms  of  a 

nsoo 

divergent  series 

Oi  +  02+...+an+..., 

which  is  such  that  On  is  arbitrarily  small  when  n  is  taken  large  enough,  we 
can,  in  an  indefinitely  great  number  of  ways,  construct  series  which  are  con- 
vergent and  have  a  given  sum,  are  divergent,  or  oscillate  between  given 
limits,  by  taking  the  various  series  of  the  form 

the  numbers  p,,  p2>*-*9i)  9fl>  •••  being  assigned  in  the  manner  explained 
above. 
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EXAMPLES. 

1.  The  series 

1.1+1-1+    +_L__1+ 

18  oonditionallj  convei*gent,  its  limitiug  sum  being  log,  2.    The  series 

1+1.1+1+1.1+ 

which  is  obtained  bj  systematically  rearranging  the  terms  of  the  first  series,  converges  to 
flog.  2. 

For  we  find  that 

'**    »«i\4m-3     4m-2'^4w-l     Am)' 
and  that,  for  the  second  series 

'  **"«li  \4m  -  3  "*■  4m  - 1      2m/  ' 

therefore  «'a» -»*.-^2^  1,4^^2  "  i^ilj  =  2  '^- 

Since  «««,  s^  both  converge  to  log^  2,  as  n  is  indefinitely  increased,  it  follows  that  if^^ 

3, 
converges  to  olog«  2. 

2.  By  *  rearranging  the  terms  of  the  convergent  series 


we  obtain  the  series 


^"^"*'2"2"^3"3'*'-"*"n"n"*"-' 


1+1.1+1  +  1.1  +  1  +  1.1+      .JL    +_L.  +  1.1+ 

^■^2'^3"^"*'4'*'6'^6~2'*'-"^^"*"3^^'^3^:^'^3^"n"*"-' 

^""^■^2"^3  +  4"2+5+6'*"7"^8"^9     3"*"    • 

1      .  1  1  .11 


■^/^«_n2_i_i  ■^/^«_n«^9'^*"'^«2     «■*■••• 


n-l^(w-l)«+l^(n-l)«+2'  •••^»«     n 

The  first  of  these  new  series  converges  to  log^  2,  the  second  to  log,  3,  and  the  third 
diveiiges. 

SERIES  OF  TRANSFINITE  TYPE. 

VMV*  XI  ^2f    0<|,    ^J  ,     ••*     Uflf     •••     0^}    ^10^  J I     •*.     Oyj     ••• 

be  a  set  of  numbers  each  one  of  which  is  definite,  and  in  which  every  index 
that  is  less  than,  or  equal  to,  some  number  /3  of  the  second  class,  occurs  as  a 
suffix,  and  if  the  series 

t*i  +  tla+  ...  +Wn+  ...  +W«+  «^«+i+  ...  +'«^+  ... 

*  Dini's  Qrundlagen,  p.  133. 
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be  formed,  where 

U\  ^^  S\j  U%  ^  ^2  ~"  ^i  >  •  •  •   ^fi  ^  ^n  ~"  ^n—\  •  •  •  ^m  ^^  ^w+l  "^  ^m  * 

in  which  the  indices  of  u  include  every  number  less  than  /3,  then  the  series  is 

said  to  be  a  convergent  series*  of  type  /3.     If  /3  be  a  limiting  number,  the 

series  has  no  last  term,  but  if  /8  be  a  non-limiting  number,  the  last  term  of  the 

series  is 

^4^_l  =  *^  — «^-i. 

An  ordinary  infinite  series 

is  of  type  «.     A  series 

t^  +  2^+  ...  +t^+  ...  +  Vi  +  t;,  +  t;3+  ...  +  Vn+  -•- 
is  of  type  a>2 ;  and  a  double  series 


00  00 


Oil  +  Ois  +  Oi,  +  ...  +  CLin  +  .  •• 
+  031+0,,+  ... 


+  ani  +  anj+On,+  ... 

is  of  type  o)',  if  it  be  taken  in  columns  successively,  or  in  rows  successively  ; 
but  it  is  of  type  to  if  the  terms  are  taken  diagonally  in  the  form 

^11  +  (Oia  +  Oa)  +  (Oi,  +  Oaa  +  Oa)  +  .... 

Conversely,  a  series  of  any  type  /8  is  convergent  if  all  the  sums 

ojf  ^s>  *.*  ^n>  ***  ^w>  ***  ^A 

be  definite  numbera 

It  is  clear  that,  /3  being  any  given  number  of  the  second  class,  any  series 
of  the  ordinary  type  to  can  have  its  terms  so  arranged  that  the  series  becomes 
of  type  /8.  For  a  correspondence  can  be  defined  between  all  the  ordinal 
numbers  up  to,  and  including  /3,  and  the  ordinal  numbers  of  the  first  class. 

Let  us  now  suppose  that  all  the  terms  of  a  convergent  series 

Ul  +  t/,+  ...  +  M«  +  M^+i+  ...  +My  +  ... 

of  type  /3,  are  positive,  and  thus  that 
If  we  represent  the  numbers 

o\ ,  o, ,   ...   8^ ,    ... 


*  Such  Beries  have  been  investigated  in  a  different  manner  by  Hardy,  Proe,  L(md.  Math.  8oe., 
ser.  2,  vol.  i. 
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in  the  usual  mauner,  by  points  ou  a  straight  line,  the  terms  of  the  series 
are  represented  by  a  set  of  intervals 

on  the  straight  line ;  each  interval  abuts  on  the  next ;  and  all  the  points  «« 
where  a  is  a  limiting  number  of  the  second  class,  are  semi-external  points  of 
the  set  of  intervals  The  end-points  and  the  semi-external  points  of  the  set 
of  intervals  form  an  enumerable  closed  set  which  has  consequently  zero 
content ;  and  it  follows,  from  the  theory  of  the  measures  of  sets  of  points,  that 
the  set  of  infervals  has  a  measure  equal  to  that  of  the  whole  interval  (0,  «^), 
which  is  therefore  «^  Since  the  measure  of  an  infinite  sequence  of  intervals 
is  equal  to  the  sum  of  the  measures  of  the  intervals,  it  follows  that,  if  the 
intervals  be  arranged  in  a  sequence  of  type  ay,  their  sum  is  s^.  The  following 
theorem  has  thus  been  established : — 

If  a  series  of  positive  numbers  he  convergent,  and  of  type  /8,  it  will  also  he 
convergent  when  arranged  in  type  to;  also  the  sums  wiU  he  the  same;  and 
conversely. 

We  may  pass  to  the  consideration  of  series  of  type  /3,  of  which  the  terms 
are  not  necessarily  all  positive,  but  of  which  the  convergence  is  absolute. 

An  absolutely  convergent  series  of  type  fiisa  series  which  is  convetyent  when 
each  term  is  replaced  by  its  m^vlus. 

Let  us  suppose  the  intervals  constructed  as  before,  which  represent  the 
terms  of  the  series 


If  we  choose  out  from  this  set  of  intervals  those  which  correspond  to 
positive  terms  of  the  series 

we  have  a  set  of  intervals  which  has  a  definite  finite  measure ;  and  the  same 
is  true  of  the  set  of  those  intervals  which  correspond  to  negative  terms  of  the 
given  series.  The  given  series  converges  to  a  sum  which  is  the  difference  of 
the  measures  of  these  two  sets  of  intervals,  and  this  sum  is  unaffected  by  the 
order  in  which  the  intervals  are  taken  in  either  the  positive  or  the  negative 
component.     It  has  thus  been  shewn  that : — 

If  a  series  he  absolutely  convergenty  and  of  type  /3,  then  the  series  is 
convergent,  and  its  sum  is  independent  of  the  type. 

An  important  particular  case  of  this  theorem  is  Cauchy's  theorem  that  an 
absolutely  convergent  double  series  has  the  sams  sum  whether  the  sum  he  taken 
by  rows  or  by  columns. 
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DOUBLE  SEQUENCES  AND  DOUBLE  SERIES. 

336.     A  set  of  numbers  [smn],  where  each  of  the  indices  m,  n  ma) 
positive  integral  number,  and  the  single  number  «^^  is  defined,  in  ace 
with  some  norm,  for  each  pair  of  values  of  m  and  n,  is  said  to  form 
sequence*. 

The  numbers  of  the  sequence  may  be  regai-ded  as  arranged  in  r 
columns,  in  accordance  with  the  scheme 

*ii>     *iii     *i8i   •••   *in>»»» 
^fi>    *«>     *«>  •••  *an>*'* 


^Mii>   ^t/ia»   ^mS}  •••  ^mn>  •" 


in  which  no  column  and  no  row  has  a  last  constituent. 

If,  for  a  given  double  sequence,  a  number  s  exist,  such  that,  corres 
to  each  arbitrarily  fixed  positive  number  €,  the  condition  |«  — «mj 
satisfied,  for  every  value  of  m  and  n  such  that  m^p,  n^p,  where  p 
fixed  integer  dependent  on  6,  then  the  double  sequence  is  said  to  be  cof 
and  the  number  s  is  said  to  be  the  limit  of  the  double  sequence. 

This  is  denoted  by 

8  =      lim      Sjfin. 

m=x, »— X 

The  theory  of  double  sequences  may  be  correlated  with  that  § 
§§  231,  232,  of  the  double  and  the  repeated  limits  of  a  function 
variables.  For,  if  we  assume  x=^l/m,  y  =  1/w,  then  the  number  s^n 
taken  to  define  the  value  of  a  fimction  f{x,  y)  at  the  point  x  =  1/m, 
That  the  function  f{x,  y)  is  not  defined  for  all  positive  values  of  a;  8 
the  neighbourhood  of  the  point  a?  =  0,  y  =  0  makes  no  difference  as 
the  validity  of  the  results  obtained  for  a  function  of  two  variables, 
results  may  now  be  interpreted  as  properties  of  the  sequence  {«w,n}. 

The   double    limit      lim    f{x,  y\   when    it    exists,   is    identic^ 

lim      Smm  ^i^d  the  existence  of  the  one  double  limit  implies  thai 

other  one. 

Corresponding  to 

fim  f{x,  y\     lim /(a?,  y\     lim  f{x,  y\ 

y=0  if-0  y=0 

*  The  theory  of  doahle  sequences  has  been  treated  by  Pringsheim,  Miinch.  Sitxuni 
vol.  XXVIII,  1S9S ;  also  in  Math.  Annalerit  vol.  Lin.  See  also  a  paper  by  London  in  Math. 
vol.  LIU,  1900. 
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the  notation  lim «««.     lim  ^mn.     lim  8, 


«aQO  «BaO  HsQO 


may  be  employed  to  denote  the  upper  limit,  the  lower  limit,  or  the  limit 
of  the  mth  row  of  the  sequence;  the  limit  existing  when  the  upper  and 

lower  limits  are  identical.     The  notation  lim  Smn  may  be  used  to  denote  the 

upper,  and  the  lower,  limits,  when  either  is  to  be  taken  indifferently.     The 
corresponding  notation 

lim  8nm,     lim  «nin,      lim  «mn,     lim  «, 


^mn 


fnsoo  msao  M=ao  Msoo 


is  applicable  to  the  nth  column  of  the  sequence. 

The  repeated  limits  lim  lim  Smn,  lim  lim  8mn  correspond  precisely  to 

111=00  »=«>  n=oo  maao 

the  repeated  limits  lim  lim  f{x,  y),  lim  lim  f(x,  y)  respectively. 

The  following  results  are  obtained  from  those  in  §  232. 

The  existence  of  8=.      lim      Sf^n  implies  the  existence  of  the  repeated  limits 

m— CO,  H=oo 

lim  lim  Smm  H'^  li^  ^mm  which  have  both  the  value  s. 

The  existence  of  s  is  however  not  a  necessary  consequence  of  the  existence, 
and  the  equality,  of  the  two  repeated  limits. 

The  existence  of  the  repeated  limit  lim  lim  s^n  does  not  necessarily  involve 
that  of  lim  Smn,  o^  a  definite  number ;  hut  it  implies  that 

lim  lim  Smn*      H^  ^^^  ^mn 

msOO    fftssoo  IMSOO    «SSOO 

have  one  and  the  same  value. 

In  case  the  sequence  be  such  that  s^'n'  =  ^mnt  for  every  value  of  m',  n\ 
such  that  m'  ^m,n'^  n,  and  for  every  value  of  m  and  n,  then  the  sequence 
is  said  to  be  monotone.  It  is  also  said  to  be  monotone  in  case  the  relation 
s^'n'  ^  ^fim  ^3  always  satisfied. 

The  following  theorem  may  be  easily  established : — 

If  the  sequence  [s^y^  he  monotone,  then  the  existence  of  any  one  of  the  three 
limits      lim     s^^,  lim  lim  s^^,  lim  lim  s^^  implies  the  existence  of  the  other 

two;  and  all  three  are  equal. 

Let  us  now  assume  that  all  the  rows  of  the  sequence  converge,  i.e.  that 
lim  Sy^  exists  for  each  value  of  ni. 

If  lim  s^n  be,  for  every  value  of  m,  numerically  less  than  some  fixed 

positive   number,  and   if  further,  corresponding  to  any  arbitrarily  chosen 
H.  30 
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positive  number  e,  an  integer  n,,  dependent  on  e,  but  independent  of  m,  can 
be  determined,  such  that    s^^  "■  'i^^  *in»|  <  ^»  provided  n  ^  n,,  and  for  every 


«=oo 


value  of  m,  then  the  convergence  of  the  rows  is  said  to  be  uniform,    A  similar 
definition  applies  to  the  uniform  convergence  of  the  column& 

The  rows  of  a  double  sequence  may  be  uniformly  convergent,  and  yet  the 
columns  need  not  converge. 

From  the  theory  of  the  limits  of  a  function  of  two  variables,  the  following 
theorem  is  easily  deduced : — 

In  ordei'  that  the  double  sequence  [s^^^y  of  which  the  rows  are  known  to 
converge,  may  converge,  it  is  necessary  and  sufficient  that  the  convergence  of  the 
rows  be  uniform,  and  that  Urn  lim  s^^  shall  exist 

The  double  sequence  may  however  be  convergent,  without  the  rows  being 
convergent. 

337.  The  theorems  of  §  233  and  §  234  may  be  employed  to  obtain  the 
necessary  and  sufficient  conditions  that  the  two  limits 

■  lim  lim  s^^t    li™  ^^^  ^mn 

may  both  exist,  and  have  the  same  finite  value. 
We  thus  obtain  the  following  theorems : — 
In  order  that  the  repeated  limits  lim  lim  s^^^,  lim  lim  s^^^  may  both  exist 

111=00  n=ao         ^     fftsao  fn^oo 

and  have    the  same  finite  volume,  it   is  necessary  and   sufficient,  (1)  tha>t 
lim  s^nn  ~  ^*^  ^mn  should    havs  the    limit  zero,  for    m  =  co ,  and  also   that 

»z=00  »=« 


lim  Sjf^n  ""  I'i^  ^mn  shovld  have  the  limit  zero,  for  n  =  oo ;   and  (2)  that,  cor- 


in-oo  tn=ao 


responding  to  each  fiaed  positive  number  e,  arbitrarily  chosen,  a  positive 
integer  N  can  be  determined,  such  that  for  each  value  of  n  that  is  >  N, 
a  positive  integer  M^,  in  general  dependent  on  n,  can  be  determined,  such  that, 
for  this  volume  of  n,  s^^  lies  between  lim  s^^  +  e  and  lim  s^^  —  e,  for  all  valves 

of  m  that  are  >  M^. 

If  M^,  when  found  for  n,  is  also  applicable  for  all  greater  values  of  n, 
then  the  conditions,  thus  rendered  more  stringent,  ensure  that      lim     s^^  also 

II|BOO,»SSOO 

exists,  and  is  equal  to  the  repeated  limits. 

If*  the  rows  and  the  columns  of  the  sequence  {s^^  be  both  convergent, 

•  This  theorem  was  given  by  Bromwich,  Proc,  Lond.  Math,  8oe,,  aer.  2,  vol.  i,  p.  185 ;  except 
that  in  the  statement  there  given  a  redundant  condition  is  contained,  viz.  that  lim  lim  i^  muBt 

exist ;  this  condition  is  however  contained  in  the  one  stated  in  the  theorem  above.  This  arose 
from  the  fact  that  Bromwich  deduced  the  theorem  from  a  theorem  corresponding  to  the  alternative 
theorem  given  below,  in  which  this  condition  ia  required. 
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i.e.  if  Km  ^n]»>  ^^^  ^m»  ^^  ^^^  ^  definite  numbers ,  then  the  necessary  and 

sufficient  conditions  that  the  two  repeated  limits  ma,y  both  exist  and  have  the 
same  finite  value  is  that,  corresponding  to  each  fi^ed  positive  number  e, 
arbitrarily  chosen,  a  positive  integer  N  can  be  determined,  such  that  for  each 
value  of  n  that  is  >  N,  a  positive  integer  M^,  in  general  dependent  on  n,  can  be 
determined^  such  thai,  for  this  value  of  n,  s^^  —  Urn  s^^  <  e,  for  all  values  of  m 

that  are  >  if.. 


ftssOO 


The  following  alternative  set  of  conditions  for  the  existence  and  equality 
of  the  repeated  limits  is  obtained  from  the  theorem  in  §  235 : — 

The  necessary  and  sufficient  conditions  that   lim  lims^^  —  lim  Urn  s^^, 
their  value  being  finite,  are  (1)  that  lim  s^^  converge  to  a  definite  value 

J»=ao  

Km  lim  s^^,  when  n   is  indefinitely  increased,  and   that   lim  s^^  —  lim  s^^ 

converge  to  zero,  as  m  is  indefinitely  increased ;  and  (2)  that,  corresponding  to 
eojch  arbitrarily  chosen  positive  number  e,  and  to  an  arbitrarily  chosen  integer 
N,  a  value  Ni  {>N)  of  n  can  be  determined,  and  also  an  integer  M,  such  that 

the  condition  that  s,,^^  lies  between  lim  s^^  +  ^  ^^  ^*^  ^mn  —  €  is  satisfy  for 
every  value  of  m  that  is  >  M, 

In  case  lim  s^^^  exists  for  every  value  of  m  except  for  a  fi/nite  number 


\—a» 


of  such  values,  the  condition  (2)  is  that  I  ^fltYj—  Hm  «^„  <  €,for  every  value  of  m 

I  n==ao 

that  is  >M. 

838.    The  preceding  results  may  be  applied  to  questions  concerning  the 
convergence  of  a  double  series 

<hx  +  Cti,  +   Oia  +  . . .  +  C^n  +  .  • . 


+  ^^1  +  ^m9  ^"  ^mn  -♦-•.•+  a^^  +  . . . 


which  has  been  defined  in  §  335,  as  a  series  of  type  ca*.    For  this  purpose  we 
denote  by  s^^  the  sum  of  the  finite  series 

Oil  +  Oil    +  Om   +  •  ••  +  ^n 

+  an  +an  +an  +...  +  aift 


30—2 
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The  condition  of  convergence  of  the  double  series  is  then  equivalent  to  that 
of  the  double  sequence  {^^n}-     If      1™      ^mn  be  +  oo  or  —  ao ,  the  double 

series  is  divergent ;  if  lim  8^^  does  not  exist,  then  the  double  series  is 
said  to  oscillate. 

In  case  the  double  series  be  convergent,  it  is  not  necessary  that  the  single 
rows,  or  the  single  columns,  should  separately  converge;  but  only  a  finite 
number  of  rows,  or  of  columns,  can  diverge,  or  have  infinite  limits  of  inde- 
terminacy ;  and  the  difference  between  the  limits  of  indeterminacy  of  a  row, 
or  of  a  column,  must  be  arbitrarily  small,  from  and  after  some  fixed  row,  or 
column. 

If  the  double  series  be  convergent,  and  if  also  every  row  be  convergent, 
then  the  series  of  the  sums  of  the  rows  must  converge  to  the  limits.  A  similar 
statement  applies  to  the  columns. 

When  all  the  rows,  and  all  the  columns,  converge,  and  when  the  sum 
of  these  sums  in  each  case  converges,  the  double  series  may  oscillate,  and 
this  is  necessarily  the  case  if  the  two  limiting  sums  are  different. 

The  series 

which  has  the  t3rpe  o),  is  said  to  be  the  diagonal  series  corresponding  to  the 
double  series.  If  this  series  converge,  its  sum  is  said  to  be  the  diagonal  sum 
of  the  given  series. 

In  accordance  with  a  theorem  in  §  335,  if  all  the  terms  of  the  double 
series  be  positive,  the  existence  of  the  sum  8  ensures  also  that  of  the  diagonal 
sum  ;  and  the  converse  is  also  the  case.  The  convergence  of  the  double  series 
also  ensures,  in  this  case,  that  all  the  rows  converge,  and  that  the  sum  of 
their  sums  converges  also  to  s.  A  similar  statement  holds  for  the  columns ; 
the  sum  of  the  series  being  independent  of  the  type. 

A  convergent  double  series  is  said  to  be  absolutely  convergent^  if  the  double 
Horios  of  which  the  terms  are  |  a^„  |  be  convergent*. 

The  theorem  of  §  333,  that  the  absolute  convergence  of  a  series  of  any 
term  implies  the  convergence  of  the  series,  and  of  all  the  series  obtained  by 
rearranging  the  terms  in  another  type,  shews  that,  if  the  given  series  be 
absolutely  convergent,  then  the  diagonal  series  converges  to  the  sum  of  the 
double  series ;  and  also  the  sum  taken  by  rows,  or  by  columns,  converges  to 
the  sum  of  the  double  series. 

*  It  lias  been  asserted  by  Jordan  that  there  exist  only  abaolntely  oonveigent  doable  series ;  see 
hin  Court  (VAnalyte^  yoI.  x,  p.  802.  This  statement  rests  upon  a  defective  definition  of  oon- 
vorgoiico. 
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Thus,  for  an  absolutely  convergent  series,  each  one  of  the  four  equations 


00  00  00  00 


00 

2  (Oin  +  ai(n-i)  +  ,..  +  a»i)  =  «, 

implies  the  other  three. 

A  convergent  double  series  which  is  not  absolutely  convergent  can  be 
replaced  by  a  new  series  which  diverges,  and  is  such  that  each  term  a^n  occurs 
in  a  definite  place  in  the  new  series,  and  that  no  terms  occur  in  the  new  series 
which  do  not  belong  to  the  original  one. 

EXAMPLES. 

1.  Let  «m«=(-l)*'''*(»»*^+w'"*)»  where  p>0,  ^>0.  In  this  case  lim  «„„»  and 
lim  «au»  do  not  exist  as  definite  numbers,  but  the  three  limits  lim  «mii)  lini  lim  «„„,, 
lim   lim  1,^,  all  exist,  and  are  zera 

2.  Let  9mn^r-r? vi*    ^^  this  case     lim       s^nn  does  not  exist,  but  the  two  repeated 

l+(W-n}'  TO=ao,  »=s« 

limits  both  exist,  and  are  zero.    The  same  remarks  apply  to  the  case  «m»=  —sr. — •  • 

3.  Let  Um—^  /    .  -x  I  -=  +  —  I »  where  a  >  1.    In  this  case  the  double  limit  exists  and 

2(a+l)\a"»     aV 

is  zero,  but  neither  the  rows  nor  the  columns  of  the  corresponding  series  are  convergent, 
but  are  oscillating  series ;  consequently  the  double  series  does  not  converge  absolutely. 

4.  Let (Im=  ( -  !)***( i  +  — r    ) .   In  this  case  the  single  rows  and  the  single 

columns  converge,  and  the  double  series  converges,  but  the  sum  of  the  diagonal  series 
oscillates  between  log  2  + 1  and  log  2  —  1. 


FUNCTIONS  REPRESENTED  BY  SERIES. 

339.    Let  Ui(x),  u^{x\  ...  Un{oc)  ... 

be  an  unending  sequence  of  functions,  defined  for  a  given  domain  of  the 
variable  x,  which  domain  is  most  usually  a  continuous  interval  (a,  &),  but 
may  be  any  given  set  of  points  G.     The  infinite  series 

til  (fl?)  +  w,  (a?)  +  ...  +Wn(^)+  ... 

is  taken  to  define  a  function  8{x)y  for  the  domain  of  the  variable,  in  the 
following  manner : — At  any  point  a:  =  a,  for  which  the  series 

Wi  (a)  +  «*a (a)  +  .-.  +Wn(a)+  .•• 
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converges,  the  limiting  sum  of  the  series  is  taken  to  be  the  value  6(a)  of  the 
function ;  if,  at  the  point  a,  the  series 

t/i(a)+  w,(a)+  ... 

diverges,  the  function  a  (x)  is  undefined,  but  it  is  firequently  convenient  to 

say  that  the  value  of  the  function  at  that  point  is  one  of  the  improper 

numbers 

+  00  ,  or  —  00 ,  or  ±  00 , 

according  to  the  mode  of  divergence  of  the  series.  If,  at  x^a,  the  series  is 
an  oscillating  one,  the  function  8(x)  may  be  regarded  as  multiple- valued, 
and  as  having  all  the  values  to  which  a  sequence 

«n. (a),  in, (a),  ... 

of  the  partial-sums  may  converge,  8  (a)  having  thus  the  same  limits  of  in- 
determinacy as  the  series  itself. 

If  t«i(a?)  +  iXa(a?)+ ... +w„(a?) 

be  denoted  by  8n(^),  the  function  8(x)  is  definable  as  the  limit  of  the 
sequence  of  functions 

It  will  be  observed  that  the  term  "  limit "  is  here  used  in  an  extended 
sense,  which  covers  the  cases  when,  at  a  point  a,  the  sequence  of  functional 
values. is  divergent  or  is  oscillating.  Stated  in  this  form,  the  theory  may  be 
regarded  as  a  theory  of  functions  defined  a8  the  limiia  of  sequencee  of  given 
functione,  the  serial  form  being,  in  fact,  only  a  particular  mode  of  presenta- 
tion.   Thus 

Si  (x),  8i(x),  ...  8n(x\  ... 

may  be  a  sequence  of  functions  represented  in  any  manner,  for  example  by 
continued  fractions,  or  by  determinants ;  but/in  whatever  manner  the  «n(^)  be 
represented,  the  limiting  function  8  {x)  can  always,  of  course,  be  exhibited  in 
the  form  of  the  series 

8i  (x)  -f  [Sa  {x)-8i  (x)]  +  [fi,  (x)  -  8^  (x)]  +  . . . . 

The  function  8  (x)  may  be  termed  the  eum-Junction  of  the  serie& 


UNIFORM  CONVERGENCE  OF  SERIES. 

340.    If  the  series 

tti  (a:)  +  ti,  (a?)  +  ...  +1^(0:)+  ... 

converge,  for  the  point  x  =  a,  in  the  domain  for  Whioh  the  functions  u  (x)  are 
defined,  then,  corresponding  to  each  arbitrarily  ascdgned  positive  number  €,  an 
integer  n  can  be  found  such  that 

Rn.,(a)\.\R^,{a)\,...\B^,(a)\... 
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are  all  numerically  less  than  e,  this  being  the  condition  of  convergence  of  the 
series  at  the  point  a. 

A  similar  statement  holds  as  regards  each  point  at  which  the  series 
convergesw  The  least  value  of  n  for  which  the  condition  stated  is  satisfied  will 
in  general  depend  upon  the  arbitrarily  chosen  number  e,  and  also  upon  the 
value  of  a ;  but  it  is  important  to  consider  the  case  in  which  n  can  be  chosen, 
for  each  fixed  €,  so  as  to  be  independent  of  a.  Let  it  now  be  assumed  that  the 
series  is  everywhere  convergent  in  a  given  domain. 

If  a  value  of  n  can  be  founds  corresponding  to  each  arbitrarily  assigned 
positive  number  e,  stick  tha^,for  all  values  of  x  which  belong  to  a  given  domain^ 

|itn.i(^)|,|iin.2(^)|,...  |iin..(^)|... 

be  all  less  than  e,  then,  if  this  value  of  nbe  independent  of  x,  the  series 

Wi  (a?)  +  Ua  (a;)  + 1^8  (a:)  +  ... 
is  said  to  converge  uniformly  in  the  given  domain  of  x. 

If  we  denote  by  ff>{€,x)  the  least  value  which  n  must  have,  for  a  fixed 
value  of  X  belonging  to  the  given  domain,  in  order  that 

|i2n,i(^)!,|iin,9(^)|,  ... 

may  all  be  less  than  ^e,  the  series  is,  in  accordance  with  the  above  definition, 
uniformly  convergent  in  the  domain  of  a?,  provided  that,  corresponding  to 
each  fixed  value  of  e,  the  values  of  (f>  (e,  x)  for  all  values  of  x  in  the  domain 
be  all  less  than  some  fixed  integer  Ui ;  and  this  integer  n,  is  such  that  all  the 
numbers  |  jRn,#  (x)  |,  for  every  value  of  x,  are  less  than  e,  for  all  values  of  n 
that  are  ^  Ui,  The  definition  which  has  been  given  of  uniform  convergence 
in  a  given  domain  includes  the  condition  that  the  series  converges  at  each 
point  of  the  domain.  If  it  be  assumed  that  this  is  already  known  to  be  the 
case,  the  definition  of  uniform  convergence  may  be  stated  as  follows : — 

If  the  series  tti(a?)  +  W2(a?)+ ... +ttn(^)+ ... 

converge  for  each  value  of  x  in  a  given  domain  to  the  value  s  (a?),  ihen  the  series 
is  said  to  converge  uniformly  in  the  domain,  provided  that,  corresponding  to  each 
arbitrarily  chosen  positive  e,  a  number  n,  independent  of  x,  can  be  found,  such 
that  cM  the  remainders 

I  S{x)-Sn{x)  I,    I  s{x)'-Sn+i{x)  |,  ...  |  S  (x)  -  Sn+m  (^)  \  -", 

for  every  vaiue  ofx,  are  less  than  6. 

341.  A  mode  of  convergence  of  a  series  in  a  given  domain,  less  stringent 
in  character  than  that  of  uniform  convergence,  has  been  considered  by  Dini 
and  by  other  writera  This  mode  of  convergence  has  been  termed  by  Dini 
"  simple-uniform  convergence,"  and  is  defined  by  him  *  as  follows : — 

*  See  Qrundlagen,  by  Ltlroth  and  Sohepp,  p.  187. 
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The  series  tti (^r)  +  Wa («)  +  ...  +Mn(a?)+  ... 

whick  converges  at  each  point  of  a  given  domain  to  the  value  s  {x),  is  said  to  be 
simply-uniformly  convergent  in  the  domain,  if,  corresponding  to  each  arbitrarily 
chosen  positive  mimber  e,  and  to  each  integer  m\  only  one  or  several  integers  m, 
not  less  than  m\  exist,  which  are  such  that,  for  aU  values  of  min  the  domain, 
the  \Rfn(x)\  are  <e. 

The  condition  of  simple-uniform  convergence  is  less  stringent  than  that 
of  uniform  convergence,  in  that,  in  the  latter  case,  all  the  remainders  after 
a  certain  one  are  numerically  less  than  e,  whereas  in  the  former  case  one  or 
several,  but  not  all  the  remainders,  need  be  numerically  less  than  e. 

As  regards  the  above  definition,  it  may  be  remarked  that,  if  there  be,  for 
each  6,  one  value  of  m  which  satis6es  the  prescribed  condition,  there  mast 
be  an  infinite  number  of  such  values ;  because  we  have  only  to  ascribe  to  m' 
a  series  of  values  which  increase  indefinitely,  and  for  each  of  these  exists  a 
corresponding  value  of  m.  Any  one  of  an  infinite  set  of  values  of  m  may  thus 
be  taken  to  correspond  to  one  value  of  m\  Moreover,  the  definition  can  be 
reduced  to  a  simpler  form,  thus : — Let  us  first  suppose  that  there  exists  no 
value  of  n  such  that  Rn{x)  =  0  for  every  value  of  x  in  the  domain;  it  will 
then  be  shewn  that,  if,  corresponding  to  each  e,  one  value  of  n  can  be  found 
such  that  I  Rn(^)  I  <  €,  independently  of  x,  then  there  must  be  an  indefinitely 
great  number  of  such  values  of  n.  Let  us  denote  by  B,,  the  upper  limit  of 
I  Rg  (x)  I  for  the  whole  domain  of  a? ;  R,  may  have  a  definite  value,  or  it  may 
be  indefinitely  great.  I{\  Rn(x)\  <€  for  every  value  of  x,  we  have  Rn^e; 
let  us  therefore  take  a  positive  number  €i  less  than  R^,  and  also  less  than  the 
least  of  the  numbers  _     «  _ 

then,  by  hypothesis,  a  number  Wi  can  be  found  such  that,  for  all  values  of  ^  in 
the  domain,  |  Rn^  {x)  \  <  €i.  This  number  r?j  cannot  be  one  of  the  numbers 
1,  2,  3, ...  n ;  for  it  is  always  possible  to  find  a  value  of  a:  for  which  \Rt(x)\iB 
arbitrarily  near  its  upper  limit  Rg,  and  is  thus  >  e^ ;  hence  a  number  ni,>n, 
has  been  shewn  to  exist,  such  that,  for  all  the  values  of  x,  \  jB»,  (x)  \  <  e- 
Similarly  it  may  be  shewn  that  a  number  n^,  >  ni,  exists  which  has  the  same 
property ;  and  thus  there  is  an  indefinitely  great  set  of  values  of  n  such  that 
\Rn(x)\<€.  If  there  be  an  indefinitely  great  number  of  values  of  n  such 
that  Rn  (x)  =  0,  for  every  value  of  x  in  the  domain,  Dini's  definition  of  uniform 
convergence  is  satisfied.  In  the  case  in  which  there  are  a  finite  number  of 
such  values  of  n,  it  will  be  suflBcient,  in  order  to  ensure  simple-uniform  con- 
vergence, that, for  each  e  one  value  of  n  shall  exist, such  that  \Rn(x)\<€,  and 
also  such  that  Rn  (x)  is  not  zero  for  every  value  of  ^ ;  in  this  case  the  above 
reasoning  is  applicable,  provided  €i  be  taken  less  than  ^,  and  also  less  than 
all  those  of  the  numbers  Ei,  iJ,,  ...  jB«-i,  which  do  not  vanish.  The 
definition  of  simple-uniform  convergence  may  now  be  stated  as  follows : — 
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A  series  which  converges  for  every  value  of  x  in  a  given  domain  is  said  to 
converge  simply-unifomdy  either,  (1)  if  there  be  at  most  a  finite  number  of 
values  ofn  such  thcU  Itn(x)  vanishes  for  every  value  of  x,  and  if  corresponding 
to  each  arbitrarily  chosen  positive  number  e,  a  number  n  can  be  found  such  thai, 
independently  ofx,\R^{x)\<€t  whilst  Rn  (x)  does  not  vanish  for  every  valvs  of 
x,or  (2)  if  there  be  an  indefinitely  great  number  of  values  of  n  for  which  Unix) 
vanishes  for  every  value  of  x. 

A  series  which  is  uniformly  convergent  is  also  simply-uniformly  convergent; 
but  the  converse  does  not  hold. 

If  the  series  be  simply-uniformly  convergent,  but  be  not  uniformly  con- 
vergent, there  must,  corresponding  to  each  sufficiently  small  e,  be  an 
indefinitely  great  number  of  values  of  n  for  which  the  condition 

I  «n(a?)|<e, 

for  all  values  of  x,  is  not  satisfied ;  for  if  there  were  only  a  finite  number  of 
such  values,  n  could  be  taken  greater  than  the  greatest  of  these,  and  thus  the 
condition  for  uniform  convergence  would  be  satisfied,  which  would  be  contrary 
to  hypothesis. 

If  all  the  terms  u^  (x)  of  a  series  be  positive  for  every  value  of  x  in  the 
domain  of  the  variable,  then,  if  the  series  ^u(x)  be  simply-uniformly  con- 
vergent, it  is  also  necessarily  uniformly  convergent.  For  the  condition  of 
simple-uniform  convergence  ensures  that,  corresponding  to  an  arbitrarily 
chosen  6,  n  can  be  found  such  that  the  sequence 

converges  for  every  value  of  x  to  a  value  which  is  less  than  € ;  and,  since  the 
terms  of  the  series  are  all  positive,  each  element  of  this  sequence  is  less  than, 
or  eqnal  to,  the  next  one ;  and  therefore 

^i»  ^,2f  ^,8  •••  are  all  <  e. 

It  follows  that  Rf,^m,t9  which  equals  Rn,i+m  —  Hn^mt  is  also  <  e,  for  all  values 
of  m  and  s ;  and  thus  that  Rn+m  <  ^ ;  hence  the  series  converges  uniformly. 

It  may  easily  be  shewn  that,  if  the  two  series  2 u (x),  ^\u(x)\,he  both 
simply-uniformly  convergent,  then  Xu(x)is  uniformly  convergent. 

Let  €i,  ^,  ...  be  a  sequence  of  diminishing  positive  numbers  which 
converges  to  zero.  If  the  series  2w(a?)  be  simply-uniformly  convergent, 
a  number  tii  can  be  found  such  that  |i2n,  (^)|<€i,  for  all  values  o(  x;  a 
number  n,,  >ni,  can  then  be  found  such  that  |  Rn^  (x)  |  <  6s ;  then  ti,,  such  that 
\Rn^{x)  I  <  €«;  and  so  on.  If  now  the  first  rii  terms  be  amalgamated  into  one, 
then  those  after  the  first  rii  up  to  and  including  Un^  (x),  and  so  on,  the  series 
may  be  written  in  the  form 
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and  in  this  form  the  series  is  uniformly  convergent.  It  thus  appears  that  a 
simply-uniformly  convergent  series  can  he  changed  into  one  which  is  uniformly 
convergent,  by  bracketing  the  terms  suitably,  in  accordance  with  a  norm,  and 
taking  each  bracket  to  constitute  a  term  in  the  new  series. 

Conversely,  a  uniformly  convergent  seines  may  be  replaced  by  one  which  is 
only  simply-uniformly  convergent 

If  each   term  u„(a7)  of  a  uniformly  convergent  series  be  replaced,   in 
accordance  with  some  norm,  by  the  sum  of  rn  functions,  such  that 

then  the  new  series 

is  not  necessarily  convergent,  but  may  oscillate.  If,  however,  the  functions  U 
be  so  chosen  that  the  series  converges  in  the  whole  domain  of  x,  then  the  series 
converges  at  least  simply-uniformly.  It  thus  appears*  that  the  distinction 
between  uniform  convergence  and  simple-uniform  convergence  is  an  un- 
essential one. 


NON-UNIFORM  CONVERGENCE. 

342.     If  we  denote  by  yft  (e,  x)  the  least  value  which  n  can  have,  such  that 

|i2n(^)|,    \Rn-\-i{x)\,   \Rn^{x)\  ... 

may  all  be  <  e,  where  the  series  ^u  (x)  converges,  for  every  value  of  x  in 
a  given  domain,  to  the  value  s  (x),  then  the  condition  of  convergence  ensures 
that  for  any  fixed  value  of  x,  -^  (e,  x)  has  a  definite  finite  value,  for  each  value 
of  e,  which  however  may  increase  indefinitely  as  e  is  indefinitely  diminished. 
Taking  a  fixed  value  of  e,  sufficiently  small,  it  may  happen  that  '^(e,  x)  has 
no  finite  upper  limit  for  all  values  of  x  in  the  domain  ;  and  this  will  happen 
in  case  the  convergence  of  the  series  be  non-uniform.  The  function  [y^  (e,  x)}~^ 
has,  in  this  case,  zero  for  its  lower  limit ;  and  therefore  in  accordance  with 
the  theorem  of  §  171,  there  must  be  at  least  one  point  x,  such  that,  in  an 
arbitrarily  small  neighbourhood  of  it,  zero  is  the  lower  limit  of  {^(c,  «)}"**• 
There  may  be  a  finite,  or  an  infinite,  set  of  such  points ;  and,  in  an  arbitrarily 
small  neighbourhood  of  any  one  point  of  this  set,  '^{e,  x)  has  no  upper  limit, 
and  thus  has  values  greater  than  any  arbitrarily  chosen  number  A.  Never- 
theless '^{e,  x)  has  a  definite  finite  functional  value  at  each  point  of  the  set, 
provided  that  such  a  point  belong  to  the  domain  of  the  variable ;  for  otherwise 
the  series  would  not  converge  at  such  a  point. 

*  See  ArzeU,  Bologna  Rendiconti,  1899;   also  Hobson,  Proc.  Land.  MatK  Soe.,   ser.   2, 
vol.  I,  p.  376. 
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A  paint,  in  the  arbitrarily  small  neighbourhood  of  which  '^(e,  x)  has  no 
upper  limit,  provided  €  be  sufficiently  small,  is  said  to  be  such  that  the  series  is 
non-unifomdy  convergent  in  its  neighbourhood. 

Frequently,  for  shortness,  such  a  point  is  said  to  be  a  point  at  which 
the  series  is  non-uniformly  convergent,  or  to  be  a  point  of  non-uniform 
convergenee^ 

It  has  been  shewn  that  such  points  exist  whenever  the  series  is  non- 
uniformly  convergent  in  the  domain  of  the  variable ;  and,  in  the  case  in  which 
the  domain  is  a  closed  set,  which  case  is  alone  of  importance,  these  points 
themselves  all  belong  to  the  domain  of  the  variable. 

When  there  are  only  a  finite  number  of  points  of  non-uniform  convergence, 
the  series  is  frequently  said  to  be  in  general  uniformly  convergent.  It 
becomes  in  this  case,  uniformly  convergent,  if  arbitrarily  small  intervals  con- 
taining these  points  be  removed  from  the  domain  of  the  variable. 

If  d?  =  a,  be  a  point  of  non-uniform  convergence,  a  sequence 

*i>  ^>  •••  ^>  ••• 
of  values  of  x  in  the  closed  domain  can  be  found  which  converges  to  the 
value  a,  and  is  such  that  the  numbers 

-f  (e,  a,),  i^(e,  a,),  ...  -^(e,  On)  ... 

form  a  sequence  with  no  upper  limit,  where  e  has  a  fixed  value  chosen 
sufficiently  small.    Thus  one  of  the  limits 


t(6,  a  +  0),t(e,  a-0) 

is  infinite,  or  both  are  so,  although  -^(e,  a)  must  be  itself  finite.     Therefore  o^ 
is  a  point  of  infinite  discontinuity  of  the  function  -^  (e,  x). 

If  one,  but  not  both,  of  the  limits 


>^(6,a  +  0),  ^(6,  a-0) 

be  infinite,  the  point  is  said  to  be  one  of  non-uniform  continuity  on  the  right 
or  on  the  left^  as  the  case  may  be. 


THE  CONTINUITY  OF  THE  SUM-FUNCTION. 

343.    Let  us  suppose  that  the  domain  of  x  is  either  the  interval  (a,  6),  or 
else  a  perfect  set  of  points  in  that  interval,  and  further  that  the  functions 

t*i(a?),  Ui{x\  Wj(a?),  ... 

are  continuous  throughout  the  domain.    It  will  then  be  shewn  that : — 

If  the  series  2u(^)  converge  at  least  simply-uniformly  in  the  domain  of 
the  variable,  the  sum-function  s  (x)  is  everywhere  continuom. 
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Let  a  be  any  point  in  the  domain  of  a?,  and  a  +  S  another  such  point  on 
the  right  of  a ;  then 

«(a)  =  «n(a)  +  i2n(a), 

s(a  +  S)  =  5n(a  +  S)  +  jBn(a+S); 
thus 

*(a  +  S)-*(a)  =  [«n(a  +  S)-*n(a)]  +  [iin(a  +  S)-iZn(a)]. 

Since  the  series  converges  simply-unifonnly,  a  value  of  n  can  be  found, 
corresponding  to  any  arbitrarily  small  e,  such  that 

\Rn(pL)\,  |i2n(a  +  S)|  are  each  <l€, 

for  all  positive  values  of  i  such  that  a  +  S  belongs  to  the  domain  of  x.  Suppose 
n  to  have  this  value;  then,  since  «n(^)  is  continuous,  a  value  Si  of  5  can  be 
determined  such  that 

|5n(a  +  S)-«n(a)|<i€,  if  0  <  S ^  Sj. 
It  follows  that       I  fi  (a  +  S)  -  fi  (a)  I  <  €,  provided  0  <  S  ^  S^ ; 

and,  as  e  has  been  arbitrarily  chosen,  the  condition  of  continuity  of  8{x)  at  a, 
on  the  right,  is  satisfied.  In  a  similar  manner  it  may  be  shewn  that  8  (x)  is 
continuous  at  a  on  the  left. 

A  fortiori,  the  condition  that  the  series  converge  uniformly  is  sufficient 
to  secure  that  the  sum-function  may  be  continuous. 

The  above  proof  also  suffices  to  establish  the  following  more  general 
theorem : — 

If  the  functions  Un  (x)  be  all  continuous  at  the  point  ^  =  a,  hut  not  necessarily 
elsewhere,  the  condition  of  simple-uniform  convergence  of  the  series  in  an 
interval  containing  the  point  a  in  its  interior  is  sufficient  to  ensure  that  s  (x)  is 
continuous  at  the  point  a. 

344.  If  the  function  s  (x)  be  discontinuous  at  a,  say  on  the  right,  then  h^ 
cannot  be  chosen  so  that,  for 

0<S^Si,  |«(a  +  S)-«(a)|<€, 

provided  e  be  chosen  sufficiently  small ;  hence,  in  this  case,  it  is  impossible  to 
ohooHO  n  such  that 

|iZn(a  +  S)-i2n(a)|<i€, 

for  all  the  values  of  h  concerned,  s^  being  a  continuous  function  for  the  domain  ; 
and  it  follows  that  it  is  impossible  to  choose  n  such  that 

|i2n(a  +  S)|<j6, 
ft»r  all  valuoH  of  8  such  that         0  <  S  ^  Si. 

'rhnn^foris  in  this  case,  the  series  converges  neither  uniformly  nor  simply- 
unllonnlyi  and  the  point  a  is  a  point  of  non-uniform  convergence. 

1 1  haN  long  been  known  that  the  sum  of  a  series  of  which  aII  the  terms 
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are  continuous  is  not  necessarily  itself  continuous.  The  important  discovery 
that  such  a  discontinuity  is  due  to  the  non-uniform  convergence  of  the  series 
was  made  independently  by  Stokes*  and  by  Seidelf.  It  was  not  until  a 
later  time  that,  under  the  influence  of  Weierstrass,  the  great  importance  of 
the  notion  of  uniform  convergence  in  the  Theory  of  Functions  was  fully 
recognized. 

The  question  whether  non-uniform  convergence  necessarily  implies 
discontinuity  in  the  sum-function  remained  for  many  years  an  open  one. 
It  was  decided  in  the  negative  sense  when  Darboux  and  Du  Bois  Reymond 
constructed  examples  of  cases  in  which  the  series  are  non-uniformly  con- 
vergent, and  yet  nevertheless  have  continuous  sum-functions. 

TESTS  OF  UNIFORM  CONVERGENCE. 

346.  In  certain  cases  it  can  be  easily  established  that  a  series  is  uniformly 
convergent.    This  can  frequently  be  done  by  applying  the  following  theorem : — 

Sttn  (a?)  denoting  a  series  of  functions  such  that  \  u^  (x)  \  has,  for  each  valtie 
o/n,  an  upper  limit  u^for  the  whole  domain,  if  the  series 

be  convergent^  then  the  given  series  is  itself  uniformly  convergent,  and  is 
absolutely  convergent  for  each  value  of  x. 

The  remainder  Un+i  +  Un+s  +  . . . 

of  the  series  %u,  is  greater  than,  or  equal  to,  the  remainder 

|w,H-i(^)|  +  l^+a(^)l  +  ••• 
of  the  series  S  |  Un  (^)  |.  If  n  be  so  chosen  that  the  former  remainder  be  <  e, 
the  latter  remainder  is  also  <  €,  for  every  value  of  x ;  and  the  convergency 
condition  of  ^u^  states  that,  corresponding  to  each  e,  a  number  n^  exists,  such 
that  all  the  remainders,  of  index  ^n^,  are  <  £;  therefore  the  same  holds  as 
regards  the  series  S  |  t^n  (^)  |  *  Hence  this  latter  series  is  uniformly  convergent ; 
and  since  no  remainder  of  Xu^  (x)  can  exceed  numerically  the  corresponding 
one  of  S I  tin  (^)  |>  it  follows  that  Si^  (x)  is  uniformly  convergent,  and  converges 
absolutely  for  each  value  of  a?  in  the  given  domain. 

346.  If  ail  the  terms  of  the  series  u^{x)  +  U2(x)+  ,.,  +  u^(x)'\- .,.  be 
positive  or  zero,  for  all  values  of  x  in  (a,  b),  and  the  series  converge  uniformly 
in  that  interval,  then  the  series  obtained  by  rearranging  the  order  of  the  terms, 
in  accordance  with  some  norm,  is  also  uniformly  convergent  in  the  interval. 

That  the  new  series  obtained  by  rearranging  the  order  of  the  terms 

*  •*  On  the  oritieal  valaes  of  the  samB  of  periodic  series,"  Math,  and  Physical  Papers,  vol.  i, 
p.  336. 

t  '*  Note  fiber  eine  Eigensohaft  der  BeiheD,"  Abhd.  d,  MUnch,  Akad.  vol.  vn.  On  the  history 
of  this  difoovery,  see  BeifTs  Oeschiehte  der  unendliehen  Reihen,  p.  207. 
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converges  to  the  sum  of  the  original  series,  everywhere  in  (a,  6),  has 
been  proved  in  §  332.  An  integer  n'  exists,  such  that  the  first  n  terms 
of  the  given  series  all  occur  amongst  the  first  n'  terms  of  the  new  series; 
it  follows  that  R^  (x)  ^  i^V  (x),  where  R^  (x),  R\'  {x)  denote  the  remainders 
after  n  and  n!  terms  respectively,  in  the  original  series  and  in  the  new  series. 
If  n  be  so  chosen  that  R^  (x)  <  e,  for  all  values  of  x  in  (a,  b),  we  have  also 
Rj^'{x)<€  for  all  values  of  x;  therefore  the  new  series  is  also  uniformly 
convergent. 

If  the  series  \ui{x)\-\-\u^(x)\  +  ...  +  \u^(x)\  +...  converge  uniformly  in 
(a,  6),  then  the  series  Ui (a?)  + 1/,(«)  +  ...  +  w* (^)  +  •••  converges  uniformly  in 
(a,  b) ;  also  any  series  obtained  by  rearranging  the  order  of  the  terms  of  the 
latter  series,  in  accordance  with  any  norm,  is  uniformly  convergent 

The  second  series  is  necessarily  convergent  everywhere  in  (a,  b) ;  also  its 
remainder  after  n  terms  cannot  exceed,  in  absolute  value,  the  remainder 
after  n  terms  of  the  first  series.  It  follows  that,  if  n  be  so  chosen  that  the 
remainder  of  the  first  series  after  n  terms  is  less  than  e,  for  every  value  of  x, 
the  absolute  value  of  the  remainder  of  the  second  series  satisfies  the  same 
condition.  Therefore  the  second  series  is  uniformly  convergent.  Since,  from 
the  last  theorem,  a  rearrangement  of  the  order  of  terms  of  the  first  series 
does  not  affect  its  uniform  convergence,  it  follows  that  a  correspondiog 
rearrangement  of  the  terms  of  the  second  series  does  not  affect  its  uniform 
convergence. 

The  converse  of  this  theorem  also  holds,  and  may  be  stated  as  follows : — 

If*  the  series  i^  (a?)  +  iXa(a:)  +  ...  be  uniformly  convergent  in  (a,  6),  and  if 
all  the  series  obtained  by  systematic  rearrangement  of  the  terms  of  the  series  be 
also  uniformly  convergenty  Hien  the  series  | Wi(a?)t  +  |wi(a?)|  +  ...  is  uniformly 
convergent  in  the  same  interval. 

347.    The  following  theorem -f-  is  sometimes  useful : — 

If  the  terms  of  the  series  Ui{x)-\-u^{x)-\- ...  be  continuous  in  (a,  6),  and 
never  negative,  and  if  the  series  converge  to  a  continuous  sum-function  s{x), 
then  the  series  converges  uniformly  in  (a,  6).  ^-      ^iiyu^- 

To  prove  this  theorem,  let  x^  be  any  point  in  (a,  6),  then 

s  (^)  -  s  {x,)  =  [s^  (x)  -  s^  (x,)]  +  {R^  (x)  -  R^  (x,)]. 

For  the  fixed  point  Xi,  and  corresponding  to  any  fixed  positive  number  c, 
an  integer  n  can  be  so  chosen  that  R^  (a?,)  <  Je.  This  value  of  n  being  fixed, 
an  interval  (xi  —  5,  a?!  +  S)  can  be  so  determined,  that,  if  a?  be  in  this  interval, 
both  \s(x)-'S  (xi)  I  and  |  s^  (x)  -  s^ (xi)  \  are  <  Jc ;  this  follows  from  the  con- 

*  This  theorem  has  been  proved  by  G.  D.  Birkhoff,  Annals  of  Math.,  ser.  2,  voL  vi,  1905, 
p.  90. 

t  See  Diui*B  Orundlagen,  p.  148. 
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tinuity  of  8{x)  and  8^{x)  at  Xi,  We  now  see  that,  throughout  the  interval 
((Ci^B,osi  +  S)f  the  condition  R^  (x)  <e  is  satisfied ;  and  since  the  terms  of  the 
given  series  are  never  negative,  it  follows  that  R^'  (x)  <  e,  for  every  value  of  n' 
that  is  ^  n,  and  every  value  of  x  in  (xi  —  S,  ^  +  S).  It  has  therefore  been 
proved  that  ^  is  a  point  of  uniform  continuity  of  the  series ;  and  since  Xj 
is  any  point  whatever  in  (a,  6),  the  convergence  of  the  series  is  uniform 
in  (a,  6). 

If  a  sequence  «i  (x),  ^  {x\  . . . «»  (a?), ...  be  such  that,  for  every  value  of  x  in 
an  interval  (a,  6),  one  of  the  sets  of  conditions  «„  (x)  ^  Sn+i  (x)  for  every  value 
of  n,  or  8n  (x)  ^  «n+i  (^)  b®  satisfied,  then  the  sequence  is  said  to  be  monotone 
in  (a,  6). 

The  above  theorem  may  be  stated  in  the  following  form : —  . . 

A  sequence  of  continV'Ous  functions  {s^  (x)]  which  €tpe  monotone  in  a  given 
interval,  and  which  converges  to  a  continuous  function  s(x)y  converges  uniformly 
tos{x). 

348.  If*  Ui(x),  Ui(x\  ...  ttn(x),  ...be  defined  for  the  interval  (a,  6),  and 
be  limited  in  that  interval^  and  positive  for  all  the  values  of  x,  and  if  further 
Un(x)  ^Un^i{x),  foT  every  value  of  n  and  x;  then,  if  Sa„  be  any  convergent 
series,  the  series  Xa^u^{x)  converges  uniformly  in  the  interval  (a,  6).  Mtyre- 
over,  ifXa^do  not  converge,  but  oscillate  between  finite  limits  of  indeterminacy, 
then,  provided  the  additional  conditions  that  the  functions  Un(x)  be  all 
continuous,  and  that  lim  u^  (x)  =  0  for  each  value  of  x,  be  satisfied,  the  series 

^a^u^{x)  is  uniformly  convergent  in  the  interval  (a,  6),  and  its  sum  is 
consequently  continv^ous. 

In  case  the  series  2a„  be  convergent,  the  partial  remainder  iJ^^  of  the 
series  2  a^u^  (x)  being 

(On+i  +  a»+8  +  . . .  +  an^m)  Wn+m+i  (^) 

+    2    (an+i  +  On+a  +  . . .  +  a^+r)  {^n+r  (^)  -  ^n+r+i  (x)], 

we  see  that,  by  choosing  n  so  great  that  all  the  peu-tial  remainders  of  the 
series  2  a^  after  the  nth  term  are  numerically  less  than  the  arbitrarily  chosen 
number  e,  the  condition 

is  satisfied ;  and  therefore,  for  every  value  of  x  in  (a,  b),  we  have  |  jB^  ^  |  <  e .  17, 
where  CT  denotes  the  upper  limit  of  Ui(x)  in  (a,  b).  Since  el/  is  arbitrarily 
small,  it  has  thus  been  shewn  that  the  condition  of  uniform  convergence  of 
2  a^  u^  (x)  is  satisfied. 

It  is  easily  seen  that  this  part  of  the  above  theorem  also  holds  when  the 
terms  of  the  series  2  a^  are  functions  of  x,  provided  2  a„  converges  uniformly 

*  See  Hardy,  Proc.  Lond.  Math.  Soc.t  ser.  2,  vol.  iv,  pp.  250,  251. 
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in  (a,  b).  When  the  series  2  a^  oscillates  between  finite  limits,  K  can  be 
determined  such  that  |  On+i  +  On+a  +  - . .  +  On+r  I  <  K,  for  all  values  of  n  and  r. 
Also,  since  the  sequence  Ui(x\  tia(a?),  Wi(a?), ...  u^(a?), ...  is  by  hypothesis 
monotone,  and  couverges  to  the  continuous  limit  zero  in  the  interval  (a,  b), 
it  follows  from  the  theorem  of  §  347,  that  the  sequence  converges  uniformly 
to  the  limit  zero.  We  can  consequently  choose  n  so  that  tin^r(^)  <  €,  for  every 
value  of  r  and  x ;  therefore  \R^^(x)\<  SeK,  and  since  SeK  is  arbitrarily 
small,  it  follows  that  the  series  is  uniformly  convergent. 

EXAMPLES. 


1.    Let*     Wai,-i(A')= 


«2»W' 


— X 


W4:«+(l-fur)«'         •^^•^'-(n+l)aj«+{l-(n+l)j:}«' 
In  this  case,  the  series  conveiges  for  all  values  of  x^  and 

X 


s{x) 


^Ra^-iC*)"©,        /Z*,-j(^)«M»i-iW. 


x^+^l-x)*' 
In  an  interval  (a,  fi),  which  contains  the  point  a;=0,the  series  converges  simply-uniformlj, 

but  it  does  not  converge  uniformly,  since  R^^%  f  -  Wl,  however  great  n  may  be. 


n^x 


2.    Lett  «»W=|  T— 3^»  «(a?)=0,  for  0^x<l.    This  series  conveiges  non-uniformly 


O  1  « 

Fio.  1. 

in  the  ncighbo\u*hood  of  the  point  x^O,    The  approximation  curves  jfa<»(x)  have  peaks 
of  height  ^n^,  which  increase  indefinitely  in  height  as  » is  increased.    At  the  same  time,  the 

point  -| ,  at  which  the  ordinate  is  a  maximum,  continually  approaches  the  point  0 ;  and 
n' 

thus,  for  any  value  of  x  which  is  >0,  n  may  be  taken  so  great  that  <»(x)  is  arbitrarily 

small.     At  the  pi>int  ar=0,  we  have  *«(x)=0,  for  every  n, 

*  Tannery,  Th/orif  dfs  fonctions,  p.  1S4. 

t  Os^^ood.  Jnkt.  JouhmI  of  Math,,  vol.  xix,  p.  156;  also  Q.  Cantor,  Math.  Anndlent  vol.  xvi, 
p.  269. 
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3.    Let  t^  (*)=! 1^,  8(x)=0^  0^0?^  1.    The  curves  y=*«(^)  have  peaks  all  of  the 

same  height  i  at  the  points  x  =  - .  As  in  the  last  example  the  point  J7= - ,  below  the  peak, 

oontiuuallj  approaches  the  origin  as  n  is  increased.    The  convergence  is  non-uniform  in 
the  neighbourhood  of  j;a«0. 


Fio.  2. 

Let  ^tW^x+Xin^ihrar '     ••(*)=*nW+2-i  <^iG^)+3^*8i(^)+...  =  5-j<>ci(x). 

The  series  which  defines  8^{a)  converges  uniformly,  and  thus  s^^  (x)  is  a  continuous  function 
of  X.      In  the  neighbourhood  of  any  rational  point  x=p/q,  the  curve  y=^8,^{x)  has  peaks 

arising  from  the  term  T-,<^jk!(x))  where  k  is  the  smallest  integer  such  that  ir!  is  divisible 

by  q.    The  series  converges  to  the  limit  « (x)=0,  non-uniformly  in  any  interval  whatever 
(a,  6),  taken  in  the  interval  (0,  1). 

4.    Let*    t«»»-i(x)=^+S  «*»W=-^*^{l-7^:piyi}»  ^^ere  0^x<l,  and 

The  series  2«(x)  is  simply-uniformly  convergent  in  (0,  1),  but  it  is  not  uniformly  con- 
veigenti 

6.    Lett  u^{x)^af*(l-x)j  O^ar^l.    In  this  case  s{x)^Xj  for  0<a7<l;  but  *(j?)esO, 
for  x»  1 ;  and  the  series  converges  non-uniformly  in  the  neighbourhood  of  the  point  x^sl, 

6.  Lett  «»(4?)=d!*(l— d!*).  If  |a?|<l,  we  find*(ar)=_ — -^;a]soff(l)sO;whereaslimff(j?) 

is  indefinitely  great.     The  series  conveiges  non-uniformly  in  the  neighbourhood  of  the 
point  1,  and  its  sum-function  has  an  infinite  discontinuity  at  that  point. 

7.  Lett  i^(ir)--2(»-l)«^'****"^*^+2»«a:c~"^.  Here  *  (a?) =0  for  every  value  of  4?; 
R^{x)^  - 2»*dw~"^;  and  at  x=- ,  -fl;,  ( - )  = .    The  series  converges  non-uniformly  in 


*  Yolteria,  Gtbr.  di  Mat,,  voL  zix,  p.  79. 

t  Arzeli,  Memarie  di  Boloffna,  ser.  5,  vol.  viii,  p.  189. 

X  Darboox,  Ann,  de  VieoU  twrmaU  tv^riewe,  vol.  v,  '*Sar  lee  fonctionB  diaoontinaef  '* 
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the  neighbourhood  of  j?sO,  since  arbitrarily  large  values  of  the  |  Bni^)  \  exist  in  such  neigh- 
bourhood ;  but  the  sum-function  is  continuous  at  jr=0. 

8.  Let*  ••W=<>»W+^<>«(2!a;)  +  ...  +  i<^(ir!a?)+... 

where  <^»(j:)=\^2i.w8in'w^.c~'*'""*'*.  The  series  which  defines  *»(d?)  converges  unifonnly, 
since  \<f>f^{kl  x)\^l;  and  thus  s^{x)  is  a  continuous  function  of  x.  The  sum-limction  s  (x) 
is  also  a  continuous  function  of  x  ;  but  the  oonvei^ence  of  the  functions  s^  {x)  to  « (x)  is 
non-uniform  in  every  sub-interval  of  the  interval  (0,  1). 

9.  Consider  t  the  series 

l+5x  ,  x(x+2)n^-{-x(A'-x)n  +  l-x  ^ 


2(1+Jr)  n(n+l){(n-l)x+l}(«x+l) 

He«,«,W=[l  +  ^— i^^]-[^  +  ^J;   thus   .(x)-3,    unless  x-0,   when 

ff(0)=:l;  and  the  sum-fimction  is  therefore  discontinuous  at  the  point  0. 

1  2 

Since  R^{x)=——^  +         - ,  we  find  on  equating  this  to  c,  and  solving  for  n, 

w={x-|-2-€(x-|-l)-|-V[{J'-+2-€(a;+l)}«-|-4«ar(3-.T)]}/2€a?; 
thus,  for  a  fixed  c,  the  value  of  7i  increases  indefinitely  as  a;  approaches  the  value  0. 

10.    The  series^ 

4b  4%  IKV  IKV  MV  MV  tfC^ 

is    uniformly   and    absolutely  convergent    in   any  interval  {-A,  B).     For  Ji»(a7)=0, 

x^  1 

^•>-i  W~/|  4.^\i>>  ^'^^  hence  <a»+i(j?)<-  ;  therefore  the  series  converges  uniformly  to 

the  sum  zero.    The  series 

A  A  ftV  WV  Jt0  mmf  Jt0  4V 

■*"r+^ "^  (1  -H4^)2  "  (1  +a:«)«'*'  (1  +x^f  "*"  (1  -1-^)*  "  (1  -H^)*"^'*'' 
obtained  by  rearranging  the  terms  of  the  given  series,  is  however  non-uniformly  con- 
vergent in  (-il,  J5).    For  *3»-i  W  =7^^^^  5  ^^^^  ^""^ x^±{^^ - 1)*, 

The  given  series  does  not  satisfy  the  condition  stated  in  the  theorem  of  §  346,  that  the 
series  whose  terms  are  the  absolute  values  of  those  of  the  given  series  should  be  uniformly 
oonveigent    For  the  series 

has  its  sum  discontinuous  at  the  point  x«sO,  and  therefore  does  not  convei^  uniformly  in 
an  interval  (— il,  B), 

*  Osgood,  *'  A  geometrical  method  for  the  treatment  of  miiform  convergence,"  Bulletin  of  th^ 
American  McUh,  Soe,,  1896. 

t  Stokes,  Math,  and  Phys,  PaperSf  vol.  i. 

%  BOcher,  drmale  cfMath.  ser.  2,  vol  rr,  1904,  p.  159. 
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RELATION  OF  THE  THEORY  WITH  THAT  OF  FUNCTIONS  OF  TWO 

VARIABLES. 

349.  If  the  functions  8^{x\  5,(a?),  ...  «„ (a?),  ...  converge  for  all  values 
of  a:  in  a  given  domain  to  the  value  8{x),  the  functions  s«(a?),  and 

Rn{x)^8{x)-8^{X), 

oaay  be  regarded  as  functions  of  two  variables  a?,  y,  where  n  =  1/y,  and  may 
?e  written  8(x,y),  R{x,y),  These  functions  have  been  defined  only  for 
alues  of  y  which  are  the  reciprocals  of  positive  integers;  it  is  however 
reqnently  convenient  to  assume  that,  for  a  value  of  y  between  two  values 
'm,  y»»+i,  which  correspond  to  consecutive  integral  values  tw,  m  +  1  of  n,  the 
unctions  are  defined  by 

2rm+i       ym  ym+i  ~  Jfrn 

^(«.  y) =r^^-  ^(^.  y«+.) +«f'^'"/-«(^.  y«). 

2fm+i  ""  ym  ym+i  ~"  ym 

JO  that  «(a?,  y),  JJ(a?,  y)  are  continuous  linear  functions  of  y  in  the  interval 

Jfmy  ym+i/- 

If  we  further  assume 

R  (x,  0)  =  0,    8  {x,  0)  =  8  (x), 

the  functions  8  (x,  y\  R  {x,  y)  are  defined  for  all  values  of  x  in  the  domain 
of  X,  and  for  all  values  of  y  in  the  interval  (0,  1),  the  ends  included.  These 
functions  are  everywhere  continuous  with  respect  to  the  variable  y.  That  this 
is  the  case  for  y  =  0,  follows  from  the  condition  of  convergence 

lim  8  (x,  y)=  8  (x)=  8  {x,  0), 

|f=0 

limiJ(a;,  y)=    0     =ii(a?,  0). 

|f=0 

The  functions  8(x,y)y  R(x,y)  may  be  termed*  the  transformed  eum- 
function^  and  the  transformed  remainder-function  respectively.  The  study  of 
the  properties  of  series  or  sequences  of  functions  of  a  variable  may  be  thus 
reduced  to  the  study  of  the  properties  of  functions  of  two  variables,  and  this 
is  frequently  a  very  convenient  procedure. 

The  function  R{x,  y)  is  continuous  with  respect  to  a?  in  the  domain  of  ^, 
upon  the  line  y  =  Oy  since  it  is  everywhere  zero;  but  it  is  not  necessarily 
continuous  with  respect  to  {x,  y). 

*  Hobeon,  **  On  non-uniform  convergence  and  the  integration  of  aeries,"  Proe,  Lond.  Maih, 
Soe.,  ToL  zxxiY,  p.  247. 
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Let  P  be  a  limiting  point  of  the  domain  of  a?,  on  the  a:-axis ;  describe 
a  semi-circle  qpq'  of  radius  p,  with  P  as 
centre.  The  upper  limit  of  |  R  (x,  y)  \  in 
this  semi-circle  will  have  a  value  )9(/>) 
which  is  a  function  of  p,  and  which  has 
a  limiting  value  )9p,  when  p  is  indefinitely 
diminished.  It  may  happen  that  fip  \a 
indefinitely  great.  If  ^p  be  zero,  P  is  a 
point  of  continuity  of  R  {x,  y)  with  respect 
to  (ar,  y) ;  but  if  fip  be  not  zero,  P  is  a  point 
of  discontinuity. 


q    p   p    ^  q> 
Fio.  8. 


It  is  easily  seen  that  a  point  P  of  discontinuity  of  R  (x,  y)  is  a  point  of 
non-uniform  convergence  of  the  sequence  {«n(^)}« 

At  a  point  of  uniform  convergence,  corresponding  to  an  arbitrarily 
assigned  number  €,  in  a  sufficiently  small 
neighbourhood  NM,  a  value  y,  of  y  can  be 
found,  such  that  for  y  ^y,,  we  have 
\R(x,y)\<  €]  and  this  will  be  the  case  for 
all  points  of  the  domain  of  x  in  the  rectangle 
MN8R.  Within  this  rectangle  semi-circles 
with  centre  P  can  be  described  in  which 
I  -'^  (^»  y)  I  <  ^>  f*^r  all  points  within  the  semi- 
circle, and  thus  the  value  of  j3p  is  zero ;  and 
therefore  P  is  a  point  of  continuity  of  the 
transformed  remainder-function. 

If  at  P,  the  number  fip  be  not  zero,  the  convergence  is  non-uniform  in  the 
neighbourhood  of  the  point  P ;  and  the  number  /3p,  which  is  the  saltus  at  P 
o{\R(Xy  y)\y  may  be  called  the*  measure  of  non-uniform  convergence  at  P. 
The  number  fip  may  be  regarded  as  existent  at  every  point  which  is  a 
limiting  point  of  the  domain  of  x,  although  there  may  be  points  at  which  it 
has  the  improper  value  +  oo  ;  and  at  a  point  of  uni^rm  convergence  it  has  the 
value  zero.  If  )3  is  regarded  as  a  function  of  the  point  P,  it  may  be  termed 
the  convergence-function*. 

If  the  semi-circle  used  in  defining  ^p  be  divided  into  two  quadrants  by 
means  of  the  radius  Pp^  the  upper  limits  of  |  i2(a;,  y)  |  in  the  quadrants  Ppq, 
Ppq'  may  be  considered  separately.     When  p  has  the  limit  zero,  these  upper 


*  The  term  **Grad  der  ungleiohmassigen  Convergenz*'  is  employed  by  Sohoenflies,  see  Bericht, 
p.  226,  who  uses  the  definition  given  by  Osgood,  American  Journal  of  MatKt  vol.  xix,  p.  166. 
The  term  "  Convergence  Function  "  is  also  that  employed  by  Sohoenflies, 
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limits  have  for  their  limiting  values  two*  numbers  /8J,  fij^,  which  may  be 

called  the  measures  of  non-uniform  convergence  at  P  on  the  rights  a/nd  on 
the  left,  respectively.     K  ^  =  0,  I3~>  0,  the  point  P  may  be  said  to  be  one 

of  uniform  convergence  on  the  right ;  a  corresponding  definition  holds  for  the 
left.  The  measure  /Sp  is  the  greater  of  the  two  numbers  /8J,  I3~ ;  and  at  a 
point  of  uniform  convergence  fi^  =  fi^  =  0. 


THE  DISTRIBUTION  OF  POINTS  OF  NON-UNIFORM  CONVERGENCE. 

360.  Let  Ui(a)  +  u^{x)  +  ..,  +  v^{x)  + ...  denote  a  series  of  continuous 
fiinctions  which  converges  eveiywhere  in  the  interval  (a,  b)  to  the  sum  s(x). 
7he  most  general  possible  distribution  of  the  points  of  non-uniform  con- 
"^^ei^ence  of  the  series  will  be  here  investigated. 

In  the  first  place,  it  can  be  shewn  that  the  points,  at  which  the  measure 
^f  non-uniform  convergence  13  exceeds  any  fixed  positive  number  A,  form  a 
^dosed  set. 

For,  if  P  be  a  limiting  point  of  this  set,  in  any  semi-circle  with  P  as 
<^ntre  there  are  points  on  the  ar-axis  at  which  13  >  a,  and  therefore  there  are 
^points  within  the  semi-circle  at  which  \R(x,y)\>  a;  and  since  this  is  the 

case  however  small  the  radius  of  the  semi-circle  may  be,  it  follows  that  P 

is  itself  a  point  at  which  13  >  a. 

Next,  it  will  be  shewn  that  the  closed  set,  for  which  13  >  a,  is  non-dense  in 
the  interval  (a,  b). 

At  any  point  P,  {x,  y),  let  a  straight  line  of  length  2p  be  drawn  parallel  to 
the  y-axis,  with  P  as  its  middle  point,  and  let  6>  (p)  be  the  fluctuation  of  the 
function  R(x,  y)  in  the  line  2p.  The  function  6>  {p)  is  a  continuous  function  of 
p,  since  R{x,  y)  is  continuous  with  respect  to  y.  If  P  be  in  the  boundary 
y  =  0,  it  will  be  sufficient  to  take  the  straight  line  of  length  p  within  the 
rectangle.  Let  at,{x,  y)  be  the  upper  limit  of  the  values  of  p  which  are  such 
that  (0  (/>)  ^  0*.  The  function  Oa  {x,  y)  is  defined  for  every  point  in  the  rectangle, 
and  is  essentially  either  positive  or  zero.  Since  R  (x,  y)  =  s{x)  —  s  (x,  y),  and 
since  s  (x)  is  independent  of  y,  it  follows  that  the  function  a^  (x,  y)  is  the  same 
as  the  corresponding  function  defined  for  s  (x,  y)  instead  of  for  R(x,  y). 

The  function  s{x,  y)  being  everywhere  continuous  with  respect  to  y,  and 
being  also  continuous  with  respect  to  x,  for  every  value  of  y  except  zero, 
it  follows  from  the  theorem  of  §  243,  that  a^,  (x,  y)  is  an  upper  semi-continuous 
function. 

*  These  numbers  are  eqiiiTalent  to  Osgood's  indices  of  a  point  (b+,  b~)  of  whioh  he  gives  a 
different  definition.  The  definition  in  the  text  is  given  in  the  paper  in  the  Proc.  Lond.  Math. 
Soe.  already  qaoted. 


p     m       p         »'    P' 
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Let  P  be  a  point  of  the  boundary  y  =  0,  at  which  the  minimum  of 

Oa  {Xy  0)  is  not  zero ;  it  can  be  shewn  that  the 

saltus  of  I R  (a?,  y)  |  at  P  is  ^  2a.     To  prove 

this,  we  observe  that  a  neighbourhood  pp'  of 

P  can  be  found  such  that   a^  is  at  every 

point  of  pp\  greater  than  a  fixed  number  r) 

which  is  less  than  the  minimum  of  a„  at  P. 

Let  X,  F  be  any  two  points  in  the  rectangle 

of  base  pp'  and  height  17,  and  let  Xm,  Ym' 

be   perpendicular  to  the  ar-axis.     We  have  Fio.  6. 

then 

|i2(Z)-i2(F)|^|fi(Z)-i2(m)|  +  |i2(F)-i2(m') 

and  thus  the  required  neighbourhood  has  been  found. 

It  follows  that,  if  the  saltus  oi  \R{x,y)\  at  P  be  > 0-,  the  minimum  of 
a^(P)  with  reference  to  the  o^-axis,  must  be  zero.  It  has  been  shewn  in 
§  184,  that  in  every  sub-interval  of  the  ^-axis,  there  are  points  at  which  this 
minimum  of  a^^iP)  is  positive.  It  follows  that  the  closed  set,  for  which 
13 >  a,  cannot  be  dense  in  any  interval;  and  thus*: — 

If  a  aeries  of  continuous  functions  converges  to  the  swm  s  {x)  at  every  point  of 
a  given  interval,  then  the  points,  at  which  the  measure  of  non-uniform  convergence 
exceeds  a  given  positive  number  o-,  form  a  non-dense  closed  set. 

If  we  take  a  sequence  of  values  of  cr  which  converges  to  zero,  we  see  that 
the  set  of  all  the  points  of  non-uniform  convergence  of  the  series  is  the  limit 
of  the  sequence  of  the  closed  non-dense  sets  which  correspond  to  the  values 
of  0-.     It  follows  that : — 

The  points  of  non-uniform  convergence  of  a  series  of  continuous  functions 
which  converge  in  a  given  interval  to  the  sum  s  (x),  form  in  general  a  set  of 
points  of  the  first  category;  and  the  points  of  u/niform  convergence  form  a  set 
of  the  second  category,  which  is  consequently  everywhere-dense,  and  of  the  power 
of  the  continuum. 

It  is  clear  that  the  set  of  points  at  which  the  convergence  function  is 
indefinitely  great,  when  it  exists,  forms  a  closed  non-dense  set. 

If  the  functions  v>i{x),  u^{x),  u^{x),  ...  of  which  the  sum  in  the  interval 
(a,  h)  is  the  function  s(x),  be  discontinuous  functions,  there  may  be  points  of 
non- uniform  convergence  dependent  upon  the  discontinuities  of  the  given 
functions;  and  then  it  is  no  longer  necessarily  true  that  the  points  of 
uniform  convergence  are  everywhere-dense. 

*  This  theorem  was  given  by  Osgood  for  the  case  in  whidh  t  {x)  is  oontinaoiis,  see  Ameriean 
Journal  of  Math. ,  vol.  zix,  1897.  The  proof  in  the  text  was  given  by  HobBon,  Proe.  Lond,  Math, 
Soc,,  vol.  XXXIV,  p.  245,  also  Acta  Mathematica,  vol.  xxvn,  p.  218. 
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EXAMPLE. 

Let*  tei(x)=sO,  at  all  points  of  the  interval  (0,  1}  except  at  the  point  x=i\^  where 
tti(jF)=l.  Let  U2{x)^  -1,  at  4?= J,  and  u^{x)—\,  at  ^=J,  J,  and  W2(x)=0,  everywhere 
else;  let  u^{x)^  -1  at  ^=i,  |,  and  %i^{x)=^\,  at  47= J,  f,  |,  J,  and  u^{x)=0^  at  all  other 
points;  and  so  on.  Then  Si{x)  is  zero  except  at  x=^\^  where  «i(i)  =  l;  h{x)  is  zero 
except  that  #2(^)a=#2(|)=!l ;  Jj,(jf)  is  zero  except  that  «3(J)=«3(f)=«3(|)=»3(f)==l,  and  so 
on.  The  function  8  {x)  is  everywhere  zero,  and  therefore  continuous  in  (0,  1);  but  the  series 
everywhere  converges  and  is  non-uniformly  convergent  at  every  point  of  the  interval  (0, 1), 
since,  in  the  neighbourhood  of  every  assigned  point,  there  are  discontinuities  of  measure 
eqoal  to  1,  of  i£^  {x). 


THE  LIMITS  OF  A   SUM-FUNCTION  AT  A  POINT. 

351.  Let  a  be  a  limiting  point  of  the  domain  of  the  variable  x,  for  which 
the  convergent  series  ^u  {x)  is  defined  ;  a  may,  or  may  not,  itself  be  a  point  of 
the  domain.  Let  us  suppose  further  that  the  limits  i^(a  +  0),  W2(a  +  0),  ... 
Wn(a  +  0),  ...  at  a  on  the  right,  all  have  definite  values;  it  follows  that 
*i  («  +  0),  «j  (a  +  0),  . . .  5n  («  +  0),  . . .  also  exist  and  have  definite  values. 

We  propose  to  examine  the  circumstances  under  which  the  limit  »  (a  +  0), 
of  8{x)  on  the  right  at  a,  exists,  and  the  series  2u(a  +  0)  is  convergent,  with 
«  (a  +  0)  for  its  sum. 

Let  us  assume  that  an  interval  (a,  a  +  S)  exists,  such  that,  for  that  part  of 
the  domain  of  x  which  falls  within 
it,  the  given  series  is  at  least  simply- 
uniformly  convergent;  and  let  us  con- 
sider the  transformed  sum-function 
8  (x,  y).  If  €  be  an  arbitrarily  chosen 
positive  number,  a  value  y'  of  y  can 
be  found  such  that,  for  every  value  of  P'  Ql' 

X  interior  to  (a,  a  4-  S)  which  belongs 
to  the  domain,  | «  (a?,  0)  —  «  (a:,  y')  |  <  6. 
With  this  value  of  y',  an  interval 

(a,  a  4- 17),  where  17  ^  8,  can  be  found,  Pi^  g 

such  that  the  fluctuation  of  s  (x,  y') 


y 


op    Q 


4y 


in  the  interval  is  <  e,  since  the  limit  s(a  +  0,  y')  exists.  If  P,  Q  be  any  two 
points  within  the  interval  (a,  a  +  97)  on  the  ^-axis,  and  P\  Q'  are  the  points 
on  the  line  y  =  y',  with  the  same  values  of  x,  we  have 

« (P)  - « (Q) = [8  (P')  -  8  (Q')] + b  i.P)  - » (i")] + [» («')  - » (Q)]. 

it  follows  that  |«(P)— «(Q)|  <  Sc;  and  since  €  is  arbitrarily  chosen,  we  see 
that  8(a  +  0)  has  a  definite  value.  The  following  theorem  has  therefore  been 
established  :r— 


*  See  W.  H.  Young,  Ptoc,  Lond,  Math,  8oe,,  ser.  2,  vol.  n,  p.  94. 
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If  a  he  a  lirrvMng  point  of  the  domain  of  x  for  which  the  convergent  series 
l^u  (x)  of  which  the  sum-fimction  is  s{x)  is  defined,  and  if  in  a  certain  neigh- 
bourhood of  a,  on  the  right,  tJte  series  converge  at  least  simply-rmiformly,  then 
the  fwnction  s (x)  has  a  defi/nite  limit  s(a  -h  0)  at  a,  on  the  right  It  is  here 
assumed  thai  Sn  (a  +  0)  has  a  definite  value  for  each  value  of  n. 

This  theorem  specifies  a  sufficient  condition  for  the  existence  of  «(a  +  0); 

but  the  fulfilment  of  the  condition  does  not  ensure  that  the  series  2  u»  (a  +  0) 

11=1 
is  convergent. 

362.  Necessary  and  sufficient  conditions  will  now  be  determined,  that 
«  (a  +  0)  may  exist,  and  that  the  series  Su  (a  +  0)  may  converge  to  the  value 
s  (a  +  0).  If  5  {x,  y)  denotes  the  transformed  sum-function,  then  the  required 
conditions  are  those  that  the  two  limits  lim  lim  s  (x,  y),  lim  lim  s  (x,  y)  should 

S-C    ffsO  yO     SBC 

both  exist,  and  should  have  the  same  value.  The  required  conditions  may 
consequently  be  obtained  by  appl3ring  the  theorem  of  §  234,  relating  to 
repeated  limits.    We  thus  obtain  the  following  theorem: — 

The  necessary  and  sufficient  condition  that  the  sum  s{x)  of  the  convergent 
series  Xu{x)  may  have  a  definite  limit  5(a  +  0)  at  the  limiting  point  a  of  the 
domain  of  x,  and  thai,  also  the  series  St/  (a  +  0),  of  which  the  terms  are 
assumed  to  have  definite  values,  may  converge  to  the  limit  «  (ec  +  0),  is  that,  corre- 
sponding to  each  arbitrarily  chosen  positive  number  e,  and  to  each  integer  n 
which  is  greater  than  some  fixed  number  n^  dependent  on  e,  a  number  0  can  be 
found,  such  that,  for  every  value  of  x  belonging  to  the  given  domain  and  interior 
to  the  interval  (a,  a  +  0),  the  condition  \Itn(x)\<€  is  satisfied,  the  number  0 
being  in  general  dependent  upon  n. 

In  the  particular  case  in  which  0  is,  for  each  value  of  €,  independent  of  n, 
the  point  a  is  a  point  of  uniform  convergence  on  the  right,  of  the  series  'Zu(x\ 
the  point  a  itself  being  supposed  to  be  excluded  from  the  domain  of  x  for 
which  the  series  is  defined ;  therefore  uniform  convergence  at  a  on  the  right  is 
a  sufficient  condition  that  ^  (a  +  0)  may  have  a  definite  value,  and  that  the  series 
2w  (a  +  0)  may  converge  to  s(a-^  0) ;  the  point  a  being  itself  excluded,  for  the 
purpose,  from  the  domain  of  x. 

By  employing  the  alternative  set  of  conditions  for  the  existence  and 
0({uality  of  repeated  limits,  given  in  §  235,  we  obtain  the  following 
theorem : — 

The  necessary  and  sufficient  co7iditions  HuU  the  sum  s  (x)  of  the  convergent 
seines  Sw  {x)  may  have  a  definite  limit  «  (a  +  0)  to  which  the  series  2ti  (a  +  0) 
may  conveiye,  the  terms  of  this  series  being  assumed  to  have  definite  values,  are 
(1)  that  Snia  +  O)  should  converge  to  a  definite  limit  a^  n  is  indefinitely 
increased,  and  (2)  that,  corresponding  to  each  arbitrarily  chosen  positive 
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number  e,  and  to  ectch  integer  n,  there  should  exist  a  value  ofn>ni^  and  also  a 
number  0,  such  that  \Rn{x)\<  efor  every  value  of  x  within  the  interval  (a,  a+5). 

This  theorem  contains  the  completion  and  generalization  of  that  of  §  351. 
It  is  clear  that  the  condition  stated  in  the  latter  theorem  is  insufficient, 
without  postulating  that  the  condition  (1)  of  the  above  theorem  is  satisfied, 
to  ensure  the  existence  and  equality  of  the  two  repeated  limits.  When  the 
conditions  stated  in  the  theorem  are  not  satisfied,  either  or  both  of  the  limits 
«(a  +  0),  2u(a  +  0)  may  exist ;  but  they  cannot  both  exist,  and  at  the  same 
time  have  one  and  the  same  value. 


THE  NECESSARY  AND  SUFFICIENT  CONDITIONS  FOR  THE  CONTINUITY 

OF  THE  SUM-FUNCTION. 

353.  If  the  functions  y^{x),  u^ix),  ...  Un(x\  ...  be  all  continuous 
'throughout  the  domain  of  x,  which  will  be  taken  to  be  the  continuous 
interval  (a,  6),  it  has  been  shewn  that  a  sufficient  condition  for  the  con- 
tinuity of  the  sum- function  8{x)  at  a  point  Xi  is  that  a  neighbourhood  of  Xi 
can  be  found  within  which  the  series  converges  simply-uniformly ;  it  has 
however  been  shewn,  by  means  of  examples,  that  this  condition  is  not 
necessary  for  continuity  of  s(x)  at  a:,. 

The  theorem  of  §  352  may  be  applied  to  obtain  the  necessary  and 
sufficient  condition  for  the  continuity  of  8(x)  at  Xi,  That  theorem  shews 
that,  in  order  that  s  (x)  may  be  continuous  at  Xi  on  the  right,  it  is  necessary 
and  sufficient  that,  corresponding  to  any  arbitrarily  chosen  e,  an  integer  ni 
should  exist,  such  that,  for  each  n  which  is  >  /ij,  a  neighbourhood  (xi,  Xi  +  0) 
can  be  found,  0  depending  on  n,  such  that  |  Rn  (x)  \  <  €,  for  every  point  x  within 
this  neighbourhood ;  where  the  integer  Uj  may  be  so  chosen  that  |  Rn{^)  \  <  €. 
A  corresponding  condition  is  necessary  and  sufficient  to  ensure  that  s  (x)  is 
continuous  at  x^  on  the  left.  We  can  therefore  state  the  necessary  and 
sufficient  condition  of  continuity  at  Xi  as  follows: — 

In  order  that  8(x)  may  be  continuous  at  the  point  Xi,  it  is  necessary  and 
sufficient  that,  corresponding  to  each  arbitrarily  chosen  positive  e,  a  number  th 
can  be  found  such  thai  for  each  value  of  7i>ni,  a  neighbourhood  (a^  — 8i, 
^  +  Sj)  of  Xi  can  be  found,  at  every  point  of  which  \B^{x)\<€,  the  numbers 
8i,  8j  being  dependent  in  general  upon  n. 

For  a  prescribed  €  there  is  a  certain  range  of  values  of  y  from  zero 
upwards,  for  which  \R(x,  y)\<  e;  and  the  upper  limit  of  these  values  of  y  may 
be  denoted  by  <f>^  (x) :  but  there  may  be  other  greater  values  of  y  not  continuous 
with  the  interval  (0,  ^.  {x)),  for  which  the  condition  \R{x,y)\<  e,  is  also 
satisfied.    At  a  point  Xi  of  non-uniform  convergence  of  the  series,  the  lower 
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limit  of  if},  {x\  for  the  values  of  x  in  any  neighbourhood  of  o^,  is  zero,  provided 
c  be  chosen  sufficiently  small ;  whereas,  for  a  point  Xi  of  uniform  convergence, 
a  neighbourhood  of  Xi  can  be  found  for  which  the  lower  limit  of  ^,  {x)  is 
greater  than  zero. 

The  second  theorem  of  §  352,  shews  that,  in  the  statement  of  the  theorem, 
when  €  and  %  have  been  arbitrarily  chosen,  it  is  necessary  and  sufficient  that 
a  single  integer  n>ni  should  exist,  and  also  a  neighbourhood  {xi  —  Si,  a?!  +  S,), 
at  every  point  of  which  \Rn{x)\<€,  the  numbers  S,,  S,  being  dependent 
upon  71.     This  is  an  alternative  form  of  the  theorem  just  stated. 

The  distinction  between  the  three  classes  of  points  in  the  interval  (a,  6), 
viz.  (1)  those  at  which  the  series  is  uniformly  convergent,  (2)  those  at  which 
the  series  is  non-uniformly  convergent,  but  at  which  the  sum-function  is 
continuous,  and  (8)  those  points  at  which  the  function  is  discontinuous,  may 
be  illustrated  by  means  of  figures*  which  indicate  the  regions  of  (x,  y)  in 
the  neighbourhood  of  (a^,  0),  at  which  \R{x,y)\  is  less  than  an  arbitrarily 
chosen  €. 

V 


.I/(tl-l) 


Fio.  7. 

Fig.  7  represents  the  neighbourhood  of  a  point  P  at  which  the  con- 
vergence of  the  series  is  uniform.  The  blackened  lines  represent  those 
portions  of  the  lines  whose  ordinates  are  1/n,  l/(n  +  1),  l/(n  +  2), ...  at  which 
|iJ„(ar)|,  |jBn+i(^)|  •••  are  ^6.  These  portions  consist  of  all  those  parts  of 
the  lines  which  are  bounded  by  the  curve  y  =  ^,  (x),  there  being  also 
possibly  such  pieces  outside  the  curve.  An  area,  for  example  semi-circular, 
can  be  drawn,  bounded  by  a  portion  of  the  ^-axis  containing  P,  and  such 
that  for  every  point  within  it  \R{x,  y)\<€\  and  that  this  should  be 
possible  for  every  value  of  €  is  the  condition  that  R  (a:,  y)  be  continuous 
at  the  point  P  with  regard  to  the  two-dimensional  continuum  (x,  y\ 

*  See  Hobson,  **Oii  modes  of  convergence  of  an  infinite  series  of  fonciions  of  a  real  variable,'* 
Proc,  Lond,  Math,  Soc,,  ser.  2,  vol.  i. 
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Fig.  8  represents  the  neighbourhood  of  a  point  P  at  which  the  function 
i{x)  is  continuous,  but  at  which  the  series  is  non-uniformly  convergent.  In 
this  case  the  function  ^c(^)  is  for  all  values  of  €  <  6o,  discontinuous  at  P,  The 

y 


1/7. 


l/(n+l) 
V(n+2) 


value  of  <^,  {x)  at  P  is  itself  finite ;  but  the  functional  limits  <^,  (iCi+0),  <^,  (a?i— 0) 
at  P  are  both  zero.  The  breadth  of  the  blackened  portions  of  the  straight 
lines  parallel  to  the  ^-axis,  which  represent  the  portions  of  those  lines  at  which 
I  Rn{x)  I  ^  €,  diminishes  indefinitely  as  y  approaches  the  value  zero  at  P.  In 
this  case  no  semi-circle  can  be  drawn  with  P  as  centre,  for  all  internal  points 
of  which  \R{x,y)\<  €\  and  thus  the  point  P  is  one  of  non-uniform  continuity, 
the  measure  of  non-uniform  convergence  being  fo-  Ii^  the  figure,  the  con- 
vergence is  non-uniform  on  both  sides  of  P;  it  is  clear  however  in  what 
manner  the  figure  must  be  modified  for  the  case  in  which  the  con- 
vergence is  non-uniform  on  one  side  only  of  P.  In  case  the  measure  of  non- 
uniform convergence  be  indefinitely  great  the  figure  will  be  essentially 
similar  to  the  above  figure,  whatever  value  of  e  be  chosen;  otherwise  the 
figure  applies  to  an  e  which  is  less  than  the  measure  €o  of  non-uniform  con- 
vergence, viz.  the  saltus  at  P  of  { i2  (a?,  y)  \  in  the  two-dimensional  continuum. 

Fig.  9  represents  the  neighbourhood  of  a  point  P  at   which   8{x)  \& 
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discontinuous,  the  value  of  €  being  less  than  the  measure  of  non-uniform 
convergence  of  the  series  at  P.  In  this  case,  as  before,  ^^  (w)  is  finite  at  P, 
and  <f>,  {a^  +  0),  <f>^  {x  —  0)  are  zero ;  but,  on  the  parallels  to  Ox  intersecting 
the  ordinate  at  P,  there  are  no  intervals  near  P  intersecting  the  ordinate,  at 
which  \R{x,y)\<  6,  but  only  points  on  the  ordinate  through  P  itself! 


EXAMPLE. 

fix 

As  an  example  we  may  take  the  case  in  §  348,  Ex.  3,  R^{x)'^        ^  .,  and  thus 

and  we  may  suppose  the  domain  of  ^  to  be  the  interval  (0,  1).      In  this  case,  the  point 
ar=0  is  a  point  of  discontinuity  of  R  (x,  y),  and  we  find  that  if  €<J,  the  condition 


R{x,y)\<€, 
is  satisfied  for  the  spaoe  boimded  by  the  ^-axis,  and  by  the  straight  line 

The  same  condition  is  also  satisfied  for  the  space  between  the  y-axis  and  the  straight  line 

and  thus  the  point  x^o  is  a  point  of  continuity  of  the  function  s{x)^  although  the  con- 
vergence is  non-uniform  at  that  point  If  6>J,  then  |jR(j?,  y)|<€,  for  the  whole  spaoe 
between  the  axes  ;  and  thus  the  measure  of  non -uniform  con vergenoe  at  the  point  j:bO  is  i- 

354.  The  necessary  and  sufScieut  conditions  will  now  be  determined 
that  8  (x)  may  be  continuous  in  the  whole  interval  (a,  6).  First  let  us 
assume  that  8{x)  is  everywhere  continuous.  Choose  an  arbitrarily  small 
positive  number  e ;  then,  if  n  be  sufficiently  large,  there  are  points  in  (a,  b)  at 
which  \Itn{x)\<€.  If  P  be  such  a  point,  a  neighbourhood  of  P  can  be  found 
within  which  the  condition  \Itn{x)\<  e  is  everywhere  satisfied ;  the  size  of 
this  neighbourhood  may  be  extended  in  both  directions  until  points  p,  q  are 
reached,  at  which  | Rn (p) \  =  \Rn(q)\  =  €',  for  this  follows  from  the  fact  that 
Rn  (x)  is  a  continuous  function  of  x.  Every  such  point  P  in  (a,  6),  at  which 
\Rn{x)\<€,  may,  in  a  similar  manner,  be  enclosed  in  an  interval  of  finite 
length ;  and  in  all  internal  points  of  such  intervals  the  condition  |  iZn(^)  |  <  e, 
is  satisfied.  Thus,  for  any  fixed  value  of  i?  which  is  sufficiently  large,  there 
exists  a  finite,  or  infinite,  set  D^  of  intervals  in  (a,  6)  which  do  not  overlap, 
such  that,  at  every  point  which  is  interior  to  one  of  the  intervals  of  the  set 
jDn,  the  condition  |  jR„  (a?)  |  <  e,  is  satisfied  ;  moreover,  the  intervals  contain  in 
their  interiors  all  points  except  a,  6,  at  which  the  condition  is  satisfied.  Two 
intervals  of  Dn  may  abut  on  one  another  at  a  point  in  which  |  iin  (^)  I  is 
equal  to  € ;  otherwise  the  intervals  will  be  separated  irom  one  another. 
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Let  us  oonsider  the  systems  of  intervals  /)»,  -On+i,  l?n+2,  •••  5  every  value  of 
n  beiug  taken  from  a  fixed  value  onwards.  The  whole  set  thus  formed  is  such 
that  every  point  in  (a,  6),  except  the  end-points,  is  interior  to  an  infinite 
number  of  intervals  of  the  compound  set ;  this  follows  from  the  fact  that,  for 
any  point  x,  a  value  of  n,  say  ni,  can  be  found  such  that 

Moreover,  intervals  can  be  found   with   a,  6  as  end-points,  which   for  a 
sufficiently  large  value  of  m  belong  to  jDn+m-     ^^  accordance  with  the  Heine- 
Borel  theorem,  established  in  §  68,  a  finite  set  of  intervals  can  be  selected 
from  the  set  which  consists  of  jDn,  -Dn+i,  -Dn+j, ...,  which  contains  every  point 
of  (a,  6)  as  an  internal  point  of  one  of  the  intervals  at  least,  and  such  that  a,  h 
are  end-points  of  two  of  the  intervals  of  the  finite  set.     It  thus  appears  that, 
on  the  supposition  that  8  (x)  is  continuous  in  the  whole  interval  (a,  6),  if  n  be 
any  integer  chosen  arbitrarily,  a  finite  set  of  numbers  n  +  ^,n  +  A„...n  +  *y 
all  greater  than  or  equal  to  n,  can  be  found,  such  that,  for  every  value  of  x, 
I  Rfn{^) I < €,  where  7n  has  one  of  the  values  n  +  ^,  n  +  ^„  ...  n-i- 1^ .    The  par- 
ticular value  of  m  varies  with  x,  but  the  same  value  of  m  is  applicable  to  the 
whole  of  one  of  a  finite  number  of  continuous  intervals ;  also  the  set  of  values 
of  m  is  dependent  on  the  chosen  €.     The  intervals  of  the  set  will  overlap ;  but 
an  overlapping  portion  may  be  considered  to  belong  to  one  of  the  intervals 
only,  so  that  (a,  6)  may  be  divided  into  a  finite  number  of  parts,  in  each  of 
which,  for  some  value  of  m,  constant  for  that  part,  the  condition  { i£m  (^)  |  <  €  is 
satisfied. 

It  should  be  remarked  that  the  set  Dn,  for  a  fixed  n,  is  not  necessarily  a 
finite  set ;  for,  besides  those  intervals  for  which  |  R^  (x)  \  >  €,  and  the  intervals 
Dn  themselves,  there  may  be  points  of  (a,  b)  which  are  not  in  either  set  of 
intervals  but  are  limiting  points  of  end-points  of  the  intervals  Dn]  and  at 

such   points  |ii»(ir)|  =  €.     For  example,  if  \Rn{x)\  =  --'\ ^sinf I, 

#1  7h  \X "~  C/ 

where  a  <  c  <  6,  and  if  e  =  1/n*,  the  point  c  is  a  point  of  continuity  of  Rn  (x), 
and  is  a  limiting  point  of  end-points  of  those  intervals  for  which  |  i2„  (a?)  |  <  e. 

Conversely,  if  for  every  value  of  e  a  finite  set  of  intervals  exists,  which 
has  the  property  described  above,  the  function  s  (x)  is  continuous  in  (a,  6). 
For  let  us  consider  a  point  P  of  non-uniform  convergence  of  the  series.  Then 
for  a  given  c,  P  is  inside  an  interval  for  every  point  of  which,  for  a  fixed  value 
of  m,  \Rff^{x)  I  <  6,  and  it  has  been  shewn  that  this  is  the  condition  that  8{x) 
may  be  continuous  at  P :  hence  every  point  of  non-uniform  convergence  of 
the  series  is  a  point  of  continuity  of  8(x).  The  condition  has  now  been 
obtained  in  the  following  form: — 

The  necessary  and  sufficient  condition  for  the  continuity  in  (a,  h)  of  the 
sum-function  of  a  series  Ui(x)-{-y^(x)'Y' ...,  each  term  of  which  is  a  continuous 
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function  of  x  throughout  (a,  6),  and  which  converges  at  every  point  of  this 
domain  to  a  definite  value  s  {x\  is  that,  corresponding  to  any  arbitrarily  chosen 
number  e,  and  to  an  arbitrarily  chosen  integer  n,  the  condition  \  Rmi^)  |  <  €  w 
satisfied  for  every  value  of  w  in  (a,  b),  where  m  hxis  one  of  a  finite  number 
of  values  ail  greater  than  or  equal  to  n,  the  value  of  m  depending  in  general  on 
X,  Imt  being  constant  for  all  points  x  which  lie  in  one  of  a  number  of  finite 
portions  of  the  interval  (a,  b). 

This  theorem,  which  was  first  established  by  Arzel^*,  states  that  a  certain 
mode  of  convergence  in  the  interval  is  the  necessary  and  sufficient  condition 
for  the  continuity  of  the  sum-function ;  and  this  mode  has  been  termed  by 
Arzeli*,  convergenza  uniforme  a  tratti  (uniform  convergence  by  segments). 
The  term  is  perhaps  not  altogether  appropriate,  because  the  intervals  are 
dependent  in  number  and  length  upon  the  arbitrarily  chosen  €.  Uniform 
convergence,  and  simple-uniform  convergence,  are  special  cases  of  this  mode  of 
convergence ;  for  in  these  cases  the  finite  set  of  intervals  which  corresponds 
to  a  given  e,  reduces  to  one  interval,  viz.  the  whole  interval  (a,  6). 

EXAMPLES. 

1.  The  series  l+^+^  +  ^  +  ...H — ;  +  ... 

is  convergent  in  any  finite  interval  (a,  h)  whatever.  It  is  shewn  in  elementary  treatises 
that  the  series  converges  to  ^,  for  all  rational  values  of  x.  In  order  to  extend  the  proof 
of  the  exponential  theorem  to  the  case  of  an  irrational  value  of  x^  we  observe  that  the  above 

series  converges  uniformly  in  the  interval  (a,  h\  since   —  <  — , ,  where  k\&  9k  fixed  number 

greater  than  |a{,  and  |6|;  and  hence,  in  accordance  with  the  theorem  of  §  345,  since 

2— t  is  convergent,  the  given  series  converges  uniformly  in  (a,  h\    It  follows  that  the 

sum-function  %{x)  oi  the  series  is  continuous  in  (a,  h).  Further,  the  function  tF  has 
been  defined  for  an  irrational  value  of  Xy  by  extension  (see  §  191)  of  the  function  as 
defined  for  rational  values  of  x\  and  it  was  shewn  in  §  37,  that  the  function  ^,  so 
defined  for  the  whole  domain,  is  single-valued  at  the  irrational  points,  and  therefore  it  is 
continuous.  The  two  functions  ^,  b(x)  are  both  continuous  in  (a,  h\  and  have  identical 
values  at  the  rational  points;  therefore,  in  accordance  with  the  theorem  of  §  173,  they 
are  identical  everywhere  in  (a,  6).  Therefore  «*  is  the  sum-function  of  the  series  in  any 
finite  interval  (a,  h), 

2.  It  is  proved  in  elementary  treatises  that,  for  a  value  of  x  which  is  numerically  leas 
than  imity,  the  binomial  series 

H.n;,+!L%-l)^.+  ...+**('>-^)-('*-'-+i)^.H... 

2!  .  r! 

*,  See  the  memoir  *'  SuUe  serie  di  fanzioni/'  Mem,  della  R,  Accad,  degli  Sci,  di  Bologna^ 
Ber.  5,  vol.  viu,  1900.  The  proof  given  above  was  published  by  Hobson  in  the  Proc.  Lond, 
Math.  <Soc,>  ser.  2,  vol.  i,  p.  380.  . 
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converges  to  a  suitable  value  of  (l+*t7)^  when  »  is  a  rational  number.  To  extend  the 
theorem  to  the  case  in  which  n  may  have  an  irrational  value,  consider  an  interval  (ni,  n^) 
of  n^  where  rii  and  14  are  rational  numbers. 


We  have 


»(n-l)...(n-r4-l)  - 
-. ^ 


ri 


^i^(i^-H)...(i^-hr-l)     „ 
r! 


where  N  is  the  greater  of  the  numbers  \ni\  and  jn^l.  The  number  jc  remaining  fixed,  we 
thus  see  that,  for  all  values  of  n  in  the  interval  (^,  n^),  each  term  of  the  series  is  numeri- 
cally less  than  the  corresponding  term  of  the  convergent  series 

therefore  the  series  converges  uniformly  for  all  values  of  n  in  the  interval  (ni,  n^).  Hence 
the  sum-function  of  the  series,  for  a  fixed  value  of  ^,  is  a  continuous  function  of  n  in  the 
interval  (ni,  ti^).  The  function  (l+o;)*^  of  n,  was  defined  in  §  37,  for  irrational  values 
of  n,  by  extension  of  the  function  considered  as  defined  only  for  rational  values  of  n ; 
and  it  was  shewn  that  the  fimction  so  obtained  by  extension  is  single-valued,  and  it  is 
therefore  continuous.  As  in  example  (1),  it  now  follows,  that,  for  the  fixed  value  of  j?, 
numerically  <1,  the  sum  of  the  series  is  for  all  values  of  n  in  (ni,  n^)  represented  by  the 
suitable  value  of  (1  •{•x)\    The  interval  (ui,  74)  is  arbitrary. 


THE  CONVERGENCE  OF  POWER-SERIES. 

356.  A  series  of  which  the  (n  +  l)th  term  is  of  the  form  OnX^  is  called  a 
power-series.     It  will  be  assumed  that  the  domain  of  a;  is  a  continuous  one. 

If  the  power-series  ao-|-aiic4-aaar'+ ... +  ana^+ ...  be  such  that,  for  u 
positive  value  x  =  X,  every  term  Unic^  is  numerically  less  than  some  fixed 
positive  number  A,  the  series  converges  absolutely  for  every  value  of  x  which  is 
numerically  less  than  X, 

The  partial  remainder 
is  such  that 


hence,  for  any  fixed  value  of  x  such  that  \x\<X,n  may  be  so  chosen  that 
all  the  remainders  Rn^^nix)  are  numerically  less  than  an  arbitrarily  chosen 
number ;  and  therefore  the  series  converges  at  the  point  x.  It  is  also  clear 
that  the  convergence  is  absolute. 

If  the  series  diverge  for  the  value  x  of  X,  it  diverges  also  for  every  value 
of  X  which  is  numericaUy  greater  than  X. 


496  Fwtctions  defined  by  seqtiences  [ch.  vi 

For  if  the  series  converged  for  a  value  Xi  of  x  numerically  greater  than  JT, 
the  condition  of  the  preceding  theorem  would  be  satisfied  by  |^  {,  and  hence 
the  series  would  converge  absolutely  for  the  value  X;  which  is  contrary  to 
the  hypothesis. 

The  power-series  may  converge  (1)  for  no  value  of  x  except  zero,  (2)  for 
every  value  of  a?,  or  (3)  for  a  value  X  of  x  different  from  zero,  but  not  for  every 
value  of  X. 

In  case  (3),  there  exists  a  definite  interval  (—  R,  R)  such  that  the  series 
converges  for  every  value  of  x  in  the  interior  of  the  interval,  and  divei^ges  for 
every  value  of  x  exterior  to  the  interval.  The  series  may,  or  may  not,  converge 
at  either  end-point  of  the  interval. 

The  interval  (—  R,  R)  is  called  the  interval  of  convergence  of  the  series.  To 
establish  the  existence  of  this  interval,  we  observe  that,  if  the  series  converge 
for  any  value  Xi  of  x,  it  converges  for  every  value  numerically  less  than  \xi\, 
because,  then,  every  term  dnXi^  is  numerically  less  than  some  fixed  number  A. 
It  has  been  shewn  that,  if  the  series  diverge  for  any  particular  value  of  x,  it 
diverges  for  all  numerically  greater  values.  Hence  those  numbers  |  x  \  which 
are  such  that  the  series  converges  for  |  x  |,  must  have  an  upper  limit  R,  which 
must  also  be  the  lower  limit  of  those  values  of  |a;|  for  which  the  series 
diverges ;  and  this  limit  R  determines  the  interval  (—  R,  R)  of  convergence. 

366.  If*  the  power-series  converge  for  a  value  X  of  x,  greater  than  zero, 
it  converges  uniformly  in  the  intet^val  (—  Xq,  X),  where  0<X^<X. 

We  have 


ii,  («)  =  S..,  (i)  ( J)"+  lis.,,  (X)  -  R..,-,  Wl  (I)' 


.|R.„m(i-|)(jJ 


hence  .       x 

n+p-i  X 


ii„(x)|<.(l-j)i|| 


I- 


X 

X 


X 

X 


.  if  |a:|<X, 


provided  n  be  so  chosen  that  \Rn,p(X)\<€,  for  every  value  o{ p;  which  is 

posHible  by  reason  of  the  convergence  of  the  series  for  the  value  X  of  «.    For 

X  •\'X 
Huch  value  of  n,  and  for  all  greater  values,  |  jR„  (a?)  |  <  c .  ^ — «? ,  for  every  point 

in   the  interval  (— Zo,  X);   hence  the  series  converges  uniformly  in  this 
interval,  including  the  end-points. 

It  follows  from  this  theorem  that  the  sum-function  $  (x)  is  continuous  in 
the  interval  (— X©,  X), 

*  See  Abers  (Euvres,  vol.  i,  p.  22». 
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In  case  the  series  be  convergent  at  the  point  R  at  the  extremity  of  the 
interval  of  convergence,  we  see  from  the  theorem  that  the  convergence  is 
uniform  in  the  interval  (- iZ©,  -ft),  where  R^<R\  and  that  consequently  the 
8um-function  is  continuous  in  this  interval,  and  is  continuous  at  the  points 
JS,  and  —  iio. 

We  have  thus  established  the  theorem  due  to  Abel*,  that: — 

If  the  aeries  ao4-aiar  +  ajic'  + ... ,  which  converges  within  an  interval  of 
convergence  of  which  R  is  one  of  the  ends,  he  such  that  the  series  converges 
for  a?  =  iJ,  then  the  sum  of  the  series  for  x  =  R  is  continuoits  with  the  sum- 
sanction  for  the  interior  of  the  interval  of  convergence. 

This  theorem  may  also  be  deducedf  from  the  theorem  in  §  348.     For  we 
have  (^j   ^\~Rj     pforO^x^R,  and  for  all  values  of  n ;  hence,  since  the 

00  00 

series  2  OnR^  is,  by  hjrpothesis,  convergent,  it  follows  that  the  series  2  OnO^ 

is  uniformly  convergent  in  the  interval  (0,  R).     Therefore  the  sum-function 
is  continuous  in  that  interval,  including  the  end-point  R, 

It  should  be  observed  that  this  theorem  has  been  established  only  for  a  series 
in  which  the  powers  of  the  variable  are  ascending,  and  that  it  is  not  necessarily 
true  in  any  other  case.  For  example,  the  series  x  —  i^a^  +  Ja?"  —  . . .  is  convergent 
within  the  interval  (—  1, 1) ;  and  as  the  series  is,  for  such  values  of  x,  absolutely 
convergent,  the  series  x  +  ^a^  —  ^a^  +  ^a^  +  |a;''  —  Jar*  +  ...  has  the  same  sum- 
function  within  the  interval,  that  function  being  loge(l-ha?).  At  a;=l,  the 
series  1— JH-^  —  i  +  ...is  convergent, and  in  accordance  with  the  theorem  its 
sum  is  loge  2 ;  but  the  series  1+J  —  i+i  +  |  —  i  +  ...,  although  convergent, 
has  the  sum  f  log^  2  (see  Ex.  1,  §  334),  which  is  not  continuous  with  the  sum 
of  the  series  x  +  ^a^  —  ^a^  +  . . . . 

367.  If  the  series  a©  +  a^x  -\-  a^x^  4- . . .  converge  within  an  interval  (—  -ft,  iJ), 
and  he  such  that,  in  every  interval  (—  8,  8),  where  S  is  an  arhitrarily  chosen 
number  <  R,  s{x)  vanishes  for  some  value  of  x  which  is  not  zero,  the  coefficients 
Oo,  Oi,  a,, ...  must  ail  he  zero. 

If  S  have  any  value  <R,  the  function  8{x)  is  continuous  in  the  interval 
(—  S,  S) ;  hence,  if  €  be  an  arbitrarily  chosen  positive  number,  8i  may  be  chosen 
Bo  small  that  \s(x)  —  a^\<€,i{  xhein  the  interval  (—  Bi ,  Sj) ;  and  by  hypothesis 
there  is  in  the  interval  one  value  of  x  such  that  s(x)  =  0  ;  therefore  |  ao  |  <  e, 
and  since  e  is  arbitrary,  we  have  a©  =  0.  The  series  Oi  +  a^x  -h  a^al^  -h  ...  con- 
verges in  the  interval  (—  B,  8),  and  its  sum  vanishes  for  some  value  of  x  which 
is  not  zero,  hence  the  same  argument  as  before  establishes  that  aj  =  0  ;  pro- 
ceeding in  this  manner,  it  can  be  shewn  that  a,,  a,,...  vanish. 

•  Abel*B  (Euvre$,  CrelWs  Journal,  vol.  i,  p.  223 ;  also  Dirichlet,  LiouvilU's  Journal,  ser.  2, 
'vol.  vn,  p.  258. 

t  Hardy,  Proe,  Lond,  Math.  Soc,  ser.  2,  vol.  iv,  p.  252. 
H.  32 
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It  follows,  as  a  corollary  from  this  theorem,  that  there  cannci  be  iw^'^^^^ 
distinct  power-seines,  each  of  which  converges  within  some  interval^  and 
that  in  every  sub-interval  (—  8,  S)  there  is  a  point  distinct  Jirom  sero,  at  i 
the  sum-functions  have  identical  values. 

368.     Let  us  suppose  that  all  the  series 


C^ni  +  G^nj^  +  0^13^  +  . . .  +  Ojtr*^*  +  •  •  • , 


are,  for  every  value  of  n,  absolutely  convergent  at  the  point  x^R\  each  serf* 
is  then  both  absolutely  and  uniformly  convergent  in  the  interval  (—  iJ,  R),   Le^ 
us  denote  by  Wn(a?)  the  sum  of  the  series  a»i  +  awi^+...+aiw«^*+ •••  ^t 
point  X  in  the  interval,  and  let  Un  denote  the  sum  of  the  series 

I  «ni  I  +  I  OmR  I  +  •  •  •  +  I  CbnrR^^  |  +  . . . . 

If  the  series  tTi  +  C^a  +  ...  +  tT^  + ... 

bo  convergent,  the  series 

18,  in  acconlance  with  §  345,  uniformly  convergent  in  the  interval  (-  JR,  JR),  the 
ond-iK)int.8  inchided  ;  it  follows  that  s  (at),  the  sum  of  this  series,  is  continuous 
in  the  interval  (—  /?,  R\ 

The  series  Mi(x)  +  Wj(a?)+  ...  +  lin(^)  +  •••  can  be  arranged  as  a  series  of 
ty|H>  ft)',  by  .s^iKstituting  for  u^{x),  u^(x), ...  the  various  series  in  powers  of  x. 
MoitHuiT  this  series  is  al)solutely  convergent ;  for  the  terms  of  the  series 

|cin  +i<i„J-  +  ... +|a,ra:^*j+ ... +|aa|  +  |aaa:|  + ... 

nrv^  t'Hoh  loss  than  the  corresponding  terms  of  the  series  obtained  by  writing 
H  for  ♦r ;  and  the  latter  series  is  I^,  +  17,+  ...,  which  is  convergent. 

Sihoi^  the  series  Mi(a->  +  m«(x)  + ...  is  absolutely  conveigent  when  the 
|H»wer-sorios  art^  substituted  for  Mi(a?),  u,(a:), ... ,  it  remains  (see  §  335)  abso- 
lutely iH>nvergt>nt  when  it  is  ammged  in  the  form 

where  ^  =  Ou  +  o^  +  an  + ..., 


and  its  sunt   is   unaltonnl.     It  has  thus  been  shewn  that  the  continuous 
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iinction   8  (a?)  can  be  represented  in  the  closed  interval  (—  R,  R)  by  the 
jower-series 

The  following  theorem  has  therefore  been  established : — 

If  Ui{x),  Us(a?), ...  be  functions  which  can  be  represented  by  power-series 
that  are  all  ahsolutdy  convergent  at  the  point  R,  and  therefore  in  the  interval 
^—  It,  iJ),  and  if  the  series  Wj  (x)  +  tig  (a?)  +  . . .  be  absolutely  convergent  at  x  =  R, 
then  the  series  i^(a:)  +  Wj(^)+  ...  converges  in  the  interval  to  a  continuous  sum- 
function  s  (x),  which  is  the  sum  of  the  power-series  obtained  by  substituting  the 
^afferent  power-series  for  the  terms  u^  (x),  u^  (x), . . . ,  and  rearranging  the 
Tssultijig  series. 

369.  Let  s(x)  denote  the  sum  of  the  power-series  Oj +aaa?-f  ajar*+ ... 
which  converges  at  all  points  interior  to  the  interval  (— iJ,  -K) ;  then,  provided 
x,x  +  hhe  both  interior  to  the  interval,  the  series 

converges  absolutely  to  the  sum  s(x-\-h);  and  if  we  expand  each  term 
(x  +  hy^^  in  powers  of  A,  we  have  for  each  n  a  finite  series  of  powers  of  h 
which  may  be  regarded  as  absolutely  convergent.  In  accordance  with  the 
theorem  of  §  358,  if  we  arrange  the  series  in  powers  of  A, 


(ai-|-aaa?  +  a,aj"  +  ...)  +  (aa  +  2a8a:+  ...  +n-  lanX^~^-\-  ...)A  +  ..., 

this  series  will  represent  a  continuous  function  of  A,  provided  x,x  +  h  lie  in  an 
interval  (—  r,  r),  where  r<R\  and  the  sum-function  is  5  (ic  +  h).    We  have  then 

— — -^^— ^^  =  {a,  +  2a,a?+  ...  +(n-  l)anX^-^-\- ...]  ■hhvi(x)-{'h^Vi(x)+  ..., 

where  Vi  (a?),  Vj(a?)  are  continuous  functions  of  x.  As  h  converges  to  zero,  the 
convergent  series  hvi  (x)  +  h^v^  (a;)  +  . . . ,  of  which  the  sum  is  a  continuous  func- 
tion of  h,  converges  to  zero;  therefore  -^^ ^ —  has  as  its  limit,  when  h  is 

indefinitely  diminished,  the  sum  of  the  convergent  series 

a,  +  2a^x  +  . . .  +  (w  —  1)  a^x^"^  +  . . . ; 

and  thus  the  function  s  (x)  possesses  a  differential  coefficient,  which  is  the  sum  of 
the  convergent  ^ries  obtained  by  differentiating  the  terms  of  the  power-series 
which  represents  s  (x).     We  have  thus  obtained  the  following  theorem : — 

If  s{x)  be  the  sum  of  a  power-series  which  converges  ivithin  a  given 
intervaly  the  function  s  (x)  has  a  differential  coefficient  s'  (x)  at  each  point  x 
within  the  interval  of  convergence ;  and  the  series  obtained  by  means  of  a  term 
by  term  differentiation  of  the  given  series  converges  at  such  a  point  to  the  sum 
8(x). 
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The  numbers  m,  n  can  be  chosen  so  great  that  |  SnSn  ^88'\<0,  where  0  is 
arbitrarily  fixed,  and  also  such  that  1 2„' —  2  n-m+i  |  is  less  than  d\  where  0' 
is  arbitrarily  chosen ;  and  if  this  be  done  we  have 

\8n^88'\<0^-7i{t'-t:)  +  A0\ 

But  6y  ff,  0'  are  each  arbitrarily  small ;  hence  7i  can  be  so  chosen  that  |  Sn  -  ss'  \ 
is  arbitrarily  small ;  and  thus  the  series  Sc  converges  to  the  sum  ss\ 

361.  In  case  both  the  series  2a,  !E6  be  only  conditionally  convergent,  we 
3xe  unable  to  assert  that  the  series  2  c  converges ;  but  in  case  it  do  converge, 
its  sum  is  given  by  the  following  theorem  due  to  Abel*  : — 

In  case  tlie  product  series  Xc  of  two  convergent  series  2  a,  Xb  be  itself  also 
convergent,  its  sum  is  the  product  ss'  of  the  sums  of  the  two  given  series. 

Since  the  series 

ai  +  a,+  ...  +  an  +  ...,    6i  +  6a  +  «..  + 1»+  ... 

3re  both  convergent,  the  series 

ai-f-aaa?  +  a,ic'  + ... +anaj"'"^+ ..., 

converge  absolutely  for  all  values  of  a?,  such  that  0  ^  a:  <  1 ;  this  follows  from 

the  theorem  established  in  §  355.    The  product  series  formed  from  these  two 

series  is 

Ci  +  Cga:  +  c^a^  -I- . . .  +  CnOd^"^  +  . . . ; 

and  this,  in  accordance  with  Cauchy's  theorem  as  to  the  product  of  two 
absolutely  convergent  series,  is  convergent  for  0^ar<l,  and  converges  to 
8{x)s'(x),  Since  the  series  is  by  hypothesis  convergent  when  a?  =  1,  its  sum 
for  this  value  is  (see  §  356)  continuous  with  its  sum,  s{x)  s'(x\  for  all  values 
of  X  which  are  numerically  <  1 ;  also  lim5(a?)  =  s,  \ims  (x)  =  s\  and  hence  the 

series  2c  converges  to  the  value  ss^. 

It  will  be  observed  that  the  above  theorem  of  Abel  does  not  give  any 
criterion  which  decides  whether  the  product  of  two  conditionally  convergent 
series  is,  or  is  not,  convergent.  Criteria  applicable  to  special  classes  of  cases 
have  been  given  by  Pringsheimf. 

Taylor's  series. 

362.  If  a  function  f(x)  be  such  that,  at  every  point  within  the  interval 
(—  R,  R),  it  is  the  sum  of  the  convergent  series 

ai  +  a,a? -I- aja:*  +  ...  +ana^~^  +  ... , 

*  CreUe't  Jaumal,  toI.  i,  also  (Euvres,  vol.  i,  p.  226. 

t  Math.  AfmaUn,  toI.  xxi,  "  Ueber  die  Multiplication  bedingt  oonvergenter  Beihen." 
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it  has  been  shewn  in  §  359   that  /'  (x)  exists  at  every  point  within  the 
interval,  and  that  it  is  the  sum  of  the  convergent  series 

0,+  20,0?+  ...  +(n—  l)a„a?**^+  — 

A  second  application  of  the  same  theorem  shews  that  /"(a?)  exists,  and  is  the 
sum  of  the  convergent  series 

1 .  2as  + 2 .  3a4a:+ ...  +  (n  -  1)  (w  -  2)  ana^*+ ... . 

Proceeding  in  this  manner,  it  can  be  shewn  that/^*^  (x)  exists,  for  every  value 
of  r,  at  every  point  x  interior  to  the  interval  (—  iJ,  12),  and  that  the  series 

1.2.3...  ror+i  +2.3  ...  (r  +  l)ar+a^-l-  ••• 
converges  to  the  value  f^^  (x). 

It  has  further  been  shewn  that,  if  ^  +  A  also  lies  within  the  interval 
(— JK,  R)y  the  series  obtained  by  arranging  the  series 

Oi  +  a«  (a?  +  A)  +  Oj  (a:  +  A)"  + . . . 

as  a  series  in  powei-s  of  h  converges  to  the  value  f(x  -|-  A).    The  coeflBcient  of 

h^  in  this  series  is 

(r  +  2)(r-|-l) 
Or+i +  (r+l)a^a?  +  ^         ^]         -^  Or+jic' -h  . . . , 

.      .    1 

which  is  —  f^^^  (x).     It  has  thus  been  shewn  that  the  series 

converges  to  the  value  f{x'\-h\  provided  x,x-{-h  be  both  interior  to  the 
interval  (—12,  12)  of  convergence  of  that  power-series  of  which  /(x)  is 
the  sum. 

This  theorem  is  a  particular  case  of  Taylor's  theorem  for  the  expansion  of 
a  function  f{x  +  A)  in  powers  of  A,  and  has  here  been  established  for  the  par- 
ticular case  of  a  function  f{x)  which  represents  the  sum  of  a  convergent 
power-series.  It  has  moreover  been  proved  that  such  a  function  possesses 
differential  coefficients  of  all  orders  within  the  interval  of  convergence  of  the 
power-series. 

We  proceed  to  investigate  the  necessary  and  sufficient  conditions  that  a 
corresponding  theorem  may  hold  for  functions  which  are  not  defined  by 
means  of  a  power-series. 

363.  Let  f(x)  be  a  function  defined  for  the  interval  (a,  a  +  X),  where  X 
is  a  positive  number,  and  satisfying  the  conditions  (1)  that,  at  the  point  a,  the 
first  n  —  1  derivatives  of  f{x)  on  the  right  all  exist;  (2)  that  at  every  point  x 
such  that  a  <  a?  <  a  +  X,  the  first  w  —  1  differential  coefficients  of /(a?)  all  exist, 
and  are  continuous,  being  also  continuous  with  the  derivatives  on  the  right 
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at  a ;  (3)  that  f^^  (x)  exists  at  each  point  in  the  interior  of  the  interval 
(a,  a  +  X),  having  values  which  are  finite,  or  infinite,  with  fixed  sign. 

Let  the  number  K  be  defined  by  the  equation 

/{a  +  h)  -/{a)  -  hf  (a)  -  ^,/"(a)  - ...  -  („  r  I) /'"""  <«>  =  *""'  *'- 

where  h  is  such  that  0 <h<\ and  i/  is  a  fixed  positive  or  negative  integer,  or 
zero,  but  such  that  n  —  i/  is  positive ;  the  derivatives  f  (a),/" (a), . . .  are  those 
of  f{x)  on  the  right  at  a. 

Next,  let  F{x)  denote  the  function 
f(a^.h)-f{x)-{a  +  h-x)f{x)-^^^^±^^f"{x)-... 

-  ^"-^i^-^""'  {x)-{a^h- xr-K, 

where  K  has  the  value  defined  above,  and  x  is  in  the  interval  (a,  a  +  A).  The 
function  F{x)  is  continuous  in  the  interval,  and  F'(x)  exists  everywhere 
in  the  interior  of  the  interval.  Moreover,  since  F(x)  vanishes  for  x  =  a,  and 
for  a?  =  a  +  A,  it  follows  from  the  theorem  of  §  203  that  F'  (x)  vanishes  for 
some  value  of  a?  within  the  interval  (a,  a  +  A);  let  this  value  be  a+dh, 
where  5  is  a  number  such  that  0  <  tf  <  1. 

Since 

F' (x)  =  - <i±Azi^7(»)  (^)  +  (n-p)(a  +  h- xy-'-^K, 

we  see  that  K  =      ^'^^  ~  ^^^    ,/'"'  (a  +  Oh) ; 

(w  —  v)  (n  -  1)  r      ^  ' 

therefore,  from  the  definition  of  K,  we  have 

/(a  +  h)  ^f(a)  +  hf  (o)  +  ^j/"  («)+...+  .-^^;"^j/(»->»  (a) 

(w  —  I/)  (n  —  1) !  "^ 

It  is  clear  that  a  corresponding  result  holds  for  an  interval  on  the  left  of 
the  point  a,  provided  corresponding  conditions  hold  as  to  the  existence  of  the 
differential  coefficients;  the  derivatives  at  a  being  in  this  case  those  on 
the  left. 

In  case  f{x)  be  defined  for  an  interval  (a  —  X',  a  +  X),  and  the  first  n  —  1 
differential  coefficients  of  f(x)  exist  at  every  point  x  in  the  interior  of  the 
interval,  and/^**^  (x)  everywhere  exist  in  the  interval  of  which  the  end-points  are 
a,  a  +  A,  where  A  is  any  number  such  that  —  X'  <  A  <  X,  the  theorem'  holds  for 
every  such  value  of  A,  positive  or  negative ;  /'(a),  /"  (a), ...  denoting  in  this 
case  the  differential  coefficients  at  a. 
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This  theorem  is  frequently  spoken  of  as  Taylor's  theorem,  although  that 
name  was  originally,  and  is  still  usually,  applied  to  the  case  in  which  it  is 
possible  to  suppose  n  to  be  indefinitely  increased,  so  that  the  series  becomes 
an  infinite  convergent  one. 

The  expression  IL  =  7 Vt — ^tt.  /'"^  ((^  +  Oh),  where  1/  is  a  positive  or 

^  (7^  —  I/)  (n—  1)!''      ^  '^ 

negative  integer  such  that  w  —  1/  >  0,  is  spoken  of  as  '  the  remainder  in  Taylor's 
series."    In  this  general  form  it  was  obtained  by  Schlomilch*  and  by  Rochet. 

The  particular  case  in  which  v  =  0,  Rn  =  — ,/^'*'  (a+^A),  is  known  as  Lagrange's 

form  J  of  the   remainder  in   Taylors  series;  another  particular  case,  due 

originally  to  Cauchy§,  of  the  general  form  given  by  Schlomilch,  is  that  in 

h^(l  —  B^^-^ 
which  i/=:n-l,  oriin=     ;       ,(,    /<^>(a  +  gA). 

(n  —  1 )  I 

364.  If  f{x)  possess  differential  coeflScients  of  all  orders  within  a 
prescribed  interval  (a  — X',  a  +  X),  then,  provided  Rn  have  the  limit  zero, 
when  n  is  indefinitely  increased,  for  each  value  of  A,  the  series 

/(«)  +  */' (o)  +  ^/"(o)+...+^/'»'(a)  +  .... 

where  —  X'  <  A  <  X,  is  convergent,  and  has /(a  +  A)  for  its  limiting  sum.  This 
is  Taylor  s  theorem  in  the  original  sense  of  the  term. 

It  will  be  observed  that  the  existence  of  differential  coeflBcients  at  the 
extreme  points  —  X',  X  has  not  been  presupposed,  but  only  their  existence  for  all 
points  for  which  —  X'<  A  <  X.     If  the  condition  lim  jRn  =  0  be  satisfied  for  each 

n  =  ao 

value  of  A  within  the  interval  (—  X',  X),  and  if  the  series  converge  also  for  A  =  X, 
then,  since  it  is  a  power-series,  it  follows  from  the  theorem  of  §  356,  that  at 
A  =  X  the  series  converges  to  the  value  f(a  +  X). 

The  value  of  d,  in  any  of  the  forms  of  the  expression  for  iin,  is  in  general 
dependent  upon  w ;  and  consequently  it  is  not  a  sufficient  condition  of  con- 
vergence of  the  series  that  R^  have  the  limit  zero  as  n  is  indefinitely  increased, 
whilst  0  remains  fixed,  even  though  this  be  the  case  for  each  fixed  value  of  0  in 
the  interval  (0,  1).  In  connection  with  the  theory  of  non-uniform  convergence 
of  series  we  have  already  seen  in  §  349,  that  a  function  Rn  (a?)  may  have  the  limit 
zero,  as  w  is  increased  indefinitely,  for  each  fixed  value  of  a?  in  a  given  interval, 
and  yet  that  lim  R^  (x)  may  not  necessarily  be  zero  when  x  varies  with  n. 

*  Handbueh  der  Differential-  und  Integralrechnung^  1847. 

t  Mem,  de  VAccid.  de  Mantpellier,  1868.     See  also  Liouville^i  Jowrnal^  ser.  2,  yoL  ni,  pp.  271 
and  384. 

X  Thiarie  des  Fonctions,  voL  i,  p.  40. 
§  CalctdDiff.,  p.  77. 
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For  example,  if  ii„  =  ^,     ,  then  Rn  has  the  limit  zero  for  every  fixed  value 

of  d;  but  if  5  =  1/n,  Rn  has  the  limit  he-\ 

A  sufficient  condition  for  the  convergence  of  the  series  is  that  Rny  for  each 
fixed  value  of  h  within  the  given  interval,  as  n  is  indefinitely  increased,  should 
converge  to  zero  uniformly  for  all  values  of  d  in  the  interval  (0,  1).  Thus,  for 
each  value  of  A,  and  each  value  of  an  arbitrarily  chosen  positive  number  e,  a 
value  Til  of  w,  would  exist  such  that 

I    A''  (1  -  ey 


f^^>{a  +  dh) 


<€, 


l(ri-i/)(n-l)! 
provided  n  ^  rij,  for  every  value  of  d  in  the  interval  (0,  1). 

This  condition,  though  sufficient  for  the  convergence  of  the  series,  has  not 
been  shewn  to  be  necessary.  An  investigation,  due  to  Pringsheim*,  will  now  be 
given  of  the  necessary  and  sufficient  conditions  for  the  convergence  of  Taylor's 
series. 


00 


366.    If  the  series  2c»A**  converge  for  every  positive  vcdiie  of  h  which  is 

0 

<  R,  and  if  f{x)  denote  the  sum  of  the  series  l^Cn  {x  —  a)",  where  a  is  a  fixed 

0 

numbeTy  and  0  ^x—aK  R,  then  (1)  f(x)  possesses  for  every  valiie  of  x,  such 
that  a^x<a'\- R,  a  definite  finite  value;  and  (2)  for  every  x,  su^h  that 
a  <x<  a-k-  R,  f(x)  possesses  finite  differential  coefficients  of  every  order, 
and  at  a,  derivatives  on  the  right  of  every  order ;  also  (3)  the  condition  is 

satisfy  thai r-  /<*»>  (a  -f  A) .  k^^P  converges  uniformly  for  all  values  of 

h,  k  such  that  O^h^h  +  k^r,  to  zero,  as  n  is  indefinitely  increased,  where 
r  <Ry  and  p  is  any  arbitrarily  chosen  integer,  which  may  be  zero. 

This  theorem  contains  necessary  conditions  for  the  convergence  of  Taylor  s 
series  for  an  interval  on  the  right  of  a  point  a.  A  similar  statement  holds  as 
regards  an  interval  on  the  left  of  a  ;  and  it  is  clear  that  the  theorem  can  be 
stated  so  as  to  apply  to  the  more  general  case  of  a  neighbourhood  which 
contains  a  in  its  interior. 

It  has  been  shewn  in  §  359,  that  the  function /(a;)  is  differentiable  within 
the  interval  (a,  a  +  ii)  of  x,  and  is  obtained  by  means  of  a  term  by  term  dif- 
ferentiation of  the  series.  The  same  theorem  may  be  applied  to  the  function 
fix),  and  to  the  series  which  represents  it,  and  thus  successively  to  the 
higher  derivatives  of /(a?).     We  have  therefore 


00 


*  See  Math,  Annalen,  vol.  xliv,  *'Ueber  die  nothwendigen  and  hinreiohenden  Bedingangen 
des  Taylor'sohen  Lehrsatzes  fiir  Fanotionen  einer  reelen  Variabeln.*' 
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hence /(a)  =  Co, /<'''(«)  =j[>!cp,  where /<**>  (a)  is  the  derivative  at  a  on  the 
right ;  and  thus  the  conditions  (1)  and  (2)  are  satisfied. 

We  have  now 

/(a  +  A)  =  il/<»i(a).A», 

where  0  ^  A  <  i2. 

From  the  theorem  of  §  355,  that  a  power-series  converges  absolutely  at  all 
points  within  its  interval  of  convergence,  we  see  that  the  function  ^(^), 
defined,  for  the  interval  a^x<a-\-R,  by 

^(a?)  =  2|Cn|(a?-a)^ 

0 

has  properties  similar  to  those  of  f{x) ;  and  thus  that 

for  0^h<R.  The  functions  <^(a  +  A),  <^^Ua  +  A)  are  continuous  functions 
of  h  in  the  interval  Q  ^h<R\  and  for  each  value  of  p, 

In  order  to  prove  that  the  condition  (3)  is  satisfied,  it  will  be  sufficient  to 
shew  that  the  corresponding  condition  is  satisfied  for  the  function  ^^^^  (a  +  A). 

If  0^  A^A  +  A<i2,  we  have 

<^(a  +  A  +  A)  =  i  -,  <f>w  (a)(A  + A)»  =  I  -,  d)<»>  (a  + A)A:«; 

and  it  will  now  be  shewn  that  the  series  2  — :  ^'*V  (a  +  A)  i"  converges  uniformly 

for  all  values  of  A  and  k  which  are  such  that  O^A^A  +  A;^r,  where  r<R. 

Let  <^  (a  +  A  +  Jfc)  =  <S„  (A,  k)  +  r„  (A,  A:),  where  Sn  denotes  the  sum  of  the 

first  n  terms  of  the  series  2  —  <^^**^  (a  + A)***,  and  T^  denotes  the  remainder 

after  those  terms.  Let  A,  k  have  arbitrarily  assigned  values  which  satisfy  the 
condition  above  stated,  and  let  S  be  a  positive  number  less  than  A  and  k,  and 
such  that  A  +  A  +  28  <  J? ;  also  let  f,  97  be  two  numbers  in  the  interval  (—  1, 1), 
arbitrarily  chosen.  In  case  A  =  0,  A:  >  0,  the  positive  number  S  is  to  be  so 
chosen  that  A  +  28  <  ii,  and  that  i<k\  also  f  is  to  be  in  the  interval  (0,  1). 
Similarly  if  A  >  0,  A  =  0,  the  number  8  is  to  satisfy  the  conditions  A  +  28  <  i2, 
8 <  A;  and  17  is  to  be  in  the  interval  (0,  1).     If  A  =  0,  A  =  0,  then  8  is  to  be 
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so  chosen  that  2S  <  i2,  and  both  ^  and  17  are  to  be  in  the  interval  (0,  1 ).     We 
iiave  then 


suid  hence 


If  6  be  a  prescribed  positive  number,  n  may  be  chosen  such  that,  for 
the  prescribed  values  of  h  and  k,  T^  (A,  A?)  <  ^e.     Since  ^  (a  +  A  +  A)  is  a  con- 
tinuous function  of  A  +  A:,  and  S^  (A,  A?)  is  a  continuous  function  of  the  two 
variables  h,k\  it  follows  that  S  can  be  so  fixed  that 


I <^(a  -h  A  +  A  +  f  +  97a)  -  ^ (a  +  A  +  A) I  <  j€, 

and  also  |  Sn  (A  +  ?S,  A;  + 178)  -  5n  (A,  k)\  <  Je. 

The  numbers  n,  S  have  now  been  so  chosen  that,  whatever  values  f  and  rf  may 
have,  subject  to  the  restrictions  already  stated, 

rn(A+fS,  A-f  i;S)<6; 

moreover,  since  the  series  X—  (f>^^^  (a  +  A)  k^  contains  only  positive  terms,  we 

have 

r.(A+fS,A:-|-97S)<6, 
for  y  ^  n. 

It  has  thus  been  shewn  that  the  series  representing  the  function  <^(a+ A+A), 
considered  as  a  function  of  the  two  variables  (A,  A:),  converges  uniformly  for 
a  certain  neighbourhood  of  each  single  point  (A,  k).  Since  there  are  no  points 
in  the  neighbourhood  of  which  <^  (a  +  A  +  A?)  converges  non-uniformly,  it 
follows  from  the  theorem  of  §  342,  that  the  function  converges  uniformly 
for  all  values  of  A,  k  such  that  O^A^A  +  Ar^r,  where  r <R.  Thus 
TV  (A,  A:)<  e,  for  1/  ^  n,  and  for  all  values  of  A,  k  which  are  not  negative,  and 
are  such  that  A  +  A;  ^  r. 

The  analogous  result  holds  a  fortiori  for  the  series 

^/    1   ,,<^<^>(a-hA).A;^-^P, 
and  also  for  the  series 

p(w-p)!^ 

which  is  obtained  from  2— .<^^'*^  (a+ A)A:^  by  differentiating  p  times  with 
respect  to  k. 


608  Functions  defined  by  sequences  [ch.  vi 

Since  all  these  series  contain  positive  terms  only,  it  follows  that  n  can 
be  so  chosen  that 

for  v^n,  and  O^A^/t  +  A:^r;  and  thus  the  condition  (3)  in  the  statement 
of  the  theorem  is  satisfied,  since  |  f^"^  (a  +  A)  |  ^  <f>*^  {a  +  h). 

366.     Iff^^^  {x)  be  defined  for  every  integral  value  of  n,  where  x  issuchthai 
a  ^  ^  <  a  +  i2,  and  if  for  some  one  value  of  p  which  is  a  positive  or  negative 

integer,  or  zero,  it  satisfy  the  condition  that  . Ti/^  (^  +  *) **^  converges  to 

zero  when  n  is  indefinitely  increased,  uniformly  for  all  values  ofh,  k,  such  that 
0^h:^h-\-k^r,  where  r<  R,  then  the  same  condition  holds  for  every  value  of 
p  which  is  integral  or  zero. 

If  we  denote r-  /<*»>  (a  +  h)  k^-^  by  Fp^n  (K  A),  we  have 

Pp^i.n{h,k)^-^^Fp^n(Kk); 

and  hence,  since  k^r,\  Fp+^^niK  A:)  |  <  |  /'p,„  (A,  A:)  | ,  if  n  +/>  4- 1  >  r.  It  follows 
that  limFp+,,n(A,  A;),  and  generally  lim-P,,^^,n  (K  A),  for  9>0,  converges  uniformly 


naoo  n=« 


if  Fp^n  {h,  k)  does  so. 

Again  V...  ('.  ')  -  („^.y_,)|  /•»(«  +  ») *■«-' 


-*■„.(*,*+ 8)  (4^n'f±|; 


if  r  <  i?  be  fixed,  S  can  be  so  chosen  as  to  be  positive,  and  such  that  r-\-h<R. 
Hence,  if  0  ^  A  ^  r, 

I  ^^,.„  (A.  A)  I  <  I  ^;,.„  {k,  A:  +  S)  I  (^)"'^'  4^ ; 
if  72  be  SO  chosen  that 


(r  +  s) 


n+j>-i  ^  j^p 


J^^l,  and|^p,n(A,*  +  8)|<6, 


for  0  ^h^h  +  k^r,  we  have,  then,  for  such  values  of  w,  | -Pp-i,n (A,  A:) | <  e. 
It  is  now  seen,  also,  that  the  corresponding  result  holds  for  |^p-9,n(^>  ^)K 
where  }>0. 

367.  The  necessary  and  sufficient  conditions  that  Taylor's  theorem  should 
hold  for  the  function  f{a  -I-  h\  where  0  ^  A  <  12,  can  be  most  simply  expressed 
if  Cauchy's  form  of  the  remainder  be  used,  and  may  be  obtained  as  follows : — 

The  condition  as  to  the  existence  of  differential  coefficients  of  all  orders 
being  assumed  to  be  satisfied,  it  has  now  been  shewn  in  §  365,  to  be  a  necessary 
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condition  for  the  validity  of  Taylors  series,  that  z fTi/'**^  (^^  +  A)  ^**"' 

should  converge  to  the  limit  zero,  as  n  is  indefinitely  increased,  uniformly  for 
aU  values  of  h  and  k  such  that  O^A^A  +  A^r,  where  r<R,  If  we  write 
Sh  for  h,  and  (1  —  d)  A  for  A:,  then,  if  the  condition  be  satisfied,  the  expression 

^^^j/'»'  (a  +  eh)  (1  -  ^)»->A»-» 

converges  to  zero,  when  n  is  indefinitely  increased,  uniformly  for  all  values  of 
0  and  h  such  that  0  ^  ^  ^  1,  and  0  ^  A  ^  r ;  and  it  follows  that,  for  each  value 

of  A,  .   _i\t/^^^  (^  +  ^^)  (1  ■"  ^)'*"*A"  converges  to  zero  uniformly  for  all  values 

of  6,  It  has  been  shewn  in  §  364,  that  this  last  condition  is  sufficient  to 
secure  the  convergence  of  the  series  to  the  sum  /(a  +  A).  We  have  now 
established  the  following  theorem : — 

That  the  fv/nction  f{a  +  A),  defined  for  all  values  of  A  such  that  0  ^h<  R, 

«  1 

may  be  represented  for  all  the  values  of  h  by  the  series  X  — ,/*'*^  (ct)  A**,  it  is 

0  ^  • 

necessary  and  sufficient,  (1)  that  f{x)  have  differential  coefficients  of  all  orders 
for  a<x <a  +  R,  and  derivatives  at  the  point  a  on  the  rigkty  of  all  orders ; 

and  (2)  that  Cauchy*s  remainder  .   _^\\f^^^  (^  +  ^*)  (1  ~  OJ^^h^,  for  each 

value  ofh  such  that  0  ^h<R,  converge  to  zero,  when  n  is  indefinitely  increased, 
uniformly  f(yr  all  values  of  6  in  the  interval  (0,  1). 

In  case  Lagrange's  form  of  the  remainder  in  Taylor's  theorem  be  employed 
instead  of  that  due  to  Cauchy,  the  necessary  and  sufficient  conditions  cannot  be 
stated  in  so  simple  a  form.  The  following  theorem  has  reference  to  this  form 
of  the  remainder : — 

In  order  that  the  function  f(a  +  A),  defined  for  all  values  of  A  such  that 

A" 
0  ^  A  <  12,  maybe  represented,  for  all  the  values  of  h,  by  the  series  2  -r/^**^  (a), 

it  is  necessary,  besides  the  condition  of  unrestricted  differentiability  previously 

stated^  thai  —.f^^  (a  +  0h)h^  should  converge,  for  each  value  of  A  such  that 

0  ^  A  <  \R,  to  the  limit  zero,  when  A  is  indefinitely  increased,  uniformly  for  all 
values  of  d  in  the  interval  (0,  1).  It  is  not  necessary,  but  it  is  sufficient,  that  the 
expression  should  converge  to  zero  for  each  value  of  A  such  that  0^h<R, 
uniformly  for  all  values  of  d  in  (0,  1). 

In  accordance  with  the  theorem  proved  in  §  365,  it  is  necessary  that 
—if^ia  +  hyk^  should  converge  to  the  limit  zero,  when  n  is  indefinitely 

increased,  uniformly  for  all  values  (A,  k)  which  are  such  that  O^A^A  +  A;^r, 
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where  r<R,     If  we  write  h  for  k,  and  dh  for  A,  we  see  that  this  oondition 

includes  the  condition  that  — .Z^**^  (a  +  Oh)  h^  should  converge  to  zero,  for  each 

value  of  A  such  that  0  ^  A  <  ^i2,  uniformly  for  all  values  of  0  in  the  interval 
(0,  1).     This  condition  is  therefore  a  necessary  one. 

Let  us  next  assume  that  — ,/^*^*  (a  +  6h)  h^  converges  to  zero,  for  each  fixed 

value  of  h  such  that  0  ^  h<  R,  uniformly  for  all  values  of  d  in  the  interval 
(0,  1).     Let  p,  r  be  two  positive  numbers  such  that  p  ^r<R,  and  in  the 

expression  — j/^~^  (a+Oh)  A"  write  h=^r,dh=p',  then  lim  — ./^"^  (a  +  p)  r*  =  0. 

It  follows  that  the  series  2  — Z^**^  (a +  p)A^  converges  absolutely  for  every 

positive  value  of  k  which  is  <  r»  and  therefore  for  every  positive  value  of  k 
which  is  <  R,  since  r  may  be  taken  arbitrarily  near  to  R.    In  the  series 

2  — /^  (a  +  p)k^,  the  functions  /<*»'  (a  +  p)  may  be  replaced  by  the  abso- 
lutely  convergent  series  in  powers  of  p ;  and  by  the  theorem  of  §  358,  the 

terms  of  the  series  2  -r/^^^  (a  +  /:>)A^,  thus  expressed,  may  be  rearranged 
without  affecting  the  convergence  or  the  sum  of  the  series.     The  series  then 


becomes  X  — .Z^**^  (a)  {p  +  ^)",  and  this  series  converges  tor  p<R,  k<  R,  %.e. 


for  p  +  A;  <  2i?.     It  follows  that  the  series  2  —  Z***^  (a)  A**  converges  if  A  <  27?. 

Now  it  is  clearly  not  necessary  for  the  validity  of  Taylor's  theorem  within  the 
range  0  ^  A  <  i?,  that  the  series  should  converge  for  all  values  of  A  which  are 
<  2ft  ;  for  i?  might  be  the  upper  limit  of  the  values  of  A  for  which  the  power- 
series  converges,  and  then  the  series  could  not  converge  for  values  of  A  which 
are  >  R,  It  has  thus  been  shewn  that  the  condition  for  all  values  of  A  in  the 
i!jterval  0  ^  A  <  i2,  is  not  a  necessary  one.  It  is  clearly  however  a  suflScient 
condition. 

A'* 
It  was  remarked  by  Cauchy  *  that  the  series  2  —.f^^^  (a)  may  be  convergent 

in  an  interval,  and  yet  that  its  sum  need  not  be  f{a  +  A).    This  happens 

whenever  the  remainder  JKn,  in  Taylor's  theorem,  which  is  defined  as  the 

difference  between /(a  +  A)  and  the  sum  of  the  first  n  terms  of  the  series, 

oon verges,  for  each  value  of  x,  to  a  limit  which  is  different  from  zero,  as  n 

1h  indefinitely  increased. 

--L 
Ix3t  the  function /(a?)  be  defined  by  f{x)  =  e  '^,{or  a:^>  0,  and  /(O)  =  0 ; 

ll  can  easily  be  shewn  that  this  function  and  all  its  differential  coefficients 

*  Caleul  Dif,  p.  108;  see  also  P.  Da  Bois  Bejmond,  Math,  Annalent  toL  zxi,  p.  114. 
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exist  and  are  zero  at  the  point  ^  =  0 ;  and  that  for  a^>0,  the  remainder  in 

-i  _i 

the  Taylor's  series  has  for  its  limit  e  **.     If  now  ^(a?)  =  6*  +  c  *%  (ic*  >  0), 

€p  (0)  =  1,  and  the  series  2  — .  <^^"'  (0)  in  the  neighbourhood  of  the  point  a?  =  0 

Tye  formed,  then  the  series  converges,  not  to  the  value  <f>  (A),  but  to  the  value  6*. 


EXAMPLES. 


1.     Let  /(j?)«=(l+x)'*;  then,  in  a  Deighbourhood  of  the  point  x=0,  we  have 

where  R^  can  be  expressed  Id  Lagrange's  form  by 

p(p  — l)...(jp~n4-l)        ar" 


n\ 


-n) 


(1+^J?)*"'' 


or  in  Cauchy's  form  by 


/?(/?-l)...(j>-n-fl)   (l-f)*-i 


(n-1)! 
Using  Cauchy's  form,  we  see  that 


(l  +  ^a?)*-i» 


A* 


provided  n  >p.    If  |  x  |  <  1,  the  expression 

;?(/?- l)...(p-n+l) 
(71-1)! 

continually  diminishes  as  n  is  increased  :  for,  denoting  it  by  u,«,  we  find 


of' 


n 


X 


<l-€. 


where  c  is  a  fixed  positive  number  <  1  - 1  jr  | ,  provided  n  be  sufficiently  great,  and  it  follows 
that  the  limit  of  u^  is  zero;  and  thus  lim/?,(=0.  The  series  therefore  converges  for  all 
values  of  x  such  that  \x\<\. 


To  find  the  limit  of    ^—^ )"'\P )    vyhen  ^^  jg  indefinitely  increased,  suppose 

first  that  p+1  is  negative,  say  -  L    We  may  write  the  expression  iu  the  form 

(.4)(..i)...(,.^), 

vbA  this  is  >1+A( r +s+>--l — );  thus  the  limit  is  indefinitely  great.    Next  suppose 
that  17+1  is  positive.    Then  the  expression  may  be  written  in  the  form 

(x-i)i       V     X  )y  x+iA    ^-^y-y    «  ) 

where  X  is  the  integer  next  greater  than  p-\-\;  this  is  less  than 

p(y-l)...(p-X-|-2) 


(X-1)! 


(■-*f')('*ff;)-(>-^) 
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or  than  f  (p-l)-0;-X-H) 


''-''■  ^^^^^^^F5^' 


hence  the  limit,  when  n  is  indefinitely  increased,  is  zero.     If  /?«  - 1,  the  limit  ia  unity. 

If  07=1,  Lagrange's  form  of  the  remainder  shews  that  the  series  converges  if  ^>  - 1- 
The  series  diverges  if  p<  - 1,  because  the  general  term  of  the  series  increases  indefinitelj 
with  n.    The  series  oscillates  if  p=  -I. 

If  ;r  =  - 1,  Cauch/s  form  of  the  remainder  shews  that  if  /)  - 1  >  —  1,  or  p>0,  the  serii 
is  convergent.     It  is  divergent  if  /)<0,  for  the  sum  of  n  terms  of  the  series  is 

("^)    (in:)] 

2.  Lei*  /(x)=  2  ^ — r~—:t? — z^i  where  a>l.     For  this  function 

/(0)-e-,      /(«-»(0)=0,     /(»)(0)=(-l)*(al)  !«-»*•; 
thus  the  series  for  f(x)  is 

0 

which  is  everywhere  convergent. 

The  sum  of  the  series,  for  ^7=0,  is/(0),  but  in  every  neighbourhood  of  jp=0,  the  sum  of 
the  series  and  the  value  of  f(x)  are  different  except  at  most  at  a  finite  number  of  points. 

3.  Let  f(x)=1   — :  — =- 5,  where  a>l.     For  this  function,  the  Maclaurin's  series 

is  2  ( -  l)*c"       a^^  which  diverges  for  every  value  of  x  except  j?=0. 

OD     (  —  !)»»  1 

4.  Lett  f{x)=2  — p-  r-- — -— ,  where  o>l.       This  function  is  continuous  on  the 

0    m    1 4"  d  X 

right  of  the  point  ^=0,  and  has  derivatives  on  the  right  of  all  orders  at  that  point; 
the  Maclaurin's  series  2(-l)**(-j     .x^  thus  obtained,  converges  for  all  positive  values 

of  Xy  but  does  not  represent  the  function  f(x), 

•  1        1 

5.  Let  f(x)=2  — r  -— — —  ,  where  a>l.    For  this  function  the  Maclaurin's  series  does 

not  converge  in  any  neighbourhood  of  the  point  a?=0. 


MAXIMA  AND  MINIMA  OF  A   FUNCTION   OF  ONE  VARIABLE. 

368.  It  has  been  shewn  in  §  207,  to  be  a  necessary  condition  that  a 
function  /(a?)  may  have  an  extreme  at  the  point  j:  =  0,  that  the  differential 
coefficient  at  that  point  should  be  zero,  provided  the  function  be  such  that  a 
differential  coefficient  at  a;  =  0  exists.  Let  us  assume  the  function  to  be 
such  that  the  first  ti  differential  coefficients  /'(a?), /"(a?),  .../***  (a?)  all  exist 
and  are  continuous,  at  every  point  x  such  that  —SkxkS.  Let  us  further 
assume  that  /'(O),  f  (0),  .../'»-*»  (0)  are  all  zero,  and  thus  that  /<»>  (0)  is 
that  differential  coefficient  of  lowest  order  which  does  not  vanish  at  a;  =  0. 

*  PriDgsheim,  MUnchener  BeriehU,  1892,  p.  222. 

t  Pringsheim,  Math.  Annalen,  vol.  xui,  p.  161,  and  vol.  xliv,  p.  54. 
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We  have  then  / (a?)-/(0)  = -7/<'*>  (da?);   where  Q<0<\,  and  x  is 

/I'  • 

such  that  —  S  <  a?  <  S.     Since  /<•*>  (a?)  is  continuous  at  a; »  0,  a  neighbourhood 

^—  S*,  h')  of  that  point,  interior  to  (-  S,  S),  can  be  so  determined,  that /<**>  (da?) 

"has  the  same  sign  as  /<•»>  (0),  provided  —  S'  ^  a?  ^  y.    If  n  be  odd,  the  sign  of 

_/(«)— /(O),  in  the  interval  (-  S',  S'),  depends  upon  that  of  a?;  and  therefore 

_/*(a:)  has  neither  a  maximum  nor  a  minimum  at  the  point  a?  =  0.     If  n 

be  even,  the  sign  of /(a?)— /(O)  is  the  same  as  that  of /'(O),  in  the  whole 

interval  (—  S',  h'\  and  therefore  f{x)  has  a  maximum  or  a  minimum  at  a?  =  0, 

according  as  /<*>  (0)  is  negative  or  positive.     The  following  theorem   for 

determining  whether  a  maximum,  or  a  minimum  exists  at  a  point  at  which 

the  differential  coefficient  of  a  function  f{x)  vanishes  has  therefore  been 

established : — 

If  the  find  n  differential  coefficients  of  a  function  f{x)  all  exist,  and  are 

cor^nuotis,  at  aU  interior  points  of  the  interval  (—  S,  S) ;  and  if  f^^  (x)  be  the 

differential  coefficient  of  lowest  order  which  does  not  vanish  at  the  point  a?  =  0, 

then  (1)  if  n  he  odd,  there  is  neither  a  maximum  nor  a  minimimt  of  the 

Jimction  f{x)  at  the  paint  a?  =  0;  and  (2)  if  n  be  even,  the  point  ar=  0  is  a 

maximum  or  a  minimum  of  fix),  according  as  f^^  (0)  is  negative  or  positive. 

It  is  unnecessary  for  the  application  of  the  criterion  given  in  this 
t^heorem  that  f(x)  be  capable  of  representation  in  a  neighbourhood  of  the 
lx>int  xsO  by  a  convergent  power-series.  The  theorem  cannot  be  applied 
Xko  the  case  of  a  function  with  differential  coefficients  of  all  orders,  when 
"tihey  all  vanish  at  the  point  x  =  0. 


EXAMPLES. 

1.*  Let  /(x)-^-6"*«,and/(0)=0.  In  thisca8e/'(0)=0,/"(0)=2;  and/'(x),/"(x) 
Are  continuous  in  any  neighbourhood  of  07=0.  The  theorem  establishes  that  /(or)  has 
a  minimum  at  a?"=0,  although  f(x)  cannot  be  represented  by  a  power-series  in  any 
neighbourhood  of  the  point. 

2.*  The  function  defined  by  /(a?)=«~*",  /(0)=0,  has  a  minimiun  at  x=0;  and 
yet  the  theorem  is  not  applicable,  because  the  differential  coefficients  of  all  orders  vanish 
at  j:=0. 

3,*  The  function  defined  by  f{x)=xe~»*,  /(0)=0,  has  neither  a  maximum  nor  a 
minimum  at  x«0.    As  in  (2),  the  above  theorem  is  in  this  case  inapplicable. 

*  Theie  examples  are  given  by  Scheefler,  MatK  Annalen,  vol.  xxxv,  p.  642. 
H.  33 
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Taylor's  theorem  for  functions  of  two  variables. 

369.  Let  us  assume  a  function  f(x,  y)  to  be  defined  for  all  values 
of  X,  y  in  the  domain  defined  by  a  —  S^ar^a  +  S,  6  —  y^y^ft  +  S'. 
Under  proper  conditions  as  to  the  existence  and  continuity  of  the  partial 
differential  coeflBcients  off(x,  y\  of  a  finite  number  n  of  orders,  it  is  possible 
to  obtain  an  expression  for  f{a  +  A,  6  +  A)  —/(a,  h)  consisting  of  terms 
involving  the  first  n  powers  of  h  and  k,  together  with  a  remainder  analogous 
to  the  remainder  in  Taylors  theorem,  such  expression  being  valid  for  values 
of  A,  ky  such  that  |  A  |  <  S,  |  A:  |  <  S'.  It  is  however,  for  the  present  purpose, 
unnecessary  to  consider  the  least  stringent  set  of  conditions  relating  to  the 
partial  differential  coeflScients  of  the  various  orders,  which  are  sufficient  to 
allow  the  extension  of  Taylor's  theorem  to  the  case  of  a  function  of  two 
variables.  It  will  here  be  assumed  that,  for  all  values  of  x  and  y  such  that 
a  —  S<a;<a-f8,  6— S'<y<6  +  S',  the  partial  differential  coeflScients  of 
f{x,  y)  of  the  first  n  orders  all  exist,  and  are  finite ;  and  further,  that  they 
are  all  continuous,  for  this  range  of  values  of  x  and  y,  with  respect  to  {Xy  y). 
In  accordance  with  the  theorem  of  §  240,  the  order  of  differentiation,  in  each 
of  the  mixed  partial  differential  coeflBcients,  is  in  this  case  immaterial. 

Taking  values  of  h  and  k  which  are  numerically  less  than  S,  h' 
respectively,  let/(o  +  ^A,  b-\'tk)  be  denoted  by  F{t\  the  variable  t  having 
the  domain  (—1,  +1).  The  conditions  contained  in  the  last  theorem  of 
§  236  being  in  this  case  satisfied,  the  differential  coeflScient  F' {t)  of  F{t) 

A^-f-Ar^j /(ar,  y),  where  ar  =  tt  +  <A,  y  =  6  +  ^. 

Similarly,  it  is  seen  that  all  the  differential  coeflBcients  ** 

F"{t\F''{t\...F<^^{t) 
exist  and  are  continuous;  and  that 

In  accordance  with  the  theorem  of  §  363,  we  have 

F (t)  =  F(0)  +  tF'  (0)  +  J  F"  (0)  + . . .  +  ^^^  Fi^^)  (0)  +  ^ F(^  (0t\ 

where  5  is  a  number  such  that  0<6<\. 
Since  this  holds  for  ^=1,  we  see  that 

/(a+ A.  6  +  A)=/(a.  6)-h(a^1 +A:|)/(a.  6)4,(4+*|)V(a.  6)  +  ... 


^ 
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This  is  an  extension  of  Taylor  s  theorem  to  the  case  of  a  function  of  two 
variables.  It  has  been  established  for  all  values  of  h,  k  such  that  { A  |  <  5, 
|A;|<S',  on  the  hypothesis  that /(or,  y)  and  all  its  partial  differential 
coefficients  exist  for  all  values  of  x  and  y  such  that  a  —  5<ar<a  +  5, 
fc  —  S'<y<6  +  S',  and  that  they  are  all  continuous  with  respect  to  the  two- 
dimensional  continuum  {x,  y). 


AfAXIMA  AND  MINIBIA  OF   FUNCTIONS  OF  TWO   VARIABLF^. 

370.  Necessary  and  sufficient  conditions  have  been  stated,  in  the 
theorem  of  §  242,  that  the  point  (0,  0)  may  be  a  point  at  which  a  function 
/(x,  y)  has  a  maximum,  or  a  minimum.  The  general  theory  of  maxima  and 
minima  of  functions  of  two  variables  has  been  discussed  by  ScheeflFer*, 
Dantschert,  and  StolzJ,  the  last  of  whom  has  extended  Scheeffer's  method 
to  the  case  of  functions  of  any  number  of  variables.  The  account  which  will 
here  be  given  of  the  general  theory  is  based  upon  the  investigations  of 
Scheeifer,  as  modified  by  Stolz. 

Let  the  function  /(ar,  y)  be  such  that  either  f(x,  y)  —  /(O,  0)  is  repre- 
sentable  in  a  neighbourhood  of  the  point  (0,  0)  by  a  convergent  series 
consisting  of  powers  of  x  and  y,  or  else  that  it  is  such  that  the  theorem 
of  §  369  is  applicable,  so  that 

/(«,  y)  -/(O,  0)  =  On  {x,  y)  +  i?n+i  (^,  y\ 

where  0^  (x,  y)  consists  of  terms  of  dimensions  not  higher  than  n,  in  x  and  y ; 
and  i?n+i(^  y)  is  either  a  convergent  series  of  which  the  terms  of  lowest 
dimension  are  of  the  order  n+  1,  or  has  the  form  of  the  remainder  given  in 
§  369,  consisting  of  terms  of  dimension  n  +  1  in  Ox,  Oy,  where  0  <  d  <  1 ;  and 
in  the  latter  ca^e  it  will  be  assumed  that  the  differential  coefficients  in  that 
remainder  are  limited  in  the  whole  domain.  It  will  be  shewn  that,  under  a 
certain  condition,  the  problem  of  determining  whether  the  point  (0,  0)  is 
a  point  at  which /(a;,  y)  has  a  maximum  or  a  minimum  is  reducible  to  the 
solution  of  the  corresponding  problem  relating  to  the  rational  integral 
function  (?»(a?,  y).     The  following  general  theorem  will  be  established: — 

The  function  f(x,  y)  having  in  the  neighbourhood  of  (0,  0)  the  character 
above  described,  if  an  index  n  and  two  positive  numbers  c,  h  can  he  so 
determined  that  (1)  for  aU  values  of  x  such  that  0  <  |  a:  |  <  S,  the  upper  and 
lower  limits  of  On  (^,  y),  for  a  constant  value  of  x,  and  for  all  values  of  y 
in  the  interval  (—x,  x),  are  in  absolute  value  not  less  than  c\x\^;  and 
(2)  thai,  if  0<\y\<S,ihe  upper  amd  lower  limits  of  On  (a?,  y),  for  a  constant 

*  Math.  Annalen,  vol.  xxxv. 

t  Math.  AnnaUn,  vol.  xui. 

X  Berichte  of  the  Vieona  Academy,  vols,  zcix,  c ;  also  OrundzUge,  vol.  i,  p.  211. 
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value  ofy,  and  for  all  values  of  x  in  the  interval  (—  y,  y),  are  in  absolvie  value 
not  lees  than  c\y\^;  then  the  two  functions  f{x,  y),  On  {x,  y)  have  both  either  a 
proper  maximum^  or  both  a  proper  minimti/m,  or  both  neither  a  maximwm,  nor 
a  minimum^  at  the  point  (0,  0). 

To  prove  this  theorem,  we  first  observe  that  R^^i  {x,  y)  can  be  regarded 
as  a  homogeneous  function  of  x  and  y  of  degree  w  + 1,  in  which  the 
coefficients  depend  upon  x  and  y.  By  giving  each  of  the  coefficients  its 
greatest  possible  vahie,  for  |  a?  |  <  S,  |  y  |  <  S,  we  see  that 

\Rr^,ix,y)\<A,\x\^-^''^A,\x\^\y\  +  ...'^An^,\y\^'; 
where  Aq,  Ai,.,.An^i  are  positive  numbers. 
If  now  I  y  I  ^  { or  |,  we  have 

\Rn+i(x,  y)\  <(Ao  +  A^  + ...  -h  An^i)\x\  |dr|*; 
hence  we  see  that  a  number  S"  <  S  can  be  so  chosen  that 

where  e  is  an  arbitrarily  chosen  positive  number,  provided  |  a;  |  <  5',  |  y  |  ^  |  x  j. 
In  a  similar  manner  we  can  shew  that  5'  can  be  so  chosen  that 

|i2n+i(a?,y)|<6|y|* 
provided  |a;{^|y|,  and  |y|<S'. 

Let  now  the  upper  and  the  lower  limits  of  On  (x,  y),  for  a  constant  value 
of  X,  and  for  all  values  of  y  such  that  |  y  |  ^  |  a?  |,  be  denoted  by  On  (x,  ^  (x)), 
On(x,  (l>{x))  respectively.  Also  let  the  upper  and  the  lower  limits  of 
On  {x,  y),  for  a  constant  value  of  y,  and  for  all  values  of  x  such  that  |  or  |  ^  |  y  {, 
be  denoted  by  On('^(y),  y),  Onii^iy),  y)  respectively.  We  have  then, 
provided  |  a?  |  <  S',  and  |  y  |  ^  |  a;  |, 

<?n(a:,0(^))-€  I  ic|  »</(«:,  y)-/(0,0)< On (^,^(«))  +  €|a;|»; 
also,  provided  |  y  |  <  8',  |  a;  |  ^  |  y  |,  we  have 

G^n(t(yXy)-€|y|«</(ar,y)-/(o,o)<(?n(t(y).y)+«|y 


First,  let  us  assume  that  On  (0,  0)  is  a  proper  minimum  of  On  {x,  y),  and 
that  the  conditions  of  the  theorem  ai*e  satisfied.  By  the  theorem  of  §  242, 
On  (x,  0  {x)\  On  {'j^  (y),  y)  are  both  positive,  for  sufficiently  small  values  of 
X  and  y ;  we  may  suppose  8"  to  be  so  small  that  these  conditions  are  satisfied, 
provided  |  a?  |  <  S',  |  y  |  <  S'. 

We  have  then  (?«(«?,  ^(^))  =  c|  a?  |~  if  0<|a?|<8',  |y]S|a?|;  and 
Gn(t(y),y)^c|y|«,  if  0<y<S',  \x\^\y\. 

It  now  follows  that 

(c-e)|a:|«</(ar,y)-/(0,0),   for  0<|a?|<S',   |y|^|^|. 
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and  that 

(c-e)|y|»</(a?,y)-/(0,0),  for  0<|y|<S',   \x\^\y 


Since  e  can  be  choeen  so  as  to  be  less  than  c,  we  see  that  f{x,  y)  -/(O,  0) 
is  positive  for  all  values  of  x  and  y  such  that  0  <  |  ar  I  <  S',  0  <  |  y  |  <  S',  and 
therefore  /(O,  0)  is  a  proper  minimum  of  f{x,  y). 

Next,  let  us  assume  that  (?n(0,  0)  is  a  proper  maximum  of  On{x,  y);  then 
On{x,  ^{x)\  On{'^{y\  y)  are  both  negative,  for  sufficiently  small  values  of 
X  and  y.    We  therefore  assume  that 

On(a?,  <^(ar))^-c|a?|~    for  0<\x\<h\  and   |y|^|a?|; 

and  that 

<?H(^(yXy)  =  -c|yi»,  for  0<|y|<S',  |a?|^|y|. 

We  have  then  f{x,  y)-f(0,  0)< -(c- e)  |a:|»  for  0<|a?|<8',  and 
|y|^|ar|;  and  also/(a?,  y)-/(0,  0)<  -  (c- 6)|y  |»  for  0<  |y  |<S',  \x\^\y\. 
Since  €  may  be  taken  to  be  <  c,  it  follows  that/(0,  0)  is  a  proper  maximum 
of /(a?,  y). 

Lastly,  let  us  assume  that  (?n(0,  0)  is  neither  a  maximum  nor  a  minimum 
of  On(xt  y).    In  this  case  we  may,  for  example,  assume  that 

G„(ir,  ^(x))  ^  ca^,  On(x,  0(a?))  ^  -  ca^,  for  0<  ^  <  S. 
We  have  then,     /(a?,  $  (x))  -  /(O,  0)  >  (c  -  e)  of", 
and  f(x,  0  (a:))  -  /(O,  0)  <  -  (c  -  e)  a?«, 

provided  0  <  ar  <  S^  Since  e  may  be  taken  to  be  less  than  c,  these  two 
differences  are  of  opposite  signs;  therefore  /(O,  0)  is  neither  a  maximum  nor 
a  minimum  of  f{x,  y). 

It  should  be  observed  that  this  theorem  does  not  always  suffice  to  decide 
whether  the  point  (0,  0)  is  a  point  at  which  f(x,  y)  has  an  extreme  value, 
or  not.  For  it  may  happen  that,  for  a  given  function  /(a:,  y)  of  the  assumed 
type,  no  value  of  n  can  be  determined,  for  which  the  conditions  stated  in  the 
theorem  hold,  and  therefore  the  theorem  is  inapplicable  however  great  n 
may  be  taken. 

If  /{x,  y)  =  [u  (a?,  y)]*,  where  u  {x,  y)  vanishes  at  points  of  a  locus  which 
passes  through  the  point  (0,  0),  then  the  function /(a?,  y)  is  one  for  which  the 
theorem  is  inapplicable ;  the  point  (0,  0)  is  in  this  case  a  point  at  which 
f{x,  y)  has  an  improper  minimum. 

In  general  the  theorem  is  inapplicable  in  the  case  of  any  function  which 
attains  the  value  zero,  at  points  other  than  (0,  0),  in  every  neighbourhood  of 
that  point,  but  which  has  one  and  the  same  sign  at  all  points  at  which  it  does 
not  vanish. 
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371.  The  simplest  case  in  which  the  theorem  of  §  370  can  be  applied  is 
that  in  which  the  function  Gn  (^,  y)  is  a  homogeneous  function  of  degree  ik 
For  such  a  function  0^  {Xy  y),  three  cases  arise. 

(1)  If  Gn(«,  y)  be  a  definite  form,  %,e.  if  On  {x,  y)  has  one  and  the  same 
sign  for  all  values  of  (a?,  y)  except  (0,  0),  then  On  (0,  0)  is  a  proper  minimum, 
or  a  proper  maximum,  according  as  that  sign  is  positive  or  negative. 

(2)  If  Gn  {x,  y)  be  an  indefinite  form,  %.e,  if  there  are  points  in 
every  neighbourhood  of  (0,  0)  at  which  On  (x,  y)  is  positive,  and  others  at 
which  it  is  negative,  there  are  other  points  besides  (0,  0)  at  which  the 
function  vanishes,  and  there  is  no  extreme  of  the  function  On  (^.  y)  at  the 
point  (0,  0). 

(3)  If  On  {x,  y)  be  semi-definite,  i.e,  if  On  (a?,  y)  vanishes  at  points  other 
than  (0,  0),  but  has  a  fixed  sign  at  all  points  at  which  it  does  not  vanish, 
then  On  (0,  0)  is  an  improper  extreme  of  On  (x,  y). 

It  should  be  observed  that,  if  n  be  odd.  On  (x,  y)  is  necessarily  an  in- 
definite form. 

It  will  be  shewn  that,  when  On  (x,  y)  is  definite  or  indefinite,  it  satisfies 
the  conditions  stated  in  the  theorem  of  §  370 ;  accordingly  /{x,  y)  has  a 
proper  maximum  or  else  a  proper  minimum,  when  On  {x,  y)  is  a  definite  form  ; 
and /(a?,  y)  has  no  extreme  when  On{Xy  y)  is  an  indefinite  form. 

When  On{x,  y)  is  a  semi-definite  form,  no  conclusion  can  be  drawn  as 
to  the  existence  of  an  extreme  of  the  function  f{x,  t/),  as  the  conditions 
contained  in  the  theorem  of  §  370  are  not  satisfied. 

.    If  On  {Xy  y)  be  definite,  it  is  of  the  form 

On  {xy  y)  =  il  n  [{y  -  yrxy  +  K^a^], 

r=l 

where  n  =  2k,     Let  us  assume  that  A  is  positive ;  then 

Gn{x,y)^A'hhr^,a^, 

for  all  values  of  x  and  y  ;  it  follows  that  the  first  condition  of  the  theorem  is 
satisfied. 

The  case  in  which  A  is  negative  may  be  treated  in  a  similar  manner. 
Again 

hence  |0.(+(<().  j)|  >  |  ».(+(y),  y)|  £  M  Ijcn  -;^,; 

1    "yr  +  Of 

and  therefore  the  second  condition  of  the  theorem  is  satisfied. 
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Next  let  (?n  («,  y)  be  an  iDdefinite  form ;  in  which  case  Gn  (^»  y)  has 
neither  a  maximum  nor  a  minimum  at  (0, 0).  Let  (x\  y')  be  a  point  at  which 
(?n {m\  y')>0\  and  first  suppose  that  | y' |  ^  |  ar' |,  so  that  | a?' | >  0. 

Let  x,yhe  such  that  yjx  =  y'jx',  and  let  x,  x'  have  the  same  sign  ;  we  have 
^n  (^>  y)  >  0,  and  it  follows  that 


Next  suppose  that  ja?'!  ^  |y'|,  so  that  |y'|>0;  we  then  shew  in  the  same 
naanner  that 

where  y  has  the  same  sign  as  y\ 

Since  there  are  also  values  of  {x\  y')  such  that  On{i«\  y')<0,  we  can 
shew  as  before  that 


\x  I 


X 

where  x  and  x'  have  the  same  sign,  and  that 


(?„(t(y),y)^^H7fPlyl"<0. 


where  y  has  the  same  sign  ba  y\  It  has  thus  been  established  that,  when 
^n  (^>  y)  is  an  indefinite  form,  the  conditions  of  the  theorem  of  §  370  are 
satisfied. 

The  following  general  result  has  now  been  obtained: — 

V  f(^»  y)  -/(O,  0)  he  of  the  fomi  Gn  (x,  y)  +  iZ^+i  {x,  y\  where  On  (a:,  y) 
is  a  homogeneous  function  of  degree  n,  then,  if  n  be  odd,  /(O,  0)  is  not  an 
extreme  of  f(x,  y).  If  n  be  even,  and  Gn(x,  y)  be  an  indefinite  form,  f  (0,  0) 
is  not  an  extreme  of  fix,  y).  If  On(x,  y)  be  a  definite  form,  /(O,  0)  is  a 
proper  minimum,  or  a  proper  maximum,  of  f(x,  y),  according  as  On(^,  y) 
is  positive  or  negative.  If  On  (x,  y)  be  a  semi-definite  form,  no  conclusion  can 
be  drawn  from  the  consideration  of  On  (x,  y)  by  itself  as  to  the  existence  or 
non-existence  of  an  extreme  of  f{x,  y)  ai  the  point  (0,  0). 

372.  When  those  terms  in  the  expansion  oif{x,  y)  in  powers  of  x  and  y, 
which  are  of  the  lowest  degree,  give  a  semi-definite  form,  it  is  necessary  to 
take  a  value  of  n  greater  than  this  lowest  degree;  we  have  therefore  to 
consider  the  case  in  which  On  {po,  y)  is  not  homogeneous.  We  have  then,  in 
order  to  apply  the  theorem  of  §  242,  to  (?„  {x,  y),  to  determine  the  four 
functions  On  (x,  ^  (x)),  On  (a:,  0  (x)).  On  (^  (y),  y),  On  {±  (y).  y).  The  values 
y  =  ^(a?),  y^<f>(x),  may  be  either  in  the  interior,  or  at  the  ends  of  the 
interval  (—  x,  x).     In  the  former  case  they  must  be  such  as  to  satisfy  the 
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condition       **i^'  ^^  =  0 ;  in  the  latter  case  they  will  in  general  not  satisfy 

dy 

this  condition,  although  they  may  do  so.    The  method  of  procedure,  by 
which  On  (^,  ^  (a?)),  On  (a?i  ^  («?))  may  be  obtained,  is  to  obtain  the  various 

solutions  of  the  equation  — ""^  '  ^^  =  0,  in  which  y  is  expressed  as  a  series  of 

fractional  or  integral  powers  of  x ;  only  such  values  of  y  need  be  considered, 
as  vanish  for  a?  =  0. 

Let  y  =  Pi  (x),  y^  Pi  (^),  •  •  •  y  =  -Pr  (^)  denote  these  series ;  we  then 
form  the  expressions  On{^,—^\  On{ic,x),  On(x,  Pi{x)), ...  On(^,  Pri^))- 

It  is  certain  that  the  two  expressions  On(«^>  ^(^))>  G^»(*»  ^(^))  must 
both  occur  amongst  these  r  +  2  expressions,  and  a  comparison  of  the  leading 
terms  of  these  expressions  will  enable  us  to  identify  the  two  expressions 
required.  If  the  indices  of  the  leading  terms  in  On(x,  ^{x)),  Oni^,  ^(^))» 
are  not  greater  than  n,  the  first  conditiou  of  the  general  theorem  is  satisfied. 

A  similar    method,   in   which    the    equation    — ?^a_lJl£  — q   is   employed, 

will  lead  to  the  determination  of  GnCV^Cy),  y),  <?n('^(y),  y)- 

The  details  of  the  investigation  have  been  fully  carried  out  by  Scheeffer, 
who  employs  the  somewhat  more  symmetrical,  but  practically  less  simple, 
method,  in  which  x  and  y  are  expressed  as  series  involving  a  single 
parameter. 

When,  for  any  value  of  n,  the  result  of  this  process  is  that  On{x,  y)  is  such 
that  the  conditions  contained  in  the  theorem  of  §  370  are  not  satisfied,  a 
larger  value  of  n  in  which  more  terms  of  f(x,  y)  are  included  in  G»(a:,  y) 
must  be  taken,  and  the  process  repeated  until  a  definite  result  is  obtained. 

EXAMPLES. 

1.  Let  /(x,  y)-/(0,  0)«<M:«+2^xy+Ay«+^(a-,  y).  The  form  aa!«+2Ajpy+V  ia 
definite  if  ab-h^  is  positive;  in  this  case  /(O,  0)  is  a  proper  minimum  or  a  proper 
maximum  of  /(^,  y),  according  as  a  is  positive  or  negativa  If  a6- A'  is  negative,  then 
ax^+2hxi/-\'by^  is  an  indefinite  form,  and  in  that  case  /(O,  0)  is  not  an  extreme  of/(x,  y). 
If  a6-  A^=0,  the  form  ar*+2Aary4-6y'  is  semi-definite,  and  no  conclusion  can  be  drawn  as 
to  the  existence  of  an  extreme  of  /(a:,  y).  It  will  be  necessary  in  the  last  case  to  con- 
sider terms  of  order  higher  than  2  as  included  in  G^  (Xy  y).  By  taki&g  n=:3,  4, ...  a 
function  O^^  {x,  y)  may  be  determinable  which  satisfies  the  conditions  of  the  theorem 
of  §  370. 

2.*    Iiet/(a*,y)=ay*  +  2&ar^-»-cj?*-h/J6(^,y),  where  a  is  positive;  in  this  case  we  have 

*  See  Stolz,  OrundxUget  vol.  i,  p.  S84. 


372]  Mcucima  and  minima  521 

ajkL  this  Tanishes  for  y  =  — sfl.    We  have 

And  ^4  ( ^1  — J7*  )  = 4;*. 

It  follows  that  (?4  (jF,  -0?)  or  O^  (^,  x)  is  the  value  of  0^{x,  $  (j?)),  and  that  6^4  (^»  -  -  ^  ] 

is  that  of  6^4  (x,  ^  (x)).  If  oc  -  6*  be  negative,  the  two  expressions  O^  (jp,  <^  (x)),  6^4  (jf,  ^(x)) 
have  opposite  signs;  therefore /(O,  0)  is  Dot  an  extreme  of  /{x,  y).  If  oc- 6^  be  positive, 
the  two  expressions  are  both  positive,  and  the  first  condition  of  the  general  theorem  is 
satisfied,  since  the  indices  of  x  in  the  leading  terms  are  not  greater  than  4. 

We  find  that  -5-*""0  has  for  roots  x=±^  _2f^  and  x=0;   we  thus  form  the 

expressions  6^4(0,  y)=oy«,    6'4(±y,  y)«ay*+26y'+qy*. 

It  is  unnecessary  to  consider  the  roots  x=*±  //  -  — ,  because,  for  sufficiently  small 

values  of  y,  |x|>|y|,  and  thus  these  roots  could  uot  give  the  extremes  for  |x|;^|y|. 
Remembering  that  a  and  c  are  both  positive,  let  6^0,  then  the  value  of  6^4(V^(y),  y)  is 
oy'+S^y'+cy^,  and  that  of  O^  (^(yX  y)  is  ay^;  these  values  beiug  both  positive,  we  see 
that  6^4(0,  0}  is  a  proper  minimum  of  6^4  (x,y).  The  same  conclusion  may  be  made 
when  6^0.  Therefore,  when  ao— 6'>0,  a>0,  since  the  conditions  of  the  theorem  of 
§  370  are  satisfied,  /(x,  y)  has  a  proper  minimum  at  (0,  0).  If  oc -6'>0,  a<0,  there 
is  a  proper  maximum.    If  cu: -l^^O,  we  have 

hence  O^  (x,  y)  has  an  improper  extreme  at  (0,  0),  and  no  conclusion  can  be  drawn  as 
TefflrdBf{x,jf), 

a*    Let  /(x,  y)«y*+x^+/J4  (^>  y).    We  find   ^'  =  2y+x*,  and  thence  we  have 

also  (7s(x,x)=:x2+x3,      (73(x, -x)-x*-x3. 

It  is  clear  that,  in  this  case,  G's(x,  ^(x)),  6^3(x,^(x))  have  opposite  signs,  provided  x 
be  sufficiently  small,  therefore  6^(x,  y)  has  no  extreme^  at  the  point  (0,  0).     Since 

(73(x,  ^(x))=-ix*, 

it  is  not  the  case  that  |  G's(x,  ^(x))i^c|xP,  for  any  value  of  c,  in  a  neighbourhood  of  xe^O; 
the  theorem  of  §  370  is  therefore  not  applicable.  No  information  is  obtained  as  to  whether 
/(x,  y)  has  an  extreme  at  (0,  0),  or  not.  It  will  in  fact  be  shewn,  in  the  next  example, 
that  y'+x^+x*  has  a  minimum  at  (0,  0). 

4.     Let  /(x,y)=y«+x^+J?*+/26(^.  y).    We  find      *=2y+x»,  hence 

-^*«0  gives  y=-}x«; 

hence  ^4(^,  -}^)=ij?*+...; 

also  6f4(x,x)=x»+x*+x*,     (?4(x, -x)=ra:»-x*+x*. 

*  Soheeffer,  loe.  eit.,  p.  673. 
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lu  this  case  0^{Xyift{x)\  G^(Xy^{x))  are  both  positive,  and  are  greater  than  c\x\^  for  a 
fixed  <\  It  can  be  shewn  that  the  other  condition  is  also  satisfied.  It  follows  that  /(x,  y) 
has  a  minimum  at  (0, 0). 

5.     Let  /(x,y)=xV*-a:F*y»+^-3^^+3^--iar>V+5xM+y?,8(x,y). 

In  this  case    ~»0  has  the  three  roots 

y=5x*+...,  y=-ix2-V»^+—»  y=2x«+fx*+ .... 

On  substituting  these  values  in  G'ls  (x,  y),  and  forming  also  Oif{XyX\  6^19  (x,  —  x),we 
find  that  (^i8(x,  -<f>(x))  is  G'(x,  —  x)  or  0{x,x)  according  as  x  is  positive  or  negative;  and 
the  expression  commences  with  the  term  x*.  We  find  for  6'i2(x,^(x))  an  expression 
-4r>*+....  Since  6^i8(x,  <^(x)),  G'u(x,  ^(x))  have  opposite  signs,  it  follows  that  (0, 0)  is 
not  a  point  at  which  On  (x,  y)  has  an  extreme.  Since  the  indices  of  the  leading  tenns  of 
^is(j^)  ^(•^))*  ^ia(^)^(<^))  ^^^  l>oth  less  than  12,  the  condition  of  the  theorem  of  §  370  is 
satisfied,  and  we  can  therefore  infer  that/(x,3r)  has  no  extreme  at  (0,0). 


FUNCTIONS   REPRESENTABLE  BY  SERIES  OF  CONTINUOUS  FUNCTIONa 

373.  Before  proceeding  to  consider  the  most  general  class  of  functions 
which  are  representable  as  the  limits  of  sequences  of  continuous  functions, 
and  therefore  by  infinite  series  of  which  the  terms  are  continuous  functions, 
we  shall  first  examine  the  case  in  which  the  function  to  be  represented  is 
itself  continuous  in  a  given  interval. 

The  following  general  theorem  is  due  to  Weierstrass* : — 

If  a  function  f{x)  he  continuous  throughout  a  given  interval  (a,  6),  and 
if  h  be  an  arbitrarily  chosen  positive  number,  a  finite  polynomial  P  (a?)  can  he 
found  such  that  \  f(x)  —  P(x)\<B,  for  every  value  of  x  in  (a,  6). 

In  order  to  prove  the  theorem,  it  is  convenient  first  to  consider  certain 
special  cases.  Let  a  function  y  be  defined,  for  the  interval  (—a,  a),  by  the 
specifications  y  =  mx,  for  0  ^  ^  ^  a,  and  y  ==  —  mx,  for  ~  a  ^  a?  ^  0 ;  thus 
y  is  the  continuous  function  which  is  represented  geometrically  by  portions 
of  two  straight  lines  which  meet  at  the  origin  and  are  equally  inclined  to 
the  ar-axis.     The  function  is  represented  in  the  whole  interval  (—a,  a)  by 


y  =  «»«[l  +  (5-l)]. 


where  the  positive  value  of  the  radical  is  to  be  taken ;  the  expression  for  y 
can  be  expanded  by  the  Binomial  Theorem  in  a  series  of  powers  of  —  - 1, 

•  SUzung$ber,  of  the  Berlin  Acad.,  18S5.  The  proof  given  here  is  sabeUmtially  that  doe  to 
l*betgue ;  see  BulUtin  det  Seience$  Math.,  ser.  2,  voL  xxn  (1),  p.  27S,  1S9S.  Other  proofs  hare 
been  given  by  Picard,  Traiti  d\inal^ie,  vol.  i,  p.  35S;  by  Volterra,  Rend,  dti  Circolo  mmL  di 
Fahrmo,  1897,  p.  83 ;  by  Mittag-Leffler,  Rend,  del  Circolo  mat.  di  Palermo,  1900 ;  by  Lereh, 
Acta  Math,,  vol.  xxvu,  p.  339.  See  also  BorePs  Lemons  sur  les  fonctiom  de  variables  rielUt, 
II.&0. 
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and  this  series  converges  uniformly  in  the  whole  interval.  In  this  manner, 
by  taking  one,  two,  thi*ee,  &c.  terms  of  the  series,  we  obtain  a  sequence  of 
polynomials  in  x  which  converges  uniformly  to  the  value  of  the  function ;  and 
thus  this  particular  case  of  the  general  theorem  has  been  established. 

Next,  let  the  function  y  be  defined  for  the  interval  (a,  6)  as  follows : — 

Let  y=^0,{oT  a  ^x  ^  c,  and  y  —  m(x'-c),{orc^x^b,  where  c  is  a  fixed 
number  between  a  and  6 ;  this  function  is  represented  geometrically  by  the 
portion  of  the  a;-axis  between  the  points  a  and  c,  and  by  the  portion  of  the 
straight  line  y  =  m{x''C)  between  the  points  c  and  6.  The  function  may 
be  represented  by 


m 


y=-o(^-^)  + 


and  since,  as  has  been  shewn  in  the  last  case, 

is  representable  as  the  limit  of  a  sequence  of  polynomials,  the  same  is  true 
of  the  function  now  considered. 

Next,  let  (a,  6)  be  divided  into  a  finite  number  of  intervals 

(a,  Xi),  (xi,  a:,),  (x^,  a^). ...  (a?n-i,  f>\ 

and  let  ordinates  to  the  or-axis  be  erected  at  the  points 

(If         Xlt         X^y         ...        *P|l_l,  0, 

the  extremities  of  these  ordinates  being  denoted  by 

Let  the  consecutive  pairs  of  these  points  be  joined  by  straight  lines,  an  open 
polygon  PP1P9  ...  Q  being  thus  formed;  it  will  be  shewn  that  the  con- 
tinuous function  <f>  (x)  defined  by  the  ordinates  of  this  open  polygon  is  such 
that  a  poljmomial  P  (x)  can  be  found,  such  that 

\<t>(x)^F(x)\<rf. 

for  every  value  of  x  in  (a,  6).  It  is  clear  that  the  function  <t>(x)  can  be 
expressed  as  the  sum  of  n  functions 

which  are  such  that  <f>i  (x)  is  linear  in  the  whole  interval  (a,  6) ;  <^  (x)  vanishes 
in  the  interval  (a,  a?i),  and  is  linear  in  the  interval  (a?i,  6);  ^s(^)  vanishes  in 
the  interval  (a,  x^),  and  is  linear  in  the  interval  (oc^y  ^n);  ^^^  generally  <l>r{x) 
vanishes  in  the  interval  (a,  Xr^i),  and  is  linear  in  the  interval  (a?^i,  6).  Since 
polynomials  satisfying  the  prescribed  conditions  can  be  found  for  each  of  the 
functions 

the  theorem  is  established  for  the  function  <^  (x). 
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In  the  general  case  in  which  /(x)  is  any  function  continuous  in  (a,  6),  it 
follows  from  the  known  theorem  that  /(x)  is  necessarily  UDiformly  con- 
tinuous in  (a,  6),  that,  if  e  be  a  prescribed  positive  number,  the  interval  can 
be  divided  into  parts  {a,  Xi),  {x^,  x^), ...  (x^-iy  b),  such  that  the  fluctuation  of 
f{x)  in  each  of  these  parts  is  <  e. 

If  <f>  (x)  denotes  the  function  considered  above,  which  we  take  to  be  equal 
to  /(x)  at  each  of  the  points  a,  x^,  x^,  ...  6,  and  to  be  linear  between  each 
consecutive  pair  of  these  points,  we  see  that 

\f(<c)-4>(<^)\<e 

in  the  whole  interval ;  and  as  it  has  been  shewn  that  a  polynomial  P  (x) 

ezi8t<«,  such  that 

|<^(^)-P(:p)|<i;, 

it  follows  that  |  f(x)  —  P  (a?)  |  <  c  + 1; ; 

hence,  since  e,  rf  are  both  arbitrarily  chosen,  Weierstrass'  theorem  has  been 
established. 

If  5i,  Sq*  ••-  Sn«  •'•  be  a  diminishing  sequence  of  positive  numbers  which 
converges  to  the  limit  zero,  then  a  sequence  of  polynomials 

P^(xl  P,(x\... 
can  be  found  such  that 

\/(x)-P,ix)\<S„  \f(x)-P,(x)\<S„  ...  \f(x)-P^(x)\<Bn.  ... 
for  all  values  of  x  in  (a,  6). 

Since  the  sequence  of  polynomials  Pi(x),  Pi  (a?), ...  Pn(^),  •••  converges 
uniformly  to  f{x)  as  their  limit,  f(x)  may  be  regarded  as  the  sum-function 
of  the  uniformly  convergent  series 

P,(a:)+[P,(^)-P,(^)]  +  ...-H[Pn(ar)-Pn-i(*)]  +  ...; 
thus  the  following  theorem  has  been  established : — 

If  f{x)  he  afuncUon  which  is  contintuma  throughout  the  interval  (a,  6),  the 
function  is  expressible  as  the  limiting  sum  of  a  uniformly  convergent  series,  of 
which  the  terms  are  finite  polynomials, 

Weierstrass'  theorem  may  be  extended  to  the  case  of  functions  of  any 
number  of  variables.     The  general  result  may  be  stated  as  follows : — 

A  function  defined  for  any  closed  domain  D,  and  coniinu>ous  in  that 
domain  with  respect  to  {xi,  a;,, ...  a?n),  can  be  represented  in  that  domain  by 
a  series  of  polynomials  which  converges  uniformly  and  absolutely  in  D. 

For  a  proof  of  this  theorem,  and  for  a  discussion  of  the  methods  of 
Lagrange  and  Tchebichefif  for  the  approximate  representation  of  functions  by 
series  of  polynomials,  reference  may  be   made   to   Borel's  Legona  sur  les 
functions  de  variables  relies,  Chapter  iv. 


373, 374]  Series  of  continvxms  functions  525 

374.  The  question  which  arises  as  to  the  nature  of  the  most  general 
function  that  can  be  represented  in  a  given  interval  as  the  sum  of  a  series 
of  continuous  functions  which  converges  at  every  point  in  the  given  interval, 
has  been  completely  answered  by  Baire,  whose  result  is  contained  in  the 
following  general  theorem*: — 

The  necessary  and  sufficient  condition  that  a  function  may,  in  a  given 
interval,  he  representable  as  the  siim  of  a  series  of  continuous  functions  which 
converges  at  every  point  to  the  value  of  the  fanctiony  is  thai,  the  given  function 
shall  be  at  most  point-wise  discontinuous  with  respect  to  every  perfect  set  of 
points  in  the  given  interval. 

It  will  be  in  the  first  place  assumed  that  the  given  function  is  limited  in 
its  domain. 

To  shew  that  the  condition  stated  in  the  theorem  is  necessary,  let 

be  a  series,  such  that  the  functions  Un{x)  are  all  continuous  in  a  given 
interval  (a,  6),  and  such  that  the  series  converges  for  every  point  in  (a,  6). 
Instead  of  the  function  Sn  {x\  we  may  consider  the  transformed  sum-function 
s(w,y),  as  defined  in  §  349.  This  function  is  defined  for  every  point  in  the 
rectangle  bounded  by  the  four  straight  lines  x=^a,x=by  y-0,  y=^l,  and  is 
everywhere  continuous  with  respect  to  y;  it  is  also  everywhere  continuous 
with  respect  to  x,  except  upon  the  axis  y  =  0,  upon  which  its  properties  are 
to  be  investigated.  The  function  s  (x,  y)  falls  under  the  case  investigated  in 
§  244,  where  it  is  shewn  that  in  every  portion  of  a  continuous  curve 

y  =  <^  («)» 

there  exist  points  at  which  s  (x,  y)  is  continuous  with  respect  to  (x,  y).  In 
particular,  on  the  axis  y  =  0,  there  must  in  every  interval  be  points  at  which 
s  {Xy  y)  is  continuous  with  respect  to  {x,  y),  and  a  fortiori  with  respect  to  x ; 
thus  the  function  s(x,  0)  which  represents  the  limiting  sum  of  the  series  is 
at  most  point-wise  discontinuous  with  respect  to  x.  The  same  result  holds 
if  only  such  values  of  x  are  taken  into  account,  as  correspond  to  the  points 
of  any  perfect  set  in  the  interval  (a,  6);  hence  it  has  been  shewn  to  be 
a  necessary  property  of  the  sum  of  a  convergent  series  of  continuous 
functions  that  it  is  at  most  point-wise  discontinuous  with  respect  to  every 
perfect  set. 

*  The  theorem  is  ftiUj  developed  in  Baire*s  memoir,  **  Sor  les  fonetions  de  variables  relies,'* 
Atmali  di  Mat,  ser.  in.  a,  vol.  m,  1899 ;  also  in  his  treatise  Lemons  tur  le$  fonetions  diicon- 
Hnuet,  He  has  proved  the  sufficiency  of  the  condition  more  sacoinctiy  in  the  Bulletin  de  la  Soc, 
Math,  de  France^  vol.  xxvin  (1900) ;  this  is  the  proof  given  in  the  text.  Another  proof  of  the 
theorem,  of  a  very  instraotive  character,  has  been  given  by  Lebesgne  in  Borel*s  Le^nt  tur  lee 
fimetiont  de  variablee  rieUe$,  pp.  149—155.  See  also  Lebesgne's  memoir  **  Snr  les  fonctionB 
zqvr^eentablea  analytiqoement,"  LioutnUe*9  Journal,  ser.  6,  vol.  i,  1905,  where  the  theorem  it 
proved,  and  also  generalised. 
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In  order  to  prove  that  the  condition  stated  in  the  theorem  is  sufficient, 
let  us  suppose  that  a  function  f(x)  is  defined  for  the  domain  (0,  1),  and  is  at 
most  point-wise  discontinuous  with  respect  to  every  perfect  set  of  points 
contained  in  that  domain;  it  must  then  be  shewn  that  a  sequence 

fi(^\M^\  .../n(a?)... 

of  functions  can  be  determined  which  converges  at  every  point  of  (0, 1)  to  the 
value  o{f(x). 

If  p  he  SL  positive  integer,  the  points 

where  o^  is  a  positive  integer,  will  be  called  principal  points  of  order  p; 
the  interval 

\   2P    '      2P  J 
of  which  the  centre  is  ^ ,  will  be  called  a  principal  domain  Dp  of  order  p ; 

the  domains  with  centres  0,  1,  of  order  p,  will  be  taken  to  be  the  intervals 


(O,  2^),    (l-2^.    2^ j  respectively. 


A  point  P  of  (0,  1)  belongs  to  two  domains  of  order  p ;  the  centres  of  these 
domains  will  be  called  the  principal  points  of  order  p  associated  with  P. 

The  problem  of  constructing  the  required  sequence  of  functions  is  re- 
ducible to  the  following  problem : — 

(A)  To  determine  a  number  ^(-D),  corresponding  to  each  principal 
domain  D,  which  is  such  that,  having  given  any  point  P  and  a  positive 
arbitrarily  chosen  number  e,  there  exists  an  interval  with  centre  P,  such 
that,  for  every  principal  domain  D  entirely  contained  in  the  interval,  and 
containing  P,  the  number  (f)  (D)  differs  from  /(P)  by  lees  than  c. 

If  the  numbers  (f)  (D)  have  been  determined,  the  functions  fp  can  be 
constructed  as  follows : — At  each  principal  point  Q  of  order  p,  let  fp  have  for 
its  value  that  of  <^  (D)  corresponding  to  the  domain  of  which  Q  is  the  centre. 
Then  let  fp  be  made  continuous,  and  such  as  to  have  at  every  point  P 
a  value  intermediate  between  the  greater  and  the  lesser  of  its  values  at  the 
principal  points  of  order  p,  associated  with  P ;  for  example  fp  may  be  taken 
to  be  linear  with  respect  to  x,  between  each  consecutive  pair  of  principal 
points.  Now  take  an  interval  with  centre  P  satisfying  the  condition  stated 
above ;  when  p  exceeds  a  certain  value,  the  principal  domains  of  order  jp, 
which  contain  P,  are  interior  to  this  interval ;  hence  the  values  of  fp  at  the 
principal  points  associated  with  P  differ  from  /(P)  by  less  than  € ;  and  the 
same  is  true  of  the  function  fp{P).  Hence  it  follows  that/(P)  is  the  limit 
of  ^  (P),  when  p  is  indefinitely  increased. 
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Before  we  proceed  to  shew  that  the  problem  (A)  can  be  solved  for  the 
case  of  any  function  /  which  is  at  most  point-wise  discontinuous  relatively  to 
every  perfect  set  of  points,  it  will  be  shewn  that  the  problem  is  capable  of 
a  very  simple  solution  in  the  case  in  which  /  is  a  semi-continuous  function. 
Let  us  suppose  that /is  an  upper  semi-continuous  function.  In  each  domain 
D,  let  ^{D)  be  the  maximum  of/ in  that  domain,  then  the  conditions  of  (A) 
are  satisfied ;  for  an  interval  with  P  as  centre  can  be  found  in  which,  at  every 
point  P',f(P')  <f(P)  +  €,  If  D  is  contained  in  this  interval,  and  contains  P, 
the  maximum  of  /  in  this  interval,  that  is  <t>  (D),  lies  between  /(P)  and 
/(P)  +  €,  hence  the  conditions  of  (A)  are  satisfied.  It  has  thus  been 
established  that  every  function  /  which  is  semi-continuous  throughout  (0,  1) 
X8  the  limit  of  a  sequence  of  continuous  functions,  and  is  therefore  representable 
as  the  sum  of  an  infinite  series  of  continuous  functions. 

To  solve  the  problem  (A)  in  the  general  case,  let  us  take  a  descending 
sequence  6i,  c^,  ...  €»,  ...  of  positive  numbers  which  converge  to  zero;  let  D 
be  a  principal  domain,  then  we  have  to  define  ^  (/)). 

Let  0*1  be  the  greatest  number  in  the  sequence  {e},  such  that  in  D  there 
are  points  at  which  the  saltus  of/ is  ^  o*] ;  let  P]  denote  the  set  of  points  in  D 
for  which  the  saltus  to  {f)^ai.  If  the  perfect  component  Pi°  of  Pi  exist, and 
if  /  be  not  continuous  relatively  to  Pi**,  let  <r,  be  the  greatest  number  of  the 
sequence  {e},  such  that  there  are  points  of  D  at  which  the  saltus  ft>(/,  Pi°)  of 
/relatively  to  Pi°,  is  « cr, ;  let  Pj  be  the  set  of  such  points.  In  this  manner 
we  obtain  closed  sets 

all  contained  in  D,  and  a  corresponding  set  of  numbers 

^if  ^29  <^z,  •••  ^nt  •••  a-^i  ...  o-a, (2), 

all  belonging  to  the  sequence  [e].  If  a  be  a  non-limiting  number,  a.  and  P. 
are  derived  from  cr«_i,  P«-i,  just  as  o-j  and  P,  are  derived  from  o-i,  P,.  If  a  be 
a  limiting  number,  P.  is  the  set  common  to  all  the  sets  of  which  the  index  is 
less  than  a,  and  cr.  is  the  inferior  limit  of  all  the  a  a  of  which  the  index  is  less 
than  a. 

It  is  clear  that,  if  /3<a,  then  P^  ^  P.,  and  a^^a^. 

It  has  been  shewn  in  §  74,  that,  for  such  sets,  there  exists  a  number  a  of 
the  first  or  of  the  second  class,  such  that  P.  =«  P«+i.  In  the  present  case  we 
must  have  P.  =  0 ;  for  if  P.  existed,  we  should  have 

and  there  would  be  a  positive  number  <r.^.i,  such  that,  relatively  to  P.**,  the 
saltus  of  /  at  every  point  is  ^  <r«+i ;  and  thus  /  would  be  at  every  point 
discontinuous  relatively  to  the  perfect  set  P.",  which  is  contrary  to  the 
hypothesis  made  as  regards  the  nature  of  the  function  /.     It  has  thus  been 
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shewn  that  a  number  fi  exists,  such  that  either  P^  is  enumerable,  in  which 
case  Pfi^  =  Pfi^i  =  0 ;  or  else  such  that  P/i°  exists,  but  /  is  continuous 
relatively  to  it,  in  which  case  also  P/i+i^O. 

If  Pfi  be  enumerable,  there  exists  a  number  7,  such  that  P^y  consists  of  a 
finite  number  of  points ;  we  then  take  for  4>  (^)  some  number  between  the 
extreme  values  of/ at  the  points  of  Pfi^ ;  it  having  been  assumed  that  /  is  a 
limited  function.  If/  is  continuous  relatively  to  P^°,  we  take  for  ^(D)  any 
number  between  the  extreme  values  of /in  P^°. 

The  number  ^(i))  having  now  been  defined  for  each  domain,  it  must  be 
shewn  that  the  conditions  of  (A)  are  thus  satisfied. 

If  P  be  a  point  of  (0,  1),  let  Ti  be  the  greatest  of  the  numbers  [e]  such 
that  the  saltus  of/  at  P,  tap  (/)  ^  Ti  ;  and  let  Qi  be  the  set  of  points  in  (0, 1) 
at  which  a>{/)  b  T].  If  Qi^  exists  and  contains  P,  and  if  the  function  is  not 
continuous  at  P  relatively  to  Qi°,  let  r,  be  the  greatest  number  of  the  set  {e}, 
such  that  wp(/,  Qi°)  ^  t,.  Let  Q,  be  the  set  of  points  in  (0, 1)  at  which 
6>  (/,  Qi°)  ^  T3 ;  proceeding  in  this  manner  we  obtain  a  set  of  closed  sets 

Vi>  Wt>  •••  Wn>  •••  W«>  •••  v« \y)f 

all  of  which  contain  P,  and  a  set  of  numbers 

The  set  Q.  and  the  number  t.  depend  upon  Qa_i,  t._i  just  as  Q,,  Tj  depend 
upon  Qi,  Ti,  in  case  a  is  not  a  limiting  number.  If  a  is  a  limiting  number,  Q. 
consists  of  all  points  common  to  all  the  Q's  with  indices  lower  than  a,  and  Ta  is 
the  inferior  limit  of  all  the  t's  with  indices  inferior  to  a.  As  before,  Q^  must 
vanish  after  a  certain  index,  and  thus  there  is  a  number  1;,  such  that,  either  Q,° 
does  not  exist,  or  such  that  it  exists  and  does  not  contain  P,  or  else  such  that 
it  contains  P,  but  P  is  a  point  of  continuity  of  /relatively  to  Q,°. 

Each  of  the  numbers  of  (4)  belongs  to  the  sequence  {e},  except  perhaps 
the  last  one  r, ;  these  numbers  can  be  arranged  in  groups,  the  numbers  of  the 
same  group  being  equal  to  the  same  number  X  of  the  sequence  (e}.  The  index 
of  the  first  number  in  each  group  is  necessarily  a  non-limiting  number ;  for  if 
a  be  a  limiting  number,  as  t«  is  the  inferior  limit  of  all  the  numbers  r.',  such 
that  a'  <  a,  and  as  there  exists  only  a  finite  number  of  values  of  the  t«',  there 
are  numbers  a\  such  that  t«'  =  t«.     We  can  write 

^    \ 

Ti  =  Tj  =  . . .  =  T«j  =  Aq , 


*''«^l+l""*''«»-l+f—  •••  —  '''«»—  ^* 


.(5). 


The  number  of  groups  of  the  t's  may  be  finite,  say  k,  in  which  case  <*k  =  v> 
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or  else  the  number  of  groups  is  infinite,  in  which  case  X,,  X,, ...  Xj^, ...  have 
their  limit  zero. 

Let  Xi',  Xa',  ...  Xjb',  ...  be  the  numbers  in  the  sequence  [e]  which  imme- 
diately precede  the  numbers  X,,  X,,  ...  Xj^,  ....  Let  Ri  be  the  set  of  points  of 
(0, 1)  at  which  w  (/)  ^  X/;  let  iZj  be  the  set  of  points  of  Qa^  for  which 

and  generally  let  Ru  be  the  set  of  points  of  Q°«j_,  for  which 

It  may  happen,  if  Xi  be  the  first  number  of  (e},  that  no  number  Xi'  exists,  and 
thus  that  Ri  may  not  exist.  In  accordance  with  the  definition  of  the  sets  Q, 
the  point  P  does  not  belong  to  any  of  the  closed  sets 

hence,  whatever  h  may  be,  there  is  an  interval  with  centre  P  which  contains 

no  points  of  the  sets 

Ui,  ivj,  ...  Rf^, 

Let  i)  be  a  principal  domain  containing  P,  and  contained  in  the  interval ;  if, 
in  this  domain,  the  sets  Px,  P,,  ...  P.  are  defined,  all  those  of  these  sets  of 
which  the  index  is  equal  to  or  inferior  to  ak  coincide,  in  D,  with  the  sets 

having  respectively  the  same  indices ;  in  fact,  there  is  in  i)  no  point  at  which 

«  (/)  ^  V, 
whilst  there  is  at  least  one,  the  point  P,  at  which 

(o(/)^X,(=tO, 

therefore  Ci  =  t^  ;  and  consequently,  in  D,  P,  coincides  with  Qi.  It  will  be  shewn 
that,  in  D,  the  sets  P.,  Q«  coincide,  if  a  ^Op;  it  is  suflScient  to  establish 
the  proposition  for  a  non-limiting  number.  There  are  two  cases  to  be 
considered. 

(1)  If  a  be  not  the  index  of  the  first  term  of  a  group  in  (5);  let  us 
assume  cr._,  =  Ta_i,  and  that  P.-i,  Q«-i  coincide  in  D.  According  to  hypo- 
thesis Ta=  T._i,  so  that  at  P  the  saltus  relatively  to 

is  ^  Ta ;  therefore  o-.,  which  cannot  exceed 

is  identical  with  t«.     Therefore  P.  is,  in  I),  identical  with  Q.. 

(2)  If  a  be  the  index  of  the  first  term  of  one  of  the  groups  in  (5),  say 
oa  + 1,  (S  <  h\  we  assume  Pa^^  =  Qa^ ;  in  the  set  Q^a^  the  saltus  at  P  is  greater 
than  or  equal  to  X«+i.    As  D  contains  no  point  of  -K«+i,  the  set  of  points  where 
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we  have  ^^l^+i  =  X^i  =  Ta^+i ; 

hence  -Po^i,   Qa^i 

coincide  in  D.    It  has  now  been  proved  by  induction  that  the  two  sets  are 
coincident  in  D. 

The  final  stage  of  the  proof  fails  into  two  cases : — 

(1)  For  the  point  P,  the  number  of  groups  in  (5)  may  be  finite^  say  k; 
then  cLt^V'  ^^  ^^  Q^  exists,  but  Q^^i  does  not  exist.  There  are  then  two 
sub-cases. 

(1)«  If  Q,°  does  not  exist,  or  exists  but  does  not  contain  P ;  the  point 
P  belongs  to  a  certain  set  Q/,  but  not  to  Q,"^^;  P  is  therefore  an 
isolated  point  of  Q/.  An  interval  can  be  determined,  with  P  as  its 
middle  point,  containing  no  point  of  Q/  except  P,  and  containing  no 
points  of  Ri,  12,,  ...  Rk-  If  i)  is  a  domain  containing  P,  and  contained  in 
the  interval,  in  this  domain  P,  and  Q,  coincide ;  whence  P/,  Q/  consist  of  the 
one  point  P,  and  P,*^*  =  0.  In  accordance  with  the  definition  of  ^  {D\  we 
have  ^{D)^f{P). 

{\\  It  may  happen  that  P  belongs  to  Q,°,  and  that  the  function  /  is 
continuous  at  P  relatively  to  Q,°.  An  interval  can  be  determined,  with  its 
centre  at  P,  containing  no  points  of  ii,,  ii,, ...  iij^,  and  such  that  the  saltus 
of  /  relatively  to  the  part  of  Q,°  in  the  interval,  is  <  6.  If  D  is  contained  in 
the  interval,  and  contains  P,  we  have  P,°,  Q,°  coincident  in  D ;  the  set  P^^ 
or  P/f^  which  occurs  in  the  definition  of  ^  (D),  is  certainly  contained  in  Q^ ; 
hence  ^  (D)  differs  from/'(P)  by  less  than  6. 

(2)  The  groups  in  (5)  may  be  infinite  in  number;  if  €  is  fixed,  A  can 
be  found  such  that  X^  <  e.  Relatively  to  Q°«^,  the  saltus  at  P  is  <  e ;  thus  an 
interval,  with  P  as  its  middle  point,  can  be  determined,  which  ccmtains  no 
points  of  ii,,  12,, ...  i^A,  and  such  that  the  fluctuation  of  y  in  the  pcHtion  of 
Q°^  which  is  contained  in  the  interval  is  <  e.  As  in  (1)»,  the  set  P^^  or  P^° 
which  serves  to  define  4^{D\  is  contained  in  Q°«^;  thus  4>{I))  differs  from 
/(P)  by  less  than  6. 

It  has  now  been  shewn  that  the  conditions  of  the  problem  (A)  are  satisfied. 
Thus  Baire  8  theorem  has  been  completely  established*,  on  the  assumption  that 
the  given  function  is  a  limited  one. 

376.  In  order  to  extend  the  result  to  the  case  of  a  function  which  is  not 
limited  in  its  domain,  let  us  suppose  that  the  function  y=/i^)  has  points  of 
infinite  discontinuity;  the  case  may  also  be  included  in  which  th^e  are 

*  The  above  proof,  as  siren  hj  Baire,  is  applicable  to  the  ease  of  a  fonetioii  of  anj  Dinnbar  oi 
variables.     The  only  moAfication  required  for  this  extension  is  an  obYioos  Qenentisalioa  in  Hm 
of  the  principal  points  and  principal  domains. 
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values  of  x  for  which  y  has  the  improper  value  x ,  or  the  improper  vahie  —  oo . 
Let  a  new  function  z  =  if>(x)he  defined  by  means  pf  the  relations 

z  =  r-^  ,  for  0  ^  y  ^  00 , 

and  z  =  :r^—  ,  for  —  oo  ^  v  =  0. 

It  is  then  clear  that,  corresponding  to  the  unlimited  function  y  =/  (a?),  we 
have  a  limited  function  z  —  <l>  (x),  in  which  the  dependent  variable  z  has 
1  and  —  1  for  its  upper  and  lower  limits  in  the  whole  domain  of  x.  It  is 
easily  seen  that  two  values  of  y  correspond  to  values  of  z  in  which  the 
relation  of  order  is  conserved,  and  conversely;  and  further,  that,  to  a 
convergent  sequence  of  values  of  y,  there  corresponds  a  convergent  sequence 
of  values  of  z,  and  the  converse.  A  point  of  continuity  of  f(x)  is  also 
a  point  of  continuity  of  0  (x\  and  the  converse  is  true ;  and  this  also  holds  of 
the  points  of  continuity  with  respect  to  any  perfect  set  of  points  in  the 
domain  of  a?.  It  follows  that,  if  one  of  the  two  functions  f(x\  <l>(x)  is  point- 
wise  discontinuous  with  respect  to  every  perfect  set,  then  the  other  function 
has  the  same  property.  lif{x)  is  the  limit  of  a  sequence  fi{x\  fi(x),  ...  of 
continuous  functions,  then  the  functions  ^i  (x\  0s  {x\  . . .  obtained  by  applying 
the  above  transformation  are  also  continuous,  and  they  converge  to  if>(x). 
Therefore,  \t  f{x)  is  the  limit  of  a  sequence  of  continuous  functions,  4>(x)  has 
the  same  property.  If  4>{x)  is  assumed  to  be  the  limit  of  a  sequence  of 
continuous  functions,  we  can  assume  these  functions  0n(«)  to  have  +1,-1 
for  upper  and  lower  limits,  as  these  are  the  upper  and  lower  limits  of  (f>  (x). 
Let  Bi,  e^j  ^8, ...  be  a  convergent  sequence  of  increasing  proper  fractions,  of 
which  1  is  the  limit. 

The  functions  ei<f>i(x),  e^i{x\  ...  are  continuous,  and  converge  to  the 
limit  4>{x)\  moreover  Sn^ni^)  has  +en,  —  Cn  for  its  upper  and  lower  limits, 
and  these  numbers  lie  within  the  interval  (—1,  +1).  The  function /»(«?) 
which  transforms  into  en<l>n  (^)  is  then  continuous  and  limited ;  and  since  the 
limit  of  the  sequence  [en<t>n(^)}  is  (t>(x),  it  follows  that  the  limit  of  the 
sequence  {/n(«)}  is /(a?).  The  condition  that  <t>{x)  is  the  limit  of  a  sequence 
of  continuous  functions  is  that  it  should  be  at  most  point-wise  discontinuous 
with  respect  to  every  perfect  set  in  the  domain  of  a: ;  it  follows  that,  when 
this  condition  is  satisfied,/ (a?)  is  also  at  most  point- wise  discontinuous  with 
respect  to  every  perfect  set.  The  general  theorem  has  now  been  completely 
established. 

376.  It  may  be  shewn  that  any  function /(a;)  which  satisfies  the  condition 
contained  in  Baire's  general  theorem  can  be  expressed  as  the  limit  of  a 
sequence  of  finite  polynomials.  Since,  under  the  condition  stated, /(a?)  is  the 
limit  of  a  sequence  {fn(^)]  of  continuous  functions,  if  6i,  e,, ...  be  a  sequence 
of  decreasing  positive  numbers  converging  to  zero,  we  can,  in  virtue  of 
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Weierstrass*    theorem   (§  373),  determine   a    polynomial    Pn  (a?)   such   that 

1  Pn{^)  —fn(^)  I  <  €n,  in  the  whole  domain  of  x.  It  follows  that  the  sequence 
Pi(x),  P^(x\  ...  of  polynomials  so  determined,  converges  to  the  limit /(a?). 
We  have,  in  particular,  the  following  theorem : — 

The  necessary  and  sufficient  condition  that  a  function  /(x)  can  be  repre- 
sented by  a  convergent  series  of  polynomials,  eaxsh  of  finite  degree,  is  that  f(x) 
should  be  at  most  point-wise  discontinuous  with  respect  to  every  perfect  set  of 
points  in  the  domain  of  x. 

377.  A  theorem  relating  to  those  continuous  functions  which  in  any 
interval  of  the  independent  variable  are  either  diflFerentiable,  or  at  least 
possess  everywhere  a  deBnite  derivative  on  one  and  the  same  side,  can  be 
deduced  from  Baire's  general  theorem.  The  derivative  may  at  any  point 
be  infinite  with  a  definite  sign. 

If  /A ^ — sti-J  ^  for  positive  values  of  h  have  a  definite  limit,  finite  or 

infinite,  for  each  value  of  a;,  as  A  has  a  sequence  of  positive  values  converging 
to  zero,  it  follows  from  Baire's  theorem,  that  the  derivative  so  defined  is  at 
most  point-wise  discontinuous  with  respect  to  every  perfect  set  in  the 
interval.     Thus  the  following  theorem  has  been  established : — 

^f  /(^)  f>^  continuous  in  any  interval,  and  possess  at  every  point  a 
differential  coefficient,  or  else  a  definite  derivative  on  one  and  the  same  side, 
then  the  differential  coefficient,  or  the  derivative,  is  either  continuous  in  the 
interval,  or  else  is  point-wise  discontinuous  with  respect  to  every  perfect  set  of 
points  contained  in  the  interval. 

baire's  classification  of  functions. 

378.  A  classification  of  functions  of  a  real  variable  has  been  suggested 
by  Baire*,  based  upon  the  properties  of  the  functions  in  relation  to  their 
representation  as  limits  of  sequences  of  functions.  Continuous  functions 
form  the  class  0 ;  and  functions  which  are  not  continuous  but  are  the  limits 
of  sequences  of  continuous  functions  belong  to  the  class  1.    Functions  of  class 

2  are  those  which  can  be  represented  as  the  limits  of  sequences  of  functions 
of  class  1,  and  do  not  themselves  belong  to  either  of  the  classes  0  or  1.  In 
general,  a  function  is  of  class  n,  if  it  can  be  represented  as  the  limit  of  a 
sequence  of  functions  of  class  n—1,  provided  it  does  not  belong  to  any  of 
the  classes  0,  1,  2,  ...  n  —  1. 

It  can  be  shewn  by  means  of  an  example,  that  functions  of  class  2 

exist.     Consider  the  function  f(x)  which  has  the  value  1,  for  all  rational 

values  of  x,  and  the  value  0,  for  every  irrational  value  of  x.     This  function 

does  not  belong  to  either  of  the  classes  0  and  1,  for  it  is  totally  discontinuous ; 

*  loc.  eit.  (above,  p.  525).    See  also  Compter  Ren^ut^  Deoember  4  an^  11,  1899, 
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but  it  is  easily  seen  to  be  the  limit  of  a  sequence  of  functions  all  of  which  are 
of  class  1.  For  let  us  define  fnipc)  to  be  zero  at  every  point  except  those 
points  at  which  the  value  of  a;  is  rational  and  has  for  its  denominator  an 
integer  not  exceeding  n\  this  function  /n(«)  has  only  a  finite  number  of 
discontinuities  in  any  given  interval,  and  therefore  belongs  to  class  1.  The 
function  f{x)  is  the  limit  of  the  sequence  {/n(«)},  and  is  therefore  of 
class  2.     This  function  is  capable  of  the  analytical  representation 

f{x)  =  lim  lim  (cos  m !  Tra?)**. 


«•=*  n^QO 


A  function  belonging  to  class  2  can  be  represented  by  a  double  series 
2    2  Pm,n{^\  where  Pn^n  denotes  a  finite  polynomial.     This  double  series 

Msl  n=l 

cannot  be  reduced  to  a  single  one,  the  terms  of  which  are  continuous,  for  the 
function  would  then  not  be  of  class  2.  In  general,  a  function  of  class  p  must 
be  representable  by  a  p-fold  series  of  finite  polynomials. 

A  function  which  is  the  limit  of  a  sequence  of  functions  belonging  to  the 
classes  1,  2,  3, ...  ri,... ,  and  which  does  not  itself  belong  to  any  of  these 
classes,  is  said  to  be  of  class  cd,  where  cd  denotes  the  first  transfinite  ordinal 
number.  A  function  which  is  the  limit  of  a  sequence  of  functions  of  class  cd, 
and  which  is  not  itself  of  class  co,  or  of  any  class  inferior  to  cd,  is  said  to  be  of 
class  cD-f  1.  Proceeding  in  this  manner,  we  may  attach  a  meaning  to  the 
statement  that  a  function  is  of  class  /3,  where  /3  denotes  any  prescribed  ordinal 
number  of  the  second  class.  In  case  /3  be  a  limiting  number,  a  function  is 
said  to  be  of  class  /3  when  it  is  the  limit  of  a  sequence  of  functions  each  of 
which  is  of  some  class  ordinally  preceding  /8,  provided  the  function  be  not 
itself  of  any  of  the  classes  preceding  /8.  If  /8  be  a  non-limiting  number,  a 
function  which  is  the  limit  of  a  sequence  of  functions  of  class  )9  —  1  is  said  to 
be  of  class  )9,  provided  it  be  not  of  any  class  inferior  to  /9.  A  function 
belonging  to  any  class  is  necessarily  a  summable  function. 

The  question  has  been  discussed  by  Baire*  and  by  Borelf,  whether  it  be 
possible  effectively  to  define  functions  of  all  classes,  the  numbers  of  the  classes 
being  finite  or  transfinite.  Those  functions  which  belong  to  the  classes 
of  which  the  numbers  are  less  than  some  prescribed  number  form  an 
aggregate  of  cardinal  number  c,  which  is  less  than  the  cardinal  number  / 
of  all  functions.  This  would  indicate  that  functions  cannot  be  exhaustively 
classified  under  numbers  less  than  some  fixed  number,  either  finite,  or  trans- 
finite of  the  second  class,  but  this  does  not  settle  the  question  whether  it 
be  possible  to  define  a  particular  function  which  does  not  belong  to  one  of 
the  classes  in  question.  The  question  also  arises  whether  it  be  possible  to 
define  functions  which  do  not  belong  to  any  of  Baire's  classes. 

*  Annali  di  Mat.  ser.  3  a,  vol.  m,  p.  71. 

t  Lemons  tur  let  fonetiont  de  variables  rielles,  p.  156. 
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These  questions  have  been  fully  discussed  by  Lebesgue  in  his  memoir^ 
''  Sur  ies  fonctions  repr^entables  analytiquenient."  It  is  there  pointed  out 
that  all  functions  that  are  representable  analytically  belong  to  Baire's 
classes.  A  function  is  said  to  be  representable  analytically  when  it  is 
constructible  by  effecting,  according  to  a  determinate  norm,  a  finite,  or 
enumerably  infinite,  number  of  additions,  multiplications,  and  passages  to 
the  limit,  upon  variables  and  constants.  The  other  operations  of  analysis 
are  reducible  to  those  here  enumerated.  Lebesgue  has  advanced  proofs  that 
functions  of  all  Baire's  classes  exist,  in  the  sense  that  it  is  possible  effectively 
to  define  a  function  of  any  prescribed  class.  He  has  also  shewn  that  functions 
can  be  defined  which  do  not  belong  to  any  of  Baire's  classes,  and  which  are 
therefore  incapable  of  analytical  representation.  In  some  of  Borel's  reasoning, 
correspondences  are  assumed  to  exist  which  are  defined  only  by  means  of  an 
infinity  of  separate  acts  of  choice.  The  objection  to  such  reasoning  is 
recognised  by  Lebesguef,  who  has  endeavoured  to  avoid  this  difficulty.  In 
view  of  the  grave  difficulties  connected  with  the  necessary  nature  of  an 
adequate  definition  of  a  function,  and  which  form  the  subject  of  controversy 
at  present,  it  would  perhaps  be  premature  to  assume  that  the  questions  here 
referred  to  have  been  finally  settled. 


THE  INTEGRATION   OF  SERIES. 

379.  Let  til  {^)t  ^(^)>  •••  ^n(^)>  -..be  limited  integrable  functions  defined 
for  the  interval  (a,  6),  and  such  that,  at  each  point  of  the  domain,  the  series 
w,  (a?)  +  li,  (a?)  +  . . .  +  Mn  (fl?)  +  . . .  converges  to  the  sum  8  (x) ;  the  conditions  will 
be  determined  that  the  function  8  (x)  has  a  proper  integral  in  the  domain  (a,  6). 
The  term  "  integrable  "  is  here  used  in  the  sense  employed  by  Riemann. 

Since  the  functions  8i(x\  8i(x\  ...  8n((c),  ...  are  limited  functions,  |«i(a?)|, 
|'«(^)|»  •••  |^n(^)|>  •••  have  upper  limits  t^i,  t^,, ...  t/n,  ...  in  the  domain  (a,  6). 
If  til,  t/,, . . .  tin>  •  •  •  have  a  finite  upper  limit  U,  it  can  be  shewn  that  \8(x)\  has 
a  finite  upper  limit  in  (a,  6) ;  for  if  the  upper  limit  of  \s(x)\  were  indefinitely 
great,  a  value  of  x  would  exist  such  that  |«(d;)|=  {7+a,  where  a  is  some 
positive  number;  now  n  can  be  taken  so  great  that  \8(x)'-'8n(x)\<€,  where 
€  is  arbitrarily  small,  hence  8(x)<\8n(x)\-¥€<U+€,  and  since  €  can  be 
chosen  to  be  < a,  it  is  impossible  that  \8(x)\=iU+a;  and  therefore  it  is 
impossible  that  the  upper  limit  of  \8(x)\  be  not  finite. 

The  condition  just  stated,  that  \8(x)\  may  have  a  finite  upper  limit,  is  a 
sufficient  one  but  not  a  necessary  one;  in  fact  we  know  that  at  the  point 
(w,  0),  the  function  8(x,  y)  may  have  an  infinite  discontinuity,  whilst  8{x)  has 
only  a  finite  discontinuity,  or  is  continuous,  at  the  point  x.     In  what  follows, 

*  LifmviWt  Joumalf  ser.  6,  vol.  i,  1906. 

t  Also  by  Borel  himself ;  see  Bulletin  de  la  toe.  math,  de  Prance^  vol.  xxxin,  1905,  pp.  272,  278. 
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it  will  be  assumed  that  \s{x)\  has  a  finite  upper  limit  in  (a,  h\ so  that  in  case 
8  (x)  is  integrable,  the  integral  is  a  proper  one. 

Let  ^  be  a  set  of  points  in  (a,  6)  of  measure  zero.  Let  e  be  an  arbitrarily 
chosen  positive  number,  and  tij  an  arbitrarily  chosen  positive  integer.  Let 
us  suppose  that,  for  each  point  a^  of  (a,  6)  which  does  not  belong  to  a  certain 
component  E^  of  E,  an  integer  w(>ni)  can  be  determined,  and  also  a 
neighbourhood  (xi  —  8,  arj  +  S'),  such  that  the  condition  \Rn(x)\<€  is  satisfied 
for  every  point  x  in  that  neighbourhood  and  lying  in  (a,  6).  Then,  provided 
this  condition  is  satisfied  for  every  value  of  e,  and  E  is  such  that  each  point 
of  it  belongs  to  E,,  for  some  sufficiently  small  value  of  6,  the  convergence  of 
the  sequence  8i(x),  a, (a?),  ...  to  « (a;)  is  said  to  be  regular  in  (a,  6)  except  for 
the  set  E  of  zero  measure. 

It  will  be  observed  that,  for  a  fixed  e,  the  integer  n  (>  n^)  depends  in 
general  upon  the  particular  point  x^  which  does  not  belong  to  E^.  Moreover, 
since  n^  is  arbitrary,  there  exists  for  a  particular  point  Xi,  an  infinite  number 
of  values  of  n ;  the  neighbourhood  (ar,  —  8,  a?i  -h  S')  depending  however  in 
general  upon  the  value  of  n  chosen. 

In  the  particular  case  in  which  every  u^  (x)  is  positive  or  zero,  for  every 
value  of  X  and  n,  so  that  the  sequence  Si  (x),  s^  (x),  ...  is  a  non-diminishing 
sequence,  when  the  condition  \Rn(x)\<€  is  satisfied  for  a  particular  value 
of  n,  it  is  also  satisfied  for  every  greater  value.  In  the  general  case  this  does 
not  hold;  the  condition  is  satisfied  for  an  infinite  number  of  greater  values 
of  n,  but  not  necessarily  for  every  such  value. 

It  is  easily  seen  that  the  set  E^  must,  for  each  value  of  e,  be  a  non-dense 
closed  set,  although  the  set  E  is  not  necessarily  non-dense,  and  may  be 
everywhere-dense  in  (a,  6).  For,  if  f  be  a  limiting  point  of  the  set  E^,  then 
every  neighbourhood  of  f  contains  points  of  E,,  and  it  is  impossible  that  the 
condition  \Rn(x)\<€  can  be  satisfied  for  every  point  of  such  a  neighbourhood. 
Therefore  f  must  itself  belong  to  E^,  which  must  consequently  be  a  closed 
set ;  and  since  it  has  the  measure  zero,  it  cannot  contain  all  the  points  of  any 
interval  (a,  /9),  and  is  thus  non-dense  in  (a,  b). 

380.     The  following  theorem  will  now  be  established : — 

Uie  necessary  and  sufficient  condition  that  the  limited  function  s  (x)  may  be 
integrable  in  (a,  6),  in  accordance  with  Riemanris  definition,  is  that  the  sequence 
of  integrable  functions  Si  {x\  «,  (x),  . . .  shall  converge  to  s  (x)  regularly,  except 
for  a  set  of  points  E  of  zero  measure,  and  of  the  first  category. 

To  prove  that  the  condition  stated  is  necessary,  let  it  be  assumed  that 
s  (x)  is  integrable  in  (a,  6).  The  number  e,  and  the  integer  fii  being  fixed,  let 
it  be  assumed  that,  if  possible,  the  set  E^  of  points  of  (a,  b),  for  each  of  which 
it  is  impossible  to  fix  a  value  of  n{>ni),  and  a  neighbourhood  such  that 
\Rn{x)\<€,  for  all  points  of  that  neighbourhood,  has  a  measure  greater  than 
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zero.  Since  a  {x\  and  5,  (a?),  «2  (^),  •  •  •  are  all  integrable,  the  set  of  points  at 
which  oDe  of  these  functions  is  discontinuous  has  the  measure  zero,  and  it 
follows  that  the  set  of  all  points  at  which  one  at  least  of  these  functions  is 
discontinuous  has  the  measure  zero.  Remove  from  E^  every  point  at  which 
one  or  more  of  the  functions  8{x\  8i{x\8^{x\  ...  is  discontinuous,  we  then 
have  left  a  set  F^,  of  the  same  measure  as  jB,,  which  is  by  hypothesis  greater 
than  zero.  At  every  point  of  F^,  the  functions  8n{x\  and  the  function  8{x) 
are  all  continuous. 

If  f  be  a  point  of  F^,  the  number  n(>  n^  can  be  so  chosen  that 

also  8  can  be  so  chosen  that,  for  every  x  in  the  interval  (f  -  8,  f  +  8)  the 
inequalities 

l«(f)-«(^)l<H     !«»(f)-«nW|<i€ 
are  both  satisfied.     This  follows  from  the  fact  that  8{x\  Sn{x)  are  continuous 
at  f.     From  these  inequalities  we  deduce  that  the  inequality 

\8{x)'-8n{x)\<€ 

is  satisfied  at  all  points  x  in  the  interval  (f  -  S,  f  +  S).  But  this  is  contrary 
to  the  hypothesis  that  f  belongs  to  the  set  E,^  for  the  points  of  which  no 
neighbourhoods  in  which  the  last  condition  is  satisfied  can  be  determined. 
It  therefore  follows  that  it  is  impossible  that  the  set  E^  can  have  its  measure 
greater  than  zero. 

The  set  E,  having  been  now  shewn  to  have  the  measure  zero,  we  may 
consider  a  descending  sequence  €i,  €,,  e,,  ...  of  values  of  e  converging  to  zero. 
The  sets  E^^,  jB,,,  JF,,,  ...  have  their  measures  zero,  and  they  determine  a  set 
E  of  the  first  category,  consisting  of  all  points  which  belong  to  any  of  these 
sets.  It  follows  from  the  theorem  of  §  82,  that  the  set  E  has  zero  measure ; 
and  it  has  thus  beeu  established  that,  if  s{x)  be  integrable,  then  the  con- 
vergence is  regular  except  for  the  points  of  this  set  E. 

To  shew  that  the  condition  stated  in  the  theorem  is  sufficient,  let  €  and  n^ 
be  fixed,  then  the  set  J?,  is  a  non-dense  set  of  zero  content.  The  points  of 
E^  can  therefore  all  be  enclosed  in  the  interiors  of  intervals  of  a  finite  set,  the 
sum  of  whose  lengths  is  an  arbitrarily  small  number  17.  The  remainder  of 
(a,  6)  consists  of  a  finite  set  of  intervals ;  and  for  each  point  x^  of  any  one  of 
these  intervals,  a  neighbourhood  {x^  —  S,  a?i  -f  S')  can  be  determined,  and  also 
a  number  n{>n^\  not  necessarily  the  same  for  all  points  Xi,  such  that  the 
condition  \Rn(x)\<€  is  satisfied  for  all  points  of  (a?i  —  S,  a?i -h S')  which  are 
in  (a,  6).  To  the  set  of  all  such  intervals  we  may  apply  the  Heine-Borel 
theorem ;  and  consequently  a  finite  set  of  intervals  can  be  determined,  such 
that  each  point  of  (a,  6),  not  in  the  interior  of  the  excluded  intervals,  is  in  the 
interior  of  at  least  one  of  the  intervals ;  and  in  each  one  of  this  finite  set  of 
intervals  the  condition  |  i2n(^) |  <€  is  everywhere  satisfied  for  some  one  value 
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of  n,  greater  than  ni.  When  the  set  of  intervals  of  which  the  sum  is  17  is 
excluded  from  (a,  6),  the  remainder  may  be  divided  into  a  finite  number  of 
parts  such  that,  in  each  part,  the  condition  \Iin{x)\<€\s  satisfied  for  a  value 
of  n  belonging  to  a  finite  set  rh  +  pi,  n,  +  p,,  ...  ni  +  p^  of  numbers  all  >  n,. 
To  shew  that  8  (x)  is  integrable  in  (a,  6),  we  now  apply  Rieraann's  test  of 
integrability.  Divide  {a,  b)  into  a  number  of  parts  hi,  A,,  ...  A,,  so  chosen 
that  all  the  end-points  of  the  excluded  intervals,  and  also  all  the  end-points 
of  those  finite  parts  for  each  of  which  \Rn(x)\<€  for  a  single  value  of  n, 
are  end-points  of  the  parts  ^,  A3, ...  A^.  For  an  interval  h  in  the  excluded 
set,  the  product  of  A  into  the  fluctuation  o{  8(x)  is  less  than  {M^m)h,  where 
M  and  m  are  the  upper  and  lower  limits  of  8  (a?)  in  (a,  6).  For  an  interval 
A,  for  the  whole  of  which  |  Rn^+p(x)\  <  e,  we  see  that  the  fluctuation  of  8{x) 
cannot  exceed  that  of  8n^+p{x)  by  more  than  26.  It  follows  that  the  sum  of 
the  products  of  each  h  into  the  corresponding  fluctuation  of  8(x)  is  not 
greater  than 

(M  —  wi)  17  -I-  2  S  A  {26  +  fluctuation  of  8^^^ (x)] 

p 

where,  in  the  double  summation,  the  first  summation  refers  to  all  those  of 

the  A's  which  are  in  an  interval  for  which  p  has  one  and  the  same  value,  and 

the  second  summation  refers  to  the  values  pi,  p^,  -.^  pr»    Since  8n^p{x)  is 

integrable  through  the  interval  to  which  it  belongs,  and  for  which  p  has  a 

fixed  value,  we  see  that  when  the  number  8  is  sufficiently  increased,  and  the 

greatest  of  the  A's  is  sufficiently  small,  2  2A  x  fluctuation  of  8n^(x)  becomes 

p 
arbitrarily  small.      Since    17   and   e  are   arbitrarily   small,   it   follows   that 

Riemann's  test  of  integrability  of  8(x)  is  satisfied. 

The  general  theorem  having  now  been  completely  established,  it  is  seen 
from  the  foregoing  proof  that  it  may  be  stated  in  the  following  form : — 

If  tii{x)'\-Uf{x)'\' ...  converges  to  a  definite  valvs  8(x)  at  every  point  in 
(a,  6),  and  if  all  tfie  functions  Uj  (x\  u^  (a;),  . . .  have  proper  integrals  in  (a,  6), 
then  the  necessary  and  sufficient  conditions  that  s(x)  may  have  a  proper 
integral  are  (1)  that  the  upper  limit  of  \s(x)\  in  (a,  6)  be  finite,  and  (2)  that, 
corresponding  to  two  arbitrarily  small  positive  numbers  rj,  e,  and  to  any  positive 
integer  n^,  afimite  number  of  intervals  whose  sum  is  less  than  17  can  be  excluded 
from  (a,  6),  so  that,  in  the  remainder  of  (a,  b),  |  -Rnj+j*  (x)  \  <  e,  for  every  x, 
where  p  has  one  of  a  finite  number  of  vcUuss  which  depend  on  x,  but  are  such 
that  the  same  p  is  applicable  to  all  points  x  in  a  certain  continuous  interval. 

The  condition  (2)  contained  in  this  theorem  was  obtained*  first  by  ArzelJi, 
and  is  expressed  by  him  in  the  form,  that  there  must  be  a  certain  mode  of 

*  '*  Salle  aerie  di  fanzioni/'  Part  n,  Mem.  della  R.  Aeead.  d.  Sei.  di  Bologna,  ser.  5,  vol.  Tin, 
1900.  A  proof  different  from  that  in  the  text  was  given  by  Hobson,  see  Proc,  Lond.  Math.  8oe. 
■er.  2,  Tol.  I,  where  it  is  ahewn  that  ArzeU*8  proof  of  his  theorem  is  invalid. 


538  Functions  defined  by  sequences  [ch.  vi 

convergence  of  the  series  called  uniform  convergence  by  segments  in  general 
(convergenza  uniforme  a  tratti  in  generate).  This  mode  of  convergence 
differs  from  that  of  uniform  convergence  by  segments,  considered  in  §  354, 
in  that  a  finite  number  of  intervals  of  arbitrarily  small  sum  must  be  excluded 
from  the  domain  in  order  that  the  condition  may  be  satisfied. 

381.  The  theorem  obtained  above  contains  the  necessary  and  sufficient 
conditions  that  the  limit  of  a  sequence  of  integrable  functions  is  itself 
integrable,  the  conception  of  integration  being  that  of  Riemann.  The 
corresponding  theorem,  when  the  conception  of  an  integral  in  the  extended 
sense  introduced  by  Lebesgue  is  employed,  is  of  a  simpler  form : — 

I/iii(x\  v^(xX  ...  tin(^)i  ...  te  limited  functions,  defined  for  (a,  b),  which 
are  integrable  in  a/xordance  with  Lebesgue's  definition,  and  if  the  series 
t4i(^)  +  Wa(a?)+ ... +  Mn(a?)+ ...  Converge  to  the  function  s(x),  limited  in  the 
whole  interval  (a,  6),  then  the  function  s(x)  is  also  integrable  in  accordamjce  with 
Lebesgue*s  definition. 

Let  A,  B  he  any  two  fixed  numbers,  such  that  A<B,  and  let  e  be  an 
arbitrarily  chosen  positive  number.  Let  us  consider  the  sets  of  points  On  (c), 
(?n+i(€),  ...  On^^(€),... ,  where  n  is  a  fixed  integer,  and  On-^^mi^)  denotes  the 
set  of  points  x,  such  that  ^1  —  e  <«n+m(^)<  ^  + e;  these  sets  are  all 
measurable,  since  all  the  functions  Sn-^^mi^)  ^^  integrable  in  accordance 
with  Lebesgue*s  definition  of  integration.  The  set  of  points  x  for  which 
A  ^  s(x)  ^  B,  is  such  that  any  point  x  of  the  set  belongs  to  all  the  sets 
Oni^),  (?n+i(f),  ...  On^m(€)j  ...,  from  and  after  some  fixed  one  of  the  sets. 
Denoting  by  G  (e)  the  set  of  all  points  each  of  which  belongs  to  all  the  sets 
G^n(f),  Gn+i(e), ... ,  from  and  after  some  fixed  one  of  the  sets,  we  see  that  the 
set  of  points  x  such  that  A  ^  s{x)^B,iQ  ^  component  of  the  set  0(e),  which 
set  0  (e)  is  measurable  (§  82).  Now  take  a  descending  sequence  €i,  €i, . . .  6„  . . . 
of  values  of  e,  which  converges  to  zero ;  the  set  of  points  such  that  A  ^s  (x)  ^  B, 
is  the  set  which  is  common  to  all  the  measurable  sets  0  (ci),  0  (e,), . . .  (?  (€,)  . . . ; 
and  this  set  is  therefore  itself  measurable.  Since  the  set  of  points  for  which 
A^s{x)^BiB  measurable  whatever  values  A  and  B  may  have,  and  s (x)  is 
a  limited  function,  it  follows  that  s{x)  satisfies  Lebesgue's  condition  of 
integrability. 

The  theorem  may  be  also  stated  as  follows : — 

If  the  function  s  (x)  be  the  limit  of  a  sequence  {sn  (x)]  of  limited  summable 
functions,  defined  for  an  interval  (a,  6),  then  s  (x)  is  also  a  summable  function, 
and  therefore  has  a  Lebesgue  integral  in  (a,  6),  in  case  it  be  limited, 

382.  When  the  sum-function  s{x)  of  the  series  ^u{x)  is  integrable  in 
(a,  b),  and  therefoi*e  in  any  interval  (a,  x),  where  x^b,  the  question  arises 

whether  the  sum  Si    Un{x)dx\&  finite  and  continuous,  and  if  so  whether  it 
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is  equal  to  I    8(x)dx,  which  is  necessarily  a  continuous  function.     Sufficient 

conditions  will  be  obtained  that  such  a  term  by  term  integration  of  the  series 
l,u  (x)  is  valid. 

The  following  theorem  will  be  first  established: — 

If  the  series  2u  (x)  converge  to  s  (x)  for  every  valtie  of  x  in  (a,  6),  and 
if  €  be  a  fixed  positive  number,  tJie  set  of  points  On  for  which  |  -Bn  (a?)  I  >  €, 
is  such  that  its  interior  measure  has  the  limit  zero,  when  n  is  indefinitely 
increased. 

To  prove  this  theorem  we  observe  that,  if  the  limit  of  the  interior 
measure  of  On  is  not  zero,  there  must  be  an  infinite  number  of  values  of  n 
for  which  the  interior  measure  of  On  is  greater  than  some  number  ol  It 
follows  from  the  theorem  of  §  93,  that  a  set  of  points  of  interior  measure  ^  a 
exists,  each  of  which  belongs  to  an  infinite  number  of  the  sets  On*  This 
is  inconsistent  with  the  condition  that  the  series  ^u{x)  converges  for  each 
value  of  x;  for  any  fixed  point  x,  there  can  only  be  a  finite  number  of  values 
of  n  such  that  j  /Jn(^)  I  >  ^.  It  follows  that  the  interior  measure  of  (?»  must 
have  the  limit  zero,  when  n  is  indefinitely  increased. 

383.  Let  us  now  assume  that  s(x)  has  a  proper  integral,  and  further 
that  \Rn(x)\  is,  for  every  value  of  n  and  of  x,  less  than  some  fixed  number  C; 
then,  Rn  (x)  being  integrable,  |  i2„  (x)  \  is  also  integrable,  and  therefore  the  set 
of  points  for  which  |  /2n  (^)  |  >  «  is  measurable.  It  follows  from  the  theorem 
proved  above,  that  the  measurable  set  of  points  for  which  \Rn(x)\>€,  is 
such  that  its  measure  has  the  limit  zero,  when  n  is  indefinitely  increased. 
We  see  therefore  that 


I/; 


Rn  {x)  dx 


<  (a;  -  a)  €  +  17C, 


where  n  is  chosen  so  great  that  the  measure  of  the  set  of  points,  at  each  of 
which  \Rn(x)\>€y  is  less  than  the  arbitrarily  chosen  number  17.  Since  6, 
ff  are  arbitrarily  small,  it  follows  that 

lim  I   Rn(x)dx  =  0, 

«  =  «  J  a 

and  thus  that  I   s  (x)  dx  =  lim  /   Sn  (x)  dx, 

J  a  It— CO  J  a 

The  following  theorem  has  now  been  established : — 

J/ Ml  (a?)  +  li,  (a?)  +  ...  +i/n(^)  +  ...  be  a  series  of  limited  integrable  func- 
tions which  converges  at  every  point  in  the  interval  (a,  6)  to  the  integrable 
function  s {x),  then  if  \Rn(x)\  =  \s{x)-'Sn (x) \  is,  for  every  value  of  x 
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and  of  n,  less  than  some  fixed  number  C,  the  series  may  be  integrated  term 
by  term  in  any  interval  (a,  a?),  the  sum  of  the  integrals  converging  to 


/■ 

J  a 


s  (x)  dx. 


The  condition  stated  in  this  theorem  may  be  replaced  by  the  condition 
that  { Sn  (x)  I  be  less  than  some  fixed  number,  for  all  values  of  n  and  x. 

If  the  transformed  remainder  function  |  R  (x,  y)  \  have  no  upper  limit  in 
its  domain,  there  must  be  at  least  one  point  such  that  the  saitus  of  the 
function  is  indefinitely  great;  it  is  clear  that  such  a  poinl  must  be  in 
the  d;-axis,  and  is  a  point  at  which  the  measure  of  non-unifonn  convergence 
is  indefinitely  gi-eat.  Conversely,  if  there  is  no  such  point,  the  upper  limit 
of  \R(x,y)\,  or  of  |  Rn  (x)  \ ,  is  finite.  The  foregoing  theorem  may  thus  be 
stated  as  follows*: — 

A  sufficient  condition  for  the  term  by  term  vntegrabUxty  of  a  series  of 
limited  integrable  functions  which  converges  in  a  given  interval  to  an 
integrable  function  s(x)f  is  that  there  be  no  points  ai  which  the  measure 
of  non-unifoi'm  convergence  of  the  series  is  indefinitely  great 

A  special  case  of  the  general  result  which  has  been  obtained,  is  that 
in  which  the  series  converges  uniformly.  This  condition  is  sufficient  to 
ensure  both  that  the  sum-function  s(x)  is  integrable,  and  that  its  integral 
through  any  interval  (a,  x)  is  the  sum  of  the  corresponding  integrals  of 
the  functions  u  (x) ;   thus  we  have  the  theorem  : — 

If  a  series  2w  (x)   of  integrable  functions  converge  uniformly  in   the 

rx 
interval  (a,  6)  to  the  sum  s  {x\  then  the  sum  2  I   u{x)dx  converges  to  the 

J  a 

value   \  s  {x)  dx,  where  a  ^  x  ^b» 

J  a 

If  it  be  assumed  that  the  convergence  of  l,u(x)  is  simply  uniform  only, 
this   is   sufficient   to   ensure   that  8(x)  is  integrable,  but  it   is   then   not 

necessarily  true  that  21   Un(x)dx  is  b,  convergent  series.     It  can  however 

J  a 

be  shewn  that  whenever  this  series  is  convergent,  it  converges  to  the  value 


/; 


8  (x)  dx. 


In  fact  we  know  that,  by  bracketing  the  terms  of  the  simply  uniformly 
convergent  series  l,y^{x)  in  a  suitable  manner,  the  series  is  thereby  converted 

*  This  theorem  was  obtained  first  by  Osgood,  for  the  case  in  which  t  (x)  and  all  the  ti  (x)  are 
continuous;  see  Amer.  Journal  of  Math,,  vol.  xa,  1897.  The  case  in  which  s  (x)  ia  not  necessarily 
continuous  was  obtained  by  Hobson,  Proc,  Lond.  Math.  Soe,,  vol.  xxxiv,  p.  245,  and  the  general 
case  was  investigated  by  W.  H.  Toong,  Proc.  Lond.  Math.  Soc.y  ser.  2,  vol.  i,  and  also  by  ArzeU, 
loc.  cit. 
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into  a  uniformly  convergent  series  ^Vn%{x\  and  the  above  theorem  is  then 

if»   rx 

applicable  to  the  new  series,  and  thus  2  f   v^  {x)  dx  converges  to  the  value 

1  J  a 
rx  ^  n    rx 

I   8  (x)  dx.     It   is   clear  that   whenever   S  I   tLn(x)  dx  converges,   it   must 

J  a  1  J  a 

m   rx 

converge  to  the  same  value  as  does  the  series  X  I   v^  (x)  dx.     We    thus 
obtain  the  following  theorem: — 

If  a  series  Xu  (x)  of  integrahle  functions  converge  simply-uniformly  in 
the  interval  (a,  b)  to  the  sum  s(x),  then*  (1)  if  the  series  2  /    u(x)dx  be 

J  a 

convergent,  it  converges  to  the  value  i   s(x)dx,  and  (2)  if  the  series  be  not 

J  a 

convergent^  it  may  by  suitably  bracketing  the  terms,  and  amalgamating  the 
terms  in  each  bracket,  be  converted  into  a  series  which  converges  to  the 

value   I  s{x)dx. 

384.     It  has  been  shewn  in  §  383,  that  if  |  Rn  (x)  j  is  <  C,  for  every 
value  of  n  and  of  x  in  the  interval  (a,  b),  then 


I/; 


Itn(x)dx 


<  (a?  —  a)  €  +  lyC, 


where  n  is  so  great  that  the  measure  of  the  set  of  points  in  (a,  x)  at  which 
I  JBn  {x)  I  >  €,  is  <  17,  where  e,  1;  denote  arbitrarily  chosen  numbers.  Since 
the  set  On  of  points  of  {a,  b)  at  which  |  Rn{x)  \  >  c,  has  the  limit  zero  when  n 
is  indefinitely  increased,  we  may  fix  a  number  n^  such  that,  for  every  value 
of  n  that  is  ^  rii,  the  mecusure  of  On  is  less  than  97.     We  have  then 


I/: 


Rn{x)dx 


<(x-a)e  +  ffC  <(b'-a)€  +  ffC, 


provided  n^ni,for  every  value  of  x  in  the  interval  (a,  6).     Since  (6  —  a)  e  +  lyC 
is  arbitrarily  small,  it  follows  that  I  Rn(x)dx  converges  uniformly  to  zero 

J  a 

for  all  values  of  ^  in  the  interval  (a,  6),  as  n  is  indefinitely  increased.     We 
have  therefore  the  theorem  f: — 

When  there  are  no  points  at  which  Hie  measure  of  non-uniform  convergence 
of  the  series  1u  (x),  of  integrahle  functions,  which  converges  to  the  integrahle 
function  s  {x)  in  (a,  b),  is  indefinitely  great,   then   the  convergence  of  the 

ies  %  I   u(x)dx  to  the  value  I   s{x)dx  is  uniform  in  the  interval  (a,  b), 

J  a  J  a 


series 


*  The  first  part  of  this  theorem  was  given  by  Bendixson,  for  the  case  in  which  the  fanctions 
i(  (x)  are  continuous ;  see  Stockholm  Ofv,  toI.  liv,  p.  609. 

+  This  theorem  was  stated,  and  proved  otherwise  by  W.  H.  Toung;  see  Comptet  Rendut, 
▼oL  cxxxYi,  p.  1682. 
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The  proofs  of  the  two  theorems  in  §  383  are  still  applicable  when  the 
ftmctions  are  int^rable  only  in  the  extended  sense  employed  by  Lebesgue. 
We  have  therefore  the  following  theorem  which  includes  the  former  ones 
as  special  cases: — 

//  Ui(x),  tit(x),  •••  tt,i(^)i  ..-  be  a  sequence  of  limited  functions  iniegrable 
in  (a,  6)  in  the  extended  sense  of  the  term,  and  if  the  series  Xu{x)  converges 
to  s  (x),  then  in  case  \  Rn  (x)  j  ha>s  a  finite  upper  limit  for  ail  values  of  n 

and  X,  the  series  SI   Un(x)  dx,  converges  uniformly  for  all  values  of  x  in  (a,  6) 
to  the  sum   I  s(x)dxi  the  integrals  being  taJcen  to  be  Ld>esgue  integrals. 

This  theorem  n^jiy  also  be  stated  as  follows : — 

Ifs(x)bethe  Umit  of  a  sequence  {«,» {x)]  of  summahle  functions  defined  ffyr 
the  interval  (a,  6),  and  if  \  Sn{x)  \  have  a  finite  upper  limit  for  all  values  of  n 

and  x^  then  I  s^  (x)  dx  converges  uniformly,  for  all  values  of  x  in  (a,  6),  to 

J  a 

s  (x)  dx,  which  ha^s  been  shewn  in  §  381  to  exist. 


!. 


385.  We  proceed  to  consider  the  case  in  which  the  condition  that 
I  i2n  (x)  I  has  a  finite  upper  limit  for  all  values  of  x  in  (a,  b),  and  all  values 
of  n,  is  not  satisfied.  In  this  case  there  is  a  set  6  of  points  at  which  the 
measure  of  non-uniform  convergence  of  the  series  is  indefinitely  great ;  it 
has  been  shewn  in  §  350  that  the  set  6  is  closed.     If  we  assume  that  the 

series  SI   u^(x)dx  is  everywhere  conveigent,  and  hcus  U  (x)  for  its  sum, 

1  J  a 

and   that   the  integral   I   s(x)dx  everywhere  converges  to  S(x),  it  may 

J  a 

happen  that  U{x)  is  discontinuous,  and  is  consequently  not  everywhere  equal 
to  the  essentially  continuous  function  8(x).  It  may  however  happen  that 
U(x)  is  continuous,  and  yet  is  not  equal  to  S(x).  It  will  however  be 
shewn  that,  in  case  U(x)  is  continuous,  it  is  a  su£5cient  condition  for  the 
equality  of  S  (x)  and  U  (x),  that  the  set  G  should  be  enumerable. 

Let  X  he  A  point  which  does  not  belong  to  6;  then  a  neighbourhood 
(x—€i,x-\-€i)  oix  can  be  found,  such  that,  for  all  points  in  this  neighbourhood, 
and  for  all  values  of  n,  |  i2n(^)  |  has  a  finite  upper  limit    Denoting  the  sum 

X  I  Ug  (x)  dx,  by  Un  (x) ;  since  U(x)  =  lim  Un  (x),  a  value  Nofn  can  be  found, 

iJa  nsao 

such  that,  for  n^N, 

\U{x)^Un{x)l      \U{x^h)^Un{x^h)\ 

are  both  less  than  an  arbitrarily  chosen  number  S,  where  a;  +  A  is  a  fixed 
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point  in  the  neighbourhood  (a?  — ei,  x  +  e,)  of  the  point  x  already  chosen. 
We  now  have 


h  h 


28 


Now,  since  the  interval  {x,  x-\-h)  contains  no  points  at  which  the  measure 
of  non-uniform  convergence  of  the  series  2u  {x)  is  indefinitely  great,  for  a 
sufficiently  great  value  of  n, 


8n(x)dx-\       8{x) 

J  X  J  X 


<S', 


where  if  is  arbitrarily  chosen*    Therefore,  if  n  ^  N\  where  N'  is  some  fixed 
int^rer,  we  have 


f7n(a?  +  A)-  U,,{x)     S{x-^h)'-S(x) 


h  h 

From  the  two  inequalities  which  have  been  obtained,  we  deduce  that 


U{x-\-h)'-  U(x)     S(x'^h)-S(x) 


28 +  S' 


h  h 

Since  8,  8'  are  arbitrarily  small,  and  independent  of  d?  and  h,  we  have 

Ujx-^-h)-  U(x) _  S(x-¥h)''S{x) 
h  *"  h 

and  this  holds  for  any  point  x  which  does  not  belong  to  0,  and  for  any 
point  a;  4- A,  in  a  neighbourhood  of  0  which  does  not  contain  points  of  0. 
It  follows  that  any  one  of  the  four  derivatives  D^U(x),  D+U(x\  It'U{x\ 
D^U{x\  at  X,  is  equal  to  the  corresponding  one  of  the  four  derivatives 
of  8{x).  Since  one  of  the  four  derivatives  of  the  two  functions  8{x\  U{x) 
is  such  that  its  value  is  the  same  for  the  two  continuous  functions  at  all 
points  except  at  those  of  the  enumerable  closed  set  6^  it  follows  (§  206)  that 
the  two  functions  differ  only  by  a  constant ;  and  since  both  vanish  at  a;  =  a, 
they  must  be  everywhere  equal.     It  has  thus  been  shewn  that* : — 

1/  the  aeries  Swn  (^)  converges  to  s  (x)  in  the  interval  (a,  6),  and  if  the 
integral  \   s  {x)  dx  have  everywhere  a  definite  finite  value,  and  2  (   tAf^(x)  dx 

J  a  1  J  a 

have  everywhere  a  definite  finite  value,  and  be  a  continuums  function,  it  is  a 
sufficient  condition  of  the  equality  of  the  two,  thai  the  set  of  points  al  which 
the  measure  of  non-uniform  convergence  is  indefinitely  great,  should  he  an 
enumerable  set. 

When  the  set  0  is  not  enumerable,  it  contains  a  perfect  component; 
and  in  that  case  the  sum  of  the  integrals  of  the  terms  of  the  series  is  not 

*  This  theorem  was  siven  by  Osgood,  American  Journal  of  Math,,  toI.  xix,  in  the  case  in  whidi 
the  terms  and  the  snm  of  the  series  are  continuoas.  The  general  theorem  was  given  by  ArzeU, 
Mem,  di  Bologna^  ser.  5,  vol.  ym,  1900. 
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necessarily  equal  to  the  integral  of  the  sum,  even  when  both  exist  and 
the  condition  of  continuity  of  £  I   u^  (x)  dx  is  satisfied. 

1  J  a 

It  will  be  observed  that,  in  accordance  with  the  theorems  which  have 
been  demonstrated  above,  the  term  by  term  integration  of  a  series  may 
fail  to  give  the  integral  of  the  sum,  either  (1)  when  the  set  0  contains  a 
finite,  or  enumerable,  set  of  points,  but  the  condition  that  the  sum  of  the 

series  SI   u{x)dxi&d^  continuous  function  of  d?  is  not  satisfied ;  or  (2)  when 

J  a 

0  contains  a  perfect  component;  or  (3)  when  the  condition  that  the 
convergence  of  the  series  'Stu(x)  is  of  the  kind  called  uniform  convergence 
by  intervals  in  general,  is  not  satisfied,  so  that  8(x)  is  not  integrable  in 
accordance  with  Riemann's  definition.  In  case  (3),  the  term  by  term 
integration  may,  however,  give  the  Lebesgue  integral  of  8  {x). 

386.  We  have  hitherto  assumed  that  the  terms  u»(x),  of  the  aeries 
2tAn(^)>  are  all  limited  in  the  interval  (a,  6),  and  that  the  same  holds  as 
regards  the  sum-function  8  (x).  It  is  however  possible,  under  certain 
restrictions,  to  remove  these  conditions.  We  shall  assume  that  the 
junctions  8n  (x\  and  therefore  also  the  junctions  Sn  (si),  are  not  necessarily 
all  limited  in  the  interval  (a,  b).  In  this  case  there  may  be  values  of  x 
for  which  the  series  ^Un(x)  is  divergent;  and  such  points  will  be 
regarded  as  points  of  infinite  discontinuity  of  8{x\  although  8(x)  is  not 
properly  defined  at  such  points.  Let  us  assume  that  there  is  an  enumerable 
closed  set  of  points  (?,  in  (a,  6),  such  that,  in  any  interval  (a,  fi)  which 
contains,  in  its  interior  and  at  its  ends,  no  point  of  0,  the  condition,  that 

1  8n(x)  I  is  less  than  some  fixed  number,  is  satisfied  for  every  value  of  n,  and 
for  the  whole  interval  (a,  fi).  Let  us  further  assume  that  all  the  functions 
Un  (^)  possess  improper,  or  proper,  integrals  in  (a,  6),  and  that  the  series 

S  I   Un(x)dx  is  convergent  for  all  values  of  x,  and  that  its  sum   U(x) 

is  a  continuous  function  of  x,  for  the  whole  interval  (a,  6),  their  ends  being 
included.    Also  let  it  be  assumed  that  8  (x)  has  an  improper  integral  in  (a,  6); 

then  the  function   I   8(x)dx=^S(x)  is  a  continuous  function   of  x.     The 

J  a 

enumerable  set  0  contains  every  point  of  divergence  of  the  given  series, 
and  also  every  point  of  non-uniform  convergence  of  which  the  measure  is 
indefinitely  great  It  is  now  clear  that,  with  these  assumptions,  the  proof 
of  the  theorem  in  §  385  is  applicable,  without  modification,  to  establish  the 
legitimacy  of  terra  by  term  integration  of  the  series  Xun(x).  We  obtain 
therefore  the  following  theorem: — 

If  the  8erie8  Stin  {oc)  conv€rge8  to  ths  function  8  (x)  at  every  point  which 
doe8  not  belong  to  a  reducible  8et  of  pointe  0,  and  the  funcUon8  8n{x), 
aithough  not  necessarily  limited  in  (a,  6),  8at%8fy  the  condition  that,  in  any 
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interval  (a,  fi)  which  contains  in  its  interior  and  at  its  ends  no  point  of  6, 
I  «n  (^)  I  **  t^s  than  some  fixed  finite  number y  for  every  value  of  n  and  x ; 

and  if  further   \  Un{x)dx  exist  as  an  improper  or  proper  integral,  for 

J  a 

every  value  of  n,  and  the  series  S  I   Un (x) dx,  for  a^x^b,  is  convergent 

and  represents  a  continuous  function  of  x;  and  if  s  (x)  have  an  improper 
integral  in  (a,  b),  then  the  theorem 

I  s(x)dx=s  lim  I  Sn  (x)  dx 

J  a  n^co  J  a 

holds,  and  thus  term  by  term  integration  is  applicable  to  the  series, 

387.     Lastly,  the  case  will  be  considered  in  which  the  interval  {a,  b) 

is  unlimited  ;   we  may  assume  that  b  has  the  improper  value  x .     Let  us 

suppose  that  term  by  term  integration  is  applicable  for  every  finite  interval 

{a,  C) ;  and  thus  that 

re  re 

lim  I   Sn{x)dx=  \   s (x) dx, 

the  integrals  being  either  proper  ones,  or  improper  ones,  subject  to  the 
conditions  of  the  theorem  in  §  386.     It  follows  that,  if  C  >  C, 


re  rC 

lim  I    Sn{x)dx=  \    s (x) dx, 

n^ooJ  C  Jc 


Let  us  now  assume  that,  if  c  be  an  arbitrarily  chosen  positive  number, 
an  integer  n,,  and  a  number  G>a,  can  be  determined,  such  that 

'C 

Sn  (x)  dx 


/; 


<€, 


C 

for  every  value  of  C  >  G,  and  for  every  value  of  n  ^  nj.     It  then  follows  that 


rc  f*  . 

I    s(x)  dx    ^  € ;   and   since   e  is  arbitrary,  it   follows   that   J   s  (x)  dx  is 

convergent.     We    assume    that    all    the    integrals    f   Sn(x)dx  exist.     We 

J  a 


have  now 


j  s(x)dx'-  I  Sn(x)dx\^\  j   s(x)  dx  —  I   Sn(x)  dx 

J  a  J  a  \       \  J  a  -a 


>ct> 


/   s(x)dx\  +  \  j   Sn(x)dx 

Jc  I     \Jc 

and  by  taking  a  sufficiently  great  value  of  n^ni,  and  a  sufficiently  great 
value  of  (7,  the  expression  on  the  right-hand  side  is  ^  3e.  It  thus 
appears  that 

I   s  (x)dx  =s  lim  I   Sn  (x)  dx ; 

and  therefore  the  following  theorem  has  been  established : — 

H.  35 
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If  the  series  'Hu^  (x)  have  as  its  sum-function  s  (ai),  in  the  sense  previously 
defined,  then  if  I  Un{x)dx  exists  for  each  value  of  n,  and  in  every  interval 

rC  00     rc 

(a,    C)    the   condition    that    \   s{x)dx^^  \   Uj^{x)dx,    be   satisfied ;    and 

J  a  n=lJ a 

further,  if  corresponding  to  an  arbitrarily  chosen  c,  an  integer  fii,  and  a 

number  C>a  can  be  so  determined  that  \  I    Sn(x)  dx\<€,  for  every  value 

\j  c  I 

f  C'>C,  and  for  ail  values  of  n^ni,  then  the  integral  I  s{x)dx  exists^  and 

J  a 

is  equal  to  X   I   u^(x)dx. 

It    may  also  be   shewn    that,   on    the    OMumption   that    the    condition 
rC  00    rc 

I  s(x)dx  =  X  I   Un(x)dx  holds  for  every  value  of  C>a,  then  provided 


0. 

is 


00     /•«'  00     rc 

^  I  u^(x)dx  be  convergent,  and  thai  2  I   u>n(x)dx  converge  to  the  value 

00      /•• 

of  X  I  Un  (x)  dx,  when  C  is  indefinitely  increased,  it  follows  that  the  integral 

/•OO  00        ^QO 

I    s{x)dx  exists,  and  is  equal  to  X  \    u^(x)dx. 

Ja  n^\J  a 


00     rc 

For,  on  the  assumption  that  2  I   u^  {x)  dx  converges  to  a  definite  limit, 

n=\J  a 

as  C  is  indefinitely  increased,  we  see  that,  if  e  be  fixed,  C  may  be  so  chosen 
that 


00     rC 

S       u^{x) 


<€, 


dx 
for  C >C\  and  from  this  it  follows  that 

<€, 


!//« 


dx 
for  C  >C\  and  since  €  is  arbitrary,  it  follows  that  I   s{x)dx  exists. 

J  a 
rc  00     rC 

Also  since  I   s{x)dx^lt  I   Un(x)dx, 

Ja  »sl</a 

we  see  that   f   s{x)dx  iB  equal  to  the  limit  to  which 

J  a 

2    I     Un(x)dx 
n~lJ  a 

converges  when  C  is  indefinitely  increased;   and  this  limit  is 

00      /•• 

S  I  u^{x)dx. 

iJa 


n 

Therefore  the  theorem  is  established. 
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388.  When  8{x)  is  the  sum-function  of  a  series  t*i(a?)  +  Ua(ir)-f ...  in 
an  interval  (a,  6),  it  is  frequently  desirable  to  know  whether,  for  a  function 
F{x\  defined  for  the  interval  (a,  6),  the  series 

i  [  F{x)un{x)dx 
converges  to  the  limit  I  F(x)8  (x)  dx. 

J  a 

If  we  assume  that  8(x),  F(x)  are  limited  integrable  functions,  it  is 
clearly  suflScient  for  the  validity  of  the  term  by  term  integration,  after 
multiplication  by  F(x)y  that  |  «„  (x)  \  should  be  less  than  some  fixed  finite 
number,  for  all  values  of  x  and  n.  For  it  then  follows  that  \F{x)8n(x)\ 
is  less  than  a  fixed  finite  number,  for  all  values  of  n  and  x,  and  the  result 
then  follows  by  applying  the  theorem  of  §383  to  the  series  ^F{x)ttn(x), 
since  F{x)8{x)  is  an  integrable  function. 

Again,  it  t8  8ufficient  that  \  s^,  (x)  \  8hould  be  le88  than  a  fixed  number  C, 
for  aU  valuee  of  x  and  n,  and  that  F(x)  should  have  an  absolutely  convergent 
improper  integral  in  (a,  6). 

We  may  choose  the  integer  n  so  that  the  measure  of  the  set  H^  of  those 
points  at  which 

is  arbitrarily  small,  say  i; ;  we  have  then 

[  F{x)  [s {x) - Sn (x)]  dxKcf  \F(x)\dx  +  2CJ    \ F(x) \ dx, 

J  a  J  a  J  {H) 

and  since  c  and  17  are  arbitrarily  small,  it  follows  that 

I  F(x)8{x)dx^lim  j  F{x)sn{x)dx\ 

Ja  nsscoJa 

and  therefore  the  sufficiency  of  the  criterion  is  established. 


EXAMPLES. 

1.     Let  8^(x)=nxe~^y  when  n  is  odd,  and  =0,  when  n  is  even.     In  this  case  the 
series  is  simply-uniformly  convergent ;  the  sum  s  {x)  is  the  continuous  function  0. 

according  as  n  is  odd  or  even;  thus 

lim  I  B^{x)dx 

has  no  definite  value,  but  I  «(^)=0. 

3  0 

35—2 
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The  term  bj  term  int^ration  fails  in  this  case,  because  there  is  one  point  ^=0,  at  which 
the  measure  of  non-uniform  convergence  is  indefinitely  great,  as  may  be  seen  from 

the  limit  lim  I  s^{x)dx  not  being  a  continuous  function  of  x, 
Jo 

2.    Let    *»(j;)s=2«'aw~»^,    then  s{x)=0;  at  the  point  x=0,  there  is  a  point  of 
indefinitely  great  measure  of  non-uniform  convergence,  since 


/: 


»» (o?) dx=e- ^W -  e - »V,    4?o<0. 


If  4?  be  different  from  zero,  lim  f  b^  {x)  dlr =0,  but  at  J7a*0  the  limit  is  - 1 ;  thus,  in  any 

interval  which  contains  the  point  0,  the  function  lim  /  b^  [x)  dx  is  discontinuous,  and 

nsooy  ziD 

therefore  cannot  equal    I  B{x)dXy  which  ii 


IS  zero. 


3.     Let  w»  (a-) =T-^^,+n«jF«-»*«*-(n-l)«^- (»-!)•«•; 

we  find  *(0)«1,  and  »(^)=e*,  for  |^|>0. 

[x  fz 

We  have  I  B{x)dx=^—l,    Also  lim  I   B^(x)<ix 

Jo  nssooyO 

is  discontinuous  at  the  point  x^^Oy  which  is  a  point  at  which  the  measure  of  non-uniform 
convergence  is  infinite  ;  it  converges  to  e*-^  if  ^>0,  €tnd  to  zero  if  orsrO. 


4     Let 


where  /r,^  is  a  function  of  n,  and  <^n  (<^))  <^»  (^)  ai^  finite  and  continuous  in  the  interval 
(a,  6),  and  vanish  for  x-a.  Further  let  it  be  assumed  that  <^»(^),  <^»(^)  increase 
indefinitely  with  n,  for  every  value  of  x  except  a,  but  so  that  lim  u^  (x)  is  zero. 

fx  *"* 

We  have         j\(^)<iiF= -^«+i  tan-i{<^^^i(4;)}+ifcitan-M<h(^)}i 

B (x) dx^ki  tan"*  {^  {x)} ; 


/ 


X 

a 


these  are  not  identical  unless         k^ + 1  tan**  {^,» + 1  (a?)} 
has  the  limit  zero.     If  4^{^)^Ki{x^ ^)\ 

where  A„  is  positive  and  increases  indefinitely  with  n,  we  have 

lim /r^+i  tan-i  {<^»+i  (d?)}«itrlimifc»+,. 

Hence,  if  lim/r^^i  have  a  finite  value,  the  two  expressions  have  different  finite  values ; 
if  k^^i  increases  indefinitely  with  ti,  the  series  of  integrals  of  the  terms  of  the  series 
'iu^ix)  diverges.  The  series  of  integrals  has  in  this  case  a  point  of  discontinuity 
at  x=a ;  we  find  that 


V  "^  ^)  '  A>S^»  ^*  i«  -*.*  I  *»♦  .*. 
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and  this  increases  indefinitely  as  n  increases,  and  thus  the  point  a  is  a  point  at  which  the 
measure  of  non-uniform  convergence  is  indefinitely  great. 


5.     Let 


where  h^  increases  indefinitely  with  n,  and  k,^—  a* 

(logA^r 

In  this  case  «»(a+    . — —]  increases  indefinitely  with  n,  and  thus  a  is  a  point  of 

infinite  measure  of  non-uniform  convergence. 

lim  I   »^(x)(ir=/rilog{l+Ai(jr-a)*}-limi-^  +  ilogAw+i,    x>a, 

and  lim  I  «,»(a7)d!r&=0,  when  x=^a; 

also  I  8  (x)  dx^kx  log  {1  -f-  Ai  (d?  -  a)*}. 


If  /3^1,  \vaik^^x\ogh^^i  is  not  zero,  hence  the  term  by  term  int^ration  fuls ;  but 

if  /3>1,  this  limit  is  zero,  and  the  integral  of  b(x)  is  equal  to  the  sum  of  the  series  of 
integrals,  although  in  either  case  the  point  a  is  a  point  of  infinite  measure  of  non-uniform 
convergence. 

6.  Let  r  be  a  perfect  set  of  points  constructed  as  follows : — In  the  middle  of  the 
interval  (0,  1)  lay  off  an  interval  (1)  of  length  /i  =  X-^X,  where  X  is  a  positive  number 
not  greater  than  unity.  In  the  middle  of  each  of  the  free  end  intervals,  lay  off  an 
interval  (2),  both  of  these  intervals  to  be  of  the  same  length  /g,  and  such  that  the  total 
length  of  the  intervals  (1),  (2)  is  ^i+2/2=X  — ^X.  Proceeding  in  this  manner,  in  the 
middle  of  the  equal  free  intervals,  after  n  ~  1  such  steps,  lay  off  an  interval  (n),  all 
these  intervals  to  be  of  the  same  length  l^^  and  such  that  the  total  length  of  all  the 
intervals  (1),  (2),  ...,  (n)  is 

/,  +  2^2+2«/3+  ...  +2-i/.=X--^. 

When  n  is  indefinitely  increased,  the  set  of  end-points  of  the  intervals,  and  the  limiting 
points  of  these  end-points,  form  the  perfect  set  r.     Let 

then  form  the  function 

*»(.^»0=  jsin^.  ^^fcos^j,    0^x^\l, 

n    .    wx      ,     /        irx\  I 

=  0,  for  all  other  values  of  x. 

Let  the  middle  points  of  the  above  intervals  (n)  be  denoted  by  ©iW,  aj!^\  ...,  aW^^^i, 
and  let  B^(pi!)  be  defined  by 

+  *»  (^  -  aiW,  W  + . ..  +  <^»  (a?  -  04(8),  (3) 
+  ... 


which  does  not  however  coincide  with  the  value 


«"*. 
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B^  {x)  is  continuous  in  (0,  1),  and  converges  to  0  for  everj  vahie  of  x ;  for,  if  Xo  be  a  point 
of  any  interval  (t),  at  most  one  term  in  the  expression  for  s^  {x)  is  different  from  zero, 
and  this  term  converges  to  zero.  If  x^  does  not  lie  in  anj  interval  (t),  all  the  terms 
of  «n(^)  are  zero.  Every  point  of  the  perfect  set  r  is  a  point  of  infinite  measure  of 
non-uniform  convergence  of  the  series  of  which  «« (x)  is  the  partial  sum.     In  this  case 

[x 

the  series  2  \  u^  {x)  dx  is  uniformly  convergent,    and    thus    has  a  continuous    sum, 

of    /  8{x)dx. 

We  find  that  f^'  4>^  (x -  o<W,  Ij)  dx=l- 

j\(x)dx=:^,(l-e--\ 
where  p,j<2*-*,  is  the  number  of  the  intervals  (n)  which  fall  within  (0,  x), 

fz 

It  can  now  be  shewn  that  lim  f   s^{x)dx  is  a  continuous   function   of  x  which 

J  0 

increases  from  0  to  1  as  x  increases  from  0  to  1,  whereas   f    Ums^{x)dx=^0,  for  every 

Jo 
value  of  X. 

If  any  perfect  non-dense  set  of  points  O  be  given,  and  a,^  m  be  the  middle  point  of 
the  complementary  interval  of  length  /„,,„,  the  function 

will  have,  at  every  point  of  O,  an  infinite  measure  of  non-uniform  convergence  to  its 
limit  8  {x).  The  intervals  Z<,y  are  here  arranged  in  enumerable  order,  so  that  if 
€i,  f2i  •••>  ^<>  •••  be  a  descending  sequence  of  positive  numbers  which  converges  to 
zero,  /,•,!,  li^2y  •••>  kki  aro  those  of  which  the  lengths  are  =f<_i  and  >€,-, 


THE   FUNDAMENTAL  THEOREM  OF  THE  INTEGRAL  CALCULUS 

FOR   LEBESOUE  INTEGRALS. 

389.  Let  <f>{x)  be  a  continuous  function  defined  for  the  interval  (a,  6), 
and  suppose  that  4>{x)  has  at  every  point  of  the  interval  a  differential 
coefficient  f{x)\  let  us  further  assume  that  f{x)  is  limited  in  (a,  6).  The 
function   f{x)    is    definable    as   the   limit    of   a   sequence    of   continuous 

functions  — r — ^^ ,  where  h  has  the  values  in  a  seqnence  of  which  the 

limit  is  zero.     It  follows  that  f{x)  is  of  class  1,  unless  it  be  continuous,  and 
it  is  consequently  a  summable  function  ;  in  fact  the  theorem  of  §  381  shews 


that /(a;)  has  a  Lebesgue  integral,  since 


<f>(X'\-h)"'if>  (x) 


has  a  finite  upper 
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limit  for  all  values  of  x  and  h.     In  accordance  with  the  last  theorem  of  §  384, 
we  have 

=  lim  T  \\       if>(x)dx'-  \       <f>(x)dic- 

*=0  ">   (Jx  J  a 

=  ^  (a:)  -  ^  (a), 

since  if>  (x)  is  everywhere  continuous.     We  have  therefore  established  the 
theorem  : — 

If  if>  (x)  be  a  Junction  which  possesses  a  differential  coefficient  f{x\  limited 
in  an  interval  (a,  6),  then  f{x)  always  possesses  an  integral  F{x\  in  an 
interval  (a,  x\  which  differs  from  ^  (x)  by  a  constant  only. 

This  theorem  corresponds  to  the  theorem  (B)  of  §  258.  An  example  due 
to  Yolterra  hcus  been  given  in  §  264  of  a  function  which  possesses  a  limited 
differential  coefficient  that  is  not  integrable  in  accordance  with  Riemann's 
definition. 

The  above  theorem  shews  that  this  differential  coefficient  possesses 
a  Lebesgue  integral.  It  thus  appears  that  the  part  (B)  of  the  fundamental 
theorem  of  the  Integral  Calculus,  as  stated  in  §  258,  holds  without  limitation, 
if  Lebesgue's  definition  be  employed,  so  long  as  the  differential  coefficient  is 
a  limited  junction. 

390.     Lebesgue  hsis  established*  the  following  general  theorem  : — 

In  order  that  one  of  the  four  derivatives  of  a  ftmction  may  be  integrable^ 
that  derivative  being  supposed  finite  at  every  point,  it  is  necessary  and  sufficient 
that  the  function  be  of  limited  total  fluctuation.  Its  total  variation  is  the 
integral  of  the  absolute  value  of  the  derivative. 

The  indefinite  integral  of  such  a  summable  derivative  is  the  function  of  which 
it  is  the  derivative. 

This  theorem  affords  a  solution  of  the  problem  of  the  determination 
of  a  function  when  either  its  differential  coefficient,  or  one  of  its  four 
derivatives,  is  a  given  function,  for  the  case  in  which  that  given  function 
is  limited,  or  also  when  it  is  known  that  the  function  to  be  determined 
must  be  of  limited  total  fluctuation.  This  problem  has  been  already  con- 
sidered in  §  264. 

In  order  to  prove  these  theorems,  we  observe  that,  if  <f>(x)  he  el  con- 
tinuous function,  defined  for  an  interval  (a,  6),  the  derivatives  D^if>(x\ 
2)+^  (x),  are  the  upper,  and  the  lower,  limits  of  indeterminacy  of  lim  /  (x,  h\ 

*  Lemons  sur  Vintigration,  p.  123. 
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where  I{x,  h)  denotes  the  increraentary  ratio  ^ 1 — jI\J^     It  will  first 

be  proved  that  a  sequence  of  positive  values  of  h  can  be  determined,  such 
that  the  upper  ^nd  lower  limits  of  /  (a?,  h\  for  A  =  0,  are  for  every  value 
of  X  the  same  when  h  has  the  successive  values  of  the  numbers  in 
this  sequence  as  when  h  is  not  restricted  to  have  such  values.  Let 
Ai',  Vi  •..  hn, ...  be  a  sequence  of  diminishing  positive  numbers,  converging 
to  zero,  and  let  e,,  6j, ...  Cn.  •••  be  another  such  sequence.  Since  I(x,h) 
is  continuous  with  respect  to  (x,  h),  for  all  values  of  x  in  (a,  6),  and  for 
positive  values  of  h  greater  than  zero,  it  follows,  from  the  uniform  continuity 
o{ I (x,  h),  that  the  interval  (A'n+i,  hn)  can  be  divided  into  a  definite  number 
rn  of  parts,  such  that  j  /  (x,  h)  —  /(^,  A')  |  <  en>  for  every  value  of  x,  provided 
h  and  h^  both  lie  in  one  and  the  same  part  of  the  interval.  Let  this  sub- 
division be  made  for  each  value  of  n,  and  let  hi.  A,,  A^,...  denote  the  end-points 
of  all  the  parts  of  all  the  intervals  (A'n+i,  hn').  The  sequence  Aj,  A,,  A,, ... 
converges  to  zero,  and  it  is  a  sequence  such  as  satisfies  the  required  condition ; 
for  we  have  |  I(x,  A^)  —  /(ar,  A)  |  <  €,,  provided  hm^h  ^  h^+i,  the  integer  8 
being  determinate,  corresponding  to  each  value  of  m.  It  follows  that  the 
upper  and  the  lower  limits  of  the  sequence  I{x,  A,),  I(x,  Aj), ...  T(x,  A,„)  ...  are 
identical  with  those  of  any  other  sequence  /  (x,  Ai'),  I(x,  A,'),.../  (a?,  A'„»)..., 
where  Ai  ^  /(/  ^  A,,  h^^h^'  ^Ii^, ,,,,  and  generally  A^  ^  A'^  ^  ^m+i  ]  ft^d 
this  is  the  case  for  every  value  of  x  in  (a,  6).  Therefore  the  sequence  {A^}  has 
the  required  property.  Next,  it  will  be  proved  that  D'^  <f>(^)  is  a  measurable 
function,  and  that  it  is  at  most  of  the  second  class.  Let  Ui  (x)^  Ua(a?), ... 
^n  (^),  ...denote  a  sequence  of  continuous  functions,  defined  for  an  interval 
(a,  b) ;  and  let  u  (x),  u  (x)  denote  the  upper  and  lower  limits  of  indeterminacy 

lim  Un  {x)y  lim  Un  (x).     Let  Vn  (x)  denote  that  function  which,  for  each  value  of 


t»soo 


«  =  <» 


X,  has  the  value  of  the  greatest  of  the  functions  iii  (x),  ?«2(^)»  •••  ^(^)i  for  that 
value  of  X,  It  is  easily  seen  that  the  functions  Vn  (x)  are  all  continuous 
in  (a,  6).  The  functions  v,  (a?),  Vi(x\  .,.  v^ix)  .,,  form  a  sequence,  which  for 
each  value  of  x  is  non-diminishing ;  let  w,  (x)  denote  its  limit.  The  function 
Wi  (x)  is  measurable,  and  at  most^of  the  first  class.  Let  the  function  i^;,  (x) 
be  formed  in  the  same  manner  as  Wi  (x),  by  leaving  out  the  function  Wi  (x), 
and  proceeding  as  before.  The  function  Wn  (x)  is  formed  by  leaving  out  the 
first  n—  1  of  the  functions  u(x)y  and  then  proceeding  in  the  same  manner  as 
that  in  which  Wi  (x)  was  formed  from  the  original  sequence.  The  functions 
Wi  {x\  w^ (a?),  ,,,Wn{x)  ,,,  form  a  non-increasing  sequence  of  measurable 
functions,  of  the  first  class  at  most;  their  limit  is  u{x).  It  follows  that 
u{cd)  is  measurable,  and  of  the  second  class  at  most.  In  a  similar  manner  it 
can  be  shewn  that  u  (x)  has  the  same  property.     If  we  identify  the  fiinctions 

Un  (x)  with  the  functions  /  (a?,  An),  where  the  sequence  {An}  is  formed  as  has 
been  explained  above,  we  see  that  the  two  derivatives  Z>+  if>  (x),  D+  if>  (a?)  are 
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measurable,  and  of  the  second  class  at  most.  The  derivatives  D~if>(x)t 
-D_^(a:)  clearly  have  the  same  property. 

We  now  assume  that,  for  each  value  of  x  in  (a,  6),  the  derivative 
i)+  <l>  (x)  has  a  finite  value.  Let  the  unlimited  interval  (—  x  .  »  )  be  divided 
into  intervals  (a»,  a^+i),  where  the  integer  i  has  all  positive  and  negative 
values,  and  so  that,  for  each  value  of  t,  a»+,  —  a»  <  e,  where  €  is  a  fixed  positive 
number.     Let  e»  denote  that  set  of  points  x  in  (a,  6),  for  which 

a,<D-^it>{x)^a,+i; 

and  arrange  the  sets  e,  in  the  order  e^,  tfi,  tf-i,  &«,  tf-s, ...  ^n*  ^-m  — 

Let  Ao.  Ai,  A:_i,  ik„  A;_a, ...  ,  ikn,  ^-n  ...  be  a  sequence  of  positive  numbers  so 
chosen  that  the  limiting  sum  of 

Aolool  +  Ajiloi  |  +  A:_,  1  a_,  1  +  ...  +  An  |  On  |  + A;-n  I  a-n  |+  .-. 

is  less  than  e.  Let  the  set  eo  be  enclosed  in  a  set  of  intervals  Ao,  and  the 
complementary  set  C  (bq)  in  a  set  of  intervals  Ao^  so  that  the  measure  of  that  set 
of  intervals  which  is  common  to  the  sets  Ao,  Ao'  does  not  exceed  ko.  Enclose 
ei  in  a  set  of  intervals  A„  and  (7(^0 +  ^i)  in  a  set  of  intervals  A^";  where  the 
sets  A,  and  A/  are  both  interior  to  Aq',  and  have  in  common  a  set  of  intervals 
of  measure  not  exceeding  ki.  Proceeding  in  this  manner,  we  enclose  Cpy  where 
p  is  positive  or  negative,  in  a  set  of  intervals  Ap,  and  (7  (^o  +  ^i  +  ^-i  +  . . .  tf^), 
where  eq  immediately  precedes  ep.in  a  set  Ap,so  that  A^,,  A'^are  both  interior 
to  A'^,  and  have  in  common  a  set  of  intervals  of  measure  not  exceeding  kp. 
We  have  now  m(\)  —  m(ep)  ^  kp,  and  Ap  has  in  common  with  all  the  other 
sets  A,  a  set  of  intervals  whose  measure  is  less  than  kp. 

Since      2  \ap\m{Ap)—  2  [a^l  m{e^,  where  jp  =  0,  1,  —  1,  2,  —  2  ..., 
p 
is  less  than  2i?p{ap{,  or  than  6,  we  see  that 

p 

2 1  Op  I  m  (Ap),  2  I  Op  I  m  {ep) 
p  p 

are  either  both  divergent  or  both  convergent ;  and  in  the  latter  case  the 
difference  of  their  sums  is  less  than  c.     If  /    \D'^  it>(x)\dx  exists,  we  have 

J  a 
J  a 

and  the  integral  exists  if  2  |  ap  |  m  (Ap)  is  convergent.    Similarly,  the  necessary 

p  ^ 

and  sufficient  condition  that  I    D'^(f>(x)dx  should  exist  is  that  2apm(Ap) 

J  a 

should  converge;  and  then  the  two  differ  by  less  than  (6  — a  — 1)€.  Any 
point  X  in  (a,  b)  belongs  to  one  of  the  sets  ep;  let  Sp  be  that  interval 
of  the  set  Ap  which  contains  x.  Let  {x,  x  +  h)  he  the  longest  interval  with  h 
positive,  contained  in  Sp,  which  does  not  exceed  c,  and  is  also  such  that 

Op^I  {x,h)^  Op+i  +  €. 


6 

i)+^(a;)|(ir<(6-a)eH-2  |ap|  m(^)<  (6-a- 1)6  +  2  |ap|  m(Ap); 

p  p 
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Starting  from  the  point  a,  we  define  in  this  manner  an  interval  (a,  «,) ; 
then  we  take  the  interval  (^Fj,  x^)  corresponding  to  a?i.  and  so  on.  The  point 
b  will  be  reached,  either  as  the  end-point  w^  of  an  interval  (x^^i,  Xp),  where  fi 
is  some  number  of  the  first,  or  of  the  second  class,  or  else  it  is  the  limiting 
point  of  the  end-points  of  a  sequence  of  intervals.     The  value  of  the  sum 

l\if>(x^+,)-if>(x^)\ 

taken  for  all  the  intervals  (ar.,  Xa+i),  by  which  the  points  a  and  b  are  joined, 
lies  between  2  |  Op^  |  B'p^  ±  2€  (6— a),  where  S'p^  is  the  interval  (a?«,  a?.+i),  and 

Pa  denotes   the   corresponding   value   of  p.     Also   2 1  Op^  |  S'p^   differs   from 

S I  ap I m (Ap)  by  less  than  Xkp\ap\,  or  by  less  than  e ;  for  those  points  of  Ap 
p  p 

which  do  not  belong  to  intervals  S>p^,  necessarily  belong  to  one  of  the  sets  A^, 

where  q  is  different  from  ^,and  their  mecusure  accordingly  does  not  exceed  kp. 
Therefore  2  |  <f>  (xa+i)  —  if>  (x^)  \  lies  between  the  two  numbers 

2  I  Op  I  m  ( Ap)  —  €'  ±  2e  (6  —  a),  where  e'  <  e ; 
p 

and  these  numbers  are  finite  if  I  \D^ if>(x)\dx  exists. 

J  a 

It  follows  that  the  necessary  and  sufficient  condition  that  D^if>{x) 
should  be  integrable  is  that  the  function  ^{x)  should  be  of  limited  total 
fluctuation,  iu  which  case  its  total  variation  in  (a,  b)  is  limited. 

We  have  also 

<^  (6)  -  <^  (a)  =  2  {<^.+,  {x)  -  4>a  {x)]  =  f  V  4> {x)  dx, 

in  case  i)"*"  (f>  (x)  is  integrable ;  the  reasoning  being  the  same  as  before,  and 
remembering  that  the  number  e  is  arbitrarily  small.  The  theorem  may  be 
proved  for  the  case  of  the  other  derivatives  in  a  precisely  similar  manner. 
If  then  (f>(x)  be  of  limited  total  fluctuation y  and  have  its  four  derivatives 
finite  at  each  pointy  we  have 

^(6)-^(a)=f  i)+<^(a?)(ir=[  D+(l>{x)dx=l  D'il>(x)dx^j  D^4>{x)dx. 

J  a  J  a  J  a  J  a 

391.  The  following  theorem,  also  due  to  Lebesgue,  will  now  be 
established  : — 

A  function  if>  {x\  of  limited  total  fluctuation  in  {a,  6),  and  of  which  one  of 
the  four  derivatives  is  limitedy  has  a  differential  coefficient  <)>*  (x)  at  every  point 
of  (ay  b)y  with  the  exception  of  points  belonging  to  a  set  of  measure  zero.  The 
theorem,  also  holds  in  ca^e  the  derivative  has  points  of  infinite  discontinuity 
belonging  to  a  closed  set  of  points,  of  zero  content, 

'  Let  e  be  a  measurable  set  of  points  in  (a,  6),  and  let  e  (x)  denote  the  part 
of  e  in  the  interval  (a,  x).  It  will  then  be  shewn  that,  me(x)  denoting 
the  measure  of  e  (x),  the  function  me  (x)  has  a  differential  coefficient  equal 
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to  1  at  a  set  of  points  contained  in  e,  and  of  measure  m{e)\  and  that  it 
has  a  differential  coefficient  equal  to  0  at  a  set  of  points  not  belonging 
to  e,  and  of  measure  6  — a  — m(e).  Thus  the  set  of  points  at  which  me{x) 
has  no  differential  coefficient  is  of  measure  zero.  AH  the  points  of  e  may  be 
enclosed  in  the  interiors  of  the  intervals  of  setsDi,  i),, ...  Dn, ... ,  such  that 
in{Dn)  converges  to  m  (e\  as  n  is  increased  indefinitely.  Let  Ef^{x)  denote 
the  part  of  2)^  which  is  in  the  interval  (a,  x) ;  we  then  have 

D^ m En{x)  ^ i)+  me{x)  ^  0. 

But  D^mEn(x)=l,  at   all  interior  points  of  /)»;  and  it  follows  that 

D^mEn(x)=»0  at  all  points  not  interior  to  Dn,  except  at  points  of  a  set 

of  measure  zero  ;  for  otherwise 

'b 
D^  m  En  (x)  dx 


j' 

J  a 


would  exceed  mi)^.  As  this  holds  for  every  value  of  n,  it  follows  from 
the  above  inequality  that  i)+  me  (x)  must  be  zero  at  every  point  not  belonging 
either  to  e,  or  to  a  certain  set  of  zero  measure.  Since  /)"*"  me  (x)  =  0,  at 
a  set  of  points  of  measure  6  — a  — m(g),  and  since 

b 

D"'"  me  {x)dx  =  m  (e), 


J  a 


it  follows  that  D"^  me  (x)  is  equal  to  unity  at  a  set  of  points  of  measure 
m(e),  belonging  to  the  inner  limiting  set  defined  by  the  sequence  {Dn}» 
Also  this  inner  limiting  set  has  the  measure  m(e)',  therefore  D"*"  nie(a?)  =  l, 
at  a  set  of  points  all  belonging  to  e,  and  of  measure  m  (e).  A  similar  theorem 
can  be  established  for  each  of  the  other  derivatives  of  me  (x).  It  then  follows 
that  me(x)  has  a  differential  coefficient  equal  to  1,  at  a  set  of  points  of 
measure  m  (e),  belonging  to  e,  and  also  a  differential  coefficient  equal  to  0,  at 
a  set  of  points  of  measure  h  —  a  —  m  {e),  belonging  to  C  {e). 

Next,  let  f{x)  be  a  limited  summable  function  defined  in  (a,  b\  and 
of  which  i,  U  are  the  lower  and  the  upper  limits.  Divide  the  interval 
(Z,   U)  into  parts 

(ooi  Oi),  («i,  Oa)  .-.  (a»-i,  ^i)  •..  (a»-i,  ttn),  where  Oo  =  i,  «»=  t/"; 

and  where  a»  —  a^^,  does  not  exceed  e,  for  any  value  of  t.  Let  <^i  (a?),  ^^  (a?)  be 
two  functions  defined  as  follows : — For  each  value  of  x  such  that 

a,  ^  /  {x)  <  a,+, ,  let  if>,  {x)  =  a, ; 

and  for  each  value  of  x  such  that  aj_,  </(a7)  ^  a^  let  ^(a?)  =  a».  Thus 
if>^(x),  <l>i(x)  are  defined  for  the  whole  interval  (a,  6),  each  of  them  having 
only  a  finite  set  of  values.     Let 

F{x)^\' f{x)dx,    F,(x)^r(f>,(x)dx,   -F, (a?)  =  f* <^ ( a?) (ir ; 

J  a  J  a  J  a 
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we  then  have  D^ Ft(x)  :^  D* F {x)  ^  I>*  F^ijjc),  at  each  point  x  in  {a,  b). 
Also,  we  have 

F,{x)  =  atinetix)-^a,me,(x)  + ...  +a„ma„(x), 
where  e,  (x)  is  the  part,  contained  in  (a,  x),  of  the  set  c,  of  points  of  (n,  i)  «t 
which  «,  S  f{x)  <  o,+i.  The  function  F,  (x)  has  a  differential  coefficient  eqnal 
to  ^1  (^)>  tit  all  points  of  (a,  b)  not  belonging  to  a  set  of  measure  zero.  For 
me,(x)  has  a  differential  coefficient  at  ever^'  point  not  belonging  to  a  set 
of  zero  measure,  and  this  holds  for  every  value  of  i ;  therefore  F,  (x)  lias 
a  differential  coefficient  at  every  point  not  belonging  to  a  aet  of  measure  zero. 

Also  3-  me,  {x)  is  unity  at  all  points  of  e.  except  at  points  of  a  set  of  zei-o 

measure,  and  is  zero  at  all  points  of  C  (e,)  except  at  points  of  a  set  of  zero 
measure;  and  this  holds  for  each  value  of  1.  A  similar  result  holds  for 
the  function  F^ix). 

At  any  point  x,  we  have 

F\(x  +  h)~F,(x)^F(x+k)~F(x)     F,(x  +  h)-F,(x) 


for  positive  or  negative  values  of  A.  Therefore  the  four  derivatives  of  F(x) 
all  lie  between  if>,(x),  and  ^(z),  at  each  point  x  which  docs  not  belong 
to  that  set  of  points  of  zero  measure  at  which  F,  (x),  Ft  (x)  do  not  possess 
differential  coefficients  equal  to  ^(^),  ^(£).  Now  0,(x),  ^(x)  differ  from 
one  another,  and  from /(z),  by  not  more  than  e;  therefore,  at  every  point 
not  belonging  to  a  set  of  measure  zero,  the  four  derivatives  of  F(x)  do 
not  differ  from  one  another  by  more  than  t.  By  taking  a  sequence  of  values 
of  «  OODTergiog  to  lero,  we  then  see  that  F(x)  has  a  differential  coefficient 
I  at  every  point  of  (a,  b)   not   belonging   to   a   set   of  zero 

%e' Biaction  /(x)  be  nnltniited,  but  summable  and  possessing  a 

igue  integral,  the   fum^tions  F,(a^),  Fi{x)  are  each  defined  by  series. 

i  in  both  directions.    The  term  by  term  differentiation  of  this  series 

I  then  require  justification.     It  will  he,  however,  sufficient*  for  the 

pnariiL   piirpoKi-   Ld  consider  the  case  in   which  the  points  of  infinite  dis- 

pontiiiuity  of  /{x)  form  a  closed   set  of  z<sm  content.     By   enclosing   thb 

f  pinnt«  in  a  finite  set  of  intervals  of  arbitrarily  small  sum,  and  applying 

t  obUint'd  above  to  each  of  the  complementary  intervals  in  which 

i|ite(),  the  theoreui  may  be  extended  to  the  case  of  such  a  function 


larlo  that  id  tlic  lext  to  thaoMaof  aa;  iDiniiublefnnetioii, 
fwuitloiii  #  ifl  the  sum  «t  kn  luAnita  number  of  (bnotiaiiB  f ,  wheo 
thtn  kpp^Ar  to  TtHiuire  watat  hrthar  jiwUflMtum. 
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It  has  now  been  established  that,  if  f{^)  be  a  sumniable  function  which 
is  either  limited  in  (a,  6),  or  has  points  of  infinite  discontinuity  belonging  to  a 

closed  set  of  points  of  zero  content,  then  \  f{x)  dx  has  a  differential  coefficient 

J  a 

equal  to  f{x),  at  a  set  of  points  whose  measure  is  equal  to  that  of  the  whole 
interval  (a,  6). 

The  function  <l>{x),  being  of  limited  total  fluctuation,  is  equal  to  the 

integral  I    D^<f>(x)  dx,  the  integrand  being  supposed  finite  at  each  point.     It 

has  now  been  shewn  that,  if  the  derivative  D^  ^  (x)  is  limited,  or  at  most  has 
indefinitely  great  values  in  the  neighbourhoods  of  points  of  a  closed  set  of  zero 
content,  then  <l>(x)  has  a  differential  coefficient  equal  to  D'^  ^{x)  at  each 
point  of  a  set  of  measure  b-a.  At  such  a  point  the  four  derivatives  are 
of  course  equal  to  one  another.  Therefore  the  theorem  stated  at  the 
beginning  of  the  present  section  has  been  established. 

Lebesgue  has  also  established*  the  following  theorem  : — 

Every  function  with  limited  total  fluctuation,  and  in  particular,  every 
monotone  fu/nction,  has  a  finite  differential  coefficient,  except  at  the  points  of  a 
set  of  which  the  measure  is  zero. 

This  differential  coefficient  is  summable  in  the  domain  which  consists 
of  those  points  at  which  it  exists  and  is  finite,  but  the  integral  is  not  necessarily 
the  given  function,  unless  one  of  the  four  derivatives  of  the  given  function  be 
everywhere  finite, 

392.  Besides  the  Lebesgue  integrals  of  unlimited  functions,  as  defined  in 
§  291,  which  integrals  are  necessarily  absolutely  convergent,  there  is  a  class  of 
non-ahsolutely  convergent  improper  Lebesgue  integrals,  which  may  be  defined 
by  extending  Harnack's  definition  of  improper  integrals  given  in  §  271.  The 
extension  consists  in  taking  the  integrals  in  the  intervals  17  employed  in  §271, 
to  be  Lebesgue  integrals,  and  not  necessarily  Riemann  integrals.  In  case  the 
integral  so  defined,  of  an  unlimited  function,  be  absolutely  convergent,  it  has 
been  shewn  in  §  291,  to  be  in  agreement  with  the  ordinary  Lebesgue  integral 
of  the  same  function,  as  defined  in  §  291.  If,  however,  the  integrals  taken 
through  the  set  of  intervals  {17}  have  a  limit,  but  the  limit  of  the  integrals 
of  the  absolute  values  of  the  functions  do  not  exist,  we  have  then  a  non- 
absolutely  convergent  improper  Lebesgue  integral. 

An  example  of  such  an  integral  is  the  following :— Let  /(a?)  =  0,  for  all 
rational  values  of  x  in  (0,  1) ;  and  for  irrational  values  of  x,  let /(a?)  =  -sin  - ; 

X  X 

then  I    f{x)dx  exists  only  as  a  non-absolutely  convergent  Lebesgue  integral, 

JO 

*  Levant  sur  VinUgratum,  pp.  123  and  12S. 
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being   defined   as  lim   I  f(x)dx.      The  integral  I    |/(d?)  |  cio;  does  not  exist ; 

e=o  J*  Jo 

fori    \f(x)\dx  is  not  convergent,  for  €  =  0. 

393.     The  theorem  proved  in  §  282  that,  if  I  /(x)  dx  exist  as  an  improper 

J  a 

integral,  whether  absolutely  convergent  or  not,  in  accordance  with  Hamack's 

tb' 

definition,  then  I    f{x) dx  exists,  where  a^a' ^V ^h,  and   that  the  con- 

J  a' 

vergence  of  this  integral  is  uniform  for  all  values  of  a'  and  h\  is  applicable 
without  change  to  the  case  of  improper  Lebesgue  integrals,  whether  absolutely 
convergent  or  not.     The  proof  in  §  282,  is  valid  in  this  more  general  case. 

Also  the  proof  that 

f  f(x)dx=  rf(x)dx-\-f  f{x)dx 

J  a  J  a  J  X 

given  in  §  282,  is  applicable  without  change. 

It  may  be  proved  that, /or  an  improper  Lebesgue  integral,  I    f{x)dx%8 
a  continuous  function  of  the  upper  limit  x. 
Using  the  notation  of  §  282,  we  have 

I   fx  +  h  /•«  +  * 

IJ^       f(x)dx^j^       f,(x)dx    <i€, 

and  J  f(x)dx-\  fi{x)dx  <^€, 

provided  the  set  of  intervals  [h]  is  properly  chosen.     We  have  also,  since 
fi{x)  is  a  limited  function. 


||J"*'/3(^)da;-|y,(a?)(ir 


<i€. 


provided  |  A  |  is  less  than  some  positive  number  17.    It  follows  that 

I  rx+h  rx 

\        f(x)  dx-  j  f{x)  dx   <  €,  if  I A I  <  1;. 

Therefore,  since  €  is  arbitrary,  I  f(x)dx  is  continuous. 

J  a 

It  has  been  shewn  in  §390,  that  if  (f>(x)  have  limited  total  fluctuation  in 
(a,  6),  and  if  D  ^  (x)  be  everywhere  finite,  then 

4>{b)'-<l>(a)  =  j  D4>(x)dx. 

Now  let  D4>(x)he  indefinitely  great  at  points  of  a  reducible  set  0 ;  then 
if  {a\  x)  be  interior  to  one  of  the  complementary  intervals  of  the  set  0, 
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and  4^{x)  have   limited   total   fluctuation  in   the  complementary  interval, 
we  have 

i^{x)-i^{a')^  ('Dd>(x)dx', 

J  a' 

and  if  D^(x)  have  a  Lebesgue  integral,  or  a  non-absolutely  convergent 
improper  Lebesgue  integral  in  (a,  h\  we  have 

\*D  i^{x)dx-r  D4>{x)dx  =  <t>{x)-i^  (a'). 

J  a  J  a 

Therefore  /    D  <f>{x)dx--^{x)  is  constant  throughout  the  interior  of  the 

complementary  interval  considered.      The  function  ^{x)  being  continuous, 
this  difference  is  continuous  throughout  (a,  b) ;   and  since  G  is  reducible, 

it  follows  from  the  theorem  of  §  206,  that  /    D  <!>  (x)  dx  -  (f)  (x)  is  constant 

throughout  (a,  6),  and  therefore  =  — ^  (a).     The  following  extension  of  the 
theorem  of  §  390,  has  therefore  been  established : — 

If<l>{x)bea  continuous  function  such  that  D  <f>  (x)  is  finite  at  every  point  of 

(a,  b)  which  does  not  belong  to  a  reducible  set  G,  and  if  I  D  <l>(x)dx  exist  as  a 

Lebesgue  integral,  or  as  an  improper  non-absolutely   convergent  Lebesgue 
integral,  then 

D  <f>(x)dx  =  <f>{x)—  <f>  (a) 


/: 


for  every  point  x  in  (a,  6).     D<f>  (x)  denotes  any  one  of  the  four  derivatives 

of  if)  (x). 

If  the  set  G  were  not  reducible,  but  contained  a  perfect  component, 
then  I    D<f>(x)dx  would  in  general  differ  from   4^(x)  by  a  function   with 

Ja 

an  everywhere-dense  set  of  lines  of  invariability. 


INTEGRATION  BY  PARTS  FOR  LEBESGUE  INTEGRALS. 

394.  If  u,  v  be  two  continuous  functions  with  limited  total  fluctuation  in 
(a,  6),  then  the  product  uv  has  the  same  property.  For  if  t4  =  Wi  — 1«,, 
v  =  Vi  —  V2,  where  Wi,  t^,,  Vi,  v^  are  monotone  non-diminishing  functions,  then 
UiVi  +  v^V2,  UiVi  +  u^Vi  have  the  same  property,  and  therefore  (tti— t/^)(vi  — i;,) 
is  of  limited  total  fluctuation. 

Let  us  assume  that  u,  v  both  have  limited  derivatives  in  (a,  6) ;  then  in 

du    dv 
accordance  with  the  theorem  of  §  391,  -r- ,  -r-  both  exist  at  all  points  of 

(a,  6),  except  points  of  a  set  with  zero  measure. 
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-_-     ,  d(uv)       du        dv 

We   have  -  -^ —  =  t;  3-  +  a  j-  , 

dx  ax        ax 

at   each   point  of  the  set  E  of  points  where  the  differential  coefficients 
exist.     We  have  then 

r   d  (uv)  J       f      du  J       C      dv  J 
\       J    '  (W?  =  I    v  J-  CM?  4- 1    u-r-dx. 
J  s    ax  J  E    (*^         J  E    <*^ 

Also  I    V  -f-dx^l   V  Du  dx,     j   u-f-dx=  j  uDvdx, 

since  Dw,  Dv  are  limited,  and  m  (E)  =  6  —  0.     Also 


therefore  I    w  Dv  cir  ==  I  mv  I   —  I    v  Du  dx. 


=H-// 


Now  let  u=^  j    Udx,    v=  \    Vdx, 

where  U  and  F  are  limited  in  (a,  6) ;  then  U  only  differs  from  Du  at  points 
of  a  set  of  zero  measure,  and  V  differs  from  Dv  only  in  the  same  manner. 
We  thus  obtain  the  formula  for  integration  by  parts, 

/V(/;t.^)*.=[(/V4.)(/;Fi.)]-/V(/v^)4r. 

where  a,  fi  are  arbitrarily  fixed  points  in  the  interval  (a,  6). 

If  Du,  Dv  be  not  limited,  but  have  points  of  infinite  discontinuity  which 
belong  to  an  enumerable  closed  set  G,  let  x  (^)  denote 

\uv\    -  I   uDvdx—  \  vDudx, 

The  function  x(^)  ^  constant  in  any  interval  contained  in  an  interval 
complementary  to  0,  The  functions  %  v  being  continuous  in  (a,  6),  the 
function  x  (^)  ^  continuous  in  (a,  6),  and  therefore,  since  0  is  enumerable, 
X  (^)  is  constant  throughout  (a,  b) ;  and  it  is  zero,  since  it  vanishes  at  the 
point  a. 


Therefore  we  have 


I    ti  Dv  =    wv     —  I    V  Du  dx, 


where  u,  v  are  continuous,  and  Du,  Dv  have  points  of  infinite  discontinuity 
belonging  to  a  reducible  set  of  points. 
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THE  DIFFERENTIATION  OF  SERIES. 

396.  If  8(x)  denote  the  sum-functioD  of  a  series  Ui(a?)  +  tia(^)  +  ...,  and 
it  be  assumed  that,  either  at  a  particular  point  a?,  or  in  a  continuous  interval, 
all  the  terms  u^  (w),  u^  {x\  . . .  are  continuous  and  differentiable,  it  is  a  subject 
for  investigation  under  what  conditions  8{x)  possesses  a  differential  coefficient 
which  is  the  limit  of  the  sum  i^i'  (a?)  +  w,'  («)+... ,  the  series  of  which  the 
terms  are  the  differential  coefficients  of  the  original  seriea  It  may  happen 
that  (1)  8{x)  possesses  no  differential  coefficient,  or  (2)  that  the  series 
t*i'(a?)  +  W(a:)+ ...  is  not  convergent,  or  both  (1)  and  (2)  may  happen 
simultaneously,  or  (3)  that  s'  (x)  exists  and  the  series  is  also  convergent,  but 
that  its  limiting  sum  is  not  s'  (x). 

Writing  8(x)  =  8n  (x)  +  Rn  (a?),  we  have,  at  any  point  of  convergence  of  the 
series,  lim  i?n  (a?)  =  0 ;  further  we  have 


naflo 


8{X'\-h)-'8{x)  _8n(X'\-h)-8n{x)       Rn  {x  +  h)  -  R^  (x) 

h  h  '    h  ' 

On  the  hypothesis  that  all  the  terms  of  the  series  have  finite  differential 

coefficients  at  the  point  x,  we  have  lim  — [^  ^^  ^  =  8n  (x) ;  if  then 

Rn  (x)  possesses  a  differential  coefficient,  so  also  does  8  (x).     If  Rn'  (x)  exists, 
and  converges  to  the  limit  zero,  when  n  is  indefinitely  increased,  we  have 

s'  (x)  =  lim  8n  (x)  =  lim  {w/  (x)  4-  W  (a?)  +  . . .  +  w»'  (x)]. 


i»sao  n— 00 


In  case  Rn  (x)  either  does  not  exist,  or  exists  but  does  not  converge  to 
the  limit  zero,  when  n  is  increased  indefinitely,  the  term  by  term  differentia- 
tion of  the  series  is  inapplicable. 

396.  Let  us  assume  that,  in  a  given  interval  (a,  6),  the  terms  of  the 
convergent  series  Wi(a;)  +  i^a(a:)+ ... +Wn(a?)+ ...  are  differentiable,  and  that 
their  differential  coefficients  are  everywhere  finite,  and  are  integrable  in 
(a,  6),  and  in  case  they  are  unlimited    have  a  reducible  set  of  points  of 

infinite  discontinuity,  so  that  I   w,/  (x)  dx  ^  Un  (x)  —  tt„  (a).     The   integral 

a 

may  be  either  a  Riemann  integral,  or  an  improper  one  in  accordance  with 
Harnack's  definition,  or  a  Lebesgue  integral,  or  a  non-absolutely  convergent 
improper  Lebesgue  integral.    Let  it  be  further  assumed  that  the  series 

Ui'  (x)  +  Uj'  (a:)  +  .. .  +  ttn'  («)  +  ••• 
is  convergent  everywhere  in  (a,  6) ;  then  denoting  the  sum-function  of  this 
latter  series  by  ^  (x),  we  may  apply  the  theorems  in  ^  379-386,  to  obtain 

conditions  that  <f>(x)  possesses  an  integral  I    if>(x)dx,  where  a^x^b,  and 

J  a 

that  the  series 

{wi  (x)  -  Ui  (a)}  +  {iu,  {x)  -  Ui  (a)}  +  . . . 

H.  •  36 
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converges  to  the  sum  I  <f>  (x)  dx.  If  these  conditions  are  satisfied,  we  have 
I    ^{x)dx  —  8{x)  " 8 (a) ;  from  which  it  follows  that,  at  least  at  any  point 

J  a 

of  continuity  of  ^  {x\  the  differential  coefficient  a'  (x)  exists,  and  is  the  sum 
of  the  series 

It  follows  from  a  theorem  in  §  383,  that  if  the  series  ^Un'  (x)  be 
uniformly  convergent,  the  function  <l>{x)  is  integrable  in  (a,  6),  and  that 

I    <l>(x)dx=^8(x)  —  8 (a) ;  and  thus  «' (x)  =  <^ (a?),  at  any  point  of  continuity  of 

J  a 

<\>{x).  In  particular,  ^(rt)  is  everywhere  continuous  if  all  the  terms  iin'(x) 
are  continuous  functions.  We  have  therefore  established  the  following 
theorems : — 

If  the  8erie8  Swn  (^)  converge  in  (a,  b),  and  the  terms  of  the  series  2ti^'  (x) 
be  all  finite  and  continuous  in  (a,  6),  and  the  latter  series  converge  tmifomUy, 
then  s'  {x)  exists^  and  is  the  sv/m  of  lite  series  Xu^{x\  at  all  points  in  (a,  6). 

If  the  series  ^Un{x)  converge  in  (a,  6),  and  the  differential  coefficients 
Un'  (x)  have  ail  definite  finite  values  everywhere  in  (a,  6),  and  are  integrable 
in  the  sense  explained  above,  and  the  series  Sun'  {x)  be  uniformly  convergent ; 
then  at  every  point  of  continuity  of  the  sum  of  the  series  Xv^'(x),  that  sum 
is  s^x). 

It  is  a  known  theorem  that  the  sum-function  <l>(x)  of  a  uniformly 
convergent  series  of  point-wise  discontinuous  functions  is  at  most  point- 
.wise  discontinuous ;  and  in  the  present  case  the  points  of  discontinuity  form 
a  set  of  zero  measure,  provided  the  integrals  of  the  terms  t^' (x)  are 
Biemann  integrals. 

Exactly  similar  theorems  hold  for  derivatives  of  the  terms  tin  (^))  on  one 
side. 

The  condition  of  uniform  convergence  contained  in  these  theorems  is  a 
sufficient,  but  not  a  necessary,  condition  for  the  validity  of  the  process  of  term 
by  term  differentiation. 

A  less  stringent,  but  sufficient,  condition  would,  in  accordance  with  the  last 
theorem  of  §  383,  be  obtained  by  replacing  the  condition  that  Siin'(^)  should 
converge  uniformly  in  (a,  6)  by  the  condition  that  its  convergence  should  be 
simply  uniform*. 

Still  wider  conditions  for  the  validity  of  the  process  are  obtained  by 
applying  the  theorems  of  §§  384,  385.  We  thus  obtain  the  following 
theorems : — 

If  the  series  St^(^)  converge  in  (a,  6),  and  the  differential  coefficients 
Un'(x)  everywhere  exist ,  and  are  limited,  and  the  series  Xun'(x)  be  every- 

*  See  Beudixson,  '*  Sur  la  convergence  oniforme  des  s^es/'  Stockholm  Ofv,  vol.  lit,  1897. 
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he,  for  every  value  of  n  and  x,  less 


n 

where  convergent ;  and  if  further  I  l^Uf!  (a?) 

1 

00  d  ^ 

than  some  fixed  positive  number,  then  St/n  (po)  -=  -j-  St^(a?),  at  least  at  every 

1  ax  X 

00 

point  of  continuity  of  Sti/  {x), 

1 

If  the  series  Xu^  (x)  converge  in  (a,  6),  and  the  fmictions  u^  (x)  everywhere 
existy  and  are  limited,  then  provided  the  set  of  points,  in  the  neighbourhood 

of  which  the  condition  that  '  ^Un'  (x)  I  is  for  every  n  and  x  less  than  a  fixed 

1  1  ' 

00 

positive  number  is  not  satisfied,  he  an  enumerable  set,  and  if  also  2  u  (x)  he 

1 

00  /7    00 

continuous  in  (a,  6),  then  Xv^  {x)  =  -y-  2wn  (^)>  ct<  ^^«*^  <^  every  point  of  con- 

1  CM?  1 

00 

tinuity  ofXu^  {x\ 
1 

A  particular  case  of  this  theorem  is  that  in  which  all  the  terms  Uf!  {x),  and 

00 

Sun'(^),  are  continuous.     In  the  general  case,  it  will  be  observed  that,  in 

accordance  with  the  theorem  of  §  389,  the  terms  Un  {x)  are  all  integrable, 
possessing  at  least  Lebesgue  integrals.  Also,  in  virtue  of  the  theorem 
proved  in  §  391,  the  points  at  which  the  term  by  term  differentiation  does 
not  hold,  form  at  most  a  set  of  points  of  measure  zero. 

By  emplojdng  the  theorem  established  in  §  386,  the  above  theorems  can 

00 

be  extended  to  the  case  in  which  the  series  Sun'  (x)  fails  to  converge  at  points 

1 

belonging  to  a  reducible  set  of  points. 

397.  The  condition  of  the  validity  of  term  by  term  differentiation  of 
the  convergent  series  Su  {x),  at  a  particular  point  a  of  the  domain  of  x,  is 
identical  with  the  condition  that  the  two  repeated  limits  of 

s{0L'\-h,y)-s{a,y) 
h 

for  A  =  0,  y  =  0,  should  exist,  and  have  one  and  the  same  value.  By  applying 
the  theorems  of  §§  234,  235,  which  contain  the  necessary  and  sufficient  con- 
ditions for  the  existence  and  equality  of  repeated  limits  of  a  function  at  a 
point,  we  obtain  the  following  theorems : — 

If  the  series  Xun  (x)  everywhere  converge  in  a  sujfficiently  small  neighhour- 
hood  of  a  point  a,  and  the  differential  coefficients  u^  (a)  eocist,  and  are  finite, 

then  the  necessary  and  sufficient  conditions  that  -j-s(x)  at  a?  =  a,  may  exist 


00 


and  he  equal  to  Xv^  (a)  are  (1 )  that  2u/  (a)  he  convergent,  and  (2)  that,  e  heing  an 

1 
arbitrarily  chosen  positive  number,  and  Wo  an  arbitrarily  chosen  positive  integer, 

36—2 


condition 


<  €  is  sdtisfied  for  evert/  value  of  h  such  that 
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a  number  17,  positive  and  >  0  can  be  found,  and  also  a  positive  integer  n>n9, 

such  that  the  condition  — '^ j^ ^   <  €  w  satisfied  for  this  value  of  n, 

a/nd  for  every  volume  of  h  such  that  0  <  |  A  |  <  17,  and  for  which  a  +  h  is  interior 
to  the  given  neighbourhood  of  a. 

If  the  series  2i^  (x)  converge  everywhere  in  a  sufficiently  small  neighbour- 
hood of  a  point  a,  and  the  differential  coefficients  u^  (a)  exist  and  are  finite^ 

then  the  necessary  and  sufficient  condition  that  -^s{x)  at  x  =  a,  may  exist 

oo 

and  be  equal  to  l,Un  (ct)  is  that,  corresponding  to  any  arbitrarily  chosen  positive 

1 

number  e,  an  integer  Ho  exists,  such  that  corresponding  to  each  integer  n>n^,  a 
positive  number  %  in  general  dependent  on  n,  can  be  found,  such  that  the 

iin(a-hA)-iin(g) 
h 

0  <\h\<rj,  and  for  which  a  +  A  w  interior  to  the  given  neighbourhood  of  a. 
It  is  clear  from  §  234,  that  the  uniform  convergence  of  — r — ^^ 

to  the  limit  ~ r —  ,  for  clU  values  of  h,  except  0,  in  a  fixed  interval 

("-S,  S')  for  h,  is  a  sufficient  condition  that  s'{ol)  exists,  and  that  the  series 
2wn'(a)  converges  to  «'(a). 

398.  The  following  theorem*  is  frequently  more  convenient  than  the 
theorems  of  §  397,  for  the  purpose  of  ascertaining  whether  a  function  defined 
by  A  convergent  series  of  functions  is  differentiable  or  not. 

If  the  series  ^tin  (x)  converge  in  (a,  6),  and  the  differential  coefficients  Un'  (a) 

exist,  and  are  finite,  then  the  necessary  and  sufficient  conditions  that  -j-  s  (x) 

dx 

may  exist  at  x  =  a,  and  be  the  sum  of  the  series  2t4t»'(a),  are  (1)  that  the  series 

2tfn'(a)  be  convergent,  and  (2)  that,  corresponding  to  an  arbitrarily  fiaed 

positive  number  e,  and  an  arbitrarily  fiaed  integer  m,  a  positive  number  h 

can  be  determined  such  that,  for  each  value  of  h  numerically  less  than  B,  and 

for  which  a-^-h  is  in  (a,  b),  an  integer  m  (>  m'),  in  general  varying  with  A,  can 

be  found,  for  which  the  three  numbers 

i,t h ^H'    A '    "A~ 

are  all  numerically  less  than  e. 

The  convenience  in  application  of  this  theorem  arises  from  the  fieu^t  that 

*  Dini,  Grundlagen,  p.  162. 
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it  provides  a  test  in  which  only  a  single  value  of  A  is  employed.  To  prove 
that  the  conditions  stated  in  the  theorem  are  sufficient,  we  have 

.(«-hA)-»(«)_   I  ^,(,)^|f«n(«  +  A)-«.(«)_^,(J 

h  ,i«i  1   (  /^  J 

•*■ h A~-^ 

where  ft^'  denotes  the  remainder,  after  m  terms,  of  the  series  2wn'  (a).  The 
number  m'  can  be  so  chosen  that  |  Rn'  |  <  e,  forn  ^  fn\  since  the  series  2ttn'(«) 
is  convergent.     If  m  be  chosen  >  m\  and  such  that  the  second  condition 

in  the  theorem  is  satisfied,  we  see  that     -^^ / i-z«.  2  v^'(a)  <  46, 

provided  |  A |  <  S ;  and  therefore  lim  — )^^W  is  X  u^' (a).     Therefore 

11=1 
the  conditions  are  sufficient. 

To  shew  that  the  conditions  stated  are  necessary;  it  is  clear  that 
(1)  must  be  satisfied,  and  therefore  that  m'  can  be  determined  so  that 
|/2^'|<i€,  if  m^m'.     Moreover,  a  positive  number  S  can  be  determined 

such  that  -^^ T —  —  2  Wn'  («)  is  numerically  less  than  Je,  if  |  A  |  <  S. 

"*  11=1 

Also  since  Sti^  (x)  is  convergent,  for  each  value  of  A,  a  corresponding  value 

of  m(^m')  exists,  such  that  ^r -,       ,    ^  are  each  numerically  <i€. 

It  then  follows  that,  for  these  values  of  h  and  m,  the  condition 

is  satisfied.     Therefore  the  conditions  in  the  theorem  are  necessary. 


EXAMPLES. 

1.  Let  t*„  (:r)  =  -  sin  nx ;  the  series  lu^  (x)  converges  everywhere  in  any  interval,  but 

the  series  2  cos  nx  does  not  converge.  The  term  by  term  differentiation  of  the  given  series 
is  therefore  inapplicable. 

2.  Let  w»  (ar)= =■  ;  the  series  2t*„  {x)  converges  to  the  sum-function  s{x)—Xy  in 

the  interval  (0,  1).  The  series  Z  (j:*-*-jt*)  converges  to  «'  (*)=1,  for  all  valuesof  ar  in  the 
interval  (0,  1),  except  for  a?— 0,  when  it  converges  to  0,  which  is  not  equal  to  #'  (0).  The 
series  2  (d:*~*-Jt*)  has  the  point  ar—O  for  a  point  of  non-uniform  convergence,  and  thus 
the  convergence  is  not  uniform  in  the  interval  (0,  1). 

3.  The  series  2  6"  cos  (a»:r),  where  0<6<1,  converges  uniformly  in  any  interval.    The 

series  -2(a6)»sin(a*a?),  for  ab>ly  is  not  convergent.  It  will  be  shewn  later  that  the 
function  defined  by  the  given  series  is  not  differentiable  for  any  value  of  x,  provided  cU> 
exceeds  a  certain  value. 
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REPEATED  IMPROPER  INTEGRALS. 

399.  If  f{x,  y)  be  an  unlimited  function,  defined  in  the  fundamental 
rectangle  bounded  by  a;  =  a,  ;r  =  6,  y  =  c,  ^  =  d,  it  is  an  important  case  of  the 
problem  of  the  reversal  of  the  order  of  repeated  limits,  to  investigate 
conditions  under  which  the  repeated  integrals 

rb        rd  rd        rb 

dxj   f{x,y)dy,         dy  \  f{x,y)dx 

J  a        J  c  J  c         J  a 

when  they  both  exist,  have  the  same  value.     In  the  case   in  which  the 

improper  double   integral   \f{x,y){dxdy)  exists,   it   is   also  a   matter  for 

investigation  whether,  or  under  what  conditions,  this  double  integral  can 
be  replaced  by  one  or  other  of  the  corresponding  repeated  integrals.  These 
problems  have  been  investigated*  by  de  la  Vall^e-Poussin,  who  has  obtained 
a  number  of  results  of  a  general  character.  An  investigation f  will  be  here 
given,  in  which  the  questions  are  considered  in  a  still  more  general  manner, 
free  from  some  of  the  restrictions  introduced  by  de  la  Vall^e-Poussin. 

The  definition  of  a  double  integral  will  be  taken  to  be  that  of  §  321 ;  that  of 
a  single  integral  will  be  taken  to  be  that  of  Riemann,  or  that  of  de  la  Yall^- 
Poussin,  in  the  case  of  an  unlimited  function. 

An  extension  of  the  definition,  given  in  §  379,  of  the  regular  convergence 
of  a  sequence  of  functions  to  a  limiting  function  will  be  first  given. 

Let  <l>i{x),  ^a(a?),  ...  ^n(^),  •••  be  a  sequence  of  functions  defined  for  the 
interval  (a,  6).  We  shall  suppose  that,  for  each  value  of  x,  any  one  of  these 
functions  <f>n  (x)  has  either  a  definite  value,  or  is  multiple-valued ;  and  in  the 
latter  case  it  is  regarded  as  indeterminate  between  limits  of  indeterminacy, 
either  of  which  may  be  finite  or  infinite,  of  which  the  upper  limit  may  be 

denoted  by  <^n(^),  and  the  lower  limit  by  <f>n(x).  For  any  value  of  x  for 
which  <f>nix)  is  determinate,  we  have  ^n(^)  =  <l>n(x).  When  either  ^n(^)  or 
^n  (^)  is  to  be  taken  indifferently,  we  may  use  the  notation  ^n  (^)- 

The  consideration  of  a  function  <^n  (^)  which,  for  a  particular  set  of  values 
of  X,  is  indeterminate,  as  a  single  function,  involves  an  extension  of  Dirichlet's 
definition  of  a  function  which  is  justified  by  its  convenience  for  use  in 
investigations  such  as  the  present  one.  This  extension,  which  has  been 
already  referred  to  in  §  166,  is  convenient  when  the  functional  value  ^(a?) 

*  His  investigations  are  contained  in  three  memoirs,  the  first  in  the  AnnaUt  de  la  Sociiti 
scientifique  de  Bntxellet^  vol.  xvii ;  the  second  in  LioxiviUe*9  Journal,  ser.  4,  yoL  Tin,  1892;  and  the 
third  in  Liouville^s  Journal^  ser.  5,  vol.  v. 

t  See  also  Hobson,  Proc,  Lond.  Math,  Soe,,  ser.  2,  vol.  iv,  1906. 
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at  a  point  x  is  defined  by  means  of  a  limit,  say  <^n(^)  =  li^a  V^nC^i  ^)}  which 
may  be  such  that,  for  a  particular  value  of  x,  lim  '^ni'^f  ^)  has  no  single 


m=oo 


value,  but    may  be    multiple- valued    between    limits   <^n(^))  ^n(^)-     The 

function  <\>n{^)t  for  such  a  value  of  x,  may  be  capable  of  having  a  finite 
number,  or  an  infinite  number,  of  values,  and  possibly  of  having  all  values 

between  ^  {x)  and  ^n(^) ;  but  in  the  application  of  the  theory  we  need  only 
attend  to  the  upper  and  lower  limits  of  indeterminacy,  it  being  indifferent 
whether  <^n  {x)  has  all  values  between  these  limits,  or  some  values  only.  The 
fluctuation  of  ^n  (^)  in  any  interval  (a,  ^3)  is  the  excess  of  the  upper  limit  of 
the  numbers  ^n(^)  for  all  points  in  (a,/3),  over  the  lower  limit  of  the  numbers 
4>n{^)  ^^  the  same  interval.  The  saltus  of  ^n(^)  ^^  the  point  x  is  the  limit 
of  the  fluctuation  in  an  interval  {x  —  i,  a;  +  S),  when  i  is  indefinitely 
diminished,  and  this  saltus  is  ^  ^n  (^)  —  ^n  (^)*  Riemann's  theory  of  in- 
tegration is  applicable  to  such  a  function  ^n(^X  when  it  is  limited,  just  as 
in  the  case  of  a  single- valued  function.    For  any  fixed  value  of  x,  the  numbers 

i^{x\  ^{x\  ...  ^(x)  ...  4^{x\  if>f(x)y  ...  <^„(a?)  ...  form  a  set  which  we  may 

denote  by  G,  Let  us  consider  the  derivative  Q'  o{  G;  then,  if  (?'  be  limited, 
since  it  is  a  closed  set,  it  has  a  greatest  value  A,  and  a  least  value  B.  These 
numbers  A  and  B  are  such  that,  for  a  given  e,  there  are  an  infinite  number 

of  values  of  n  such  that  |  ^n  (^)  ~~  ^  I  <  ^>  ^^^  ^^^^  &n  infinite  number  of  values 
of  n  such  that  |  ^n(^)  — -B|<  €•  If  G'  be  unlimited  in  one  direction,  or  in 
both  directions,  either  A^ot  B,  or  both,  may  be  regarded  as  having  one  of  the 
improper  values  « ,  —  «  . 

We  now  define  a  function  ^  (a?),  for  the  interval  (a,  6),  in  the  following 
manner: — When,  for  a  particular  value  of  a?,  the  numbers  A  and  B  are  equal 
and  finite,  their  value  is  taken  to  be  that  of  tf)  (x).     If  A  and  B  are  unequal 

and  finite,  we  regard  <f>(x)  as  multiple-valued,  with  ^(ir)  =  u4,  ^(a?)  =  5.     If 

either  A  or  B  have  one  of  the  improper  values  oo ,  —  « ,  the  point  x  is  taken 
to  be  a  point  of  infinite  discontinuity  of  ^  (x).  The  function  <f>  (x)  is  regarded 
as  a  single  function,  not  necessarily  limited,  and  it  may  have  either  a  proper 
integral,  or  an  improper  integral  in  (a,  6),  in  accordance  with  Harnack's 
definition  of  the  improper  integral  of  an  unlimited  function.  This  function 
<l>(x)  is  said  to  be  the  limiting  function  defined  by  the  sequence  [4>n{^)]  \  ^i^d 
the  functions  ^n(^)  ^^^  s&^d  to  converge^  in  an  extended  sense  of  the  term,  to 
the  function  ^{x)\  and  thus  we  write  <^(a?)=  lim  <^(a;). 


fIBOO 


In  case  the  sequence  {^n  (^)}  be  non-diminishing,  so  that,  for  every  value 

of  X  and  n,  the  condition  <f>n(x)^  <f>n+i(x)  is  satisfied,  the  sequence  {^(^)} 
has,  for  each  value  of  x,  either  a  definite  upper  limit  A,  or  else  the  improper 
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limit  +  00 .  If  ^n  (a?)  =  ^n+i  (a?),  for  every  value  of  x  and  n,  the  sequence 
{^n  (^)}  has,  for  each  value  of  x,  either  a  definite  lower  limit  B^  or  else  the 
improper  lower  limit  —  « . 

Let  a  positive  number  e,  and  a  positive  integer  n^  be  arbitrarily  chosen, 
and  let  J?  be  a  set  of  points  in  (a,  6),  of  which  the  measure  is  zero.  Let  us 
suppose  that,  for  each  point  x^,  in  (a,  6),  which  does  not  belong  to  a  certain 
component  E^  of  E^  this  component  depending  on  6,  an  integer  n  (>  rii),  and 
also  a  neighbourhood  {xi  —  S,  a^  +  S')  can  be  determined,  such  that  the  four 

inequalities  |  0  (a;)  —  <^  (a;)  {  <  6  are  all  satisfied  at  every  point  in  the  interval 

{xi  —  S,  a^i  +  S')  which  is  in  (a,  6).  Then,  provided  this  condition  be  satisfied 
for  every  value  of  6 ;  and  also  E  be  such  that  each  point  of  it  belongs  to  E, 
for  some  sufficiently  small  value  of  €,  the  convergence  of  the  sequence  {^n  (^)} 
to  i\>  {x)  is  said  to  be  regular,  in  the  extended  sense,  in  (a,  6)  except  for  the 
set  E  of  zero  measure. 

In  c&se,  for  each  value  of  x,  the  sequence  [4>n{^)]  is  ^^  increasing  one, 

so   that  ^n  (po)  ^  ^n+i  (^)>   SLnd  also   ^n  (^)  =  <f>n+i  (^))   when   the   conditions 

|^(a7)  — ^n(^)|  <€  are  satisfied  for  a  particular  value  of  n,  they  are  also 

satisfied  for  every  greater  value.  In  the  general  case  however  this  is  no 
longer  true. 

As  in  §  379,  it  is  seen  that  the  set  E,  must  be  non-dense,  and  therefore 
that  the  set  E  is  of  the  first  category. 

The  set  E  contains  every  point  at  which  ^  (x)  has  not  a  definite  finite 
value,  for  since  <f>{x)  —  <l>n(x),  0(ar)  — ^^(a?)  are  both  numerically  less  than  e, 
at  a  point  which  does  not  belong  to  E,  for  some  value  of  n,  it  follows  that 
0  (^)  "  ^(^)  is  less  than  ie ;  and  since  e  is  arbitrarily  small,  it  follows  that 
<^  (^)  s  ^  (x).  It  is  clear  that  the  points  of  infinite  discontinuity  of  ^  (x) 
belong  to  the  set  E,,  whatever  be  the  value  of  e. 

As  in  §  380,  it  can  be  shewn  that,  if  all  the  points  of  E,  be  enclosed  in 
the  interiors  of  intervals  of  a  finite  set,  of  which  the  sum  is  17,  the  conditions 

\<f>(x)  —  ^n(^)  I  <  €  are  satisfied  at  every  point  of  (a,  6)  not  interior  to  the 
intervals  of  the  finite  set,  where  n  has  one  of  a  finite  number  of  values 
ni+pi,  fh-hpz,  ...  n,+/>r-  The  particular  number  n^-hp  which  must  be 
taken  for  a  point  x  depends  upon  the  value  of  x,  but  the  same  number 
ni-\-p  is  applicable  to  all  the  points  of  one  or  more  continuous  intervals. 

400.     It    will    now    be    assumed    that    the    improper    double    integral 
lf(x,y)(dxdy)  exists,  in  accordance  with  the  definition  of  §321;  and  a 

necessary  condition  will  be  found  that  1    dx  I  f(x,  y)dy  exists, 

J  a         J  c 
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We  shall  consider  a  sequence  fi(w,  y),  /^(x,  y),  ,..fn(x,  y) ...  of  functions 

obtained  from  /(^,  y)  as  in  de  la  Vallde-Poussin's  definition  of  the  improper 

double  integral,  given  in  §  321. 

rd 
The  integral    I   fn(x,  y)  dy  will  be  denoted  by  4^{x\  where  <^„(a;)  may 

either  have  a  determinate  value,  or  may  have  as  limits  of  indeterminacy 
i\>n{^),  <l>n{x),  the  upper  and  lower  values  of  the  integral  I  fni^,  y)  dy,  in 
accordance  with  Darboux's  definition  of  the  upper  and  lower  integrals  of 
a  limited  function  (see  §  252).  The  existence*  of  |/»(ar,  y){dxdy)  does  not 
ensure  the  determinacy  of  ^n(^)  for  all  values  of  x.    The  integral 

'd 

fi^y  y)  dy 


i: 


will  be  denoted  by  (f>{x)\  a  similar  remark  applies  to  the  determinacy  of 
<f>{x)  as  in  the  case  of  <f>n(x).  Moreover  <l>(x)  may  have  the  improper 
value  00  ,  or  —  00 ,  or  may  have  one  of  these  as  a  limit  of  indeterminacy  ;  for 
f(x,  y)  does  not  necessarily  possess  for  each  value  of  x  either  a  proper  or  an 
improper  integral  in  the  interval  (c,  d).  When,  for  a  fixed  ar,  the  function 
/(a?,  y)  has  points  of  infinite  discontinuity  with  respect  to  the  variable  y,  in 

the  interval  (c,  d),  the  value  of  I    f(x,y)dy,  or  if>(x),  is  the  upper  limit 

of  the  derivative  of  the  set  of  numbers  ^n(^);  also  (f>(x)  is  the  lower  limit 

of  the  derivative  of  the  set  of  numbers  ^to(^)-  It  may  happen  that  <l>{x), 
or  4>(x),  has  an  improper  value  oo  or  —  oo.  In  the  present  case  all  the 
functions  <l>n{x)  are  limited  functions. 

Since  f{x,  y)  is  integrable  in  the  fundamental  rectangle,  all  the  functions 
fn{Xf  y)  have  proper  integrals  in  that  domain.     The  proper  integral 


I 


fn(x,y){dxdy\ 

is,  by  the  theorem  of  §  314,  replaceable  by  the  repeated  integral 

I    dx\  fn(x,  y)dy, 

J  a         J  c 

and  thus  <f>n(x)  is  integrable  in  the  linear  interval  (a,  6).  It  follows  that  the 
points  of  discontinuity  of  <^n(^)  form  a  set  of  points  of  linear  measure  zero. 
The  set  of  all  points  of  discontinuity  of  any  of  the  functions 

*  In  de  la  Vall^e-Poassin's  investigation  in  LiouviUe*i  Journal^  ser.  4,  yol.  viii,  the  restriotivd 
assoinptionB  are  made  that  0^  (x)  and  0  (x)  are  everywhere  definite  and  finite. 
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is  consequently  also  a  set  of  zero  measure.     If  ^{x)  be  integrable  in  the 
interval  (a,  6),  its  points  of  discontinuity  must  form  a  set  of  zero  measure. 

Let  us  suppose  that  <^  {x)  is  integrable  in  (a,  6),  and  thus  that 

b         rd 


I    dxj    /(/c,  y)dy 

J  a         J  e 


exists ;  and  let  us  assume,  that,  if  possible,  the  set  E, ,  referred  to  in  the 
definition  of  regular  convergence,  has  its  measure  greater  than  zero.  Remove 
from  E,  those  points  at  which  one  or  more  of  the  functions 

is  discontinuous,  and  also  remove  all  those  points  at  which  <f>(w)  is  dis- 
continuous. We  have  then  left  a  set  F,,  of  measure  equal  to  that  of  E^, 
and  therefore  by  hypothesis  greater  than  zero.  At  every  point  of  jP,  all  the 
functions  <^n(^)  &re  definite  and  continuous,  and  <^(a;)  is  also  definite  and 
continuous.  If  ^  be  a  point  of  F,y  the  numbern(>ni)  can  be  so  chosen 
that 

l*(f)-<^n(f)|<j€; 

also  S  can  be  so  chosen  that,  for  every  x  in  the  interval  (f  —  Si  f  +  S),  the 
four  inequalities 

l0(?)-f7f)l<H 


are  all  satisfied.  From  these  inequalities  we  deduce  that  the  four  inequalities 
I  ^  (ar)  —  ^n(^)  I  <  €  are  all  satisfied  for  all  points  x  in  the  interval 

(f-S.  f  +  S). 

But  this  is  contrary  to  the  hypothesis  that  {  is  a  point  belonging  to  E^, 
It  therefore  follows  that,  on  the  assumption  that  f{x,  y)  has  an  improper 
integral  in  the  fundamental  rectangle,  the  repeated  integral 


I    dx  \  /(a?,  y)  dy 


cannot  exist  unless  E,  has  the  measure  zero.     Since  this  holds  for  every  e, 
we  have  obtained  the  following  theorem: — 

If  f{Xy   y)   have   an  improper  (absolutely  convergent)  integral  in  the 
fundamental  rectangUy  a  necessary  condition  for  the  existence  of  the  repeated 

integral  I    dx  \   f{x,  y)  dy  is  that  the  convergence  of 

J  a        J  c 


\  fni!^,  y)  dy    to    \  f{x,  y)  dy 
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should  be  regvlar,  except  for  a  set  of  points  E,  of  the  first  category,  and  of  zero 
measure*. 

401.  Let  it  now  be  assumed  that  f(x,  y)  ^  0,  throughout  the  fundamental 
rectangle.  It  will  be  shewn  that,  in  this  case,  the  condition  of  regular  con- 
vergence of  {^n(^)}  to  ^  {x\  at  all  points  except  a  set  of  the  first  category, 

and  of  zero  measure,  is  sufficient  to  ensure  that  \   dx  i  f(x^  y)dy  exists,  and 

that  it  is  equal  to  I  f{x,  y)  (dx  dy) ;  it  being  assumed  that  the  double  integral 
exists. 


In  this  case  the  four  inequalities  \il>(x)  —  <f>n{x)\<  e,  are  equivalent  to 
the  one  4>  (^)  ~  ^(^)  <  ^  >  ^^^  ^^f  ^^  ^^Y  point  x,  this  is  satisfied  for  a  value 
of  n,  then  it  is  also  satisfied  for  all  greater  values  of  n.  Including  all  the 
points  of  E,  in  the  interior  of  intervals  of  a  finite  set,  such  that  the  sum  of 
these  intervals  is  the  arbitrarily  small  number  17,  we  see  that  the  condition 

<f>  (x)  —  il>n{x)  <  €  is  satisfied  for  one  and  the  same  value  of  n  (>  n,)  at  all 

points  X  not  interior  to  the  intervals  whose  sum  is  17.  For  we  have  only  to 
take  for  n  the  greatest  of  the  numbers  rii+p,,  ni  +  pa,  ...  n,+Pr  defined 
in  §  399.     The  number  e  being  fixed,  we  can  choose  17  so  small  that  the 

double  integral  lf(x,  y){dxdy)  over  those  rectangles  of  which  the  height 

is  (2  —  c,  and  the  sum  of  the  breadths  17,  is  less  than  an  arbitrarily  fixed 
positive  number  ^;  this  follows  from  de  la  Vall^e-Poussin's  definition  of  an 
improper  integral.     For  m  may  be  chosen  so  great  that 

//(«>  y)  (dx  dy)  - 1 /«  {x,  y)  (dxdy)  <  K» 

when  the  integrals  are  taken  over  the  fundamental  rectangle,  and  therefore 
also  when  they  are  both  taken  over  any  prescribed  part  of  that  rectangle ;  now 

17  can  be  so  chosen   that    \fm(^,y)(dxdy)<l^,  and   therefore  so  that 

lf(x,y){dxdy)<^,  the  integrals  being  taken  over  the  rectangles  of  total 

breadth  17.  The  number  17  being  thus  fixed,  a  number  m  exists,  such  that  for 
n^m,  we  have  ^(«)  — ^(a?)<  e,  except  in  the  interiors  of  the  intervals 
which  enclose  E,.     We  have  therefore 

j<f>(x)dx  -  lif>n(x)dx  <  €{b  -  a  -  fj)  <  €(6 -a), 

*  This  theorem  was  established  by  de  la  VaU^e-Poassin  only  for  the  case  in  which /(x,  y)^0, 

and  only  nnder  a  restrictive  hypothesis,  that  f    f{x,  y)  dy  and    I    f^  (x,  2^)  dy  both  have  definite 

finite  valnes  at  all  points  x  not  belonging  to  a  set  of  points  of  zero  content ;  whereas  this  set  need 
only  have  zero  measure. 
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the  integration  being  taken  along  the  parts  of  (a,  6)  which  remain  when  the 
enclosing  intervals  are  removed.     Hence  we  have 

J4>(x)dx-  jfn(^,  y)  (dx  dy)  <  «  (6  -  a), 

where  the  double  integral  is  taken  over  the  fundamental  rectangle  with  the 
exception  of  those  rectangles  of  which  the  breadths  are  the  enclosing 
intervals  of  sum  17.  Also,  if  ^'  be  an  arbitrarily  chosen  positive  number,  we 
can  choose  n  so  great  that 

j/(^»  y)  (dxdy)  "  j  Mx,  y){dxdy)<^, 

where  both  double  integrals  are  taken  over  the  same  region  as  before.  We 
now  see  that 

\j<f>(x)dx^jf(x,  y)(cirdy)!<r  +  €(6-a), 


and  hence  we  have 


]/(«»  y){dxdy)'-j^{x)dx 


<?+r  +  €(6-a), 


where  the  double  integral  is  now  taken  over  the  whole  fundamental  rectangle, 
and  the  single  integral  over  (a,  6)  with  the  exception  of  those  parts  whose 
sum  is  17.     Now  ^  is  arbitrarily  small,  and  ^,  1;  converge  together  to  zero. 

It  follows  that  I  if>{x)dx,  whether  definite  or  not,  lies  between 

J  a 


/. 


f(x,  y){dxdy)±€{b-a); 

b 


and  since   €   is  arbitrarily  small,  it  follows  that  1    if>{x)dx   exists  as  a 

J  a 

definite  proper  or  improper  integral,  and  is  equal  to 

//(«.  y){dxdy). 

The  following  theorem  has  now  been  established : — 
If  f(x,  y)  ^  0,  and  the  Junction  have  an  improper  double  integral  in  the 
fundamental  rectangle,  then  the  condition  that  j  /n(^,  y)dy  converges  regu- 

(d 

larly  to  I   f{x,  y)  dy,  except  for  a  set  of  points  E,  of  .the  first  category,  and 

J  e 

of  zero  measure,  is  a  sufficient  condition  that  I    dxj  f(x,  y)  dy  exists,  and 
is  equal  to  //(a?,  y){dxdy). 
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The  sufficiency  of  the  same  condition,  for  the  case  in  which /(a;,  y)  is  not 
restricted  to  have  one  sign  only,  does  not  appear  to  be  capable  of  establish- 
ment, because  it  is  in  this  case  impossible  to  shew  that  the  conditions 


are  satisfied  at  all  points  except  in  the  enclosing  intervals,  for  one  and  the 
same  value  of  n ;  it  having  been  only  established  that  they  hold  when  n  has 
one  of  a  finite  number  of  values. 

Combining  the  present  result  with  that  of  §  400,  we  see  that : — 

If  f{xy  y)  ^  0,  and  have  an  absolutely  convergent  improper  integral  in  the 
fundamental  rectangle,  the  necessary  and  sufficient  condition  that 

j    daf  /(a?,  y)dy 

shouid  exist,  and  be  equal  to  lf(x,  y){dxdy\  is  that    I  fn(^fy)dy  should 

converge  regularly  to  j  f(x,  y)  dy,  except  for  a  set  E  of  the  first  category 
and  of  zero  mea>sure. 

It  has  also  been  established  that,  when  \f{x,  y){dxdy)  exists,  then  if 
I    dx  I   f{x,  y)  dy  have  a  definite  meaning,  it  is  equal  to  the  dovble  integral. 

J  a         J  e 

For  it  has  been  shewn  in  §  400,  that  the  repeated  integral  cannot  have 
a  definite  meaning,  ^  (x)  being  integrable  in  (a,  6),  unless  the  convergence 
is  of  the  kind  specified ;  and  when  f{x,  y)  ^  0,  this  is  sufficient  that  the 
repeated  integral  may  be  equal  to  the  double  integral. 

402.  Returning  to  the  case  in  which  f{x,  y)  is  not  restricted  to  be  of 
one  sign,  the  following  theorem  will  be  established: — 

If  f(x,  y)  have  an  absolutely  convergent  improper  integral  in  the  funda- 
mental rectangle,  a  sufficient  condition  that  i    dx  j   f(x,  y)  dy  may  exist,  and 

J  a        J  e 

may  have  the  same  value  as  the  double  integral  //(^,  y)  (dx  dy),  is  that 

j    \fn{x,y)\dy 

shall  converge  regularly  to  I    \f{x,  y)  \  dy,  except  for  a  set  of  points  of  the 

first  category  and  of  zero  measure. 

Employing /(a?,  y)  =/+(«?,  y)  -f-(x,  y),  fn{x,  y)  =/n+(a?,  y)  -ffTi^,  y),  and 
denoting  [  fn\x,  y)  dy,  \  fn'ix,  y)  dy  by  </>n+(a?),  ^«-(a?)  respectively,  we 
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see  that  the  conditioD  stated  in  the  theorem  is  that  ^ii'^(^)  +  ^~~(^) 
COD  verges  regularly  to  ^+(a;)  +  ^~(a:).     In  order  that  this  condition  may 

be  satisfied  we  must  have  ^"^{x)  +  ^"(a;)  —  ^n"*'(^)— ^n""(^)  <  €,  for  a  sufficiently 
great  value  of  n,  at  every  point  of  (a,  6)  not  interior  to  a  finite  set  of  intervals 
of  arbitrarily  small  sum  17  enclosing  the  points  of  i£^(,  a  set  of  zero  content. 
From  this  condition  we  deduce  that 


^+(a?)  -  <^n'^{oc)  <  €,  and  4r{x)  -  ^n~(a?)  <  €, 

at  every  point  not  in  the  interior  of  the  intervals,  for  all  sufficiently  great 
values  of  n. 

Hence  it  follows  that  4^n^{x)  converges  regularly  to  ^"^{x),  and  also  ^n~(«) 

converges  regularly  to  <l>~{x\  at  all  points  except  those  of  a  set  E,  of  zero 

measure.    It  follows  from   the  theorem  of  §  401,  that   the   two  repeated 

integrals 

rb        rd  rb        rd 

dx\  f^{x,  y)dy,    I    dx     /'(x,  y)dy 

J  a        J  c  J  a        J  c 

exist,  and  are  equal  to 

j/"^(^»  y)idxdy\   jf-{x,  y){dxdy) 

respectively;   and  from  this  it  follows  that 

j   dx\  f(x,  y)dy  exists,  and  =J/(a?,  y){dxdy). 

The  condition  stated  in  the  theorem,  though  sufficient,  is  not  necessary ; 
for  the  integral  1    [^^{x)  —  ^""(a?)}  dx  may  exist  only  as  a  non-absolutely 

J  a 

convergent  improper  integral,  in  which  case 


J  a 


does  not  exist.      In  this  case 

•6 


\  dx]    \f{x,  y)  I  dy 
not  being  existent,  the  convergence  of 

f  \Mx,  y)\dy  to    \    \f(x,  y)\dy 

J  e  J  c 

cannot  be  regular. 

403.     Whether  the  double  integral  lf(x,  y){dxdy)  exist  or  not,  the 
proof  of  the  theorem  in  §  400,  suffices  to  shew  that,  if  all  the  double  integrals 
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//»(^>  y)i^^y)  exist,  then  it  is  a  necessary  condition  for  the  existence 
of  the  repeated  integral   i    dx  I  f{xy  y)  dy,  that  the  integrals 

J  a         J  e 
fd 

jyn(^,  y)dy 

should  converge  regularly  to  I  /(a?,  y)  dy,  except  for  a  set  of  points  of  the 
first  category  and  of  zero  measure. 

[d 

Moreover,  if  it  be  known  that  I  f(x,  y)  dy  is  a  function  of  x,  which 

J  c 

is  limited  in  the  interval  (a,  6),  we  can  infer  the  existence  of  the  double 
integral  lf{x,y)(dxdy).    For  since 

jfni^,  }/){dxdy)^  j   dxj  fn(x,  y)dy, 
we  have 

jfn(a!»  y)  (dxdy)  I  <  (6  -  a)  f/; 

^  rd 

where  U  is  the  upper  limit  of    I  fn(^,  y)  dy    in  the  interval  (a,  6).     It  is 

J  e 

thus  seen  that   l/n(^i  y)(dxdy)  cannot  increase  indefinitely  in  numerical 

value,  as  n  is  increased  indefinitely.     The  following  theorem  has  thus  been 
established : — 

If  all  the  functions  /n(ar,  y)  have  double  integrals  in  tfte  fundamental 

rectangle,  and  I  fn(^,  y)^y  converges  to  I    f(x,  y)  dy    regularly  for    all 

values  of  x,  except  for  a  set  of  zero  measure  and  of  the  first  category,  then, 

if  I  f{x,  y)dy  be  a  limited  function  of  x  in  the  interval  (a,  6),  the  double 

J  e 

integral  \f(x,  y)(dxdy)  exists,  and  is  equal  to 

I  dx  I  f(x,  y)  dy. 

J  a         J  e 

Combining  this  theorem  with  that  of  §  402,  we  obtain  the  following 
theorem : — 


If  ail  the  functions  fn{^,  y)  have  double  integrals  in  the  fundamental 

'd 

or 


rectangle,  and  either  I  f(x,  y)dy  is  limited  in  the  interval  (a,  6)  of  a?. 
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b 

f{a,  y)dx  is  limited  in  the  interval  (c,  d)  of  y,  then  if  the  conditions  are 

a 


I. 

satisfied,  that  the  sequences 

\[\fn{x,y)\dy,    f^\fn(x,  y)\dx 
converge  to  the  limits 

/V(*.  y)|dy.  f^\ f (X,  y) \ dx, 

in  each  case  reffularly,  except  for  a  set  of  points  of  zero  measure  and  of  the 
first  category,  then  the  double  integral  exists,  and 

jfi^f  y)(dady)^j   dx  j  f{x,  y)dy=j    dy  j  f(x,  y)dx. 

Further  investigations  have  been  given  by  de  la  Vall^Poussin  of 
sufficient  conditions  for  the  equality  of  the  two  repeated  integrals,  without 
it  being  assumed  that  the  double  integral  exists.  In  these  investigations 
somewhat  complicated  restrictions  are  made  as  to  the  mode  of  distribution 
of  the  points  of  infinite  discontinuity  of  the  function.  Moreover  other 
assumptions  are  implicitly  made  as  to  the  definiteness  of  the  single  integral 

I  /(^>  y)  ^y  f^^  *'^  values  of  a?,  and  of  i  f{x,  y)  dx  for  all  values  of  y. 

J  e  J  a 

REPEATED  LEBESGUE  INTEGRALS. 

404.  The  subject  of  repeated  integration  will  now  be  considered  for 
the  case  of  a  function  which  possesses  a  Liebesgue  double  integral.  Some 
further  definitions  will  be  first  required. 

The  function  f{x,  y)  being  a  summable  function,  defined  as  in  §  287, 
for  the  points  of  the  rectangle  bounded  by  a:  =  a,  a?  =  6,  y^c,  y  =  d,  it  is  to 
be  observed  that  we  have  no  assurance  that  the  function /(a:«,  y),  defined  for 
all  values  of  y  on  the  straight  line  a;=  a;o,  is  a  summable  function  of  y ;  unless 
indeed  we  assume  that  all  functions  are  summable.  For  it  is  not  certain 
that  the  section  E{x^),  of  a  measurable  two-dimensional  set  of  points  E, 
by  the  straight  line  ^  =  a;o,  is  linearly  measurable.  It  will  be  convenient  to 
denote  the  linear  measure  of  a  set  e  of  points  on  a  straight  line  by  mi(e)y  in 
order  to  distinguish  linear  measure  fi*om  the  plane  measure  m  (E)  of  a  set  in 
the  plane. 

Let  F(x)  be  a  limited  function  defined  for  the  points  of  a  measurable 
set  e  of  points  in  the  d;-axis.  If  F(x)  be  a  summable  function,  then  the 
Lebesgue  integral  of  F(x)  taken  over  the  set  e  exists,  in  accordance  with  the 
definition  given  in  §  287.  For  the  case  in  which  F{x)  is  not  summable, 
Lebesgue  has  defined  upper  and  lower  integrals  in  e,  which  are  however 
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quite  distinct  conceptions  from  the  upper  and  lower  integrals  as  defined  in 
§  252,  in  connection  with  integration  as  defined  by  Riemann.  For  any  sum- 
mable  function,  defined  for  the  interval  (a,  b),  the  upper  and  lower  integrals 
defined  by  Lebesgue  and  denoted  by 

[  F{x)dx,     [  F{x)dx, 

J  a  J  a 

tup  inf 

have  one  and  the  same  value,  whereas  the  upper  and  lower  integrals 


[  F{x)dx,    \  F{x)dx, 

J  a  J  a 


in  accordance  with  the  definition  of  §  252,  have  different  values,  unless  F{x) 
possesses  a  Riemann  integral  in  the  interval  (a,  6). 

If  if>  (x)  denote  any  limited  summable  function  defined  for  the  set  e,  for 
which  F{x)  is  defined,  and  sttch  that  <f>{x)  >F{x)  for  every  point  of  e,  then 

the  lower  limit  of  the  Lebesgue  integral  I  ^  (x)  dx,  for  all  possible  functions 

<l>  (x)  which  satisfy  the  prescribed  condition,  is  defined  to  be  the  upper  Lebesgue 
integral  of  F(x)  taken  over  e,  and  is  denoted  by 


I  F{x)  dx. 


e 
aup 


The  lower  Lebesgue  integral  lF{x)dx  is  the  upper  limit  of  the  integrals 

inf 

of  all  limited  summable  functions  ^(^),  such  that  F(x)>(f>{x). 

It  has  been  shewn  in  §  83,  that  any  linear  measurable  set  e  contains 
a  set  ei  of  the  same  measure  as  itself,  and  such  that  ei  consists  of  all  those 
points  which  are  common  to  all  sets  of  intervals  belonging  to  a  sequence  of 
such  sets.  It  has  also  been  shewn  that  e  is  contained  in  a  set  62,  of  measure 
equal  to  mi(e),  of  the  same  type  as  the  set  Si. 

Exactly  similar  reasoning  to  that  in  §  83  suffices  to  shew  that  a  plane 
set  E  contains  a  set  J?,,  such  that  m(E)  =  m(Ei)]  where  Ei  is  that  set  of 
points  which  is  common  to  all  sets  of  rectangles  belonging  to  a  sequence  of 
such  sets  of  rectangles.  The  successive  sets  of  the  sequence  may  be  taken 
each  to  contain  the  next;  and  in  each  set  the  rectangles  do  not  overlap.  The 
set  E  is  also  contained  in  a  set  *  E2,  such  that  m  (E^)  =  m  (E),  and  such  that 
JS'a  is  a  set  of  the  same  type  as  Ei, 

406.  Let  the  function  <l>(x,  y)  be  defined  to  be  =  1,  for  all  points  of  the 
measurable  set  E,  and  to  be  zero  at  all  other  points  of  the  fundamental 
rectangle.     If  Ei,  E^  be  the  sets  of  measures  equal  to  that  of  E,  Ei  being 

*  The  sets  e^  e^,  E^,  E^  are  of  the  kind  described  by  Lebesgue  as  <* measurable  (B)." 
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contaiDed  in  E,  and  E^  containing  E,  as  explained  in  §  404 ;  then  the  sections 
El (a?o),  E^{x^  of  El  and  E^,  by  the  straight  line  x^x^,  are  both  measurable. 
It  is  clear  that 

mi[Ei{x^)\^  I    ^(a?o,  y)dy, 

J  c 
inf 

nil  [J?2  (xo)]  ^  j  4>  (^0,  y)  dy, 

sup 

the  integrals  being  taken  over  the  interval  (c,  d)  of  y. 

If  Di,  Dj,  ...Do  ...  be  a  sequence  of  sets  of  rectangles,  such  that  each 
set  contains  the  next,  and  if  D^j  denote  a  single  rectangle  of  the  set  D^  we 
may  denote  the  section  of  D^  by  the  straight  line  a?  =  a?o»  by  2)^(a:o);  also  we 
may  denote  by  A(^o)  the  section  of  the  set  D^,     We  have  then 


00 


mi  [A  (a^o)]  =  2  mf  [Dy-  (ajo)]. 

Since  2  mi  [Dy  (^Tq)]  is  limited,  for  all  values  of  J  and  a;^,  we  may  integrate 
i=i 
term  by  term ;  hence  we  have 

m{D,)^X   [  mi[D,j(x)]dx 
=      I   mi[D,{x)]dx, 

J  a 

in  virtue  of  the  theorem  of  §  384. 

Again,  we  have 

m(E)  =  m  (El)  =  lim  m  (D,) 

1=00 

=  lim  /    mi[D^{x)]dx; 

tssoo  J  a 

and  since  mi  [D^  (x)]  is  limited,  for  all  values  of  i  and  x,  we  have 

m(^)=f  m,  [j?i(a:)]  da?, 

J  a 

if  we  take  the  sequence   {Dt}  to  be  the  one  which  defines  Ei. 
It  follows  that 

m(E)^f  mi^int[E(x)]dx, 

J  a 
inf 

where  m^^int  denotes  the  interior  measure  of  the  set ;  and  therefore 


I  *  (^»  y){dxdy)  ^  j  dxj   ^  (a?,  y)  dy. 


a       J  e 
inf       inf 
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In  a  similar  manner,  it  can  be  proved  that 

j  ^(^»  y){dxdy)^\  dx\    ^(a?,  y)dy. 

sup       sup 

It  follows  from  the  two  relations,  that 

I  ^(^>  y){dxdy)^\  dx\    4>{x,  y)dy=^l  dx  I  <l>(x,  y)dy, 

J  A  J  a        J  e  J  a        J  c 

sup       sup  inf       inf 

where  <f>  (x,  y)  =  1,  at  the  points  of  E,  and  =  0,  at  the  points  of  G(E), 

Denoting  by  U  and  Z,  the  upper  and  lower  limits  o{/{x,y)  in  the 
rectangle,  let  (Z,  17)  be  divided  into  parts  (Oo,  Oi),  (oi,  a,),...  (on-i,  a„),  where 
Oo  =  Z,  an  =  J7;  and  let  a  denote  the  greatest  of  the  diflFerences  Op  —  Op^i ,  for 
p  =  l,  2y  3,  ...n.  Let  Ep  be  the  set  of  points  in  the  rectangle  at  which 
/(^>  y)  =  ctp,  and  let  Ep  denote  that  set  for  which  Up  <f{x,  y)<  Op+i.  Also 
let  fp(x,  y)  denote  a  function  which  is  equal  to /(a;,  y)at  all  points  of  the  set 
Ep,  and  is  zero  at  all  other  points ;  and  let  fp{x,  y)  denote  a  function  which 
is  equal  to /(a;,  y)  at  points  of  the  set  Ep\  and  is  zero  at  all  other  points. 

We  have  then 


\f{^^  y){dxdy)=t  \fp{x,y){dxdy)^-^   Ifpi^*  y){dxdy). 

J  p-^J  0=0./ 


Now         \fp{x,  y)  (dxdy)  =  aptn  (Ep)  =  j  dx  j  fp(x,  y)  dy, 

inf        inf 

by  the  theorem  proved  above. 

Also  \fp{x,  y){dxdy)  is  between  Upm  {Ep)  and  ap+im(Ep\  or  between 

/    dxj    <l>(x,  y)dy  and   /  da?      i|r(a7,  y)dy; 

J  a         J  c  J  a        J  c 

inf         inf  inf        inf 

where  ^(a?,  y)==ap,  '^{x,  y)  =  CLp^\  at  the  points  of  Ep,  and  where  both 
functions  vanish  at  all  other  points.      These  two  repeated  integrals  differ 

from  one  another  by  less  than  am(Ep);    also  I    dxj  fp(x,  y)dy  differs 

J  a         Jo 
inf         inf 

from  either  by  less  than  am(Ep),     Hence  we  have 

jfp(^,  y){d^dy)-j'^dxjypXx,  y)dy  |  <a7n(^/). 

inf        inf 

It  follows  that 

I  /(^,  y){dxdy)^  i    {''dx  r/pix,  y)dy  -  s'  j' dx  \^f^{x,  y)dy, 

J  A  p^O  J  a        Je  p=OJa        Je 

inf         inf  inf        inf 

is  numerically  less  than  oA.     We  next  see  that 

n-l   rd 


f  V(^,  y)dyii   rfp{x,  y)  dy  +2    f  fp'(x,  y)  dy.      . 


e  psiOJ  o 

inf  inf  inf 
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For,  if  possible,  let 

rd  n     rd  »-i   rd 

J  c  p=OJ e  p=0  J  e 

inf  inf  inf 

where  ^  is  some  positive  number ;   then  summable  functions 

/p(^»  y)>    /p(^»  y) 

such  that 

/p(^»  y)  >/p(^>  y\       fpi^^  y)  >fp(^*  y)> 

can  be  so  determined  that 

f  Vp  i^>  y)  dy  -  !"/,  i<c,  y)  dy  <  r/(2n  + 1) 

J  c  J  e 


c 
inf 


with  a  similar  inequality  for  the  case  of  the  functions 

//(^,  y\       fp(x»  y)\ 
we  have  then 

f /(^.  y)dy<\^\l  ff{x,  y)  +*%/;ix,  y)\  dy, 

Je  Jc    \p=0  p=0  ) 

inf 

whereas  f{x,  y)  is  greater  than  the  summable  integrand  in  the  integral 
on  the  right-hand  side.  This  is  contrary  to  the  definition  of  the  lower 
integral,  and  therefore  the  positive  number  f  cannot  exist.     A  repetition  of 

the  same  reasoning  suffices  to  shew*  that 

fb       rd  n     rb       rd  n-i   rb       rd 

I  dx     f(x,  y)dy^X       dx  l  fp(x,  y)dy'\-  "l    \  dx\  //(x,  y)  dy. 

J  a       Jc  p=0  J  a       Jc  p^O  J  a       Je 

inf       inf  inf        inf  inf 

We  see  now  that 

f  /(^»  y){dxdy)  <\  dx\  f{x,  y)dy  +  aA; 

J  A  J  a       J  e 

inf      inf 

and  as  a  is  arbitrarily  small,  this  shews  that 

'6        rd 


I  f(x,y)(dxdy)^\  dx  f  /(a?,  y)dy. 

J  A  J  a       J  e 


inf        inf 

It  may,  in  a  similar  manner,  be  proved  that 


I  A^>  y)(dxdy)^\  da  j  f(x,  y)dy. 

J  A  J  a       J  e 


sup       sup 

From  these  relations  we  deduce  the  theorem  f 

/  /(^,  y){dxdy)  =\   dx\    f(x,  y)dy=^\  dx\  f(x,  y) dy, 

J  A  J  a        J  e  J  a       J  e 

sup       sup  inf        inf 

where  f{x,  y)  is  any  limited  function,  summable  in  the  plane. 

*  Lebesgpe's  statement  (loc.  eit.,  p.  279)  is  the  reverse  of  the  inequality  here  given.    It  would 
appear  that  this  is  due  to  accident,  as  his  result  does  not  follow  firom  the  inequality  he  gives, 
t  Lebesgue,  Armali  di  Mat.  ser.  3,  vol.  vii,  p.  278. 
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406.  From  the  theorem  just  established,  and  considering  the  corre- 
sponding repeated  integrals  taken  first  with  respect  to  x  and  then  with 
respect  to  y,  we  have  the  following  theorem  : — 

If  f(x,  y)  he  any  limited  summable  function,  defined  in  the  rectangle  A, 
then 

j   f{^.y){daody)^^Jaj^f{x,  y)dy=^j   dy j  /(a?,  y)dx, 

whenever  the  repealed  integrals  have  definite  meanings,  in  accordance  tuith 
Lebesgue*8  definition  of  integration.  It  may  happen  that  only  one  of  the 
repeated  integrals  has  a  meaning. 

In  some  cases  the  function  f(x,  y)  may  be  such  that  both  the  repeated 
integrals  exist  in  accordance  with  Riemann's  definition  of  integration.  In 
case  the  function  have  a  double  integral  in  accordance  with  the  extended 
Riemann  definition  for  a  function  of  two  variables,  then  the  theorem  reduces 
to  the  one  established  in  §  314.  It  may  however  happen  that  /(a?,  y)  has 
a  double  integral  only  in  accordance  with  Lebesgue's  definition.  This  throws 
light  upon  the  questions  considered  in  §  316.  We  may,  in  fact,  state  the 
following  theorems: — 

If  the  repealed  integrals  of  a  limited  summable  function  f(x,  y)  both 
exist,  in  a>ccordance  vriih  Riemann* s  definition ,  then  they  are  equal  to  one 
another f  and  to  the  Ld)esgus  double  integral  off(x,  y). 

If  only  one  of  the  repeated  integrals  of  a  limited  summable  function  exist, 
in  accordance  with  Riemann's  definition,  then  the  other  may  exist  in  accordance 
with  Lebesgus*s  definition,  and  they  are  then  equal  to  one  another,  and  to  the 
Lebesgue  double  integral  of  the  function. 

The  only  possible  case  in  which  both  repeated  integrals  can  exist  and  have 
unequal  values  is  when  the  function  is  not  summable  in  the  plane. 


EXAMPLES. 

1.  For  the  function  defined  in  §  316,  Ex.  1,  only  one  of  the  repeated  int^rals  exists, 
in  accordance  with  the  definition  there  employed  ;  neither  does  the  double  integral  exist. 
The  Lebesgue  double  integral  exists,  and  =1.  For  the  set  of  points  at  which  /(r,  y)=l 
has  the  measure  zero ;  and  therefore  the  function  has  the  same  Lebesgue  integral  as  that 
function  which,  at  every  point  (a;,  y),  has  the  value  2y.  The  functional  values  at  a  set  of 
points  of  zero  measure  are  irrelevant  in  a  Lebesgue  integral.  The  other  repeated  integral 
also  exists,  in  accordance  with  the  definition  of  Lebesgue,  as  may  be  easily  verified. 

2.  For  the  function  defined  in  §316,  Ex.  4,  both  the  repeated  integrals  exist,  in 
accordance  with  the  definition  there  employed,  and  they  have  the  value  c;  the  double 
integral,  however,  does  not  exist.  But  the  Lebesgue  double  integral  exists,  and  bc;  for 
the  points  at  which  /(:p,  y)»<f,  although  they  are  everywhere-dense,  form  a  set  of  plane 
measure  zero. 
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407.  When  f{x,  y)  is  unlimited  in  the  rectangle  for  which  it  is  defined, 
U  may  have  the  improper  value  oo ,  and  L  may  have  the  improper  value  —  oo . 
No  essential  change  is  required  in  the  reasoning  of  §  405,  which  suiBces  to 
shew  that 

f  f(^>y)(d^dy)=\   dx\  f{x,  y)dy=\   dx  I  f(x,  y)dy, 

J  A  J  a        J  e  J  a        J  e 

inf        inf  8up       sap 

whenever  the  integrals  have  a  meaning.     The  result 

I   f{^>y)(dxdy)^  I  dx  f  f(x,  y)dy  =  I  dy  j   f(x,  y)dx, 

J  A  J  a        J  e  J  e        J  a 

also  holds  whenever  the  integrals  have  a  meaning. 

The  integration  of  I   /(x,  y)  dx  with  respect  to  y  between  limits  (c,  yi) 

J  a 

is  frequently  performed  by  reversing  the  order  of  the  integrations ;  thus  the 
value  of  I    dy  I  f{x,  y)dx  is  frequently  calculated  by  means  of 

J  e  J  a 

]   dxj  '/{x,  y)dy. 

This  process  is  frequently  spoken  of  as  "integi^ating  under  the  integral  sign 
with  respect  to  a  parameter  y.**  What  has  been  just  established  enables  us 
to  state  the  following  theorem : — 

Integration  with  respect  to  a  parameter,  under  the  integral  sign,  is  always 
valid,  provided  the  function  is  summahle  and  integrahle  in  the  plane,  if  the 
result  of  the  process  have  a  definite  meaning. 

It  must,  however,  be  remembered  that  even  if  i    dy  I  f(x,  y)  dx  exist, 

J  c  J  a 

in  accordance  with  Riemann's  definition  or  one  of  its  extensions, 

1^1  y(^»  y)<^y 

J  a  J  e 

may  exist,  if  it  exists  at  all,  only  when  Lebesgue  s  definition  is  employed. 

The  only  case  in  which  the  repeated  integrals  of  an  unlimited  function 
can  both  exist,  but  have  unequal  values,  is  when  the  function  is  either  not 
summahle  in  the  plane,  or  is  summable  and  still  does  not  possess  a  Lebesgue 
integral. 

REPEATED   INTEGRALS  OF   UNLIMITED   FUNCTIONS. 

408.  In  order  to  find  sufficient  conditions  for  the  existence  and  equality 
of  the  repeated  integrals  of  an  unlimited  function,  which  shall  not  depend 
upon  the  necessary  existence  of  the  double  integral,  in  accordance  with  either 
the  definitions  of  Jordan  and  de  la  Vall^e-Poussin,  or  with  that  of  Lebesgue, 
we  recur  to  the  wider  definition  of  a  double  integral  which  has  been  given  in 
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§  320.  That  definition  differs  from  Jordan's  definition  in  §  318,  in  that 
rectangles  only  are  employed  for  the  purpose  of  enclosing  the  points  of 
infinite  discontinuity ;  and  thus  the  domains  2)„  in  Jordan's  definition  are  to 
be  restricted  to  consist  each  of  a  finite  set  of  rectangles  with  sides  parallel  to 
the  axes.  An  improper  integral  which  exists  in  accordance  with  the  definition 
of  §  320,  we  shall  speak  of  as  a  restricted  Jordan  double  integral. 

Assuming  that  the  integral   /    /(x,   y){dxdy)  exists,   as   a   restricted 

J  A. 

Jordan  double  integral,  let/n(^»y)  be  that  limited  function  which,  in  the 
domain  Dn,  consisting  of  a  finite  set  of  rectangles,  is  equal  to  /(a;,  y),  and  is 
zero  in   C{Dn),  which  contains  all  the  points  of  infinite  discontinuity  of 

/(^>  y)- 

We  have  then 

I  /(^>  y)(cirdy)  =  lim  I   /„(a?,  y){dxdy) 

Ja  n^oo  J  a 


and  therefore  we  have 


=  lim  I  dx  I  fn(x,  y)  dy, 

11=00  J  a        J  c 


\  /(^>  y)  (dopdy)  =  I  dxj  f(x,  y)  dy, 

J  A  J  a        J  e 


provided  lim  i   dx  \       f{x,  y)dy  =  Oy 

where  An(^)  denotes  that  finite  set  of  intervals  which  forms  the  section 
of  C(Dn)  by  the  ordinate  corresponding  to  the  abscissa  x. 

From  this  result,  the  following  theorem,  very  similar  to  one  given  by 
Jordan*,  and  specifying  a  particular  mode  of  satisfying  the  last  condition, 
may  be  deduced : — 

For  the  existence  and  equality  of  the  two  repeated  integrals 

I  dx  I  f{x,  y)  dy,       j  dy  I  f(x,  y)  dx, 

J  a        J  c  J  e        J  a 

it  is  sufficient 

(1)  That  the  function  /{x,  y)  possess  a  restricted  Jordan  double  integral 
in  the  fundamental  rectangle, 

(2)  That  the  points  of  infinite  discontinuity  of  f{x,  y)  be  distributed  on 
a  limited  number  of  arcs  of  continuums  curves  representing  monotone 
functions. 

(3)  That,  corresponding  to  any  fixed  positive  number  e,  positive  numbers 

Ai,  ki  exist,  su^h  that 

rx-\-h  I  ry+k 

f{x,  y)dx   <€,  f(x,  y)  dy 

J  X  •'  jr 

*  Seo  CouT9  fVAnalyge,  vol.  ii,  p.  67. 


<€, 
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for  |A|<A,,  |A:|<A:i,  and  for  every  value  of  a  and  y  in  the  fundamental 
rectangle. 

To  shew  that,  under  the  conditions  stated, 

lim  /  d^  I        f{x,  y)dy=^0, 

it  is  clear  that  the  points  of  any  one  such  curve  can  be  enclosed  in  the 
interiors  of  a  finite  number  of  rectangles,  the  height  of  each  of  which  is 
<ki.  Then  An(^)  consists  of  a  number  of  intervals  not  exceeding  the 
number  7*  of  the  curves  on  which  the  points  of  infinite  discontinuity  lie. 

'  f  I 

We  have  then     I        f{x,  y)  dy  \  Kre;  and  therefore 

J  A„(a:)  I 


l/>/ 


is  less  than  the  arbitrarily  small  number  r€(b^a).    Thus 

I  dxt  f(x,  y)  dy 

J  a        J  c 

exists,  and  is  equal  to  the  restricted  Jordan  integral.     Similarly  it  can  be 
shewn  that  the  other  repeated  integral  has  the  same  value. 


EXAMPLES. 

1.  Let  /(a',  y)=7-^ — ^,  and  let  the  domain  be  bounded  by  x=0,  ar=l, y=0, y=l. 

{x*+y  jr 

Neither  the  double  int^ral,  nor  the  restricted  Jordan  integral,  exists  in  this  case.  For,  if 
the  rectangle  bounded  by  a;=0,  ^=a,  y =0,  y=/3  be  excluded  from  the  domain,  the  double 
integral  over  the  remainder  is  equal  to 

which  is  ^n--tan~^-^;  and  this  has  no  definite  limit  as  a,  /3  converge  independently 
tx)  zero. 

The  repeated  integrals  exist,  and  have  unequal  values ;  for 

2.  It  has  been  shewn  in  the  Example,  §  320,  that  the  double  integral  of  -  sin  -  over 

iff  X 


408] 
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the  domain  bounded  by  ar=0,  a;8a,  y=0,  y=6,  does  not  exist.    In  this  case  however 
the  restricted  Jordan  double  integral  exists.     For 

/*       /"•  1        1  /""  1        1 

dy  \     -sin-ctF=6/     -sin-cfcr, 
0  J  9     X  ^  J  9      X  X 

and  this  has  a  definite  limits  for  €=0. 

The  two  repeated  int^rals  exist,  and  are  equal  to  the  restricted  double  integral.    The 
condition 

lim  I   dy  I  -  sin  -  dx, 

Jo    ^J^ix)^       ^ 

of  §  408,  is  satisfied,  for  A«(^)  is  in  this  case  independent  of  x,  and  consists  of  an  interval 
(0,  c). 

3.    Let  /(ar,  y)=(j?  -y)  ~  »,  and  let  the  domain  be  bounded  by  ^=a,  a?=6,  y =0,  y=(?, 
where  c>a.    In  this  case  the  double  integral  exists. 

For   /    (;p-y)"S  rfy=ari+3(<?-;r)i-3  lim  ci-3  lim  A,  and  this  is  ari+3(c-^)i  ; 
Jo  «=o  •'=0 

therefore      I    {x-y)''idy\  has  a  finite  upper  limit  for  all  values  of  a;  in  (a,  b).    It  then 

follows  from  the  theorem  of  §  403,  that  the  double  integral  exists.    Also  since 


/    da?  I    (a?-y)    Srfy 


has  a  definite  meaning,  its  value  is  the  same  as  that  of  the  double  integral    Clearly  the 
other  repeated  integral  exists,  and  has  the  same  value  as  the  double  integral. 

4.     Let  the  function*  ^(.r)  be  defined  for  the  domain  bounded  by 

47=0,    ;r=l,    y=0,    y  =  l, 
by  the  rule  that,  for  every  rational  value  of  x  of  the  form 

.(w>0),    ir(x)^-, 


2* 


2* 


and  that,  for  every  other  value  of  ;r,  ^(a')=0. 


Let/(ar,y)  = 


1    .    1 
-sm- 


^(^),  then  the  improper  integral 

yjr  (x)  (dtdy) 


/ 


1    .    1 
-sm  - 


exists  as  a  Jordan  double  integral,  and  has  the  value  zero.    The  int^ral  I    ^{x)dx  exists 

JO 
as  a  Riemann  integral,  and  has  the  value  zero.    The  repeated  int^;ral 


\    dx  \    i^{< 


) 


1    .    1 
-sm  - 

y     y 


dy 


does  not  exist  in  accordance  with  Hamack's  definition,  for 


/: 


ylr{x) 


1    .     1 
-sm  - 

y     y 


dy 


2oi+l 


diverges  for  the  everywhere-dense  set  of  values  x=    ^     ,  and  therefore  the  repeated 

*  Stolz,  Qnmdzilge,  vol.  in,  p.  149.    The  fanction  ^  (x)  was  first  given  by  Du  Bois  Beymond, 
CreUe*8  Journal^  vol.  xcvi,  p.  278. 
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integral  does  not  exist.  It  does  exist,  however,  in  accordance  with  Lebe^ue's  definition, 
since  the  points  of  divergence  of  the  single  integral  form  a  measurable  set  of  measure 
zero ;  and  its  value  is  zero,  the  same  as  that  of  the  double  integral.  The  other  repeated 
integral  exists,  and  is  zero. 

5.    Let  f{Xy  y)=aO*,  at  all  points  in  the  rectangle  bounded  by  4?=0,  j?—l,  y=0,  y=l ; 

except  that  at  all  points  ar=      "•"   ,  ^^5^,  it  is  to  have  the  improper  value +  ao.     The 

function  /» (a?,  y)  will  be  given  by  the  condition  that  it  equals  i^»,  at  the  points  where 
/(^>  2/)='^j  Ai^d  is  elsewhere  zero.      It  can  be  shewn  that 

for  every  value  of  ^„;  and  thus  //(^,  y)  {dxdy)  exists,  and  =0.    The  condition 

/    /(^>  y)dy-\   /,(a?,  y)dy<t 
Jo  Jo 

is  not  satisfied  for  any  of  the  every  where-dense  set  of  values  ar=(2m  + 1)/2»,  if  the  ordinary 
definitions  of  Hamack  and  Riemann  are  employed ;  and  therefore  the  convergence  of 

/  /» (^»  y)dy  to  I  f(Xf  y)  dy  is  not  regular.     The  repeated  integral 

j    dx  j    f{x,  y)dy 

is  equivalent  to   1    dxWm  \   fn(x,  y)dy.    Also   /    /j,(.t:,  y)dy  is  zero,  unless 

y  0  Jo  *  y  0* 

ar=(2m-f  l)/2«, 

in  which  case  it  is  NJV,  and  for  such  values  of  x,  lim  /   /„  (:r,  y)  c/y  is  ao  ;  and  thus  the 

Jo 

repeated  integral  does  not  exist,  in  accordance  with  Hamack's  definition.  It  does, 
however,  exist  in  accordance  with  Lebesgue's  definition,  and  is  equal  to  zero,  the  value  of 
the  double  integral 


REPEATED  INTEGRALS  OVER  AN  INFINITE  DOBCAIN. 

409.  Let  the  function  /(a?,  y)  be  defined  for  all  points  of  the  infinite 
domain  of  which  the  boundaries  are  the  three  straight  lines  a?  =  a,  a?  =  6, 
y  =  c ;  the  domain  being  unbounded  in  the  positive  direction  of  y.  Con- 
ditions will  be  investigated  that  the  repeated  integrals 

rb        Too  Too         rb 

dx\     f{x,y)dy,         dy  j  f{x,y)dx, 

J  a       J  c  J  e         J  a 

may  exist,  and  may  be  equal  to  one  another. 

*  This  example  is  given  by  Sehonflies,  Bericht,  pp.  201, 202,  to  illastrate  his  erroneous  theorem, 
applicable  to  Jordan  and  Harnack  integrals,  that  the  improper  double  integral  is  always  equal  to 
each  of  the  repeated  integrals,  and  the  converse ;  and  that  thus  the  condition  of  the  theorem 
of  §  400  is  always  satisfied.  The  example  does  not  bear  oat  his  contention.  See  Hobson,  Proc, 
Lond,  Math.  Soc,,  ser.  2,  vol.  iv,  pp.  167—169. 
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Let  it  be  assumed  that  the  two  repeated  integrals 

\    dx\    f{x,  y)  dy,      /    dy  (  f(x,  y)  dx 

J  a        J  e  J  c  J  a 

exist,  and  are  equal,  for  every  definite  value  of  Y  '^c. 

If  I    dy  \  f{x,  y)  dx  exist  as  a  definite  number,  then  it  is  equal  to 

J  c  J  a 

Mm   \   dx\   f(x,  y)dy; 

Y-  CO  J  a        J  e 


and  this  is  equal  to 


provided  that 


I  da  I  f(x,  y)  dy, 

J  a        J  c 


\im  I   dxl    f{x,  y)  dy  =  0. 

r=<»Ja        JY 

This  last  condition  is  equivalent  to  the  condition  that,  corresponding  to 
an  arbitrarily  chosen  positive  6,  a  value  F«  of  Y  can  be  so  chosen  that 


j   dx^  f(x,  y)  dy 


<e,  for  Y>Y,. 


We  can  now  state  the  following  result : — 

On  the  supposition  that  the  two  repeated  integi*als  of  f{x,  y)  both  exist,  and 
have  equal  values  in  the  domain  hounded  by  x  =  a,  a?  =  6,  y^c,y==Y,  for  every 
valve  of  Y  ^c,  the  necessary  and  sufficient  conditions  t/iat  the  repeated  in- 
tegrals off(x,  y)  in  the  unbounded  domain  x  —  a,  x  =  b,  y  =  c,  y  =  oo,  shall 
have  equul  values  are 

(1)  that  I    dy  I   /(x,  y)  dx  shall  have  a  definite  value;  and 

(2)  thai,  corresponding  to  an  arbitraHly  chosen  €,  a  value  Y^oJ  Y  can  be 


fixed,  so  thai  \\   dx  I    f(x,y)dy 

\j  a        J  Y 


/: 


<€,  for  all  values  of  Y  >  F,. 

It  may  be  observed  that  the  condition  (2)  does  not  make  it  necessary  that 
f(x,  y)dy  should  have  a  definite  value  for  all  values  of  x. 

It  is  a  sufficient  condition  in  order  that  (2)  may  be  satisfied,  that 


f  /(^,  y)dy^  <  €/{b  -  a), 

J  Y  ' 


for  every  value  of  x  in  (a,  b),  with  the  possible  exception  of  a  set  of  points 
of  zero  measure. 

In  this  exceptional  case,  however,  /   dxl    f{x,  y)dy,  must  exist  as  an 

absolutely  convergent  integral  with  respect  to  x. 
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410.  Next,  let  us  assume  the  function  f(x,  y\  to  be  defined  for  the 
infinite  domain  bounded  by  a?  =  a,  y  =  c,  and  unbounded  in  the  positive 
directions  of  x  and  y. 

Let  it  be  assumed  that  the  two  repeated  integrals 

\    dx\   f(x,y)dy,    I  dy  \  f(x,  y)dx 

J  a         J  c  J  e         J  a 

exist,  and  have  the  same  value,  for  each  set  of  definite  values  of  X  and  F, 
such  that  X  ^a,  F  ^  6.  The  value  of  these  repeated  integrals  we  denote 
by  4>(X,  F). 

We  have  now 

lim<^(Z,  Y)=\    dyl  f{x,  y)dx  =lim  I    dx  l  /(x,y)dy; 

it  being  assumed  that  this  limit  has  a  definite  value  for  each  definite  value 
of  X,     If  now 


lim  [   dx\   /(a?,  y)dy=^\    dx  lim  I    f{x,  y)  dy. 


Y 

we  then  have 

lim  <^  (Z,  F)  =  {""dx  ffi^x,  y)  dy, 

Y=s  •  J  a         J  c 

The  condition  that  this  may  be  the  case  is  that 

lira  I    dx\    f{x,  y)dy  =  0, 

Y^ooJa  JY 

which  is  equivalent  to  the  condition  that,  corresponding  to  an  arbitrarily 
chosen  6,  there  should  exist,  for  each  value  of  X,  a  value  F,  of  F,  such  that 


<€, 


/  dxj    f(x,  y)dy 

J  a        J  Y^ 

for  every  value  of  Y>  Y^     When  this  condition  is  satisfied,  we  have 

lim  lim  <^(Z,  F)  =  [  dx\  f(x,  y)  dy, 

provided  the  repeated  limit  on  the  left-harid  side  has  a  definite  value. 
Under  similar  conditions  we  can  shew,  in  the  same  manner,  that 

lim  lim  <^(Z,  F)  =  /    dy\  f{x,  y)dx. 
r=aoA''««  J  a       Jo 

The  necessary  and  sufficient  condition  for  the  existence  and  equality  of 
the  repeated  limits  lim  lim  ^(Z,  F),  lim  lim<f>{X,  F)  is  obtained  from  the 

Jl'soo  y=oo  y=oo  A'==ao 

theorem  of  §234,  by  letting  Z  =  1/a:,  F=l/y,  where  a?,  y  are  the  pair  of 
variables  there  employed.  Using  this  condition,  we  have  now  established  the 
following  theorem  : — 
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It  being  assumed*  that  tlie  repeated  integrals  of  f{x^  y)  in  a  domain 
hounded  by  x^a,x=^  X,  y  =  c,  y  =  F,  exists  and  are  equal  to  one  another,  for 
every  pair  of  definite  values  of  X  and  Y  such  tluit  X  ^a,  Y^c,itis  sufficient 
for  the  existence  and  equality  of  the  two  repealed  integrals 

I    dx  \  f(x,  y)  dy,      \   dy  \  f{x,  y)  dx, 

J  a        J  e  J  c         J  a 

thai  the  following  conditions  be  satisfied: — 

(1)  Thai  f    dy  I    f(x,  y)dx,    j    d^  I    f{x,  y)dy   have  definite  values 

J  e         J  a  J  a        J  c 

for  all  definite  values  of  X  and  F. 

(2)  That,  corresponding  to  an  arbitrary  e,  there  should  exist,  for  each 
value  of  X,  a  value  F,  of  F,  such  that 

I   dx  I    f{x,  y)  dy    <  e,  far  every  Y  >  F.; 

J  a        J  T^ 

and  also  for  each  value  of  Y,  a  value  X.  of  X,  such  thai 

Y     rx 


'  My  /    f{x,   y)  dx 

\  J  0        J  X^ 


<  €,  for  every  X  >  X^, 


(3)  That  if  €  be  fixed,  a  number  Yo>  c  can  be  determined,  such  that,  for 
each  value  of  Y>Yo,  a  value  of  X,  say  X,,  can  be  found,  which  is  such  that, 
for  the  particular  value  of  Y, 

I   dx  I    f{x,  y)  dy  \  <  €, 

J  a        J  Y 

for  every  valve  of  X  >  X^.      This  condition  may  be  replaced  by  the  corre- 
sponding one  in  whicJi  the  integral 


I    ^y  I    fi^y  y)dx  is  employed. 
J  e        J  X 


More  general  conditions  could  be  obtained  by  not  assuming  that 

lim<b{X,  Y),        lim<^(Z,  F) 

have  necessarily  definite  meanings,  and  then  applying,  instead  of  (3),  the 
theorem  of  §  233. 

In  accordance  with  §  233,  if,  in  condition  (3),  when  X,  is  determined  for 
a  particular  value  of  F,  the  condition  be  satisfied,  not  only  for  that  particular 
value  of  F,  but  also  for  all  greater  values,  then  the  double  limit 

lim       I    dx  I   f(x,  y)  dy 

X=oo,Y^'>o  J  a  Jc 

also  exists,  and  is  equal  to  the  repeated  integrals  with  infinite  limits. 

*  Conditions  nearly  equivalent  to  these  were  given  by  Bromwich,  Proe,  Lond,  Math,  Soc., 
ser.  2,  vol.  i,  p.  1S8. 
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It  has  been  proposed  by  Hardy*  to  employ  this  double  limit  as  a  definition 
of  the  double  integral  of  f{x,  y)  over  the  infinite  domain.  This  definition  is, 
of  course,  less  stringent  than  the  one  given  in  §  323. 

411.  Sufficient  conditions  of  greater  stringency,  and  therefore  of  less 
wide  application,  can  be  deduced  from  the  theorem  of  §  410. 

The  integral  I   /(a?,  y)  dx,  is  said  to  converge  uniformly  in  the  interval 

J  a 

(c,  F),  if,  having  given  the  positive  number  17,  chosen  arbitrarily,  it  be  always 
possible  to  determine  X^  so  that 


/ 


00 


/(a?,  y)  dx 

X 

for  X  ^  Xo,  and  for  every  value  of  y  in  the  interval  (c,  F). 

If  this  condition  be  satisfied  for  each  interval  (c,  F)  of  y,  the  convergence 
is  said  to  be  uniform  in  an  arbitrary  interval. 

If  the  condition  be  satisfied  for  every  value  of  Y  >c,  the  convergence  is 
said  to  be  uniform  in  an  unlimited  interval. 

If  the  condition  be  satisfied  for  all  points  in  (c,  F)  except  those  which 
belong  to  a  set  of  points  of  zero  measure,  the  convergence  is  said  to  be 
uniform  in  general  in  the  interval. 

The  following  theoremf  will  be  established : — 

It  is  sufficient  for  the  existence  and  equality  of  the  repealed  integrals  with 
infinite  limits,  (1)  that  the  repealed  integrals  between  finite  limits  always  exist 

a/nd  are  equal,  (2)  that  I  f(x,  y)dx  be  uniformly  convergent  in  general  in  an 

J  a 

arbitrary  interval,  (3)  thai  I  f{x,  y)  dy  satisfy  the  same  condition,  and 
(4)  that  I    dx  I  f(x,  y)  dy  converge  uniformly  in  an  unlimited  interval.    The 

J  a         J  e 

condition  of  uniform  convergence  in  general  mu^t  be  replaced  by  that  of 
uniform  convergence,  in  ca^e  the  repeated  integrals  between  finite  limits  exist 
only  as  non-absolulely  convergent  improper  integrals. 

To  prove  this  theorem  it  will  be  sufficient  to  shew  that  if  the  conditions 
given  in  it  be  all  satisfied,  then  those  in  the  theorem  of  §  410  are  all 
satisfied. 

*  Meaenger  of  Math.^  vol.  xzxn,  p.  95. 

t  This  theorem  was  given  by  de  la  Vsll^Poassin,  LiouvilU's  Journal,  ser.  4,  vol.  vra,  p.  464, 
except  that  in  his  definition  of  uniform  convergence  in  general,  the  set  of  exceptional  points 
is  there  restricted  to  be  a  set  of  the  first  species ;  also  the  condition  (2)  is  given  as  that  of 
aniform  convergence. 
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It  is  clear  that  the  condition  (2)  of  §  410  is  satisfied,  if  (2)  and  (3)  of  the 
present  theorem  are  satisfied.  For,  if  I  /{x,  y)  dy  be  unifonnly  convergent 
in  general  in  the  interval  (a?,  X\  then  for  a  fixed  17,  To  can  be  so  fixed  that 


I     /(^,  y)dy 


<Vf 


for  Y  ^  Fo,  and  for  every  value  of  x  in  (a,  X)  except  the  points  of  a  set  of 
zero  measure.     It  then  follows  that 


/    dxl  f(x,  y)dy    <i7(Z-a), 

J  a         J  Y 


<€, 


and  we  may  choose  17 < 6/2 (X  — a);  therefore 

I    dx  \    f(x,  y)dy 

J  a         J  Yft 

for  F^Fo;  this  is  one  part  of  condition  (2)  of  §  410;  similarly  it  may  be 
shewn  that  (2)  of  the  present  theorem  is  sufficient  to  satisfy  the  other  part 
of  the  condition  (2)  of  the  foiiiier  theorem.  Again,  the  condition  (4)  of  the 
present  theorem  may  be  stated  in  the  form  that 

|<^(Z,  F)-lim<^(Z,  F)|<€, 

for  every  value  of  F,  and  for  all  values  of  X  which  are  ^  a  fixed  value  X^. 
Since,  on  account  of  (2), 

lim  <^(Z,  F)  =  {""dy  ffix,  y)da, 

we  see  that 

J    dy\    f(x,  y)dx 

for  every  F,  and  for  X^X^,  and  therefore  condition  (3)  of  the  former  theorem 
is  satisfied  It  has  thus  been  shewn  that,  if  the  conditions  of  the  theorem 
are  satisfied,  then  those  of  the  theorem  in  §  410  are  also  satisfied. 


EXAMPLES. 


^  I    ri»+«\2  ''y^  "  i^>  *^^  *hat 

In  this  case  the  first  condition  of  the  theorem  in  §  410  is  satisfied,  and  the  second  is  also 
satisfied.    For 
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mad  heuat  it  m  dear  tlttty  far  a  gnren  c,  7^  can  be  so  determiiwd  thaft^  for  every  vmhie  of 
r>  r^,tiicaibaohite¥alDe  of  the  repeated  integral  ia  lew  than  c  The  third  ooodition  is, 
not  aatiafied;  for,  anoe 


/>/r(?^'^=*-'-F-*«-f' 


it  ia  impoaaible,  when  Y  is  fixed,  so  to  choose  ^c ,  that,  for  ereiy  X>Xt ,  the  absolute 
▼alne  of  the  repeated  integral  shall  be  leas  than  c 

2.     I^    ^(.)=^,  where />>!;  then  *X*)=«^J^:1^^ 

The  repeated  integral   Tciy  J*  ^'(jr3r)<ir=0,     hoX    T  dxV  ^\xy)dy^\w.     The 
aeoond  oonditaon  of  the  theorem  in  §  410  is  here  not  satisfied.    For,  we  find 

and  it  is  impoanbie  to  dioose  JT.  so  that,  for  all  yahies  ^  X>  X, ,  the  absolute  value 
of  this  repeated  integral  shall  be  leas  than  c. 


S.     We  hare    j     <fy  j    cosxycLx^^w,  for  a>0;    bat    j   dx  I     oo%xydy  does  not 


4.  It  may  be  shewn  that    I     dx  I   e-'*^dy=  j   tfy  I     e-*^dx^  the  conditions  of 
the  theorem  in  %  409  being  satisfied. 

5.  Lett   F«(-  +  -)8in v^sinirjr.     In  this  case  we  find 

Z.*'^  /.*  £^  '^°/.'  ''■'  /*£l  '^^G + {)  -^  '*  "^  '^ 

The  repeated  integral    j     dx  I     ^z^^y  does  not  however  exist;   fw  |     575- ^y   or 

I  ^  I    has  no  definite  value,  for  any  value  of  x.     The  double  limit 

.         /"*       /■*  d'V 
lim       I    c£r  I   -x — ^r-dw 
4=«.k=.;i       Jicxdy  ^ 

exists,  and  is  equal  to  zero. 

In  this  case,  as  stated  in  §  410,  it  is  possible  to  employ  this  double  limit  as  the 
definition  of  the  double  integraL 

6.  Let    F='(-  +  -)(l--)8inirj?,  and /(x, 3f)=g-^.    We  find,  in  this  case, 

|*d:r  J*/(x,  y)(/y=0, 
but  the  other  repeated  integral  does  not  exist,  since  I     /(j;,  y)  dx  has  no  definite  value. 


The  double  limit 


lim       I  dx  f  fix,  y)rfy=0. 


*  See  Stolz,  GruruUtlge,  vol.  ni,  pp.  8, 182,  where  the  example  is  ascribed  to  Da  Bois  Beymond. 
t  Bromwidi,  Proe,  Land.  Math.  Soc.,  ser.  2,  vol.  1,  p.  182. 
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7.  Let  f(Xy  y)  =  g^ ,   V=  ^      ;f     o .     In  this  case,  the  two  repeated  int^rals 

exist  and  are  zero. 

The  conditions  of  the  theorem  of  §  410  are  here  satisfied.    We  find  that 

and  thus  the  first  condition  is  satisfied.     Again 

j.  ''^  J  r.  ^^^'  y^  '^=  H-^'+F»  -  1+Jr«+F.« ' 
and,  for  a  given  JT,  this  is  arbitrarily  small  for  F>  F, ,  provided  Y%  be  properly  chosen. 
Since    \    dx  \    /(d?,  y)rfy=    .  ^a  .  y^^  it  can  be  at  once  verified  that  the  third  con- 
dition is  satisfied.     It  will  be  foimd  that  the  conditions  of  the  theorem  in  §  411  are  not 
satisfied  in  this  case. 

8.  To  prove  that  the  order  of  integration  of 

J^vaydy  \    e"^  dx 
0  Jo 

may  be  reversed,  the  theorem  of  §  410  must  be  applied. 

Let  ^  ({)«-/    e'^d(;  then  ^(0)a=J^»r,  and  <!>(()  continually  diminishes  as  {  in- 
creases.    We  have 

and  this  is  easily  seen  to  be  less  than 

J  /rxN  [^  siny  , 

therefore  the  repeated  integral  exists.     Again 

(''dx  r e'^'^ sin y dy  =  r  ^^^]-j[l^ 

and  this  is  easily  seen  to  be  convergent ;  therefore  condition  (1)  is  satisfied. 
Next,  we  have 

e-^  mnydy=j^[e'-^*'^  {co8F,'\-a^smr.)''e-^'^  {cosr'{'a^sinY)l 

and  this  is  less  than  2(l+^)e~^«**,  where  r>re.    We  then  find  that 

j    dx  j     e'^ain ydy 
is  numerically  less  than 

-Jr.  {^*w)  ■■ 

and  it  is  then  seen  that  condition  (3),  and  the  first  part  of  (2)  are  satisfied. 

H.  38 
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Also 


since  0(|)<^,  we  have 


and  it  is  uow  clear  that  the  second  part  of  (2)  is  satisfied. 


•  THE  LIMIT  OF   AN   INTEGRAL   CONTAINING  A  PAHAMETEK. 

412.     When   aii   integral   /  f(w,y)dx,  involving  a  pai*ameter  y,  exists 

Ja 

for  each  value  of  y  such  that  y©  <  y  =  y©  +  ^»  it  is  of  importance  to  know 
under  what  circumstances  the  limit  of  the  value  of  the  integral  as  y 
converges  to  yo>  has  a  definite  value  which  is  obtained  by  integrating 
through  (a,  b)  the  limit  of  /(a?,  y)  for  y  =  y©.  Expressed  symbolically,  and 
denoting   lim/(a?,  y)   by   /(a?,  yo  +  0),   we   require   conditions   under  which 

lim   I  /(a:,  y)  da:,  and    /  f(x,  yo  +  0)  da?  may  both  exist,  and  have  one  and 

the  same  value. 

In  order  that  /  /(a?,  y)dx  may  be  continuous  at  y  =  yo,  on  the  right,  it  is 

Ja 

necessary  that  the  further  condition  be  satisfied  that  /(a?,  y©  +  0)  —/(a;,  y) 
should  be  an  integrable  null-function  in  (a,  b).     In  particular,  if 

/(a?,  y)=/(a?,  yo  +  0), 
for  all  values  of  x  in  (a,  6),  this  condition  is  satisfied. 

If  yi,  yq^-'-yni*"  be  a  sequence  of  diminishing  values  of  y  which  converges 
to  the  limit  y©,  we  may  write  8n(x)  for /(a;,  y^),  and  8(x)  for /(a?,  yo  +  0), 
and  then  the  results  of  §§  383-386,  may  be  applied  to  obtain  sufficient 
conditions  that,  for  this  sequence  of  values  of  y,  the  expressions 

I  /(^>  yo  +  0)  dx,     lim    /  /(a;,  y)  dx, 

may  exist,  and  be  equal,  when  the  particular  sequence  of  values  of  y  is  alone 
considered. 

Criteria  of  the  required  character  will  be  obtained  by  adding  the  con- 
dition that  the  sufficient  conditions  so  obtained  are  satisfied  for  every  possible 
sequence  of  diminishing  values  of  y  which  converges  to  y^.     It  is  clear  that 
the   case   in  which   h  is   negative,   and  /(a;,  y©  —  0)    takes   the    place    of 
/(^i  Vo  +  0),  is  not  essentially  different  from  the  case  here  considered. 

It  is  clear  from  the  result  of  §  383,  that,  in  case  /(a?,  y)  converges  to 
/(^,  y©  +  ^)  uniformly  for  all   values  of  a?  in  the  interval  (a,  6),  sufficient 
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conditions  for  the  equality  in  question  are  satisfied  for  every  sequence  of 
values  of  y  which  converges  to  y^.  We  have  therefore  the  following 
theorem : — 

When  the  proper  integral   \  f{x,  y)  dx  exists,  for  each  valtie  of  y  such 

J  a 

that  yo  <  y  =  yo  +  A,  it  is  a  sufficient  condition  that   I  f(x,  y©  +  0)  da?  may 

J  a 

exist   and   be   equal    to    Urn  I  f{x,  y)  dx,  that  f{x,  y)   should    converge    to 

/(^»  y©  +  0)  uniformly  for  all  values  of  x  in  the  interval  (a,  b), 

Th6  condition  of  uniform  convergence  is  that,  corresponding  to  an 
arbitrarily  chosen  positive  number  e,  a  number  k  can  be  determined,  such 
that  \f(Xy  y  +  8)  — /(^,  y©  +  ^)  I  <  ^>  provided  0  <  S  <  A;,  for  every  value  of 
X  in  (a,  6). 

We  may  obtain  less  stringent  conditions  than  the  one  contained  in  the 
above  theorem  by  applying  other  results  relating  to  the  integration  of  series. 

From  the  theorem  of  §  380,  we  obtain  the  following  criterion  for  the 
existence  of   /  /(a?,  y©  +  0)  dx : — 

J  a 

If  I  f{x,  y)dx  be  a  proper  integral,  for  each  value  of  y  such  t/uU 

J  a 

yo  <  y  ^  yo  +  A,  and  f{x,  yo  +  0)  be  limited  in  the  interval  (a,  b),  the  necessary 
a/nd  suffi^cient  condition  that   I  /(a?,  y^-{-0)dx  should  exist  as  a  Riemann 

J  a 

integral  is  thai  f(x,  y)  muy  converge  to  f{x,  y^  +  0)  regularly  in  (a,  b),  except 
for  a  set  of  points  E,  of  zero  measure,  and  of  tlie  first  category. 

The  condition  of  regular  convergence,  except  for  the  set  E,  is  that, 
if  €  be  an  arbitrarily  chosen  positive  number,  and  yi  an  arbitrarily  chosen 
value  of  y  such  that  yo  <  yi  ^  y©  +  h,  then  for  every  point  x^  which  does  not 
belong  to  a  certain  non-dense  closed  component  of  E,  dependent  on  e,  a  value 
y«i  ^f  y  (<  Vi)  ^^°  ^^  chosen,  and  also  an  interval  (xi  —  S,  a?i  +  S')  can 
be  fixed,  such  that  |  f{x,  y^)  — /(^,  y©  +  0)  |  <  e,  for  every  value  of  x  belonging 
to  (a,  6)  in  (a?!  —  S,  Xi  +  S'). 

When  the  conditions  stated  in  the  above  theorem  for  the  existence  of 
/  /(^»  yo  +  0)dx  are  satisfied,  we  may  apply  the  results  of  §  383  and  §  385, 

J  a 

to  obtain  the  following  theorems: — 

If  I  f{x,  y)dx  be  a  proper  integral,  for  each  value  of  y  such  that 

J  a 

yo<y  ^yo  +  h,  and  the  proper  integral   I  f{x,  y©  +  0)  cZa?  also  exist,  it  is  a 

J  a 

38—2 
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sufficient    condition    that    Urn  I  /(a?,  y)  dx   should  exist  and    he    equal    to 
/  /(a;,  yo  +  0)(ir,    that    |/(«,  y)  |    should    be    less    than    some  fixed   finite 

J  a 

nu/mher,  for  all  values  of  x  and  y  such  that  a^x  ^b,  and  y©  <  y  =  y©  +  A. 
If  j  f(x,  y)dx  be  a  proper  integral  for  each   value  of  y  such  that 

yo<y  ^  yo-^h,  and  the  proper  integral  I  f(x,  y©  +  0) cJa?  exist,  it  is  sufficient 

J  a 

for  the  equality  of 

Urn  I  f{x,  y)  dx  and  I  f{xy  y©  +  0)  dx, 

that  (1)  lim  \  f(x,  y)dx  should  be  a  continuous  function  of  x  in  the  whole 

interval  (a,  6),  and  that  (2)  the  set  of  points  (x,  y©)  at  which  the  saltus  of 
f(x,  y)  considered  as  a  function  of  {x,  y),  is  indefinitely  great,  should 
form  at  most  an  enumerable  set. 

413.  In  the  case  in  which  the  integrals   /  f{x,  y)  dx,  for  values  of  y 

J  a 

such  that  yo  <  y  ^  yo  +  A,  are  not  necessarily  proper  integrals,  but  may,  for 
some  or  all  such  values  of  y,  exist  only  as  improper  integrals,  we  may 
apply  the  result  of  §  386,  to  obtain  a  set  of  sufficient  conditions  for  the 

equality  of  I  f(x,  y©  +  0)  dx,  and  lim  /  f{x,  y)  dx. 

The  result  is  stated  in  the  following  theorem : — 

If  f{x,y)  converges  to  a  definite  limit  /(^,  yo  +  0)  for  all  points  x 
of  the  interval  (a,  b)  which  do  not  belong  to  a  reducible  set  of  points  G, 
and  the  functions  f{x,  y),  for  yQ<y<yo-^  h,  although  not  necessarily  limited 
in  (a,  b),  satisfy  the  conditions  (1)  that,  in  any  interval  (a,  /3)  contained 
in  (a,  6)  which  contains  in  its  interior  and  at  its  ends  no  point  of  0,  \f{x,  y)  \ 
is  less  than  some  fiaed  finite  number,  for  all  values  of  x  and  y  such  that 

a^x^fi,  yo<y  ^yo  +  h;  (2)  that  I  f(x,y)dx  exists  at  least  as  an  im- 

J  a 

proper  integral,  for  eacli  value  of  y  such  that  yo<y<yo  +  h;  and  (3)  that 

lim  I  f(x,  y)  dx,  for  a^x^b  is  convergent  and  represents  a  continuous 
y=y«  •'« 

function  of  x;  and  (4)  |  f(x,y^-\-0)dx  exists  at   least  as  an  improper 

J  a 

integral;  then  the  equality  \  f{x,  y^-V^^dx^lim  \  f{x,y)dx  holds. 

414.  In  the  case  in  which  the  interval  of  integration  is  unlimited, 
say    6  =  00 ,   we   may   apply   the   theorems   of  §  387,   to   obtain   sufficient 
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Too  fb 

conditioDS  that    I    /(a:,  y©  +  0)  da?  =  lim    I  f{x,y)dx.     We   obtain  at  once 
the  following  criteria: — 

If  the  equality  I  f{x,  y^  +  0)  dx=lim  I  f{x,  y)  d^  he  satisfied  for  every 

valn^  of  C  >  a,  then  if  corresponding  to  an  arbitrarily  fiaed  e,  a  number  C>a^ 
can  be  determined,  and  also  a  value  yi  of  y,  swh  that  yo<  yi<yo  +  Kfo^  which 


f{x,  y)  dx 


<  €,  for  every  value  of  C  >  C,  and  for  every  value  of  y  such 


L 

that  yo<y  ^yi,  then  I    f(x,  y©  +  0) da?  exists,  and  is  equal  to  Urn  j  f{x,  y) dx. 
If  the  equality  I   /(ar,  yo  +  0)da?  =  Km   I  fix,  y)dx  holds  for  every  value 

J  a  y=1f9  J  o 

of  C>a,  then,  if  Urn  I    /(a?,  y)  dx  exists,  and  also  Urn  I  f{x,  y)  dx  converges 

to  the  valvs  Urn  I  /(a?,  y)  dx,  when  C  is  indefinitely  increased,  these  conditions 
are  sufficient   to  ensure    that    I   f(x,  y^  -{-  0)  dx  exists,   and    is    equnl    to 

J  a 

Urn  I  f{x,  y)  dx. 
y=y«  •'  a 

In  order  that  I  f{x,  y)dx  may  be  continuous  on  the  right  at  y^,  the 

J  a 

additional  condition  must  be  satisfied  that /(a?,  yo  +  0)=/(a?,  y^\  or  more 
generally,  that /(a?,  yo  +  0)— /(a?,  y^)  should  be  an  integrable  null-function  in 
an  arbitrary  interval  of  a?. 

EXAMPLES. 

1.  If  y>0,  we  have  /     — ^—dx=\v,  but  when  y=0,   I     — ^dx  vanishes;  and 

J  0       ^  J  0       ^ 

/•ao     • 

thus   I     — ^  dx  is  disoontinuousi  for  y=  +0.     It  may  be  seen  that  the  conditions 
Jo      ^ 

contained  in  neither  of  the  above  theorems  are  satisfied. 

I  ^  sm  tix  I  ^        sm  i/uT 

The  condition  lim  /    — ^--dx=l    lim         ■    <ir=0  is  satisfied.     But 

yrsO  J  0         X  Jo   y=o         X 

Jc      ^  Jcv     ^  ^ 

However  yi  and  C  may  be  fixed,   C  and   y(<yi)   can    always   be  so   chosen    that 

/    sin  vx       I 
— ^  (ir    >( ;  and  thus  the  second  condition  is  not  satisfied. 
c     ^  I 

2.  The  equality 

lim  I  f{x,y)<t>{x)dx^  j  (f)  (x)  f  {x,  y^-^O)  dx 

V=Vo  J  a  J  a 

holds  if  \f{Xfy)\  is  less  than  some  fixed  number,  for  all  values  of  x  and  y  such  that 
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/h 
<fi{x)dx  is  either  a  proper  integral,   or  an 

absolutely  convergent  improper  integral  with  a  reducible  set  of  points  of  infinite  dis- 
continuity. This  follows  from  the  theorem  in  §  413.  We  may  even  suppose  6=qo; 
then  under  the  same  conditions  the  equality  holds.     For 


/  (^1  y)  4>  i^)  ^ 


/c 
(f){x)dXj  where  K  is  the  upper  limit  of  |/(^,  y)|i  and  therefore 
c 
for  a  sufficiently  great  value  of  (7,  we  have 


/, 


c 


/(^,y)<^(^)fl^ 


<*, 


since  C  may  be  so  chosen  that 


<k- 


I    <li{x)dx 

/oo 
/  {^y  y©  +  0)  ^  (^)  ^ 

/•go 

exists,  and  is  equal  to  lim  f  /  (^,  y)  <f)  (x)  dx^ 

v=voJa 

provided  \f{x,i/)\  is  less  than  iT,  and  also  provided  i    <l>{x)dx  \a  absolutely  convei^ent 


lider    /   e~^ 
rom  Ex.  (2), 


^<l>{x)dxy  where  a  is   finite,  and  b  is  either  finite,  or    +ao. 

that 

b 


3.    Consider 

It  follows  from 

fb  fh 

lim  I   e'v*(f>(x)dx=  j   (f>{x)dxj 

V=sO  J  a  J  a 

fb 

provided    I   <f)(x)dx  is  absolutely  convergent,  and  ^  {x)  has  at  most  a  reducible  set  of 

fb 
points  of  infinite  discontinuity.    The  theorem  however  holds  whenever   i   e^^<l>{x)dx 

J  a 
has  a  definite  value  not  only  for  y=0,  but  also  for  all  values  of  y  such  that  O^y^A, 

where  h  is  some  positive  number.     If  ^  {x)  denote  the  continuous  function   i   ^  (x)  dx^ 

we  have 

\   e-y*<ti{x)dx  =  e-^v^{h)'\'y  \   e-y*y^{x)dx, 

h  being  taken  to  be  finite.    Since  |  ^^  (^)  |  has  a  finite  upper  limit  U  in  (a,  h\  we  have 


/; 


e-^y^{x)dx 


<Ue-^y{h-a)\ 

b 


(b  fb 

therefore  lim  /   e~»*^(a:)c^  =  ^(6)=  |   <f){x)dx, 

v=0  J  a  J  a 

In  case  &  =  oo ,  we  have 

/oo  /•oo 

e~if*<f){x)  dx'=y  I    e-^'^{x)dx 

1 
=  y  y^e-'y*'^{x)dx-\'y  I  ^  e-^y^{x)dx. 

Hence,  by  applying  the  first  mean  value  theorem,  we  have 

{  e-if*(f)(x)dx^ylt{xi){e'<'v-e'^^)-^ylr{x2)e'^ 
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where  Xi  is  some  number  between  a  and  XjsTy,  and  x>i  some  number  greater  than  Ij^y. 
When  y  converges  to  the  limit  zero,  the  first  term  on  the  right-hand  side  converges  to 

the  limit  zero,  and  the  second   term  to  the  limit  ^(c©),  or    /    (f){.r)cLr.    Thus  the 
theorem  is  established  for  the  case  0  =  00. 


DIFFERENTIATION   OF   AN   INTEGRAL  WITH   RESPECT  TO  A   PARAMETER. 

415.     Let  f{x,  y)  be  a  function  of  the  variable  x  and  the  parameter  y, 
and  which  we  shall  suppose  to  be  defined  in  the  domain  of  (a:,  y)  defined  by 

a^x^b,  yo  =  y  =  yo  +  «•     Further,  let  the  integral  I   /(a?,  y)  dx  exist  as  a 

J  a 

proper  integral,  for  each  value  of  y  in  the  interval  (y©,  y©  +  «)•     If  w  denote 
h 
f{x,  y)dxy  sufficient  conditions  will  be  investigated  that 


/, 


Wy=y.     Ja{     dy     Jy=y, 


In  this  result  (;r-)        denotes   the   derivative   at   u  on   one   side.     No 


This  is  the  ordinary  rule  first  employed  by  Leibnitz,  of  differentiation 
under  the  sign  of  integration,  and  is  an  important  example  of  the  process  of 
changing  the  order  of  repeated  limits. 

information  is  afforded  as  to  the  existence  of  a  derivative  on  the  other  side. 
If,  however,  the  function  be  defined  for  values  of  y  on  the  other  side  of  y©, 
the  derivative  on  that  side  may  be  treated  in  a  similar  manner. 

We  have 

h  Ja  h 

where  A  <  a.  If  it  now  be  assumed  that,  for  each  value  of  x,  /(a?,  y)  has 
a  differential  coefficient  with  respect  to  y,  at  all  points  interior  to  the  interval 
(yoi  y©  + «)  of  y,  we  have  from  the  theorem  of  §  203, 

A  la  ay  ' 

where  0  <  ^  <  1,  and  the  value  of  6  depends  in  general  upon  x  and  A. 

df(x  y)  {df(x  y)) 

If  it  be  now  further  assumed  that  ^^-\^-^'  converges  to  \     \*     Y 

9y  I     3y     Jy=y. 

y  converges  to  y©,  uniformly  for  the  interval   (a,  b)  of  a?,  we  have,  for  a 

sufficiently  small  value  of  A, 


as 


dAx,y,  +  dh)  ^  (d/jx,  y))        ^ 

3y  1    9y    h=yo 


where  |  /8(a:)  |  <  €,  for  every  value  of  x. 
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<€(6-a), 


dx, 


Under  these  conditions,  we  have,  since    /    I3(x)dx 

liin  !WAzi^.  ^  p  p/(^>  y))     ^ . 

and  the  limit  on  the  left-hand  side  of  this  equation  is  (-r-j       i  in  case  u  has 

a  differential  coefficient  at  j/q  ;  otherwise  this  limit  is  the  derivative  of  u  at 
j/o  on  the  right,  which  has  thus  been  shewn  to  exist,  subject  to  the  con- 
ditions assumed. 

The  following  theorem  has  thus  been  established : — 

If  f{x,  y)  he  defined  in   the  domain  by  a^x^b,  yo  =  y  =  y©  + «,  and 

w  =  I  ^{x,  y)  dx  exist  as  a  proper  integral,  for  every  value  of  y  in  that 

domain,  it  is  a  sufficient  condition  that  u  may  have  a  derivative  with  respect 

f  *  {df(x  y)) 
to  y,  at  yii  on  the  right,  and  that  this  derivative  be  equal  to  I    \     \' 

that  -\*        should  exist  everywhere  in  the  domain,  cmd  should  converge  to 

df(x  y)) 
•  -  V-    f       >  uniformly  for  all  values  of  x  in  (a,  b). 

In  particular,  the  condition  stated  in  the  theorem  is  satisfied  if  "^     '  ^  ■ 

is  continuous   with   respect  to   {x^  y),  for  all   points   such   that   a^x^b, 

yo^y^yo  +  a. 

df(x  y) 
It  is  however  not  necessary  for  the  validity  of  the  process  that      \ 

%/ 

should  exist  for  values  of  y  which  are  >  y©.     We  shall  assume  that  f(x,  y) 

has  for  y^yo,  either  a  differential  coefficient  with  respect  to  y,  or  at  least 

a  definite  derivative  Df{x,  y^  at  yo  on  the  right ;  and  this  for  every  value  of 

X  in  (a,  6). 

The  function  /!?>  go  +  A)  ~/(^>  yo)  ^  ^  function  of  h,  of  which  the  limit 

for  A  =  0,  is  Df{x,  y^ ;  and  we  therefore  apply  the  condition  in  one  of  the 

rb 
theorems  of  §  383,  to  obtain  a  suflScient  condition  that  I    Df{x,  y^)  dx  may 

exist  and  be  equal  to  Z)w.     We  thus  obtain  the  following  theorem : — 

i/**  f{x,  y)  be  defined  in  the  domain  for  which  a^x^b,  yo ^ y  ^ y©  +  a, 
and  have  a  proper  integral  in  (a,  b),  for  each  value  of  y  in  the  interval 

(yoi  yo  +  a),  it  is  a  sufficient  condition  that  I   f(x,  y)dx  may  have  a  definite 

J  a 

*  ThiB  theorem  was  given,  with  a  direct  proof,  hy  G.  H.  Hardy,  Meisenger  of  Math,,  vol.  xxxi, 
p.  133. 
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derivative  on  the  right  with  respect  to  y  at  yo,  and  that  this  derivative  may  be 
equal  to  I    Df{x,  y©)  dx,  where  D  denotes  differentiation  with  respect  to  y  on  the 

J  a 

right  at  yo>  that  '^    '  ^^ ^ — Jy_j_y^  gffould  converge  to  D/{x,  yo)  unifm*mly 

for  all  valves  of  x  in  (a,  b). 

It  is  here  not  assumed  that  Df{x,  y)  has  a  definite  value  for  any  value  of 
y  except  y^. 

By  applying  the  more  general  result  in  §  383,  we  obtain  the  following 
theorem : — 

If  f(x,  y)  have  a  proper  integral  in  the  intei^al  (a,  6),  for  each  value  of  y^ 
suck  that  y©  =  y  =  y©  +  a,  and  j    Df{x,  y©)  dx  exist  as  a  proper  integral^  it  is 

a  sufficient  condition  thai,  \  f{x,  y)  dx  may  have  a  definite  derivative  at  y©  on 

J  a 


the  right,  equal  to  I    Df(x,  yo)dx,  that 

J  a 


/(a^,  yo  +  h)  -f(x,  yo) 
h 


should  be  less 


For  a  fixed  value  of  x,  the  upper  limit  of 


cannot 


than  some  fi^xed  number,  for  all  values  of  x  in  (a,  6),  and  for  all  values  of 

h  which  are  such  that  0<h^a, 

f(x,  yo  +  h)  -/(a?,  yo) 
h 

exceed  the  upper  limit  of  the  four  derivatives  D'^f(x,  y),  D+f{x,  y), 
I^f{x,  y),  D^f{x,  y)  in  the  interval  (y©,  yo  +  «)  of  y.  It  follows  that  the 
second  condition  contained  in  the  above  theorem  is  satisfied  if  the  derivatives 
of  f(x,  y)  with  respect  to  y,  whether  definite  or  not,  are  limited  in  the  whole 
domain  for  which  a^x^b,  yo^y  ^yo  +  a. 

416.     If  we   no   longer  assume   that    I  f(x,  y)  dx  exists  as  a  proper 

J  a 

integral,  for  all  values  of  y  in  the  interval  (y©,  yo  +  A),  but  may  for  some, 
or  all  such  values  of  y,  be  an  improper  integral,  we  may  apply  the  theorem 
of  §  386,  to  obtain  sufficient  conditions  for  the  validity  of  the  rule  of 
differentiation  under  the  integral  sign. 

We  thus  obtain  the  following  theorem : — 

If  the  derivative  Df{x,  y©)  at  y^  on  the  right  exist  as  a  definite  finite 
number,  for  all  points  x  in  (a,  b)  which  do  not  belong  to  a  reducible  closed  set 
of  points  0,  then,  under  the  conditions  (1)  that  in  any  interval  (a,  13)  contained 
in  (a,  b)  which  is  free  in  its  interior  and  at  its  ends  from  points  of  0, 

— '-^ — T —       *^      is  less  than  some  fi^xed  finite  number,  for  all  values 

of  X  in  {a,  13),  and  for  all  values  of  h,  such  that  0<h^a;    (2)   that 

I   f(x,  y)  dx  exists  at  least  as  an  improper  integral,  for  all  valves  of  y  such 
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that  y^Ky  ^yQ-\-a;  and  (3)  that  I    f{x,  y) dx  ha^  a  definite  dmvaiive  on  the 

J  a 

right  at  y^,  which  is  a  continuous  function  of  x  in  the  interval  (a,  6)  of  x ; 
and  (4)  that   I    Df(x,yo)d.x  exists,  at  least  as  an  improper  integral;  the 

equality  of  \    Df{x,  y^)  dx  ivitli  the  derivative  of  \  f{x,  y)dx  at  y^  on  the 

J  a  J  a 

iHght  holds. 

417.     The  validity  of  the  application  of  the  rule  for  the  diflTerentiation  of 
I   f(^>  y)  ^  with  respect  to  y  is,  under  certain  restrictions,  dependent  on  the 

equality  of  two  repeated  integrals.  Let  us  assume  that  Df{x,  y)  has  a 
proper  integral  with  respect  to  y  in  the  interval  (yoi  yo  +  a),  for  ^^^^  value 
of  a?  in  (a,  h) ;  we  have  then 

fipcy  yo  +  h)  -/(a?,  yo)  =  i>/(a?,  y)  dy. 


Since  now 


h  J  a  h 


1  Co         ry.+A 
=  T       dx\         Df(x,y)dy; 


provided  the  function  Df(x,  y)  has  a  proper  integi^al  with  respect  to  (a:,  y)  in 
the  domain  bounded  by  a:  =  a,  a?  =  6,  y  =  y©,  y  =  yo  +  *>  the  order  of  integration 
in  the  repeated  integral  may  be  reversed,  and  we  find 


u       1  ryo+*       ro 

h}y       dy^^Df{x,y)dx. 


h 
If  now  I    /^(ar,  y)c?a?  be  continuous  with  respect  to  yat  the  point  y^  the 

J  a 

limit  of  the  expression  on  the  right-hand  side  of  this  equation  is,  for  A  =  0, 
I    D/(a?,  yo)  dx.     The  following  theorem  has  therefore  been  established  : — 

J  a 

It  is  sujficient  for  the  validity  of  the  rule  of  differentiation  that  Df(x,  y) 

shoidd  hive  a  proper  integral  with  respect  to  y,  in  the  domain  hounded  6y  a?  =  a, 

a?  =  6,  y  =  yo,  y^y^-^-  a,  and  should  also  have  a  proper  double  integral  with 

rb 
respect  to  (a?,  y)  in  that  domain ,  and  further  that  I    Dfix,  y)  dx  should  be 

J  a 

continuous  with  respect  to  y,  for  y  =  yo. 

It  has  here  not  been  assumed  that  Df{Xf  y)  has  a  definite  value  for  every 
value  of  y  such  that  yo  <  y  =  y©  -h  «,  but  only  that  it  is  integrable  in  the 
interval  (yo,  yo  +  a)  of  y. 
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418.  In  case  the  upper  limit  b  have  the  improper  value  oo ,  the  condition 
that  Df  {Xy  y)  shall  have  an  integral  in  the  domain  bounded  by  y^ym 
y  =  .Vo  +  ^y  And  unbounded  in  the  positive  direction  of  x  is  not  sufficient  to 
ensure  that  the  repeated  integral  may  be  reversed.     It  may  in  fact  happen 

that  I    Dfip^i  y)  dy  does  not  exist.    If  however  we  assume  that  the  conditions 

J  a 

stated  in  the  theorem  of  §  409  are  satisfied,  the  process  is  still  valid,  and  the 
rule  of  differentiation  is  still  applicable. 

In  this  case,  6  =  oo ,  we  have 

^•+A  -  ^.  =  li°a  I     {f(^>  Vo  +  A)  -/(^>  yo)}dx 

X=  CO  J  a 

tX  ryo+A 

=  hm        dx  \         Df{x,  y)  dy, 

X=  CO  J  a  J  y,i 

it  being  assumed  as  before  that,  in  the  domain  bounded  by  a?  =  a,  x^X, 
y  =  yo>  y  =  yo  +  «>  -D/  exists  for  all  values  of  y,  and  is  integrable  with  respect 
to  y ;  and  that  this  holds  however  great  X  may  be.  On  the  assumption  that 
Df{x,  y)  has  a  proper  integral  in  the  same  domain,  we  have 

^.+A  -  ^,  =  li™        ^y     ^/(^>  y)  ^'  C-^) 

If  now 

lim  [''•'■*  dy  r  Df(x,  y)  dy  =  0,  (B) 

X^<xiJy.  JX 

and  further  if  I     Df{Xy  y)dx  be  continuous  with  respect  to  y  at  y  =  yo»  we 

J  a 

have 

In  case  I     Df{x^  y)  dx  does  not  exist,  or  the  equation  (B)  be  otherwise 

J  a 

not  valid,  the  equation  (A)  still  holds,  and  it  may  in  certain  cases  be  applied 
to  determine  the  value  of  ( ;r-  I 

\3y/y=y. 

Let  us  assume*  that  /     Df{x,  y)dx  can   be   divided   into   two   com- 

J  a 

ponents,  so  that 

\    Df{x,y)dx=:^{X,y)-\-\     '^{x,y)dx 

J  a  J  a 

where  ^  (X,  y)  is  such  that  lim  I        <f>  (X,  y)  dy  =  0,  and  where  y^  {x,  y)  is  such 

X=ao  J  y^ 


dx  ^{x,  y)dy=^  dy        V^(^,  y)da. 

J  a  J  y^  J  y^  J  a 

De  la  YaUte-Poussin,  Annalet  de  la  toe.  teien.  de  BruxeUes,  voL  zyi,  2. 
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We  find  then,  provided  I     -^^  {x,  y)  dx  is  a  continuous  function  of  y  at  the 

J  a 

point  y^ym  that 

419.  In  ordinary  cases,  a  special  case  of  the  criterion  of  §  409  may  be 
applied  to  prove  the  validity  of  the  inversion  involved  in  the  use  of  the 
equation 

dx  D/(x,  y)dy^\         dy  \    D/(x,  y)dx; 

J  a  J  y^  J  y^  J  a 

and  then,  provided  i     Df{x,  y)dx  ia  continuous  with  respect  to  y  for  y  =  yoi 
we  have 

It  is  thus  established  that  a  sufficient  ccmdition  for  the  differentiability  of 

Too  rge 

I    /(^»  y)^^  ^^  yo,  under  the  sign  of  integration,  is  that  I     D/(a?,  y)  dx  shall 

J  a  J  a 

converge  tmifoi'mly  for  all  values  of  y  in  the  interval  (y^,  y©  +  «)»  «^  shall  be 
a  continuous  function  of  y  at  y  —  y^. 

It  may  be  observed  that  the  condition  that   I     Df(x,y)dx  shall  he  a 

J  a 

continuous  function    of  y  at    y^,  may   he    replaced  hy   the  condition  that 

rx  ^ 

I     Df(x,y)dx  be  continuous,  whatever  value  X  may  have  (>a),  it  being 

J  a 

assumed  that  the  condition  of   uniform  convergence  of  I     Df{x,  y)dx  is 

J  a 

satisfied. 

For  r  Df(x,  y)dx=  l^ Df(x,  y)dx  +  v  (y) 

J  a  J  a 

where  |  ^  (y)  |  <  6,  provided  X  is  sufficiently  great. 
Hence 

/     Df(x,  yo  +  A)  da?  -  I     Df(x,  y^)  dx 

J  a  J  a 

=  {'' Df{x,  y,  +  h)dx-  \' Df{x,  y.)  dx  +  K, 

J  a  J  a 

where  |  J"!  <  2€.     From  this  it  follows  that,  for  a  sufficiently  small  value  of  A, 

I     Df{x,  y^-\-h)dx-\     Df(x,  y^)  dx 

is  less  than  Se ;  and  since  e  is  arbitrarily  small,  I     -D/" (a?,  y)  dx  is  continuous 

J  a 

aty  =  yo. 
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420.  The  method  employed  in  §  417  may  be  extended  to  a  wider  class  of 
cases.  It  may  happen  that  Df(x,  y),  although  limited  in  the  domain  bounded 
by  a?  =  a,  a?  =  6,  y  =  yo»  y  =  y©  +  «>  is  not  integrable  with  respect  to  y  in  the 
interval  (y^,  yo-^h),  for  all  values  of  x.      In  that  case,  we  can  employ  the 

Lebesgue  integral  |        I^/i^y  y)  dy,  which  certainly  exists  for  every  value 

of  y,  since,  /(a?,  y)  being  summable,  Df{x,  y)  is  also  summable,  provided  it 
have  at  each  point  a  definite  value,  with  the  possible  exception  of  a  set  of 
points  of  zero  measure.  In  accordance  with  the  theorem  of  §  406,  the  order 
of  the  repeated  integrals  can  be  reversed,  provided 

ryo+A       rb 

I        dy      Df{x,  y)  dx 

J  yt  J  a 

have  a  definite  meaning ;  and  this  is  certainly  the  case,  since 

f"  Df{x,  y)dx 

J  a 

cannot  exceed  the  product  of  6  —  a  into  the  upper  limit  of  | Df{x,  y)\  in  the 
two-dimensional  domain.  The  reasoning  of  §  417  is  then  applicable,  and  we 
obtain  the  following  theorem  : — 

If  D/{Xf  y)  he  limited  and  in  general  definite,  in  the  domain  hounded  hy 
a;  =  a,  a?  =  6,  y  =  yoi  y  =  i/o-^(^>  then,  provided  the  Lehesgue  integral 

\   Df{x,  y)dx 

J  a 

he  contimious  at  y©,  07i  tlie  right,  the  det-ivative  of 

[b 

I  f{x,  y)  dx, 
J  i 


a 
b 


at  yo  on  the  right,  is  I    Df{x,  y^dx, 

J  a 

It  may  happen  that  Df(x,  y)  is  unlimited  in  the  domain  bounded  by 

a?  =  a,  x^h,  y  =  y^,  y^y^^^^, 

but  may  still  possess  a  Lebesgue  integral. 

ryo+* 
Also  I        ^/(^>  y)  dy  may  exist  as  a  Lebesgue  integral,  although  Bf(x,  y) 

•^y«  .        .  . 

is  not  necessarily  limited  in  the  interval  (yo,  yo-{-h).     In  case  the  points  of 

infinite  discontinuity  form  a  reducible  set  of  points  in  the  interval  (yo,  yo+A), 

the  equation 

f{x,  yo  +  h)  -fix,  yo)  =  Df{x,  y)  dy 

J  Vn 

is  still  valid.      If  further,  the  repeated  integral 

rv9+h        rb 

dy      Df{x,  y)  dx 

J  ffm  J  a 
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have  a  definite  meaning,  as  a  repeated  Lebesgue  integral,  then  the  process  of 
§  417  is  still  valid.  We  have  accordingly  obtained  the  following  theorem, 
applicable  to  those  cases  in  which  Df(x,  y)  is  not  necessarily  a  limited 
function,  but  may  have  points  of  infinite  discontinuity : — 

If  the  points  of  infinite  discontinuity  of  Df(x,  y\  considered  as  a  function 
of  y,  form  a  reducible  set,  for  each  valvs  of  x,  and 

Df{x,  y)dy 

exist  as  a  Lebesgue  integral,  for  each  value  of  a?,  and  if  Df{x,  y)  have 
a  Lebesgue  double  integral  in  the  domain  bounded  by 

a?  =  a,    x  =  b,    y  =  yo,    y  =  yo  +  «, 
and  if  j        dy  I  Df{x,  y)  dx  exist  as  a  repeated  Lebesgue  integral,  and 

J  Vt^  J  a 


'b 


/; 


be   continuous   at  y=yo>  then  ilie  derivative  of  \    /(a?,  y)dx  at  yo  on   the 

J  a 

right,  is  \    Df{x,  y^)  dx, 

J  a 

In  any  particular  case  the  Lebesgue  integrals  may  exist  in  accordance 
with  the  older  definitions. 

EXAMPLES. 
1*.     Let 

then  /     f{x,  f/)dx=Xsm  (4  tan~*  -^  j . 

We  find 

therefore  at  the  point  y  =  0, 

ex  of(x  v)  X^  /  v\ 

The   value  of   I  \*  ^^ dx  is  found  to  be  -=77- — scos  ( 4tan~*'^  ),  when  v>0,  and 

jo       (3y  A'^+y*       \  ^/  ^ 

zero  when  ^<=0.     Since  this  integral  is  not  continuous  at  y==0,  the  conditions  for  the 
differentiation  under  the  sign  of  integration  are  not  satisfied  at  y =0 ;  in  fact  we  have 

Fm-^)ax^o, 

Jo        dy 
The  function  f(Xy  y)  is  discontinuous  at  47=0,  y=0. 

*  Hamack'B  Diff.  and  Int,  Catc.,  Cathoart's  traoHlation,  p.  266. 
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/**     sin  atrt/ 
dXf  where  y>0.     This  integral  is  not  difier- 

eutiable  under  the  sign  of  integration,  for  any  value  of  y;   for   I     coBxtfdx  does  not 


exist. 


3*.    The  integral    I     {x—yydxxaoy  be  differentiated  under  the  sign  of  integration, 

for  every  value  of  y.     For  it  has  been  shewn  in  Ex.  3,  §  408,  that  (a7-y)""S  has  an 

absolutely  convergent  double  integral  in  the  domain  bounded  hy  x=0^  x=  X^  y=0,  y=^h. 

It  may  be  easily  verified  that  the  other  conditions  of  the  second  theorem  in  §  420  are 

satisfied. 

I  ^  cos  xy 
4.    Consider  the  integral  w=|      -rr^  ^^^  where  y>0.     The  integral 


/ 


0     1+J^ 


tiatisfies  the  condition  that,  for  all  values  of  y  greater  than  a  positive  number  y^,  it 
converges  uniformly.     We  find,  by  integration  by  parts,  that 

hence  if  X'>X>\^  the  absolute  value  of  the  integral  is  less  than 

whence  the  result  follows.    The  condition  for  differentiation  of  u  under  the  integral  sign 
is  therefore  satisfied,  for  any  positive  value  of  y. 


THE  CONDENSATION   OF  SINGULABITIES. 

421.  A  method  of  constructing  functions  which  possess,  at  an  infinitely 
numerous  set  of  points  in  a  linear  interval,  singularities  in  relation  to 
continuity,  derivatives,  or  oscillations,  has  been  given  by  Hankel.  The 
method  depends  upon  the  employment  of  functions  which  at  a  single  point 
possess  one  of  the  singularities  in  question,  and  consists  in  building  up  by  the 
use  of  such  a  function  of  a  simple  type,  the  more  complicated  analytical  repre- 
sentations of  a  function  which  possess  the  singularity  at  an  everywhere-dense 
set  of  points.  To  this  method,  Hankel f  has  given  the  name  **  Principle  of 
condensation  of  singularities'*  (das  Prinzip  der  Verdichtung  der  Singulari- 
taten) ;  the  name  may  however  be  conveniently  applied  to  other  methods  of 
constructing  functions  capable  of  analytical  representation  which  have  been 
given  more  recently  by  other  writers. 

Let  ^  (y)  be  a  function  defined  for  the  interval  (—  1,  +  1),  limited  in  that 
interval,  and  continuous  at  every  point  of  the  interval,  including  —  1,  + 1, 

*  See  Hardy,  Quarterly  Journal  Math.^  vol.  xxxn,  p.  67,  where  various  theorems  relating  to 
the  differentiation  of  integrals  will  be  found. 

t  See  his  memoir  '*  Untersuchungen  iiber  die  unendlich  oft  austetigen  im  oscillierenden 
Functionen,'*  reproduced  in  Math.  AnnaleH^  vol.  xx.  The  method  has  been  treated  in  a  rigoroas 
manner  by  Dini,  Grundlagent  p.  157. 
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except  at  the  point  y  =  0,  where  however  ^  (0)  =  0.  The  function  ^  (sin  nirx) 
is  finite  and  continuous  for  every  value  of  x  which  is  not  a  rational  fraction 
mjny  with  n  as  denominator,  and  it  vanishes  for  all  points  at  which  x  has  this 
form. 

The  series   S  —  ,  where  5  >  1,  is,  in  accordance  with  the  fact  that 

^  {y)  is  limited,  uniformly  convergent  in  every  interval ;  and  its  sum  is  a 
limited  function  of  x  which  is  continuous  for  all  irrational  values  of  x. 

If  ^  (y)  were  also  continuous  for  y  =  0,  the  functiou  represented  by  the 
series  would  be  continuous  also  for  rational  values  of  x,  but  when  ^  (y)  is 
discontinuous  at  y  =  0,  the  properties  of  the  function 

•^  _  (fit 

in  relation  to  continuity  or  discontinuity  at  the  points  where  x  has  rational 
values  require  investigation. 

The  series  being  uniformly  continuous,  it  follows  from  the  theorem  of 
§  343,  that  f{x)  is  continuous  at  every  point  at  which  all  the  functions 
^  (sin  nirx)  are  continuous,  Le,  for  all  irrational  values  of  x.  Let  us  consider 
the  values  of  the  function /(a?)  in  the  neighbourhood  of  a  point  a:  =  |>/g,  where 
p  and  q  are  relative  primes.     We  may  write  the  value  of /(«)  in  the  form 

5  (^(sinn^Tra?)      1    ^  ^(fiinqmirx) 

fi,  =  l  V  ^  m=l  ^* 

where  Uq  has  those  integral  values  only  which  are  not  multiples  of  q. 

The  first  of  these  series  is  uniformly  convergent,  and  its  sum  is  continuous 
at  the  point  p/q ;  we  therefore  find  that 


^/    /    .  x.\     /•/    /  \  .  1    V  <^  (- 1  P  sin  gmTrA) 

T  m=l  ^ 

where  rik  converges  to  zero  when  h  does  so. 

Case  I,  Let  <f>  (y)  have  an  ordinary  discontinuity  at  y  =  0 ;  we  then 
have 

where  the  upper  or  lower  of  the  ambiguous  signs  are  to  be  taken,  according 
as  j>  is  even  or  odd. 

If  <^(+0),  <^(— 0)  are  different  from  one  another,and  from  zero,  these  relations 
shew  that,  at  a  point  p/q  for  which  p  is  even,  the  function  f(x)  has  ordinary 
discontinuities  both  on  the  right  and  on  the  left,  the  measures  of  the  two 
being  not  identical.     Moreover  the  same  statement  may  be  made  for  a  point 
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piq  at  which  p  is  odd,  unless  ^  (+  0),  (f)  (—  0)  have  such  values  that  one  or 
other  of  the  above  expressions  vanishes,  in  which  case  there  is  an  ordinary 
discontinuity  on  one  side,  and  the  function  is  continuous  on  the  other  side. 
It  is  easily  seen  to  be  impossible  that  the  two  expressions  can  simultaneously 
vanish,  and  therefore  there  is  an  ordinary  discontinuity  on  one  side  at  least. 

If  <t>(+0)^Oy  (f>  (—  0)  =  0,  there  is  discontinuity  on  the  right  at  the  points 
a:=2p7?>  aiid  continuity  on  the  left;  and  at  the  points  a?  =  (2p'  +  l)/5,  there 
are  discontinuities  on  both  sides,  with  different  measures. 

If  0  (+  0)  =s  ^  (—  0),  so  that  <f>  (y)  has  only  a  removable  discontinuity  at 
the  point  y  =  0,  then  the  function  /(a:)  has  removable  discontinuities  at  all 
the  points  x  =  p/q. 

In  every  case  the  function  /(x)  is  a  point-wise  discontinuous  function, 
because  its  discontinuities  are  all  ordinary  ones  (see  §  189). 

Case  II.  Let  ^(y)  have  a  discontinuity  of  the  second  kind,  at  y  =  0,  on 
one  side  at  least.  In  this  case  it  will  be  assumed  that  8>2,  Denoting  by 
A  the  upper  limit  of  |  ^(y)  |  in  the  interval  (—  1,  +  1),  we  have 


2.  <^(-l  "^  sin  qrmrh)      ,  t-^i^   .         ,, 


m^i  rn 


il      •  1  il    /7r>      _\ 


and  hence 

f(p/q  +  h)  -f(p/q)  ==^<t>  (=nn^ sin  ^A)  +  17A  +  ^ .i  , 

where  f  is  such  that  —  1  <  £"<  1,  and  is  dependent  on  h. 

If  <f)  (y)  have  a  discontinuity  of  the  second  kind  on  both  sides  of  the  point 
y  =  0,  there  are  finite  oscillations  in  arbitrarily  small  neighbourhoods  of  the 
point  on  the  two  sides ;  if  then  s  be  chosen  so  great  that  AI2*~*  is  less  than 
half  the  saltus  at  y  =  0,  we  see  that  f{x)  has  discontinuities  of  the  second 
kind  on  both  sides  at  all  the  points  x=p/q. 

If  <f>(y)  have  a  discontinuity  of  the  second  kind  at  y  =  0,  on  the  right,  and 
have  a  discontinuity  of  the  first  kind,  or  be  continuous,  on  the  left,  there  is  at 
each  of  the  points  x  =  p/q,  where  p  is  even,  a  discontinuity  of  f{x)  of  exactly 
the  same  kind  as  that  of  <^  (y)  at  y  =  0.  On  the  other  hand,  if  s  be  sufficiently 
large,  there  is  at  each  of  the  points  x  =  p/q,  where  p  is  odd,  a  discontinuity  of 
the  second  kind  on  both  sides.  For  we  may  express  fip/q+h)  -f{p/q)  in 
the  form 


1    2  4>  (-  sin  2r  +  1  qirh)      1    *   <f)  (sin  2rqirh) 


H, 


39 
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which  can,  as  in  the  previous  case,  be  reduced  to  the  form 

1  1  At        At 

i7A+^<^(-8in^A)  +  -i^(sin2^A)  +  ^^  +  ^^, 

where  fi,  gj  are  both  in  the  interval  (—1, 1).  We  thus  see  that,  if  »  be 
sufficiently  great,  there  are  finite  oscillations  in  arbitrarily  small  neighbour- 
hoods of  p/q  on  both  sides. 

The  existence  of  the  factor  1/^  in  the  expression  for/(p/}+  A)— /(p/j) 
shews  that  there  are  only  a  finite  number  of  points  p/q  at  which  the  saltus  of 
f(x)  is  ^Ar,  where  Ar  is  an  arbitrarily  chosen  positive  number;  and  thus /(ar) 
belongs  to  the  special  class  of  point-wise  discontinuous  functions  for  which 
the  set  ^  is  a  finite  set,  for  each  value  of  k. 


EXAMPLES. 

1.     Let  ^  (y)=8iD  - ,  and  (^  (0)b0;  the  function /(^)  is  then  defined  by 

ffx)  =2  —  sin  (cosec  nnx\ 

where,  when  x=^plq,  the  terms  for  which  n  is  a  multiple  of  q  are  to  be  omitted.  This 
function  is,  at  least  when  «>2,  a  point- wise  discontinuous  function  which  is  continuous  at 
all  the  irrational  points,  and  has  discontinuities  of  the  second  kind,  on  both  sides,  at  the 
rational  points. 


2.     Let 


■where  a>\.  For  0<y<l,  we  have  <^(y)  =  l;  for  -l<y<0,  we  have  <^(y)=-l;  also 
0(O)  =  O;  and  thus  0(»/)  ha.s  an  ordinary  discontinuity  aty  =  0. 

The  function 

is  a  point-wise  discontinuous  function,  which  is  continuous  for  all  irrational  values  of  x, 
and  has  ordinary  discontinuities  on  both  sides  at  all  the  rational  ^>oints. 

3.     With  the  same  value  of  ^  (y)  as  in  Ex.  (2),  let 

*  1 

^^^^^   ?   n-[<^(sinnir*)]-' 

*  1 
where «>1.     For  any  irrational  value  of  .r,  x{p^)  has  the  value  2— ,  and  for  any  rational 

value  of  Xf  the  function  is  indefinitely  great.     Now  let 

then/(.r)  =  l,  for  all  irrational  values  of  a*,  and  f{x)^Oy  for  all  rational  values  of  x.  The 
function  f{x)  is  accordingly  totally  discontinuous.  The  values  of  f(x)  are  improperly 
defined  at  the  rational  points. 
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422.  Let  us  next  assume  that  ^  (y)  is  continuous  throughout  the  interval 
(—  1,  1),  and  has  no  differential  coefficient  at  the  point  y  =  0,  where  ^(0)  =  0, 
but  that,  at  every  other  point  in  the  interval  (—  1,  + 1),  it  has  a  differential 
coefficient  which  is  numerically  less  than  some  fixed  finite  number  A,    In 

this  case  ^)      has  no  definite  limit  for  A  =  0,  either  when  h  is  positive,  or 

when  h  is  negative,  or  in  both  cases ;  or  else  the  two  limits  both  exist,  but 
have  different  values. 


The  numbers 


h 


which  are  equal  to  \^'{01i)\,  where  ^>0,  have  a 


definite  upper  limit  U{^A)  for  all  values  of  A. 
Assuming  that  «  >  2,  we  see  that  the  series 

5  d>  (sin  rnrx) 
irz,--      :-,         coswTra? 

converges  for  all  irrational  values  of  a?,  since  the  general  term  is  numerically 
less  than  5/n*"S  where  B  is  some  fixed  number. 

Consider  the  series 

2  ^  [sin  mr  {x  +  7^)]  —  ^  (sin  rnrx) 
7  h^»  ' 

where  x  has  an  irrational  value.  It  will  be  shewn  that  this  series  converges 
uniformly  for  all  values  of  h.  Unless  n  and  h  are  such  that  sin  wtt  (.r  +  A) 
and  9\nnirx  are  equal,  in  which  case  ^  [sin  7i7r  (a?  +  A)]  —  ^  (sin  riTra?)  =  0,  we 
can  write  the  general  term  of  the  series  in  the  form 

■n^^[8mw(x  +  A)]-0(3in«7r^_)    sini^^^^^^ 
n*~*         sin  mr  {x  +  n)  —  sin  rnrx  ^  mrk 

It  then  follows  that  the  general  term  of  the  series  is  numerically  less  than 

-^ ,  where  Fis  the  upper  limit  of  the  absolute  values  of  the  incrementary 

ratios  of  the  function.  Since  the  series  Sl/w*"*  is  convergent,  it  follows 
that  the  above  series  converges  uniformly  for  all  values  of  h  which  are  ^  0 ; 
and  consequently,  in  accordance  with  the  last  theorem  of  §  397,  the  function 
f{x)  has  a  finite  differential  coefficient  for  any  irrational  value  of  x. 

Next    let    X    have    the    rational    value    pjq.      We    may   then    express 
W       /    -"V  in  the  form 


^   ^  [sin  iiqir  {x  +  A)]  -  ^  (sin  Ugirx)      1^  *.  ^  (—  1  ^^  sin  viqirh) 


n,=i  An/  g«„»=i  Am* 

where  rig  has  all  positive  integral  values  which  are  not  multiples  of  q.     In 

39—2 


612  FwiuUians  defitied  by  seqtie^iees  [oh.  yi 

accordance  with  the  above  proof  we  see  that  2  -  — ^ — -  has,  for  the  value 
x^plq,  a  finite  differential  coeflScient  which  is  the  sum 

^   2  ^ J_^'^'^' cos  n^irp/q, 

11,-1  n^ 

We  have  now  shewn  that 


/(!-*)-/© 


•    <!>' (sin  fuirp/q)  ,    ,  1    •    <^  (- 1  "^  sin  WMfTrA) 

where   tfk  is  a   number  which   converges   to   zero   when   h  is   indefinitely 
diminished. 

Case  I,     Let  <t>(y)  have  definite  derivatives  on  the  right  and  on  the  left 

when  y  =  0;  and  thus  ^y-^  has  one  limit  ^'(+0)  for  positive  values  of  h 

converging  to  zero,  and  another  limit  0'(— 0)  for  negative  values  of  h  so 
converging.     We  thus  have,  when  p  is  even, 

.     '^\q'^V'''^\q)  ^    <f>'(Binngirp/q)  , 

im  — '^ J ^2_  r=  TT    S    ^^— ^^— ^7  ~  -    cos  fiqirp/q 


lim  ,  „    _  -  , 


hni — 2 J l-  =  7r    2    ^-^—^^^^'cosngTrp/q 


7r£(-0)  I    J^ 
For  an  uneven  value  of  p,  we  find 

r         W        / "     W/  V    <^' (sin  n,7rp/j) 

lim  — * f i*-  =  7r    Z    ^—^^ Zi  cosngirp  q 

,  ^f  (+0)  I    _i 7rf(-0)  I    1_ 

,.     '^\q'^V'''^[q)           ^    4>'(smng7rplq)  , 

lim — ii — -T A^=7r    Z    ^^-^ ^^  *^'^^  cosugirp/q 

^'(+0)  I        1        ,  ^<t>'  (-  0)  I      1 

9^>     ,ri(2r+l)-»"^      9^»      r-i(2r)*-«- 
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From  these  results  it  is  seen  that  f(x)  has,  at  the  rational  points, 
definite  derivatives  on  the  right  and  on  the  left,  differing  in  value  from  one 
another,  and  therefore,  at  all  these  points,  the  function  has  a  singularity  of 
the  same  kind  as  ^  (y)  possesses  at  the  point  y  =  0. 

Case  II.     Let  ^(y)  have,  on  one  side  of  y  =  0  at   least,  no  definite 

derivative.     Unless  mqh  is  an  integer,  in  which  case  ^  (—  1 1'*'* sin  mqirh)  =  0, 
we  have 

0  (—  1 1***^  sin  viqirh)  _  ^  (—  1  ;"*^  sin  niqirh)    ^i^tnqTrh  .  ^^.       qir 


hm'  —  1  |»»p  sin  mqirh         mqwh  m 

and  this  is  numerically  less  than  ^-rz\ .     It  follows  that 

1     *    <^(^^|*^^sinwyyr/t)  _  1  <^  (^^|^  sin  girh)      ^ 


(^  w«i  Am*  g*  h 

wU     ^        1 


where  P  is  numerically  less  than  -—^     2     —jzi'     By  taking  a  sufficiently 

lai'ge  value  of  s,  the  number  P  may  be  made  as  small  as  we  please,  and 
therefore 


1     ^  0  (-  1  l^^nmqirh) 


will,  for  a  sufficiently  large  value  of  s,  oscillate  in  the  same  manner  as 


1  0  (—  1  ''sin qirh) 

as  A  is  diminished  indefinitely.     It  is  thus  seen  that  — * ,  *    has,  on 

one  side,  or  on  both  sides,  of  A  =  0,  no  definite  limit ;  and  thus  f{x)  has  no 
differential  coefficient  at  any  of  the  rational  points,  provided  a  sufficiently 
large  value  of  8  be  chosen. 

EXAMPLES. 

1.  Let  <^(y)»y  or  -y,  according  as  y  is  poBitive  or  negative.    The  corresponding 

function  /(x)  is  2  —  >/sin*  nirXy  where  the  positive  value  of  the  square  root  is  to  be  taken. 

This  function  is  continuous,  and  has  a  differential  coefficient  for  all  irrational  values  of  x. 
At  the  rational  points  it  has  no  diflfcreutial  coefficient,  but  has  definite  derivatives  on  both 
sides. 

2.  Let  ^(y).y«n(logy^then/(*)=i^l^!^to^Bi!^. 

The  function  f{x)  is  continuous,  and  has  a  finite  differential  coefficient  for  all  irrational 
values  of  x.  If  «  be  sufficiently  large,  it  has  no  definite  derivatives  either  on  the  right  or 
on  the  left,  for  rational  values  of  x ;  the  four  derivatives  at  such  a  point  are  all  finite. 
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423.  Let  it  uext  be  assumed  that  ^{y)  is  coutinuous  in  the  intcn-al 
(—  1,  1),  and  has  a  finite  diiferential  coefficient  at  every  point  except  at  y  =  0, 
but  that  this  differential  coefficient  has  no  upper  limit  to  its  absolute  magni- 
tude in  any  neighbourhood  of  the  point  y  =  0.  In  this  case  ^(y)  may  cither 
have  a  differential  coefficient  at  y  =  0,  which  is  finite  or  indefinitely  great; 
or  it  may  have  indefinitely  great  derivatives,  on  the  right  and  on  the  left, 
of  opposite  signs;  or  it  may  have  no  definite  derivatives.  When  ^{y)  is 
a  function  of  this  type,  it  is  not  certain  that  J  {x)  has  differential  coefficients 
for  irrational  values  of  x\  for  the  differential  coefficients  ^'(sin  wwj:)  are  not 
all  numerically  less  than  a  fixed  finite  number,  for  such  a  value  of  ;i:,  and  for 
all  values  of  n ;  and  thus  the  argument  of  §  422  does  not  apply. 

For  a  rational  point  x  =  plq^  we  have  as  before, 

12.   <^(-T|'^8in//t^^A) 

I   ~\,    ^    > — : ~  . 


The    theorem   of  §  398   will    be    applied    to  shew   that   the   function 

2    ri 2 — I  has,  for  the  value  p/g  of  x,  a  differential  coefficient  obtained 

«,=!  V  .  . 

by  means  of  term  by  term  differentiation  of  the  series. 

The  first  condition  required  by  the  theorem  in  question,  viz.  that  the 

terms  of  the  series 

I    7r<f>'(siun^7rplq)  p 

n,«i  nq*-'  q 

shall  be  definite,  and  that  this  series  shall  converge,  is  certainly  satisfied. 
To  shew  that  the  conditions  relating  to 


h  '      .      h 


are  satisfied,  we  observe  that  Rm  (<")  <  — ^ .  where  U  denotes  the  upper 
limit  of  i<^(y)|  in  the  interval  (—1,  1).  Let  ^  be  so  chosen  that 
1  >  ^  >  —    ,  («  >  2),  and  let  vi  be  that  integer  next  greater  than  |  A  j~'  which 

is  not  a  multiple  of  g ;  we  then  have  |  Am*"'  |  >  |  A  ji-(*-i)^  It  follows  that,  for 
each  fixed  value  of  h,  m  has  been  so  chosen  that 
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ai-e  both  less  than  U\h\ <*~^>  '"^  and  are  therefore  both  less  than  e,  provided 
\h\<h\  where  h  is  fixed  so  that  Ui  '*"'>  *"*  <  6.  It  is  clear  that  8  may  be  chosen 
so  small  that  m  exceeds  an  arbitrarily  prescribed  integer  m,  for  all  the  values 
of  h  such  that  \h\<h. 

We  have  lastly  to  prove  that  the  sum  of  the  first  ni  terms  of  the  sciies  of 
which  the  general  term  is 


* 


sin 


in  Hqir  ( -  -h  A 1    —  <^  ( sin  n^  w  -  I      w<f>'  ( sin  n, tt  -  j 

'      I    ■  ' r:: — ^  cos  n,^  tt, 


is  numerically  less  than.  6. 

This  series  may  be  divided  into  two  portions    2    and  S,  where  m,  is  a 

1  Ml 

*  1 

fixed  number  independent  of  A,  so  chosen  that  the  sum  2     —  ^  is  less  than  an 

arbitmrily  chosen  number  t).  The  sum  of  the  first  nii  terms  of  the  series 
under  consideration  can  be  made  arbitrarily  small,  by  taking  i  sufSciently 
small ;  for  the  number  of  terms  is  independent  of  h.     We  have  then  only  to 

consider  the  sum  2. 

Ml 
P  ,  1  . 

Since   iiq-   differs    from    an    integer    by   at    least   -,    it    follows    that 

<f>  fsinng^-j  is  numerically  less  than  some  fixed  positive  number  U\  for  all 
values  of  Ug.     We  therefore  see  that 


6'  (sinnoTT-)  I 

—;r^ — ^cosrig^    <irnU . 


2 —r, -cosrig-    <7n7 

mi  Wg  q 


Further,  m  has  been  so  chosen  that  m  —  |  A  |"*  <  1 ;  from  which  we  have 

7/*|A|  =  |A|*~'  +  ^|A|,    where    0<^<1.      If   h    be  now    so    chosen    that 

8^"'  +  8  <  1/25,  the  two  numbers  n^ -,  Uq  (^  +  h\  differ  from  one  another  by 

less  than  ^;    moreover  they  are   never  integers,  and  contain   no   integer 
iq 

between  them,  and  they  differ  from  the  nearest  integer  by  more  than  5-. 

It  follows  that,  for  all  values  of  y  between  ^muqir-  and  sinng7rf-+  8J, 

where  riq  has  the  values  belonging  to  it  in  the  series  2,  <^(y)  has  a  differential 
coefficient  numerically  less  than  some  fixed  number  U'\ 
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Writing 


4> 


sin  Uqir  (-  +  A)    —  ^  (sin  nqir-\ 


hn^ 


*-    in  the  form 


TT 


* 


n, 


f— 1 


^ ' ^  ««"'9'^  (5  +  2  *J  — 


sin^n^irA 


in  n^irf-  +  A]  —  sinfn^ir- ) 


gfi^TrA 


TT 


we  see  that  this  term  is  numerically  less  than U*\     It  now  follows  that 


n, 


I' 

m 


<7rv(U''-{-U'); 


and  this  is  numerically  as  small  as  we  please,  if  we  choose  17  and  S  sufficiently 
small.  It  is  therefore  possible  to  choose  S  so  small  that  the  last  of  the 
requisite  conditions  is  satisfied,  for  all  values  of  h  <  S. 

It  has  now  been  proved  that 

— I — "? — 


*— 1 


i^-COS/loTT- +  a 


1     5  ^  (— 1|  "^  sin  mqirh) 


Am* 


where  a  and  A  converge  together  to  zero. 

The  second  series  on  the  right-hand  side  of  this  equation  can  be  written 
in  the  form 


1  *!"»  (^(-lI'^^sinngTrA)      1      |     <^(- If^'i^sinyigTrA) 


9*  n-1  ,  hn'  '  g*  n=m+i  An* 

where  in  is  fixed  as  before,  for  each  value  of  A.  The  second  sum  is  arbitrarily 
small  for  a  sufficiently  small  value  of  S.  We  have  then  to  consider  the  first 
sum,  which  may  be  written  in  the  form 


TT  *^'*  —  1|  **  ^  (-  l| »^ sin  nqirh)  sin  nqirh 
9*"*  «=i    w*~*       ZT|'*''siniig7rA        nqirh    ' 

and  we  now  consider  this  sum  in  the  different  cases  which  arise  when  vaiious 
assumptions  are  made  as  to  the  nature  of  the  derivatives  of  4>{y)  at  the 
point  y  =  0. 

Case  I,  Let  ^  (y)  have  the  derivative  +  00  ,  at  y  =  0  on  the  right,  and  the 
derivative  —  00  ,  at  y  =  0  on  the  lefl.  It  is  clear  that,  for  positive  values  of  A, 
all  the  terms  of  the  series  have  one  and  the  same  sign,  S  having  been  chosen 
80  small  that  Wi  is  also  sufficiently  small ;  also  it  is  clear  that  the  first  term 
of  the  series  becomes  numerically  arbitrarily  great  for  sufficiently  small  values 
of  h.     It  therefore  appears  that  the  sum  of  the  series  becomes  indefinitely 
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great,  as  h  approaches  the  limit  zero  from  the  right-hand  side.  If  h  be 
negative,  the  terms  of  the  series  all  have  the  same  sign,  the  opposite  one 
fi*om  that  which  they  have  when  h  is  positive,  and  as  before,  the  sum  of  the 
series  is  indefinitely  great  as  h  converges  to  zero. 

It  has  therefore  been  shewn  that 


4?  - ")  -/(?) 


g 

h 

has  the  limit  +  oo  on  one  side  of  the  point  - ,  and  —  oo  on  the  other  side. 

9 
The  singularities  of  the  derivative  of  f{x)  at  the  rational  points  have  the 

same  peculiarity  as  that  of  (f>  (y)  at  the  point  y  =  0 ;  i,e,  derivatives  on  the 

right  and  on  the  left  exist,  which  are  inKnite,  but  of  opposite  signs. 

Case  II.     Let  <^{y)  have  a  ditferential  coefficient  at  ^  =»  0,  which  is  either 

+  00  ,  or  —  00 . 

It  is  then  clear  that,  in  case  p  be  even. 


/(?- »)  -4?) 


has  the  same  limit  4-  oo ,  or  —  x ,  as  ?A_/ .     If  p  be  odd,  the  terms  of  the 

series  under  examination  have  alternate  signs,  and  no  conclusion  can  in 
general  be  drawn  as  to  the  nature  of  the  derivatives  oi  f(x)  at  the  point 

P 

Case  III.     Let  <f>  (y)  have  a  finite  differential  coefficient  at  y  =  0. 

In  this  case,  as  is  e>xsily  seen,  /(.r)  has,  at  the  point  -  ,  a  definite 
differential  coefficient  of  which  the  value  is 

_   A'fsinnTT-) 
TT  S  .  ,     *     COS  nir  ~ . 

Case  IV.  Let  ^  (y)  have  finite  derivatives  at  y  =  0  on  the  right,  and  on 
the  left,  which  differ  from  one  another.  In  this  case /(a?)  has,  at  each  rational 
point,  finite  derivatives  on  the  right,  and  on  the  left,  which  differ  from  one 
another. 

Case   V.     Lai   D+<t>  (0),  D+  <}>  (0),  D-  ff>  (0),  /)_  ff>  (0)   be   all   finite  and 

different  from  one  another.     The  function /(a:)  has  then  at  ^,  at  least  when 
p  is  even,  the  same  peculiarity  as  ^  (y)  at  y  =  0. 
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EXAMPLES. 

1.  Let  <f>  {tf)=if  sill  - ,  (^  (0)=0.    The  corroHiKjudiiig  function /(.r)  is  given  by 

•/ 

1 
/(>r)  =  2  ^  ,  where  «>2. 

This  function  is  continuous,  but  has  no  definite  derivatives  at  the  rational  points.  No 
assertion  can  be  made  as  to  the  derivatives  at  the  irrational  points,  because  the  differential 
coefficient  <^>  {^)  has  indefinitely  gi'eat  values  in  every  neighbourhood  of  ^=0. 

a 

2.  Ijet  ft>{y)^(j/^^^  where  a,  (i  ai-e  positive  integers  such  that  2a</3,  and  the  real 
positive  values  of  the  i*oot  are  taken.     We  then  have 

a 

fix)  =  2  ^    —  -^^^ ,  where  «  >  2. 

This  function  is  continuous,  and  has,  at  all  rational  points,  indefinitely  great  derivatives 
on  the  right,  and  on  the  left,  of  opposite  signs.  No  assertion  can  be  made  as  to  the 
derivatives  at  the  iiTational  points. 


cantor's   METHOD  OF  CONDENSATION   OF  SINGULARITIES. 

424.  A  method  of  constructing  a  function  which  exhibits  at  an  every- 
where-dense set  of  points,  some  singularity,  either  in  relation  to  continuity, 
or  to  its  derivatives,  has  been  given  by  Cantor  *.  Let  ^  (y)  denote  a  function 
which  is  continuous  for  all  values  of  y  in  the  interval  (—  1,  1),  except  y  =  0 ; 
and  let  ^(0)  =  0.  Let  G  denote  an  enumerable  set  of  points  oii,  q)^,  a>„  ..., 
which  may  be  everywhere-dense.  The  method  of  condensation  consists  of 
the  construction  of  the  function 

/(a?)=  2  Cn<^(a?-a)„), 

where  O],  c.^,  ...,  Cn,  ...  are  positive  numbers,  so  chosen  that  the  series  So„  is 

1 

convergent,  and  that   S  c»^(;z;  — con)  converges  absolutely  for  each  value  of 
X,  and  uniformly  in  every  interval. 

This  method  has  two  advantages  over  that  of  Hankel.     In  the  first  place, 


the  points  lOi,  co,,  ...  do  not  necessarily  consist  of  the  rational  points  of  the 
interval  (—  1,  +  1),  but  may  form  any  enumerable  aggregate.  In  the  second 
place,  for  a  value  <On  of  a?,  the  singularity  in  question  is  exhibited  by  the  one 
term  c„^  {x  —  ©n)  only,  of  the  series  which  represents  f{x) ;  whereas  in 
Hankel's  method,  the  singularity  of  <^  (y)  at  y  =  0  is  exhibited,  for  x  =plq,  by 
an  indefinitely  great  number  of  terms  of  the  series  which  represents  the 
function  formed  by  condensation. 

*  Math.  AnnaUHf  voL  uz.    See  also  I>ini*8  Orundlagetit  p.  18S. 
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Let  now  ^  {y)  be  discoutiuuous  at  ^  =  0 ;  then,  for  any  value  of  x^  of  x^ 
which  is  not  one  of  the  values  of  G,  the  terms  of  the  series  2c»^  (a;  —  c»,») 
are  all  continuous ;  hence,  since  the  series  converges  uniformly  in  any  interval 
containing  x^,  it  follows  that  f{x)  is  continuous  at  x^^.  Again,  in  order  to 
consider  the  continuity  oi  f{x)  at  the  point  o),,,  we  may  separate  the  term 
Cn4>  {iC  —  ft)„)  from  the  rest  of  the  series.  As  before,  the  series  which  consists 
of  all  the  terms  except  the  one  c„<^  {x  —  a)„)  represents  a  function  which  is 
continuous  at  x  =  ai„,  but  Cn(t>(^  —  ^n)  has  at  ci>„  a  discontinuity  of  the  same 
character  as  that  of  (f>  (y)  at  t/  =  0.  It  htis  therefore  been  shewn  that  f{x)  is 
continuous  at  every  point  which  does  not  belong  to  G,  but  has  at  every  point 
of  G  a  discontinuity  of  the  same  character  as  that  of  <f>  (y)  at  the  point  y  =  0. 
If  <l>(y)  have  a  finite  saltus  k  at  y  =  0,  the  saltus  of  Cu^  (;<;  —  Wn)  at  oon  is  kcn- 
Hence,  on  account  of  the  convergence  of  ^Cn,  there  are  only  a  finite  number 
of  points  (On  at  which  the  saltus  of /(.r)  exceeds  any  fixed  positive  number. 
The  function /(a?)  is  therefore  an  integrablc  function. 

Let  it  next  be  assumed  that  <f>  (y)  is  continuous  throughout  (—  1,  1),  and 
possesses  a  differential  coefficient  for  every  value  of  y  except  y  =  0;  and  that 
the  differential  coefficients  are  all  numerically  less  than  some  fixed  positive 
number  B,     It  then  follows  that  the  four  derivatives  of  ^  (y)  at  y  =  0  are 


all  finite;   it  also  follows  that 


is  less  than  some  fixed  number  A, 


h 
for  all  values  of  h  which  are  numerically  less  than  some  fixed  number  i. 

We  now  see  that  for  any  pair  of  points  y^,  y^  such  that  yi  —  y-  <  S,  we 
have  ®  i?^LL__riw  ,  ^  ^^jj^  greater  of  the  numbei's  A  and  B,  which  may  be 
denoted  by  C. 

If  X  be  not  a  point  of  G,  the  sum 


<f>  (x-k-h—  Wn)  —  ^  (a;  —  Q)„) 


is  <  (7    2    Cny 


h 

provided  .h\  <  S ;  hence  the  series  is  uniformly  convergent  for  all  values  of 
h  such  that  0  <  |  A ;  <  S,  and  therefore  it  represents  the  value  of /'(a?). 

In  case  a;  be  a  point  ©n  of  G,  we  separate  from  the  series  which  represents 
f(x\  the  term  Cn^ (a:  —  (»„).  It  appears  then  that  the  remaining  part  of  the 
series  represents  a  function  which  has  a  definite  differential  coefficient  \  (oon) 

at  Q>n. 

We  have  therefore 

where  f  converges  to  zero  when  h  does  so.  It  thus  appears  that /(a:)  has  no 
definite  derivatives  at  a;  =  tont  hut  that  it  has  at  that  point  the  same  kind  of 
singularity  as  <f>  (y)  has  at  the  point  y  =  0. 
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EXAMPLES. 

1.  Let  <^  (y)-:y  - ^ siD  (^  log JT*).  Thifl  function  has  a  diflferential  coefficient  ^' (y)  fur 
every  point  exce|>t  y =0 ;  and  0'  (y)  oscillates  between  the  values  1  -  \IJ%  1 +1,V2. 

The  corresponding  function /(x}=2c«^(x-i* J  has  a  difEeiential  ooefficieQt  at  every 
point  not  belonging  to  C/..    At  the  point  x=^m^/\\&  derivative  oedllates  between  values 

ic.+X(«»)  and  5c»+X(«J. 

2*.  Let  <^(y)=y*;  then  ^'(0)«+x.  The  corresponding  function  Sc^ (*—•«)*  hah 
differential  coefficients  which  are  Unite  at  a  set  of  points  not  belonging  to  (r .  At  a  point 
»^  of  C7,  we  have  /'  («»)=  +ao .  This  example  does  not  fall  under  the  case  considered 
above,  because  |  <^' (y)  | ,  for  | y  |  >0,  has  no  upper  limit. 

THE  CONSTRUCniON  OF  CONTINUOUS  NON-DIFFERENTIABLE  FUNCTIONS. 

• 

425.  A  general  method  of  constructing  functions  which,  although  they 
are  continuous,  possess  at  no  point  a  Knite  differential  coefficient,  has  been 
developed  by  Dini+.  It  will  be  sufficient  to  discuss  here  a  restricted  class  of 
such  functions,  which  exhibits  ail  the  features  of  the  somewhat  more  general 
case  considered  by  Dini. 

Let  Ui  (a?),  u^{x)y  ...  Un{x\  ...  be  functions  each  of  which  is  continuous  in 

an  interval  (a,  6),  and  which  are  such  that  the  series  2  Un{x)  converges  every- 

1 
where   in  (a,  6),  and  defines  a  continuous  function.     It   will  be   further 

assumed  that  Un  (x),  for  each  value  of  n,  possesses  maxima  and  minima  such 
that  the  interval  between  each  maximum  and  the  next  minimum  is  a  number 
Sn  which  diminishes  indefinitely  as  tz  is  indefinitely  increased  ;  and  also  that 
Ufi  (x)  =  —  Un  {x  +  Sn),  so  that  all  the  maxima  of  v^  {x)  are  equal  to  one 
another,  and  also  all  the  minima,  the  maxima  and  minima  being  equal  in 
absolute  value,  and  opposite  in  sign.  Let  D^  denote  the  excess  of  a  maximum 
over  a  minimum.  It  will  also  be  assumed  that  Un{x)  possesses  finite  diffe- 
rential coefficients  of  the  fii*8t  and  second  orders  Un{^\  ^"(^)  everywhere  in 
(a,  6);  and  that  the  upper  limits  of  |t/,/(a:)i,  \un"(x)\  in  (a,  6),  have  finite 
values  u,  U. 

We  have,  for  any  two  points  a?,  a?  +  A,  in  (a,  6), 

f(x  +  h)  -f{x)  ^  Um  (a?  +  A)  -  u„,  (x)  ^  "*^i  tin  (a? -h  A)  -  tin  (a?) 

h  h  nsl  ^ 

.  R^{x -¥  h)  "  Rn,{x) 

^  h  ' 

where  i2,n(a;)  denotes  the  remainder  after  m  terms  of  the  series  Su„(d;). 

*  This  fanotion  2c,^(j:-wJ^  has  been  studied  by  Brod6n,  see  his  paper  **Ueber  das  Weier- 
strass-Oantor'sohe  Condensationverfahren,"  Stockholm  Ofv.,  1896,  p.  583;  also  Math,  Annalen, 
vol.  LI.  Sec  further  Pompeiu,  Math,  Annaleti,  vol.  Lxni,  p.  826,  where  it  is  shewn  that,  if  the 
series  be  denoted  by  f,  the  inverse  fanotion  x=G(t)  is  a  oontinnous  fnnction  with  a  limited 
differential  coefficient  which  is  zero  at  an  everywhere-dense  set  of  points,  provided  the  series 
l^cj  be  convergent     This  function  is  accordingly  everywhere- oscillating. 

t  Annali  di  Mat,  ser.  2,  vol.  viu ;  also  Orundlagen,  p.  206.  See  also  Lereh,  CreUe's  Journal, 
vol.  cm,  and  Darboux,  Annales  de  Vicole  normaUy  ser.  2,  vol.  vui. 


424,  425]    ConMniction  of  naii-differentiable  fiiTictions        621 

This  equation  may  be  written  in  either  of  the  following  forms : — 

since  \u^{x)\^    !^-V_ — ^      **       ,  \\nyQ  the  same  upper  limits  in  (a,  6);  the 
number  i;^„  lies  between  1  and  —  1.     Also 
f{x-^h)-f{x)_u^{x^-h)--u^{x)     "v\  ..  .  ,  ^  AV,^ 

where  f„»  is  a  number  between  1  and  —  1. 

Let  a  neighbourhood  {x,  x  +  e),  or  {x  —  e,  x)  on  either  side  of  x  be  taken  ; 
m  may  then  be  chosen  so  great,  that  several  oscillations  of  u^^{x)  are  com- 
pleted in  the  chosen  neighbourhood.  Let  the  point  ^  +  A  be  taken  at  a 
maximum  or  minimum  of  m,»  (a?)  in  (a?,  x  -f  e),  or  in  (x  -  e,  a?) ;  and  let  it  be 
at  the  first  maximum  or  minimum  of  lim(^)  on  the  right  or  on  the  left  of  /r,  of 
which  the  distance  from  .t  is  ^\  Sj^.     The  condition 

is  then  satisfied ;  also  I A  |  ^  f  S„,.     We  may  write 

Umix^-  h)  -  U^  (x)  =  J  OmymDrnf 

where  7,^  is  positive  and  >  1,  and  a^^  ±  1»  its  sign  depending  on  x  and  m, 
and  possibly  on  the  sign  of  //. 

The  equation  (1)  may  now  be  written  in  the  form 

/(x  +  k)  -f{x) 

h 

where  tf^'  is  between  1  and  —  1. 

Next,  let  x  +  hihe  the  next  following  extreme  point  of  u^{x)  after  x  +  h, 
so  that  h  and  hi  have  the  same  sign  and  \hi\>  Ji\.  The  difference 
Uj^{x  +  hi)^u^{x),  when  it  is  not  zero,  has  the  sign  opposite  to  that  of 
i^„  (oj  +  A)  —  t^,^  (a?),  and  therefore 

where  0  ^  e^'  <  1. 

In  (1)  and  (2)  we  may  write  hi  instead  of  h,  provided  the  values  of  17^  and 
^  are  changed ;  we  find  therefore  from  (3), 

f(x-^h)--f(x)    f{x-{-K)'f{x) 
"      2A 


^oin^h  R^(x^hi)-R^{x)'\    

7m  *i  ^w  J 
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where  17,/'  is  between  1  and  —  1.     Also  from  (2),  we  find 
h  hr^ 

=  '2/r  [i+f».  ^+r.-    2)--  ,?,«»  + 2a»^-     -57 

when  f„/  is  between  1  and  —1,  and  0^,  0J  are  each  between  0  and  1. 

However  small  the  neighbourhood  (a?,  a?  +  e).  or  (ar—  e,  x\  be  chosen,  m  can 
be  chosen  so  great  that  a?  +  A,  a?  +  Ai  both  lie  in  that  one  of  these  neighbour- 
hoods which  is  under  consideration.  As  €  is  indefinitely  diminished,  in  must 
be  indefinitely  increased  ;  thus,  on  passing  to  the  limit,  the  results  (3),  (4),  (5) 
may  be  applied  to  obtain  conditions  for  the  existence  or  the  non-existence  of 
differential  coefficients  of  the  function /(a?). 

(a)     Let  it  be  assumed  that,  as  m  is  increased,  the  distance  between 
successive  extremes  of  i/^„(a;)  becomes  continually  smaller  compared  with  i)^, 

and  so  that   jy  ,  and  therefore  also  j.    ,  has  the  limit  zero  when  m  is  indefi- 

nitely  increased. 

In  this  case  the  limit  of -^  '  ^  J  v  /  jg  certainly  infinite,  unless  the 
expression  in  the  bracket  in  (3)  has  the  limit  zero. 

If  then   /i„,  (a?  4-  h)  —  R,^  (.r)  has,  for  values  of  in  greater  than  an  arbi- 

tmrily  chosen  integer  ??/',  the  same  sign  as  a,„,  i.e,  as  u^  (a?  +  //)  — t*,^(a:),  and  if 

2/i  ""^ 
further    j^.     2  n,„  remains  in  absolute  value  less  than  unity,  by  more  than 

some  fixed  difference,  *'-^-     ;  cannot  have  a  finite  limit.     The  last 

38    *-^ 
condition  may  be  replaced  by  the  condition,  that  -jr^   2  Un  must  remain 

numerically  less  than  unity,  by  more  than  some  fixed  difference. 

If  these  conditions  are  satisfied,  one  at  least  of  the  derivatives  D^f(a), 
D+f{.r)  is  infinite,  and  also  one  at  least  of  D~f{x),  D^f{x)  is  infinite. 
Moreover,  in  the  case  of  functions  of  the  type  here  considered, 

u^  {x  +  A)  -  u^  {x) 

has  the  same  sign  for  positive  as  for  negative  values  of  A,  hence  it  is  impos- 
sible that  f(x)  can  have  an  infinite  differential  coefficient  with  a  fixed  sign ; 
and  therefore  f(x)  has  at  no  point  a  differential  coefficient,  either  finite  or 
infinite. 
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(6)  If  it  be  not  known  that  the  condition  in  (a)  relating  to  the  sign  of 
iJm  (^  +  A)  —  i2,n  (a:)  is  satisfied,  then  f{x)  has' no  differential  coefficients, 
provided  i2,n(ir  +  h)  —  Rmi'^)  \  has  a  finite  upper  limit  2R„{  for  all  values  of 
X,  and  also 

36m  "v    «T      I    4/w» 

tr  2  •i^  +  'T)— 
remains  less  than  unity,  by  more  than  some  fixed  difference.     The  condition 
as  to  the  limit  of  jr-  is  the  same  as  in  (a). 

(c)    Let  us  next  suppose  that  -^^  has  not  the  limit  zero,  but  remains 

less  than  some  finite  number,  for  all  values  of  ???.     In  this  case  -y^  has  a 

finite  limit;  and  we  see  from  (4)  or  (5),  that 

f{x  +  h)^f(x)    f(x  +  h,)^/{x) 
h  "      K 

has  not  the  limit  zero,  provided  the  expression  in  the  bracket,  in  either  case, 
does  not  converge  to  zero. 

If  then  iJai  (a:  +  A)  —  R^  {x)  has  the  same  sign  as  ?/.,»  {x-k-h)  —  !!,„  {x\  and 
iim  (^  +  ^i)  —  ^m  (^)  has  the  opposite  sign,  and  if  further  one  of  the  two 
expressions 

-^m  n=l 


aS^   2  m-1 


'm   »=l 

remains  less  than  unity,  by  more  than  some  fixed  difference,  then  /(x)  can 
nowhere  have  a  finite  differential  coefficient,  although  it  may  have  an  infinite 
one,  at  some  points. 

(d)    The  same  condition  relating  to  j^  holding,  as  in  (c),  it  is  sufficient 

to  ensure  that  f(x)  has  nowhere  a  finite  differential  coefficient,  that 

\R^(x-^h)^Rn,(x)  ,     \R,,(x-^h,)--Rn,(x)\ 
should  never  exceed  a  fixed  number  27?,/,  and  that  one  of  the  two  expressions 

®^*  "t\i    ^^^  ^-  6S,„'  ""S    n    ^'^2  Rn: 

^m  «=l  •>    x/m  -^w    11=1  •>    -^m 

should  remain  less  than  unity,  by  more  than  some  fixed  difference.  These 
expressions  are  obtained  from  equations  (4)  and  (5),  by  taking  account  of 
the  fact  that  A/^  cannot  exceed  3/5. 

426.  Let  Vn{so)  be  a  continuous  function  which  has  maxima  and  minima 
equal  to  1  and  —  1  respectively,  at  distances  dn  from  one  another ;  where  rf„ 
is,  for  every  value  of  n,  less  than  some  fixed  number.  Also  suppose  that 
Vn  (^)  —  —  Vfi  (^  +  cin),  and  that  Vn  {x\  v^'  (x)  are,  for  all  values  of  x,  in  absolute 
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value  not  greater  than  some  fixed  positive  number  A.  We  then  take  the 
function  i/„(a?)  of  §  425  to  be  OnVniK^),  where  the  On's  are  constants  such 
that  2 ';  an  \  is  a  convergent  series,  and  the  ft^'s  are  constants  such  that  OnK 
does  not  converge  to  zero  as  n  is  indefinitely  increased.  The  convergency 
condition  of  2|an|  ensures  that  the  series  SanVnC^M^)  converges  uniformly, 
and  thus  that  f{x)  is  a  continuous  fnnction. 

We  have  in  this  case 

dm. 


Dm  =  2  I  a^  I ,     Sw  = 


»n  y 


also       \Rmix  +  h)^Rm{x)\^2Rm\     \Rm(^-^fh)^R,^{x)\^2R 
where  Rm'  is  the  remainder  of  the  series  S  |  On  |  after  m  terms. 

We  see  from  (b)  in  §  425,  that  if  a^bm  becomes  indefinitely  great  with  m, 
then  f{x)  =  Xa^Vn  (6n^)  has  nowhere  a  differential  coefficient,  in  case  the 
condition 

2  Om   »,»       1  Om 


by  more  than  some  fixed  diflference,  be  satisfied. 

In  case  Ombm  does  not  necessarily  become  indefinitely  great  with  m,  but 
has  not  the  limit  zero,  we  see  from  (d)  of  §  425,  that /(a?)  is  not  dilferentiable, 
provided  one  of  the  conditions 

2   6„   ttn  i  +  ^  — -j  <  1,     T-^ ,  --■      i   On-   a„    +  —  j <  1 

6m  I  am  I      1  5      a,„|  VI  Owl      1  5    i^mi 

is  satisfied  in  the  limit. 

Let  us  now  consider  the  special  case  in  which  dn  is  constant,  and  =  d,  and 
let  all  the  functions  Vn(^)  have  their  maxima  and  minima  at  the  points 
0,  ±  d,  ±  2d  . . . .  Further  let  us  suppose  that  bn+t/K  is,  for  every  value  of  s, 
an  odd  integer.  Then,  if  6m  (^  +  A)  corresponds  to  a  maximum  or  minimum 
of  Vjn(^)y  bm+g(x  +  h)  also  corresponds  to  a  maximum  or  minimum  of  »,„^.,(a:). 
If  we  suppose  all  the  On's  to  be  positive,  then  the  difference 


00 


iJ^(a?  +  A)-iJ,„(a?)=  2  On  {vn  [6n  (a:  +  A)]  -  v„  (6na?)} 

m+1 

is  either  zero,  or  else  it  has  the  same  sign  as  it,»  (a:  +  A)  -  u^  (oo) ;  on  the  other 
hand  the  difference  iim  (^  +  A,)  -  i2m  (^)  has  the  opposite  sign.  We  can 
consequently  apply  the  criteria  in  (a)  and  (c)  of  §  425.  The  sufficient 
conditions  that  X(hhVn{bn^)  is  not  differentiable  become  in  this  case, 

3   Ad  ^"^ 

^  — -      2  an6n<l,     limaw6m=oo; 

^  Omf^m     I 

and  when  a^bm  has  not  the  limit  zero,  then  one  of  the  conditions 

r       2    an6n<l,        —7-,    2    OnOn"  <  1, 

by  less  than  a  fixed  number,  must  be  satisfied. 
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In  particular,  let  a»=  a**,  a  <  1,  6«  =  6**,  where  6  is  a  positive  odd  integer. 
If  ah  >  1,  the  condition  of  non-differentiability  is  satisfied  if 

3  Ad    a'>6~  -  1 

for  every  value  of  n ;  and  this  reduces  to  ofc  >  1  +  f  ild. 

If  a6  ^  1,  the  condition  of  non-differentiability  is  oi'  >  1  +  SAd\ 

If  we  let  Vn  (a?)  =  cos x,  we  obtain  Weierstrass'  theorem*  that,  if  6  is  an  odd 
integer,  the  continuous  function 


00 


Xa^cosb'^x    (a<l) 
1 

is  not  differentiate  for  any  value  of  x,  provided  either  a6  >  1  -f-  |7r,  or  else 
provided  ofc*  >  1  +  Stt*,  and  also  ab  ^  1.  In  the  first  case  oft  >  1  -f-  f  tt,  there 
can  be  no  infinite  differential  coefficient  with  a  fixed  sign,  although  at  some 
points  there  may  exist  infinite  derivatives  on  the  two  sides  with  opposite 
signs.  This  was  the  first  example  of  a  continuous  function  nowhere 
differentiable  which  was  exhibited. 


EXAMPLES. 


oo 


1.  The  function  represented  by  2  a*  sin  6*^?,  (a  <  1),  where  6  is  an  integer  of  the  form 

1 

4j9+l,  is  continuous,  but  nowhere  has  a  finite  differential  coefficient,  provided  one  of  the 
two  conditions  aft  >  1  +  fir,  or  a6'>  1 +3tr',  is  satisfied,  and  a5  >  1. 

2.  The  functions  t  represented  by 

2^«»(31»;p),    2^cos(33»x),    2  ^^^  sin  (33*  ;p), 
do  not  possess  finite  differential  coefficients. 

3.  The  continuous  functions  represented  by 

cos{1.3.6...(2»-l)^}, 


a* 


7l.3.5...(2n-l) 


oo  Q» 


!l.6.9...(4»+l)'^tl.6.9...(4n+l)4. 
where  a  >  1  +  fvr,  do  not  possess  finite  differential  coefficients. 

•  CrtUeU  Journal^  vol.  lxxix. 

t  See  Wiener,  CrelU's  Journal^  vol.  xc. 
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THE  CONSTRUCTION   OF  A   DIFFERENTIABLE   EVERT WHEBE-08CILLATINO 

FUNCTION. 

427.  The  first  attempt  to  construct  a  function  with  maxima  and  minima 
in  every  interval,  which  should  have  at  every  point  a  finite  differential 
coefficient,  was  made  by  Hankel*.  The  function  which  he  constructed  is 
however  not  an  everywhere-oscillating  function.  By  Du  Bois  Reymondf 
the  view  was  expressed  that  no  such  function  can  exist,  but  Dini|  regarded 
the  existence  of  such  functions  as  highly  probable.  The  first  actual  con- 
struction of  such  a  function  is  due  to  Kopcke,  who  having  fir8t§  constructed 
an  everywhere-oscillating  function  with  derivatives  on  the  right  and  on  the 
left  at  every  point,  in  a  subsequent  memoir||  obtained  a  function  having  the 
required  properties.  Eopcke's  construction  has  been  simplified  by  PerenoT, 
and  the  account  here  given  is  based  upon  the  work  of  the  latter. 

On  a  straight  line  AB  measure  off  segments  AA\  B'B,  each  equal  to 
^AB.  Let  0  be  the  middle  point  of  AB,  and  draw  through  0  straight  lines 
^1)  ^3>  ^s>  •••  ^9"+i)  making  angles  with  OA  of  which  the  tangents  are 

l/2«,    2/2*,    3/2»,...(2~-hl)/2* 

respectively.  Through  A'  draw  a  straight  line  Vq  making  with  A'O  an  angle 
of  tangent  1/2**.  Through  the  intersection  (r©,  r,)  of  i\  and  r,,  draw  a  straight 
line  r/  parallel  to  Vi :  through  (?•/,  r,)  draw  a  straight  line  r,'  parallel  to  r„ 
and  so  on.    The  straight  lines  r©,  r/,  ?V>  •••  '^r-i,  ^i^i  form  an  unclosed  polygon 


*  Math.  Annalerit  vol.  xx. 

X  Grundlagen^  p.  383. 

II  Math,  Annalen,  yols.  xxziv.  and  zxxv. 


t  Crelle^i  Journal,  toL  Lxxn. 

§  Afol^  Atmalen,  vol.  xxiz. 

IF  Giom,  dt  Mat.,  vol.  xzxt,  1897. 
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above  A'O.  On  OB'  describe  a  precisely  similar  polygon  on  the  other  side 
of  AB.  The  figure  is  drawn  for  the  case  n  =  2,  and  shews  the  half  of  the 
figure  belonging  to  AO,  The  two  polygons  form  a  single  polygon  joining 
AB\  and  crossing  it  at  0.  On  r©  take  AA''=  AAy  and  describe  an  arc  of  a 
circle  touching  AB  at  A,  and  Vo  at  A'\  At  each  vertex  of  the  polygon  which 
has  been  constructed,  mark  off  on  the  sides  adjacent  to  that  vertex  lengths 
equal  to  ^^  of  the  shorter  side,  and  construct  an  arc  of  a  circle  touching  the 
two  sides  at  the  extremities  of  these  segments  so  marked  off.  We  have  now 
a  figure  joining  A  and  B,  and  composed  of  arcs  of  circles  and  of  straight  lines. 
This  figure,  by  means  of  its  ordinates  perpendicular  to  AB,  defines  a  con- 
tinuous differentiable  function,  with  a  continuous  differential  coefficient 
which  is  zero  at  A  and  B,  and  is  —  (2**-f  l)/2**  at  0.  This  function  may 
be  denoted  by  {A/B)n- 

Let  x,yhe  a,  system  of  coordinate  axes  in  a  plane,  and  draw  a  quadrant  of 

a  circle  passing  through  the  points  (0,  0)  and  (1,  0),  in  the  positive  quadrant. 

Let  Ffi(x)  be  the  function  represented  by  this  quadrant,  for  the  interval  (0, 1) 

of  X.      The   function  Fo(x)  has  a   maximum  at  «  =  i;    also  Fq(0)  =  1, 

-Fo'(l)  =  —  1.     If  Oo  denote  the  value  of  Fo{x)  at  a;  =  i,  describe  the  curve 

of  which  the  ordinates  are  Oq  (0 1  ^),  from  x  =  0  to  a?  =  ^,  and  —  a©  (i  |  l)i  from 

07  =  i  toa?=l.    This  curve  represents  a  continuous  function /i  (a;) ;  and  we 

have 

//(0)=//(i)=//(l)  =  0, 

and  /i'(i)  =  -fao>    /i'(J)  =  fao. 

The  function  F^  (x)  =  F^  (x)  +  /,  (x) 

is  such  that 

Thus  Fi(x)  has  a  maximum  in  the  interval  (0,  J),  a  minimum  in  (i,  J),  a 
maximum  at  a?=  ^,  a  minimum  in  (^,  f),  and  a  maximum  in  (f ,  1). 

Let  the  interval  (0,  1)  be  divided  into  sub-intervals,  by  means  of  the 
points  at  which  jP/(a?)  =  0;  then  in  each  of  these  sub-intervals  Fj(x)  is 
monotone.  Then  divide  each  of  these  sub-intervals  into  2,  4,  8, . . .  equal 
parts,  until  the  fluctuation  of  F^  (x)  in  each  of  these  parts  is  ^  J :  this  is 
always  possible,  since  Fi  (x)  is  a  continuous  function.  Let  Ci^\  Cl*■^  Ci **,... 
denote  all  the  points  in  which  (0,  1)  has  been  divided  in  this  manner.  Li 
any  one  part  (Cl*•"*^  Ci^'O,  ^i(^)  is  monotone,  and  its  differential  coefficient 
has  a  fluctuation  ^^.  Let  Oi^K  ai^,...  denote  the  values  of  Fi(x)  at  the 
middle  points  of  the  intervals  (0,  Ci^O»  (^^*^  ^i^**), ....     Describe  the  curves 

these  form  together  a  continuous  curve  which  represents  a  function  /,  (a?). 
Let 

40—2 
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then  /^(a:)  has,  in  every  mterval  (Cl''~*^  Ci^),  a  new  maximum  and  a  new 
minimum.     The  length  of  each  interval  is  <  1/2*. 

Proceeding  in  this  manner,  let  us  suppose  that  the  function  Fn{x)  has 
been  formed.  Take  the  points  at  which  Fn{x)  vanishes,  and,  in  case  Fn{x) 
has  lines  of  invariability,  the  limiting  points  of  those  lines;  these  points 
divide  (0,  1)  into  sub-intervals  in  each  of  which  F{x)  is  monotone.  Then 
divide  each  of  these  sub-intervals  into  2,  4,  8, ...  parts,  until  the  fluctuation 
of  Fn{x)  in  each  part  is  ^  1/2**;  let  Cn^\  Cn^,  c^^  ...  be  all  the  points  of 
division  of  (0,  1)  thus  formed.  In  any  interval  {Cn!^^\  Cn^\  the  function 
Fn  {x)  is  monotone,  and  the  fluctuation  of  Fn  (x)  is  ^  1/2*.     Let 

»*n     »  "-n    I  •  •  •  **n     i  •  •  • 

be  the  values  of  Fn  (x)  at  the  middle  points  of  the  intervals ;  and  in  the  case 
of  a  line  of  invariability,  take  as  the  corresponding  value  of  the  On,  1/2"  or 
— 1/2**,  according  as  the  line  of  invariability  is  in  the  interval  (0,  ^\  or  in 
(i,  1).  Let  the  curves  Qn^^  {Cn*~^^  \  Cn^")n+i  be  described,  and  let  the  function 
represented  by  the  totality  of  these  curves  be  denoted  by  fn+i  (x).  Then  the 
function 

Fn+i  (X)  =  Fn  (x)  +  fn^,  (x) 

has  a  new  maximum,  and  a  new  minimum,  in  every  interval  {Cn^^^\  Cn^)»  and 
the  length  of  each  of  these  intervals  is  less  than  1/2**"*"^ 

If  this  law  of  generation  of  the  functions  /n(a?)  be  employed  indefinitely, 
we  have  a  series 

-^«(^)  +  /i(a?)+/»(a?)+...+/«(a?)-h...; 

and  it  will  be  shewn  that  this  series  represents  a  continuous  function  which 
is  everywhere  difTerentiable,  and  which  has  an  everywhere-dense  set  of 
maxima  and  minima. 

428.    Let 

Fo'(x)+f,'ix)+f,'(x)+..,+fn\x)^Sn(x); 

it  will  then  be  shewn  that,  for  every  value  of  n  and  x,  8n(x)  is  numerically 
less  than   n  (l  +  5;^),  which  may  be  denoted  by  P.    Let  us  assume  that 

I  Sn  (x)  I  is,  for  every  value  of  x,  less  than  H  [  1  +  5^  j ,  which  may  be  denoted 

by  Pn :  it  will  then  be  shewn  that  1 8n+i  (x)  \  <  Pn+i- 

Let  the  point  a?  be  in  the  interval  {Cn^'^^^  Cn^%  where  x  <  Cn^,  the  number 
8  depending  upon  the  value  of  a;;  we  have  then,  in  accordance  with  the 
construction  of  the  functions, 

5n+,  (x)  =  Sn(x)  +  On^ii^i » 

where  1  ^  a»  ^  -  (2*»+»  +  1). 
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In  the  interval  (Cn^^^\  Cn^),  iS„(a:)  has  a  fixed  sign,  the  same  as  that  of 
On^'^y  but  this  is  not  the  case  for  Sn^i  (^).     If  On  is  positive,  we  have 

I S^.  (x)  I  <  P,  (l  +  1)  <  P^,. 
If  On  is  negative,  we  have 

it  has  thus  been  shewn  that  if  \Sn{x)\<  Pn,  then  also  |/Sn4.i(a?)|  <  Pn+i- 
Now  \Fi(x)\  is,  everywhere  in  (0,  1),  less  than  (1+^),  and  therefore  the 
theorem  |  Sn  (x)  \  <  P„  follows  by  induction.  A  fortiori  \  Sn  (^)  |  is,  for  every 
value  of  n  and  a,  <  P. 

The  numerically  greatest  value  of /„+i(a;)  in  the  interval  {Cn^^^K  Cn^^)  is  at 
some  point  on  the  left  of  the  middle  point  of  the  interval,  and  that  value  is 

consequently  <  ^ .  ^^, .  ^:^ ,  since  the  length  of  the  interval  is  less  than 

iy2»+>.     Also,  as  has  been  shewn  above,  dn^  <  P,  and  therefore 

p 

I  fn+i  (^)  I  <  2«n+8  » 

and  hence,  since  the  terms  of  the  series /J  (5:)+^, (a:) -f- ...  are  numerically 
less  than  the  corresponding  terms  of  the  absolutely  convergent  series 

P     P  P 

2*  "^  2'  ^  * "  "^  2»»+»  "^  •  *  • » 

it  follows  that  the  series  /i(a?)+/,(a:)  4- ...  is  uniformly  convergent  in  the 
interval  (0, 1).  It  follows  that  the  function  F(x)  defined  as  the  sum-function 
of  the  series  Fq (x)  +  fi{x)  -\- /^{x)  +  ...  is  a  continuous  function. 

In  order  to  prove  that  the  function  F{x)  is  everywhere  difierentiable, 
we  shall  shew  that  it  satisfies  the  conditions  stated  in  the  theorem  of  §  398. 

We  have  first  of  all  to  shew  that  the  series  /i'(a?)-h^'(a?)  +  ...  is 
convergent  for  all  values  of  x  in  (0,  1).  In  case,  for  any  value  of  x,  all 
the  numbers  <S„(a?),  8n^\{x\  ...,  from  and  after  some  value  of  n,  have  all  the 
same  sign,  say  the  positive  sign,  we  have 

where  m  is  the  value  of  n  in  question.     Also 

with  similar  inequalities  involving  higher  indices.  From  these  inequalities, 
we  find 

iSf  ^   (x\''8    (x^  ^  -^5-  4-  -^!^^  4-        4-   -'^'^^'^  <  —  • 
'^m+p\^)       ^m\*^/  "=  21M-1  ^  2~+2  ^  •••  ^     2*»+^  2^  ' 
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and  since  m  may  be  taken  so  great  that  P/2*"  is  arbitrarily  small,  we  see 
that  m  may  be  so  chosen  that  S^+p^  8^{x)  is  arbitrarily  small,  whatever 
positive  integral  value  p  may  have.  It  has  thus  been  shewn  that,  in  the  case 
considered,  the  series  is  convergent. 

It  may  happen  that  8n  {x)  is  zero,  owing  to  x  being  at  a  point  of  division 
dn^*^ ;  in  this  case  all  the  functions  /n{^)  with  higher  indices  vanish,  aud 
therefore  all  the  functions  Sn  (x)  vanish,  from  and  after  the  particular  value 
of  n.  It  may  happen  that  Sn(x)  vanishes,  owing  to  x  being  a  point  of 
invariability  of  Fn  (x) ;  in  this  case  Sn+i  (x)  may  vanish  if  a;  is  an  extreme 
of  fn+i  (x\  and  then  a:  is  a  point  of  division  a^^^ ,  and  all  the  functions  S^  (x) 

for  indices  m>n  vanish.  Thus  if,  for  any  value  of  x,  8^ (x),  /S,^j (x)  both 
vanish,  then  8^  (x)  vanishes  for  all  values  of  m  ^n.  If  8n{x)  vanishes,  but 
not  8n-i  (x)  or  Sn+i  (x),  a;  is  a  point  of  invariability  of  ^,  (x),  and 

^n+i  («)  =  2^  (l  +  2^i)  <  2i+i ' 

and  the  same  reasoning  is  applicable  as  before.  Let  us  next  suppose  that  the 
functions  fif„  (x)  are  never  all  of  the  same  sign,  from  and  after  any  value  n, 
and  that  for  some  values  of  n  they  vanish ;  let  rii,  n,, ...  be  the  values  of  n  for 
which  8n  (x)  has  a  change  of  sign,  for  example,  let  S^  (x)  be  negative  or  zero, 
and  /Sfn,+i(ar)  be  positive,  and  8n^{x)  positive  or  zero,  and  8nri-i(^)  negative, 
and  so  on.     If  Sn,(a?)  is  negative,  we  have 

where  1  ^  a„,  ^  -  (2*>+»  +1), 

and  since  a«,  is  negative,  we  have 

I        P        P 

account  being  taken  of  the  (act  that  the  fluctuation  o{  Fni'(x)  in  the  interval 
in  which  x  lies  is  ^  ^  .  If  8^  (x)  is  zero,  so  that  :r  is  a  point  of  invariability 
of  Fn,  (ar),  we  have 

In  any  case  we  find  that 

P        P        P 

where  />  =  1,  2,  ...w,  — n,. 

Similarly,  we  find  that 

%  

5^+,(x)  <£.if5^(*)=0: 
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and  if  8n^  (x)  >  0,  we  have 

P        P       P 

for  p  =  l,  2,  3,  ...Ws-na. 

It  is  seen  from  these  results  that  |  Sn  (x)  \  becomes  arbitrarily  small  for  all 
sufficiently  great  values  of  n,  and  thus  lim  Sn  {x)  =  0.     It  has  now  been 

shewn  that  in  every  case  the  series 

^.'('r)+/,'(ar)  +  /,'(af)  +  ... 
converges  for  each  value  of  a?  in  the  interval  (0,  1). 

429.  It  must  next  be  proved  that,  if  e  be  an  arbitrarily  chosen  positive 
number,  then,  for  a  given  x,  a  number  S  >  0  can  be  found,  such  that,  for  each 
value  of  h  numerically  less  than  S,  and  for  which  x-\-h  is  in  the  interval 
(0, 1),  there  exists  an  integer  m,  variable  with  A,  and  not  less  than  a  prescribed 
integer  m\  such  that  the  three  numbers 

h  -^nW,  ^        ,      — ^ 

are  all  numerically  less  than  e ;  R^.  (x)  denoting  the  remainder  of  the  series 
which  represents  F{x),  that  is,  F(x)  —  Ffn-i{x). 

The  case  may  be  left  out  of  account  in  which  x  coincides  with  one  of  the 
points  of  division  of  (0,  1);  for  the  function  F{x)  is  then  represented  by  a 

finite  series,  and  is  differentiable,  since  f'n^p  (c^^)  =  0,  for  p>l. 

Let  e,  m'  be  fixed,  and  let  us  consider  a  point  x  in  (0,  1);  then  a 
number  n^m   can  be  so  determined  that 

PI  1 

2^zi<3^,    and    \Sn+p(x)-Sn^{x)\<^€, 

where  p,  q  are  any  positive  integers.  For  any  value  of  h,  such  that  a?  +  A 
falls  within  the  interval  (c^''^\  c^^\  the  nuQiber  m  can  be  determined.  Let 
h  be  positive,  and  determine  Wj  so  that  x <  cj^^^  ^x  +  h^  c^^ ^  c^*^ ;  then  it 
can  be  shewn  that  tIi  +  2  is  a  suitable  value  for  m.     We  have 

(#')  P 

and  I  fn,+,+p  (c„.+i  ±  A;)  I  <  ^^^^^^^  *,   for  p  ^  1. 

The  point  c^^  is  in  general  between  x  and  a?  +  A,  and  therefore  it  determines 
two  segments,  ki,  k^,  where 

We  have  therefore 

P  P 
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and  BO  OD  ;  and  from  these  inequalities  we  find  that 
and  similarly  that 

I  iJn,+j  (a?  +  A)  I  <  g;;;^, . 


Since  Atj,  At,  are  less  than  A,  we  have 


^.'^"^<.-^<e,and'^^<"  +  ^) 


A 


P 


2i»,+i  -  "  -—  A 

It  has  thus  been  shewn  that  m  =  rii  +  2  is  a  value  of  m  which  satisfies  the 
required  condition.  The  ccuse  in  which  h  is  negative  can  be  treated  in  the 
same  manner. 

We  have  now  to  prove  that 

We  see  that 

Fn,^^  (^  +  A)  -  F^^^,  (x) 

.  j^'±A^_-in(£)  -  «.,„  (.)(  +  {/-^■<«^f-A<'>  -/-,„  (.)} ; 

and  if  a?,  J  +  A  are  points  in  (c^'^\  c^^^),  the  absolute  value  of  the  first  term  on 
the  right-hand  side  is  not  greater  than  1/2*1. 

We  consider  therefore 

/ii,+i  (*  +  A )  -  /«,.»  (x)      ., 

Fn>n^  tl^e  construction  for  /«,+!  (x),  we  have 


A  2^-^> ' 

simv  X,  X  +  A  arv  in  the  interval  (c^*''^\  c^*  \     Let  us  take  the  Case  in  which 

/'.^(x)  incrvases  from  c^*~*^  to  c]^^ ;  th«i,  for  any  point  x  in  the  interval 
between  the^k^  two  p^nnts^  we  have 

k  ""2^-»' 

We  shall  fiml  aK>  a  lower  limit  for  this  incn^mentaury  ratia  The  point  x  is 
such  that  the  ordinate  of  ti^*\c^'*^^  ^IfXi-i  i^  below  the  x-axis»  and  if,  for  that 
jKxintv  the  diflex>^ntial  cvvlKoienl  is  negative,  we  haxe 

/i»^ax4-A^-/;>,^iix>  ^  ^ 
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Let  the  sides  of  the  rectiliDear  polygon  which  was  employed  in  the 
construction  of  a^/Vc^*"^^|ci'\,+,  be  denoted  by 

ro,  rj, ...  ^2»i+^-l»  ^ 2*1+1 +  l»  *2»i+*-l  •••  *8>  *i»  *o> 

where  rJ  is  equal  and  parallel  to  8^,  On  r/,  produced  beyond  (r/,  r/),  take  a 
segment  equal  to  r/ ;  then  this  segment  is  equal  and  parallel  to  V,  and  the 
line  joining  the  end  of  this  segment  with  (sg',  s^)  is  parallel  to  rj,  and  will  cut 
r/  in  a  point  p,.  But  5s'  is  parallel  to  r„  and  passes  through  («a'.  8^) ;  therefore 
this  segment  is  the  prolongation  of  «,',  and  is  consequently  inclined  to  the  x- 

axis  at  an  angle  whose  tangent  is  —  3  ~^^ .  Hence,  for  a  point  between 
cjj    and  pi,  for  which  the  ordinate  is  positive,  we  have 

But  the  greatest  value  of /'^+,  (a?),  in  this  case,  is  ^^ ;  and  therefore 

If  a  point  p,  on  r,'  be  determined,  by  making  a  similar  construction  with 
r,'  instead  of  r,',  then,  for  every  point  on  the  arc  pi,  p,,  except  p,, 

But  the  maximum  value  of  the  differential  coefficient  is,  in  this  case,  —  5^  \ 

therefore  also  in  this  case, 

/n,+i  (a?  +  h)  -fn,+i  (x)     ^.       (._.K 
I  >J  n,+i  W     *  ^i^+i . 

This  condition  holds  for  every  point  on  the  curve  which  has  a  positive 
ordinate.  It  holds  also  for  points  with  a  negative  ordinate  ;  because  for  such 
points  with  a  negative  differential  coefficient  the  relation 

^  =/  n,+i  \X} 

holds;  and  for  points  where  the  differential  coefficient  is  positive,  the 
expression  on  the  left-hand  is  positive,  and  that  on  the  right-hand  is 
negative. 

It  has  now  been  established  that 

r       rfl:^  -  4  ^  ^-^"i^^  (x  +  h)^  /n,+i  (x)       c^ 
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and  it  has  already  been  proved  that 
We  now  see  that 

and  hence  I  f  n,-,.  (^  +  A)  -  ^n,  (^.)  ^  ^^^^  ^^^  <  ^^ 

since  a^^<^,  and   P/2'*>-«<ie,   and   |^/2~»  |<P/2*i<  |e. 

It  has  now  been  established  that  the  function  F{x)  has  at  every  point  a 
finite  differential  coefficient  which  is  the  sum  of  the  convergent  series 

^o'(^)+//(^)+//W+.... 
Lastly,  it  must  be  proved  that  F{x)  has  an  everywhere-dense  set  of 
maxima  and  minima. 

It  has  been  shewn  that,  in  every  interval  0^Z^i  ^«-i)»  ^^^  function  Fn{x) 
has  a  new  maximum  and  a  new  minimum,  and  that  the  length  of  the  interval 
is  less  than  1/2**.     If  a?o  is  a  maximum  <»f  ^n(^X  w®  have 

Pn(^o)  =  ^ti+i(^o),  and   Pn'(^t)  =  n+i(^)  =  0. 

Moreover  /n+i(^)  is  negative  in  the  neighbourhood  of  the  point  x^,  and 
therefore  Fn^-^^  (dr©  +  A)  —  F^^i  (xq)  is  negative  or  zero,  provided  |  A  |  is  less 
than  some  number  At.  It  thus  appears  that  Fn^i  {x)  has  also  a  maximum  at 
Xo.  If  x^  is  a  point  of  invariability  of  Fn(x),  it  is  no  longer  one  for  Ff^+i{x), 
and  cannot  be  a  point  of  invariability  of  all  the  functions  with  higher  indices. 
If  Xq  is  a  limiting  point  of  a  line  of  invariability,  ^^+1  (^)  will  have  a  maximum 
or  a  minimum,  or  else  a  point  of  inflexion  at  ^Fo.  In  every  case  Fn+i{x)  will 
have  a  maximum  and  a  minimum  in  every  line  of  invariability  o{  Fn{x),  For 
any  given  interval,  as  small  as  we  please,  n  can  be  determined  so  great  that 

the  interval  contains  one  of  the  intervals  (c^'2l\  <5«!.i)  ^  ite  interior,  and  all 
the  functions  Fn{x),  Fn+i{x\  ...  have  maxima  in  this  interval;  and  it  follows 
that  F{x)  also  has  maxima  therein. 

It  may  be  remarked  that  F'{x\  although  definite  at  every  point,  has 
discontinuities  of  the  second  kind  at  an  everywhere-dense  set  of  points.  At 
every  point  of  continuity,  this  differential  coefficient  must  vanish  (see  §  223). 
The  function  F'{x)  is  not  integrable  in  accordance  with  Riemann's  definition. 


CHAPTER  VII. 

TRIGONOMETRICAL  SERIES. 

430.  The  theory  of  the  representation  of  functions  of  a  real  variable 
by  means  of  series  of  cosines  and  sines  of  multiples  of  the  variable  is  of 
the  highest  importance,  not  only  on  account  of  the  fact  that  such  mode 
of  representation  is  at  present  an  indispensable  tool  in  the  various  branches 
of  Mathematical  Physics,  but  also  because  this  theory  has  exercised  the 
most  far-reaching  influence  upon  the  development  of  modem  Mathematical 
Analysis.  Historically,  the  questions  which  have  arisen  in  connection  with 
this  theory  have  influenced  the  development  of  the  theory  of  functions  of  a 
real  variable  to  an  extent  which  is  comparable  with  the  degree  in  which 
the  theory  of  functions  in  general  has  been  affected  by  the  theory  of 
power  series.  The  theory  of  sets  of  points,  which  led  later  to  the  abstract 
theory  of  aggregates,  arose  directly  from  questions  connected  with  trigono- 
metrical seriea  The  precise  formulation  by  Riemann  of  the  conception  of 
the  definite  integral,  the  gradual  development  of  the  modem  notion  of  a 
function  as  existent  independently  of  any  special  mode  of  representation 
by  an  analytical  expression,  are  further  examples  of  the  results  of  the 
study  of  the  properties  of  these  series  upon  Mathematical  Analysis 

It  is  a  significant  fact  that  the  theory  of  this  mode  of  representation 
of  a  function  had  its  origin  in  the  attempt  to  investigate  the  form  of  a 
stretched  string  in  a  state  of  vibration.  The  problem  of  the  expansion  of 
the  reciprocal  of  the  distance  between  two  planets  in  a  series  of  cosines 
of  multiples  of  the  angle  between  their  radii  vectores  led  to  an  independent 
development*  of  the  theory  of  trigonometrical  series.  The  discussions 
which  arose  in  connection  with  the  first  of  these  problems  were,  however, 
of  much  greater  importance  in  the  history  of  the  development  of  the  theory 
of  functions ;  they  form  the  first  stage  in  the  development  of  what  is  known 
as  the  theory  of  Fourier's  series,  in  intimate  connection  with  which  the 
modem  theory  of  functions  of  real  variables  had  its  origin. 

*  The  importance  of  this  fact  has  been  emphasized  by  H.  Bnrkhardt  in  his  work  *'Ent- 
wickelungen  nach  osciUirenden  Functionen,"  pablished  as  a  Jahresberieht  der  deuUchen 
Mathematiker-Vereinigung,  vol.  x,  1901  and  later. 


636  Trigonometrical  series  [ch.  vn 


THE   PROBLEM  OF  VIBRATING  STRINGS. 

431.     The  first  general  solution  of  the  differential  equation  ^  =  ^*a^ » 

which  determines  the  form  of  a  string  vibrating  transversely,  was  given  by 
d'Alembert*  in  the  form  y  :=f  (x ■\-  at) ■\-  <f>{x  —  at).  He  further  shewed  that, 
if  a?  =  0,  a?  =  /,  represent  the  fixed  ends  of  the  string,  the  form  of  the  string 
at  any  time  t  is  representable  by  y  =f{at  +  x)  —/{at  —  a?),  where  the  function 
f(z)  is  subject  to  the  condition  f{z)^f{H-\-z),  D*Alembert  was  thus  led 
to  the  search  for  analytical  expressions  which  remain  unaltered  when  21  is 
added  to  the  argument.      In  a  second  memoir,  d'Alembert  observed  that 

the  motion  is  determinate  if  the  values  of  y  and  ^  be  assigned  at  some 

fixed  time.  Thus,  in  modern  notation,  if  y^f\{x\  '^^Ai^)y  f^*"  *  =  0, 
then  for  all  values  of  x  between  0  and  I, 

f{x)-f{-x)^Mx), 

f{x)+f{-x)^\\Mx)dx; 

it  follows  that /(or)  is  determined  for  all  values  of  x  between  I  and  —  Z,  and 
thence,  by  means  of  the  condition  f{z)  —f{H  +  z),  for  all  values  of  x. 

The  treatment  of  the  same  problem  which  was  shortly  afterwards  given 
by  Eulerf  was  in  form  of  a  similar  character  to  that  of  d'Alembert,  but 
the  difference  of  meaning  assigned  by  these  writers  to  the  word  **  function  " 
was  of  fundamental  importance  in  the  controversy  which  afberwards  arose 
between  the  two  mathematicians  in  relation  to  this  problem.  D'Alembert 
uuderstixxl  by  a  function  y  =/(«),  a  single  analytical  expression,  whereas 
Euler  employed  the  same  expression  and  notation  to  denote  an  arbitrarily 
given  graph.  Both,  however,  held  the  view  that  two  analytical  expressions 
which  are  equal  for  values  of  the  variable  in  a  given  interval  must  also  be 
eijual  for  values  of  the  variable  outside  that  interval.  D'Alembert  argued 
that  £uler*s  mode  of  determination  of  the  function  in  the  solution  of  the 
pn>blem  presupposes  that  y  can  be  expressed  in  terms  of  x  and  t  by  means 
of  a  single  analytical  expression,  and  that  thus  an  undue  restriction  is 
imposed  upon  the  modes  of  vibration  of  the  string.  For  example,  in  the 
case  in  which  the  initial  figure  of  the  string  is  polygonal,  d'Alembert 
regarded  the  solution  of  the  problem  as  impossible.  The  general  effect  of 
the  eontix)vei^v  is  to  exhibit  on  the  one  hand  the  narrowness  of  the  restnc- 
tion  of  the  conception  of  a  fimction  as  held  by  d'Alembert,  to  functions 

*  Jf#«otirs  oft\t  BerHm  Acmdmt^,  1747,  p.  914. 
t  JfrsMMrs  of  the  BeHim  Acmdtwmf^  1748,  p.  €9. 
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possessing  at  every  point  differential  coefficients  of  all  orders,  and  on  the 
other  hand  the  looseness  of  the  conception  of  Euler  that  the  ordinary 
methods  of  the  Calculus  are  applicable  without  restriction  to  quite  arbitrary 
functions. 

432.  The  formal  solution  of  the  problem  by  means  of  trigonometrical 
series  was  given  by  Daniel  Bernoulli*  in  a  memoir  in  which  he  shewed  that 
the  di£ferential  equation  and  also  the  boundary  conditions  of  the  problem  of 
the  vibrating  string,  for  the  case  in  which  there  are  no  initial  velocities,  are 
formally  satisfied  by  assuming 

.    irx       irat  .    2irx       Zirat  .    Sttx       Swat 

y^Oi  sm  —r-  cos  — r-  +  0,  sin  —p  cos  — ^ — h  a,  sin  — r-  cos  —z — h  . . . . 

He  asserted  that  this  represents  the  most  general  solution  of  the  problem, 
and  that  the  solutions  of  d'Alembert  and  Euler  must  therefore  be  contained 
in  it.  In  a  later  memoir,  he  considered  the  case  of  a  massless  string  loaded 
with  n  masses  vibrating  transversely,  and  indicated  an  indefinite  increase  in 
the  number  n.  A  criticism  of  Bernoulli's  theory  was  published  immediately 
afterwards  by  Euler,  who  pointed  out  that  a  consequence  of  Bernoulli's 
formula  was  that  every  arbitrarily  assigned  function  of  a  variable  x  could  be 
represented  by  a  series  of  sines  aisina;  + o^sin  2a;  +  a3sin3^  + ....  This 
appeared  to  Euler  to  be  a  reductio  ad  absurdum,  since  such  a  series  could 
represent  only  a  function  which  is  odd  and  periodic;  the  notion  that  a 
function  could  be  capable  of  representation  by  a  certain  analytical  expression 
only  in  a  limited  interval  being  contrary  to  established  opinion  at  that  time. 
Bernoulli's  solution  was  consequently  regarded  by  Euler  as  lacking  in 
generality.  A  considerable  controversyf  took  place  on  the  subject  between 
Bernoulli  and  d'Alembert. 

This  problem,  together  with  the  related  problem  of  the  propagation  of 
plane  waves  in  air,  was  next  taken  up  by  Lagrange  |,  who  obtained  Euler's 
results  by  the  method  of  starting  with  a  finite  number  of  masses  fixed  at 
intervals  on  a  massless  string,  and  then  proceeding  to  the  limit  when  the 
number  of  masses  becomes  indefinitely  great.  In  the  course  of  his  analysis 
Lagrange  came  near  to  the  determination  of  the  form  of  the  coefficients 
in   the   expansion  of  a  function  in  a  series   of  sines   of  multiples  of  the 

*  Memoirs  of  the  Berlin  Accidemyf  1753. 

t  For  a  detaUed  history  of  these  controversies,  see  Barkhardt's  Bericht,  vol.  i.  The  early 
history  of  the  theory  of  trigonometrical  series  is  given  by  Biemann  in  his  memoir  "Ueber 
die  DarsteUbarkeit  einer  Function  dorch  eine  trigonometrische  Beihe,**  Math,  Werke,  p.  227.  For 
the  general  history  of  the  theory  of  these  series  see  Sachs,  "Versach  einer  Geschichte  der 
DarsteUong  willkHrlioher  Fonotionen  einer  Yariabeln  durch  trigonometrische  Beihen,"  Schld- 
mileh*8  ZeiUckrifi^  vol.  zzv,  supplement,  and  Bulletin  dee  $c,  math.,  ser.  2,  vol.  iv,  1880 ;  also 
Gibson  *<0n  the  Histoiy  of  the  Fourier  Series,**  Proceedingi  of  the  Edinburgh  Math.  Soe., 
vol.  XI,  p.  187. 

X  Miscellanea  Taurinensia,  vols,  i,  n,  m. 
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argument.  The  defect  of  Lagrange's  method  lies  in  the  lack  of  any  investiga- 
tion of  the  validity  of  the  process  of  passing  to  the  limit ;  no  restrictions 
upon  the  nature  of  the  arbitrary  functions  were  recognized  by  him  as 
necessary.  The  remarks  made  by  Euler,  d'Alembert  and  Bernoulli  in  the 
course  of  the  discussion  of  Lagrange's  work  failed  to  elucidate  the  difSculties 
connected  with  this  point,  and  no  generally  accepted  theoretical  views 
emerged  from  the  lengthy  controversies,  the  general  course  of  which  has 
been  indicated. 

The  diflSculties  felt  by  the  mathematicians  of  this  period  in  regard  to  the 
generality  of  the  representation  of  a  function  by  a  trigonometrical  series  arose 
in  large  measure  from  their  restricted  conception  of  the  nature  of  a  function. 
To  them  it  was  conceivable  that  a  function  given  by  a  continuous  curve 
might  be  so  representable,  but  since  they  regarded  a  function  obtained  by 
piecing  two  or  more  such  curves  together,  not  as  one  function,  but  as  several 
different  functions,  it  seemed  to  them  impossible  that  such  a  broken  curve 
could  be  represented  by  one  trigonometrical  series ;  a  separate  series  seemed 
to  be  required  for  each  separate  portion  of  the  given  composite  curve. 
Moreover,  the  idea  was  unfamiliar  that  a  particular  mode  of  representation 
of  a  function  need  only  be  valid  for  some  restricted  range  of  values  of  the 
abscissa;  and  thus  only  a  periodic  curve  was  regarded  as  capable  of  being 
represented  by  means  of  a  periodic  series. 


SPECIAL  CASES  OF  TRIGONOMETRICAL  SERIES. 

433.  Independently  of  the  discussions  of  the  problem  of  vibrating 
strings  and  of  other  physical  problems,  a  number  of  trigonometrical  series 
representing  special  functions  of  a  simple  character  were  obtained  by  Euler 
d'Alembert  and  Bernoulli.  The  methods  employed  by  these  writers  for  this 
purpose  are  of  a  character  which  fails  to  satisfy  the  requirements  now 
regarded  as  necessary  for  the  establishment  of  such  results;  moreover,  in 
many  cases  the  ranges  of  values  of  the  variable  for  which  the  representations 
of  the  functions  by  the  series  are  valid  were  not  assigned. 

For  example,  the  series 

sin  a?  —  I  sin  2a;  +  ^  sin  3a?  —  i  sin  4ja?  + . . . , 
cos  a:  —  J  cos  2a?  -f-  ^  cos  Sx  —  ^  cos  4a:  —  ... , 

were  obtained  by  Euler*,  as  representing  ^a?,  -j^Tr*  — Jai^  respectively;  the 
range  of  values  of  x  (—  tt,  tt)  for  which  these  representations  are  valid  was 
however  not  given  by  Euler,  who  appeared  to  regard  them  as  valid  for  all 
values   of  a?.      These    series   were   obtained   by    integration   of  the  series 

*  Petrop.  N,  Comm,  1754-55,  and  Petrop,  N,  Acta,  1789. 
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co8A;  +  co8  2^+cos3a;+ ... ,  the  sum  of  which  was  maintained  by  Euler 
to  be  —  ^, 

*   1    . 
By  D.  Bernoulli*  the  series  %  -  sin  rwc  was  obtained  as  a  representation  of 

n=l  ^ 

i(7r  — 0?),  and  the  range  of  values  of  ir(0,  27r)  for  which  this  representation  is 
valid  was  assigned.  It  was  also  observed  that  the  sum  of  the  series  is 
discontinuous  for  a;  =  0,  27r,  47r, ....  The  following  series  were  also  obtained 
by  Bernoulli,  and  the  ranges  of  the  validity  of  the  equations  were  assigned  : — 

*  1  111 

2  —  cosrw?  =  ^7r'  — TjTrar  +  ja;*, 
nsi  »'  6  2  4 

•  1     .  1  1  1 

2  — .  siniia?=57r'a?— 77r«*+  ts^» 
n=i  w  6  4  12 


OD 


•      1  1  1 

„«in  2    ®  2(1- cos  0?) 

It  was  remarked  by  Bernoulli  that  the  sums  of  these  series  have  dis- 
continuities at  a?=0,  27r,  4r7r,  .... 

The  following  results  among  others  obtained  by  Euler  may  here  be 
mentioned : — 

1     -  ?/  cos(2r  +  l)«? 

57r-2^(-i)  ^2;rrr-  ' 

1     /!_.       ,\      ?/    ,v,cos(2r+l)a: 
The  true  range  of  validity  of  these  equations  will  be  given  later. 


LATER  HISTORY  OF  THE  THEORY. 

434.  No  further  advance  was  made  in  the  subject  until  1807,  when 
Fourier,  in  a  memoir  on  the  Theory  of  Heat  presentedf  to  the  French 
Academy,  laid  down  the  proposition  that  an  arbitrary  function  given 
graphically  by  means  of  a  curve,  which  may  be  broken  by  (ordinary)  discon- 
tinuities, is  capable  of  representation  by  means  of  a  single  trigonometrical 
series.  This  theorem  is  said  to  have  been  received  by  Lagrange  with 
astonishment  and  incredulity. 

•  Petrop.  N.  Comm,  1772. 

t  BulUtin  des  teieneet  de  la  toe,  phUonuUhiquet  vol.  i,  p.  182. 
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Fourier  shewed,  in  a  variety  of  special  cases,  that  a  function  f{x)  is 
representable  for  values  of  x  between  —  ir  and  tt,  by  the  series 

i  a©  +  («!  cos  x  +  hi  sin  x)  +  (a,  cos  2a?  +  6,  sin  2a?)  +  .•• 

If'  If. 

where         On  =  -  I     /(^)  cos  wa?  ctr,    6^  =  —  I     f{x)  sin  rw;  cla?, 

1  f 
ao  =  -       /(a?)  da?. 

Fourier's  results  in  connection  with  this  subject  are  best  studied  in  the 
collected  form  in  which  tkey  appear  in  his  Theorie  de  la  ChcUeur,  published 
in  ]  822.  Trigonometrical  series  of  the  above  form,  in  which  the  coefficients 
are  determined  as  above,  are  known  as  Fourier's  series.  It  should,  however, 
be  remarked  that  Fourier  also  studied  other  trigonometrical  series,  in  which 
the  cosines  and  sines  do  not  proceed  by  integral  multiples  of  the  argument. 
These  latter  series  will  not  be  considered  in  this  work. 

Although  Fourier  attained  to  correct  views  as  to  the  nature  of  the 
convergence  of  the  infinite  series  he  employed,  he  did  not  give  any  complete 
general  proof  that  the  series  in  the  general  case  actually  converges  to  the 
value  of  the  function;  he  indicates*  however  on  general  lines  a  process  of 
verification  of  such  convergence  which  was  not  actually  carried  out  until 
Dirichlet  took  up  the  subject. 

436.  An  attempt  to  prove  Fourier's  theorem  was  made  by  Poisson,  who 
started  with  the  formulaf 


/:, 


1— A' 
/^^'^  l-2Acos(a?-a?')  +  A'  ^' 


=  ^  r  /(«')da?'+^  2  A~  r  f(x')co&n{x-x')dx\ 


which  holds  provided  —  1  <  A  <  1. 

Poisson  proceeded  to  shew  that  as  h  approaches  the  limit  1,  the  integral 
on  the  left-hand  side  of  the  equation  approaches  the  limit  /{x),  and 
argued  that  f(x)  is  represented  by  the  series  obtained  by  putting 
A  si,  on  the  right-hand  side.  Apart  from  the  questions  connected 
ynth  the  Kmit  of  the  integral  on  the  left-hand  side,  the  conclusion  is  invalid 
unless  it  is  shewn  that  the  series  obtained  by  putting  A=l,  is  convergent.  In 
accordance  with  a  known  theorem,  given  by  Abel,  for  power  series  (see  §  356), 
in  case  the  power  series  is  convergent  for  As=l,  it  converges  to  the  limit  of 
the  sum  of  the  series  for  values  of  A  which  are  <  1,  as  A  approaches  the  value 
1 ;  but  no  conclusion  can  be  made  as  to  whether  the  series  is  really  convergent, 

*  See  the  Theorie  de  la  chaUur,  ohap.  n,  especially  §  423. 

t  Joum,  de  Vicole  jwty t.  oah.  19, 18S8,  p.  404.    See  also  his  TMorte  emaijftique  de  la  ekalew. 
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or  not,  when  A  =  l.*   A  direct   investigation  of  its  convergence  would  be 
required  to  make  the  proof  a  valid  one. 

Two  proofs  of  the  validity  of  the  representation  were  given  by  Cauchy ; 
one  at  least  of  these  is  certainly  invalid  in  its  original  form.  Both  of  them 
depend  upon  the  theory  of  functions  of  a  complex  variable,  and  will  con- 
sequently not  be  discussed  here.  An  example  of  an  invalid  proof  of  a 
similar  character  to  one  of  Cauchy's  and  also  to  Poisson's  is  the  proof  given  in 
Thomson  and  Tait's  Natural  Philosophy . 

In  1829,  Dirichlet*  gave  a  proof  that,  in  an  extensive  class  of  cases, 
Fourier's  series  actually  converges  to  the  value  of  the  function.  His  proof, 
the  first  rigid  one,  was  based  upon  a  recognition  of  the  distinction  between 
absolutely  convergent,  and  conditionally  convergent,  series.  Since  a  Fourier's 
series,  when  convergent,  is  not  necessarily  absolutely  convergent,  it  is  im- 
possible to  obtain  a  proof  of  the  convergence  from  the  law  according  to  which 
the  terms  diminish,  as  Cauchy  had  attempted  to  do.  As  Dirichlet's  proof, 
apart  from  its  historical  interest,  still  repays  a  careful  study  on  account  of  the 
light  it  throws  upon  the  mode  of  convergence  of  the  series,  it  will  be  given 
below,  with  some  modifications  and  extensions  which  arise  from  later  advances 
in  the  Theory  of  Functions. 


THE  FORMAL  EXPRESSION  OF  FOURIER'S  SERIES. 

436.     Let  f{x)  denote  a  limited  function,  defined  for  the  interval  (0, 1)  of 
the  variable  x,    A  finite  trigonometrical  series  of  the  form 

.    irx          .    2irx                   .    airx                       .    (n^Viirx 
OiSin-j-  -f-Oasm-y-  +  ..,  +  a,sm— p  +  ...-f-On-iSin^^ p — 

can  be  so  determined  that  its  value  is  equal  to  that  of  the  function  f{x)  at 

each  of  the  points  a?  =  — ,  — ,  — ,  ... .     It  must  be  shewn  that  the 

^  n     n     n  n 

coefficients  Oi.a^...  a»_i  can  be  determined  by  means  of  the  linear  equations 

^(l\        ,  IT        .  27r  .  (n-l)7^ 

\n/  n  n  n 

j,/2l\           .    27r  .        .    2.27r,        .            .    2(n-l)7r 
/  —  J  =  tti  sm h  Oo  sm 1- . . .  +  a,^_,  sin , 


*  CreUe*t  Journal^  vol.  xy,  *'  Snr  la  oonvergence  des  Buries  trigonom^triqaes,  qui  servent  k 
repr^senter  nne  fonetion  arbitraire  entre  des  limites  donn^es."  See  also  his  memoir  in  Dove  and 
Moser's  Repertorium  fUr  Phynk^  vol.  i,  1887.  Papers  by  Diroksen,  Crelle'9  Journal,  vol.  iv,  and 
by  Bessel,  Astron,  Nachrichten,  vol.  zvi,  are  on  similar  lines  to  those  of  Diriohlet,  bat  of  inferior 
importance. 

H.  41 
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.    r(n  — l)7r 


^(rl\  ,    rir  ^        .    2r7r  .         .  .    r{n'' 

f[  — )  =  Oi  8in h  a,  sin h  . . .  +  On-i  8in 

'^  \nj  n  n  n 


^/n-ll\  .    (n-l)7r.        .    2(n-l)7r^       ^  .    (n-l)(n-l)7r 

'^  \     n      J  n  n  n 

Multiply  the  expressions  on  the  two  sides  of  these  equations  by 

.    sir      .    2«7r         .    in  "1)  sir 

sm  — ,  sm — ,...8in  

n  n  n 

respectively,  and  add  the  expressions  on  each  side  together.    It  can  easily  be 
verified  that 

,    nr  .    sir      .    2nr  .    2sir  .  .    (n-l)nr  .    (n-l)wr     ^ 

sm  —  sm  — h  sm  —  sm h  . ..  +  sm  sm =  U, 

n         n  n  n  n  n 

provided  r  and  s  are  unequal  integers  not  greater  than  n  —  1 ;  and  also  it  can 
be  shewn  that 

.  ^sir  .     .  ,2«7r,         ,    .  ,(n-l)«7r      1 

sm* hsm* h.-.  +  sm'^^ —  =s». 

n  n  n  2 

Using  these  two  identities,  we  have  at  once 


2V j,(l\   .    sir  ^  ^f2l\   .    2sir  ^(n-\ir\    .    «(n-l)7r"| 

and  thus  the  coefficients  in  the  series  have  been  determined  so  that  the 
series  satisfies  the  prescribed  condition.  Let  us  now  assume  that  the 
function  f{x)  is  integrable  in  accordance  with  Riemann's  definition,  and  let 
the  number  n  be  indefinitely  increased.     The  limit  of  the  expression  for  a«  is 

then  seen  to  be  -r  I  f{x')  sin  — v-  dx\    This  process  suggests  the  possibility 

that  the  function /(«)  may  be  represented  by  the  infinite  series 

.    TTfl?  .        .    2irx  .    sirx 

ttism-v-  +a,sm-y-  +  ...+a,sm— T-  +  ... 

where  the  coefficients  Of  are  given,  by 


r,  =  yj   f{af)%m^^dx, 


for  points  x  within  the  interval  (0,  I),  It  will  be  observed  that  the  series 
cannot  possibly  represent  the  function  at  the  point  a:  =  0,  unle8s/(0)  =  0;  nor 
at  the  point  x—l,  unless /(i)=0.  This  limiting  process  is  entirely  insufficient 
to  shew  either  that  the  infinite  series  converges  at  all,  or  that,  when  it  does 
converge,  its  limiting  sum  is  at  any  point  equal  to  the  value  of  the  function 
J  {x)  at  that  point. 


436,  437]      Formal  expression  of  Fourier's  series  643 

It  will  later  be  shewn  by  various  methods  that,  for  extensive  classes  of 
functions,  the  series 


J  2  sin -pi  f{x)8m-j-dw    (1) 


actually  converges  to  the  value  f{x),  for  values  of  ar  within  the  interval  (0,  Z), 

at  which /(a:)  is  continuous.     This  series  is  known  as  Fourier's  sine  sei'ies, 

irx 
Let  us  now  assume  that  the  function  f(x)  sin  -r-  is  represented  within 

the  interval  (0, 1)  by  the  Fourier's  sine  series. 

This  series  is,  in  the  present  case,  of  the  form 

J  z  sm-y- 1   /(a?)sin-y- sm— ^  cte, 

which  is  equivalent  to 


or  to 


-J  z  sm  -J-  I  /(of)    cos 2 cos  — -. dx\ 


1      .      TT^/"'    /./    /v    »    /        1     V     f     .      S+ItTX  .     S-l  TTX]    f *    -,    ,.  STTX'    ,    , 

^sm-^Jy(a.)<ir+^S^|8m— ^ sin  — ^— |J  /(a;')co8 -^  rf<r'; 

and  this  by  hypothesis  represents  the  function  f(x)  sin  -j- . 

It  thus  appears  that,  on  the  assumptions  made,  the  function  /(x)  is 
represented  by  the  aeries 

]Cf(x)dx'+j  2  cos^Cf(x')co8'^^dx' (2). 

This  series  (2)  is  of  the  form 

r%     .     Q  'f^    ,     r%  27ra7  ^  SlTX    . 

)8o  +  Pi  cos  -p  +  )8a  COS  —J-  +  ...  +  p,  COS— ^  +  ..., 

and  is  known  as  Fourier's  cosine  series. 

The  cosine  series,  unlike  the  sine  series,  may  possibly  converge  to  the 
values  /(O),  /(0>  for  x  =  Q,  I  respectively,  when  these  functional  values  are 
not  necessarily  zero. 

437.  Assuming  for  the  present  that  the  function /(a?)  may  be  represented 
for  the  points  of  the  interval  (0, 1)  by  either  of  these  series  (1)  and  (2),  we 
proceed  to  consider  some  obvious  properties  of  the  series  themselves.  The 
sum  of  the  sine  series  (1)  has,  for  the  point  —a?,  the  same  value,  with  the 
opposite  sign,  as  for  the  point  x.  If  then  we  suppose  that  the  function 
f{x)  is  defined  not  only  for  the  interval  (0,  Z),  but  for  the  interval  (—  I,  l\ 
it  appears  that  the  series  can  represent  the  function  for  the  whole  interval 
(—  I,  l\  only  in  case  /(— a?)  =  -/(a?) ;  that  is,  in  case  the  function /(a;)  be  odd. 

41—2 
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Further,  the  series  (1)  is  unaltered  by  adding  to  x  any  multiple  of  21,  and 
thus  the  series,  considered  as  existent  for  all  values  of  x,  defines  a  periodic 
function,  of  period  21,  If /(a?)  be  defined  for  all  values  of  x,  it  can  only  be 
represented  by  the  series,  for  all  such  values  of  x,  provided  /{x)  is  periodic 
and  of  period  2Z,  and  also /(a;)  = -/(—a?);  otherwise  the  representation  of 
the  function  by  the  series  is  valid  only  for  the  interval  (0,  Z). 

The  cosine  series  (2)  is  unaltered  by  changing  x  into  —  x ;  therefore  the 
series  represents  the  function  f(x)  for  the  interval  {—I,  0>  oJ^ly  when 
y (—  x)  =/(a?),  i,e.  when  f{x)  is  an  even  function.  The  cosine  series,  like  the 
sine  series,  considered  as  existent  for  all  values  of  x,  is  periodic,  and  of 
period  21 ;  therefore  the  series  can  represent  a  function  f{x),  defined  for  all 
values  o{ X,  only  when/(a?)  is  periodic  with  period  21,  and  also/(a?)=/(— a:). 

It  is  thus  seen  that,  if  the  function  f{x)  be  defined  for  the  interval 
(—  I,  I),  it  is  in  general  not  represented  by  either  the  sine  or  the  cosine 
series  for  the  whole  of  that  interval,  although  it  may  be  represented  by  both 
the  series  for  the  interval  (0,  I).  For  the  part  of  the  function  f{x)  in  the 
interval  (—  I,  0)  is  in  general  independent  of  the  part  in  the  interval  (0, 1) ; 
neither  of  the  relations  /(— a?)=  — /(a?),  /(-«)=/(^)  being  in  general 
satisfied.  In  fact  there  is  in  general  no  relation  between  the  values  of  a 
function,  defined  for  the  interval  (—  I,  I),  at  the  two  points  —  x,  x. 

It  is  however  possible  to  obtain,  from  the  series  (1)  and  (2),  a  series  con- 
taining both  sines  and  cosines,  such  as  to  represent  the  function  f(x)  for  the 
whole  interval  (—  I,  t).  The  function  ^  [f{x)  +/(—  x)]  is  an  even  function, 
defined  for  the  whole  interval  (—  i,  l\  and  in  accordance  with  the  assump- 
tions, representable  for  that  interval  by  the  series 

ll  Jl  {/^^')  +/(-  '^'^l  '^'  +  1 .1 «°« T^  Jl  [/  (^?  +/<-  -^W  «>«  ^  ^- 

Again,  the  function  \  {/(a?)  — /(—  a?)}  is  an  odd  function,  defined  for  the 
whole  interval  (—  Z,  l\  and  is  accordingly  representable  by 


T  2  sm-^  I  [f{x)-f{-xy]Bm-j-cb/. 


sirx 

J  ^  sin 


By  addition  of  the  two  series,  we  find  the  series 

^^j[f{af)cUc^  +  \lJ[cos^^,lc-af)f(af)d^ (3), 

which  is  of  the  form 

ioto  +  ( «! cos -T-  +  Pi sm -J- 1  -h  fa, cos  —r-  +  )8, sm  — j-~ )  +  •••  > 

as  representing  the  function  f(x)  for  the  interval  (-  Z,  l\     This  series  (3)  is 
known  as  Fourier  8  series,  the  sine  and  cosine  series  being  regarded  as  the 
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particular  cases  of  it  which  arise  when  /(— «)=— /(^)i  or  /(— a?)=/(^) 
respectively. 

438.  With  certain  assumptions,  the  form  of  the  series  (3)  may  be 
obtained  directly.  Let  it  be  assumed  that  a  function  f{x\  defined  for  the 
interval  (—  I,  l\  can  be  represented  by  the  series 


i«o+(aicos-y  +)8i8m-T- 1  +  ...H-  (on cos —,—  + )8n  sm  -j-j 


I  •  •  •  > 


in  the  sense  that  this  series  converges  to  f(ai)  for  each  value  of  x  in  the  in- 
terval. If  it  be  further  assumed  that  the  convergence  of  the  series  is  uniform 
in  the  interval,  and  thus  that /(a;)  is  continuous  and  consequently  integrable 
in  the  interval  (—  i,  l\  we  may  submit  the  series  to  a  term  by  term  integration, 

even  when  it  is  multiplied  by  cos  — p' ,  or  by  sin  —j— .    It  would  be  sufficient 

for  our  purpose  to  assume  that  the  series,  without  being  necessarily  uniformly 
convergent,  is  still  such  that  a  term  by  term  integration  is  admissible,  in 
accordance  with  the  criteria  investigated  in  §  383,  and  that /(a;)  is  integrable 
in  (—  Z,  /). 

Making  use  of  the  fundamental  property  of  circular  functions,  represented 

by  the  formula  I       .    -7-    .     —r—dx^O,  where  n  and  n'  are  any  unequal 
•^  J  ^iSin    I    Bin    I  '  J       ^^ 

/  wirx  t  vtirx 

cos*  —J—  dx^  I     sin*  —j-  dx  =:  I,  we   thus 

find  that 

ao  =  |j     f(x')dx\    an  =  -^j     /(a?0 cos ^^  da?',    Pn^i\    f{x)mi^^daf. 

Therefore  we  have,  for  the  interval  (—  Z,  I),  as  the  series  representing  f{x\ 


2/!/<'')'^  +  .!,{}'-T/>M-=^'^ 


or 

irx 


^^^  ^fi^x'^d^'^Xj^^ 


If  we  replace    .    by  x,  no  essential  difference  will  be  made  in  the  formula ; 

thus  there  is  no  loss  of  generality  in  taking  the  interval  (—  tt,  tt)  to  be  the 
interval  in  which  /(a?)  is  defined,  and  for  which  it  is  represented  by 

^  r  f(a!)d^^  i  -  f '  f(af)(iOBn{x^x')daf    (4). 

This  expression  (4)  will  be  taken  as  the  standard  form  of  Fourier's  series. 
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439.  Th^  tuna  of  the  series  (4)  haTiing  dov  been  obuuDed  bj  purely 
tentative  pr^/i:y:^^«»ei»,  the  reverse  cfiai^  will  be  Mkf^ted  of  uloDg  the  series 
iUelf  n»  the  eutrtiog-pfiint,  aid  fubjectiDg  it  to  an  examination  with  a  riew 
tA  diJKsrivering  urider  what  cinramstances  it  is  oonTeigent  for  aU  or  some  of 
the  valu'rK  tA  x  ia  the  iut^r^'al  (^  v,  v),  and  of  deUrrmining  the  value  to 
which  it  cottvergefs  in  caMr  it  in  ocinvergent. 

Iii  order  that  the  series  (4)  may  exist,  whether  it  converge  or  not,  it 
is    necessary   that   the   coefficients      -  i     /(x) dx\    -  I     /(s^) cos nxdai, 

-  I     f(^)  ffin  lufda!  should  have  definite  meanings.     Until  quite  recently  it 

has  Cinstf^ffueutly  been  assumed  that  fix)  is  either  limited  in  the  interval 
{-"IT,  IT)  and  inU;grable  in  accordance  with  the  definition  of  Riemann.  or  else 
that  fix)  is  unlimited  in  that  interval,  but  possesses  an  improper  integral  in 
acc^mlance  with  one  of  the  definitions  which  have  been  given  of  improper 
integrals.  The  recent  extension  of  the  definition  of  integration,  by  Lebesgue, 
Uf  the  case  of  functions  which  are  not  necessarily  integrable  in  accordance 
with  Kiemann's  definition  leads  to  a  corresponding  extension  of  the  domain 
of  Fourier's  series.  It  has  been  pnjposcd  by  Lebesgue*  to  assign  to  the 
series  (\)  the  name  Fourier's  series,  in  every  case  in  which ^(^)  is  a  summable 
function  in  the  interval  (-  ir,  irh  whether  the  summable  function  be  limited 
in  the  inU;rval  or  not,  provided  that,  when  the  function  is  unlimited,  it  be 
still  integrable.  Since  only  those  improper  integrals  which  are  absolutely 
ciiiivergent  are  included  in  Lel>esgue's  definition,  there  remains  the  case  in 
which  the  coefficients  exist  only  as  non-absolutely  convergent  integrals; 
in  this  cHMi  I>5besgue  has  proposed  to  name  the  series  generalized  Fourier's 
series.     This  terminology  will  be  here  adopted. 

440.  It  iKiing  HKsumcKl  that  f(x),  as  defined  for  the  interval  (— v,  v),  is 
Huch  that  the  cr>efficients  in  the  series  (4)  have  definite  meanings,  it  is  easy 
to  express  the  sum  of  a  finite  number  of  terms  of  the  series  as  a  definite 
integral. 

Lt'         1            /I           «/i                      /I     8ini(2n  +  l)^  ^i    ^  o 

nmcAi  *  H-  COS  ^  4-  cos  2^  +  . . .  +  cos n^  = ir^. — ,  ^  ^    ,  we  see  that  iS»,+,, 

*  2sm^^ 

the  sum  of  the  first  2n  + 1  terms  of  the  series 

c%     I  f(^') daf  +  S  ^    COS  7ix  I      f(x^ cos nx'daf 

H- -  sinn^l      f  {x) sin  naf dxf\  , 

*  lioUDiiguo'H  treatment  of  the  nerieH  is  contained  in  a  memoir  **  Snr  les  Buries  trigoDom^triqaes," 
Annalft  »c,  tie  Vicole  normale^  tupfrieure^  Her.  8,  yol.  xz,  1903;  in  a  memoir  *'  Snr  la  oonyergence 
dei  H^ritiH  de  Fourier,"  Math.  Annalen^  vol.  lxiv,  1905;  and  in  the  Levant  tur  Utifriet  trigono- 
mitriquea,  1900. 
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is  given  by  S^+i  =  "  j  _  /(^') J^TJ ^'• 

"'  2  sin    ^— 

If  we  change  the  independent  variable  in  this  integral  from  a:'  to  z,  where 
a:'  =  J?  +  2z,  and  write  2n  +  1  =»  m,  the  expression  becomes 

1     r*(ir-ar)  sin  HI-?   , 

Om  =  -  f{x'\-2z)— dz, 

'rrj-iin+x)  '  smz 

m 

In  order  that  the  series  may  converge  at  a  point  a?,  it  is  necessary  that 
Sm  should  converge  to  a  definite  limit,  as  the  odd  integer  m  is  indefinitely 
increased. 

It  was  first  shewn  by  Dirichlet  that,  for  an  important  class  of  functions 
/(^),  Sm  converges  to  the  value  f(x)  at  every  point  x  in  the  interior  of  the 
interval  (—w,  tt)  at  which  f{x)  is  continuous;  that,  at  a  point  of  ordinary 
discontinuity  of /(a?),  it  converges  to  the  value  J  {/(^  +  0)  +/(a:  — 0)},  which 
is  not  of  course  necessarily  equal  to  f(x);  and  that  at  the  points  a:=5  7r  or 
—  TT,  it  converges  to  the  value  J  {/('w  —  0)  +/(—  ir  +  0)}. 

An  account  will  be  given  in  the  present  Chapter  of  the  investigations, 
by  various  writers,  which  have  as  their  object  the  determination  of  sufficient 
conditions  to  be  satisfied  by  the  function  /{x)  in  order  that  the  series  may 
converge  either  throughout  the  whole  interval,  or  at  particular  points  of  that 
interval.  It  will  appear  that  the  convergence  or  non-convergence  of  the 
series,  at  a  particular  point  x,  really  depends  only  upon  the  nature  of  the 
function  in  an  arbitrarily  small  neighbourhood  of  that  point,  and  is  inde- 
pendent of  the  general  character  of  the  function  throughout  the  interval ; 
this  general  character  being  limited  only  by  the  necessity  for  the  existence 
of  the  coefficients  of  the  series.  These  investigations  have  resulted  in  the 
discovery  of  sufficient  conditions  of  considerable  width,  which  suffice  for  the 
convergence  of  the  series  either  at  particular  points,  or  generally  throughout 
the  interval  for  which  the  function  is  defined.  The  necessary  and  sufficient 
conditions  for  the  convergence  of  the  series  at  a  point  of  the  interval,  or 
throughout  any  portion  of  the  interval,  have  not  been  obtained.  This  is  not 
surprising,  in  view  of  the  very  general  character  of  the  problem ;  and  indeed 
it  is  not  improbable  that  no  such  necessary  and  sufficient  conditions  may  be 
obtainable.  It  is  possible  that  the  mere  fact  of  the  convergence  of  the 
series  at  a  point  characterizes  the  nature  of  the  function  in  the  neighbour- 
hood of  that  point  in  a  manner  incapable  of  reduction  to  any  other  form ;  so 
that  although  the  characteristics  of  various  sub-classes  of  the  functions 
satisfying  this  condition  may  be  obtained,  as  has  in  fact  been  done,  yet 
the  whole  class  of  such  functions  has  no  property  capable  of  being  stated  in 
any  form  different  from  the  mere  statement  of  the  fact  of  the  convergence  of 
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439.  The  form  of  the  series  (4)  having  now  been  obtained  by  purely 
tentative  processes,  the  reverse  course  will  be  adopted  of  taking  the  series 
itself  as  the  starting-point,  and  subjecting  it  to  an  examination  with  a  view 
of  discovering  under  what  circumstances  it  is  convergent  for  all  or  some  of 
the  values  of  x  in  the  interval  (—  ir,  tt),  and  of  determining  the  value  to 
which  it  converges  in  case  it  is  convergent. 

In  order  that  the  series  (4)  may  exist,  whether  it  converge  or  not,  it 

is    necessary   that  the   coeflScients    ^r-  I     f{x) dx\    -  l     /(«') cos nxdaiy 

LIT  J -^  ^J-» 

—  I     /(a?')  sin  nx'dx'  should  have  definite  meanings.     Until  quite  recently  it 

has  consequently  been  assumed  that  /(^)  is  either  limited  in  the  interval 
(—  TT,  ir)  and  integrable  in  accordance  with  the  definition  of  Riemann,  or  else 
that  /(a^)  is  unlimited  in  that  interval,  but  possesses  an  improper  integral  in 
accordance  with  one  of  the  definitions  which  have  been  given  of  improper 
integrals.  The  recent  extension  of  the  definition  of  integration,  by  Lebesgue, 
to  the  case  of  functions  which  are  not  necessarily  integrable  in  accordance 
with  Riemann's  definition  leads  to  a  corresponding  extension  of  the  domain 
of  Fourier's  series.  It  has  been  proposed  by  Lebesgue*  to  assign  to  the 
series  (4)  the  name  Fourier  s  series,  in  every  case  in  which /(a?)  is  a  summable 
function  in  the  interval  (-  tt,  tt),  whether  the  summable  function  be  limited 
in  the  interval  or  not,  provided  that,  when  the  function  is  unlimited,  it  be 
still  integrable.  Since  only  those  improper  integrals  which  are  absolutely 
convergent  are  included  in  Lebesgue's  definition^  there  remains  the  case  in 
which  the  coefficients  exist  only  as  non -absolutely  convergent  integrals; 
in  this  case  Lebesgue  has  proposed  to  name  the  series  generalized  Fourier  s 
series.     This  terminology  will  be  here  adopted. 

440.  It  being  assumed  that  /(x),  as  defined  for  the  interval  (—  tt,  it),  is 
such  that  the  coefficients  in  the  series  (4)  have  definite  meanings,  it  is  easy 
to  express  the  sum  of  a  finite  number  of  terms  of  the  series  as  a  definite 
integral. 

Since  i  +  cos  5  +  cos  2^  +  . . .  +  cos  n0  = %^. — ,  ^  ^    ,  we  see  that  fl^+i, 

^  2sm^a 

the  sum  of  the  first  2n  -f  1  terms  of  the  series 


A     /    f(x')dx'+  S  \- con  nxl      f  (x) COB  na'da^ 


1    . 

+  -  sm  rw? 

TT 


I      f  (x")  sin  nx'dx^y , 


*  Lebesgue's  treatment  of  the  series  is  contained  in  a  memoir  **  Snr  les  Buries  trigoDom^triqaes," 
Annale»  sc.  de  Vicole  normale,  siipSrieure,  ser.  8,  vol.  xz,  1908;  in  a  memoii  "  Snr  la  oonyergence 
des  Series  de  Fourier,"  Math.  Annalent  vol.  lxiv,  1905 ;  and  in  the  Levant  tur  les  tiries  trigono- 
nUtriques,  1906. 
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is  given  by  Sa„+i  =  -  I     /(^') -? — da?'. 

28in     g- 

If  we  change  the  independent  variable  in  this  integral  from  x'  to  z,  where 
a:'  =  a?  +  2z,  and  write  2n  +  1  =  m,  the  expression  becomes 

1   r*(ir-x)             ..sinm^j 
/8m  =  -  /(a?+2^)-^ d-2. 

In  order  that  the  series  may  converge  at  a  point  a?,  it  is  necessary  that 
Sfn  should  converge  to  a  definite  limit,  as  the  odd  integer  m  is  indefinitely 
increased. 

It  was  first  shewn  by  Dirichlet  that,  for  an  important  class  of  functions 
f{x),  Sm  converges  to  the  value  f{x)  at  every  point  x  in  the  interior  of  the 
interval  (—  tt,  tt)  at  which  f{x)  is  continuous ;  that,  at  a  point  of  ordinary 
discontinuity  of /(a?),  it  converges  to  the  value  \  {/(^  +  0)  +/(a:  — 0)},  which 
is  not  of  course  necessarily  equal  to/(ar);  and  that  at  the  points  a?  =  7r  or 
—  iTy  it  converges  to  the  value  \  {/('w  —  0)  +/(—  ir  +  0)}. 

An  account  will  be  given  in  the  present  Chapter  of  the  investigations, 
by  various  writers,  which  have  as  their  object  the  determination  of  sufficient 
conditions  to  be  satisfied  by  the  function  f{x)  in  order  that  the  series  may 
converge  either  throughout  the  whole  interval,  or  at  particular  points  of  that 
interval.  It  will  appear  that  the  convergence  or  non-convergence  of  the 
series,  at  a  particular  point  a?,  really  depends  only  upon  the  nature  of  the 
function  in  an  arbitrarily  small  neighbourhood  of  that  point,  and  is  inde- 
pendent of  the  general  character  of  the  function  throughout  the  interval ; 
this  general  character  being  limited  only  by  the  necessity  for  the  existence 
of  the  coefficients  of  the  series.  These  investigations  have  resulted  in  the 
discovery  of  sufficient  conditions  of  considerable  width,  which  suffice  for  the 
convergence  of  the  series  either  at  particular  points,  or  generally  throughout 
the  interval  for  which  the  function  is  defined.  The  necessary  and  sufficient 
conditions  for  the  convergence  of  the  series  at  a  point  of  the  interval,  or 
throughout  any  portion  of  the  interval,  have  not  been  obtained.  This  is  not 
surprising,  in  view  of  the  very  general  character  of  the  problem ;  and  indeed 
it  is  not  improbable  that  no  such  necessary  and  sufficient  conditions  may  be 
obtainable.  It  is  possible  that  the  mere  fact  of  the  convergence  of  the 
series  at  a  point  characterizes  the  nature  of  the  function  in  the  neighbour- 
hood of  that  point  in  a  manner  incapable  of  reduction  to  any  other  form ;  so 
that  although  the  characteristics  of  various  sub-classes  of  the  functions 
satisfying  this  condition  may  be  obtained,  as  has  in  fact  been  done,  yet 
the  whole  class  of  such  functions  has  no  property  capable  of  being  stated  in 
any  form  different  from  the  mere  statement  of  the  fact  of  the  convergence  of 
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the  series.  It  will  appear  that  there  exist  fiinctioii8»  even  oootmooos 
functions,  for  which  the  series  fiedls  to  converge  at  every  point  of  the  intarral 
belonging  to  an  everywhere-dense  set  of  pointa 

Recent  investigations,  an  account  of  which  will  be  given,  shew  that  the 
coefficients  of  Fourier's  series  have  important  properties  which  are  related  to 
the  functional  values,  independently  of  whether  the  series  conveiges  or  not; 
so  that  a  divergent  Fourier's  series  may  be  employed,  in  acocndance 
recent  ideas,  for  the  representation  of  the  function  in  a  certain  sease. 


PARTICULAR  CASES  OF  FOURIKR'S  SERIES. 

441.  Before  proceeding  to  the  theoretical  investigations  relating  to  the 
convergence  and  the  properties  of  Fourier's  series,  it  will  be  instinctive  to 
consider  some  simple  cases  of  the  use  of  the  series.  It  will  be  assumed 
that,  for  the  functions  employed,  the  series  corresponding  to  a  function  f(x) 
converges  at  every  point  to  the  value  \  {/(a?  +  0)+/(a?  — 0)}. 

If  we  employ  the  sine  series  to  represent  the  function  defined,  for  the 
interval  (0,  ir\  by  y  =  J(7r  — x),  we  find  on  evaluation  that 


—  I    i  (it  —  J?)  sin  nxdx  =  - : 
TrJo  ^^  '  n 


and  thus  the  series  is  of  the  form 


sina?  +  isin2a?  + J  sin  3a?+  ...  +  -sin  7iar+  .... 

n 


The  function  defined  for  all  values  of  x  by 

V  =  sinir  +  isin  2ir  +  ...  +  -sinn^+  ..., 

is  represented  graphically  in  the  figure.  The  function  is  discontinuous  at 
the  points  0,  27r,  47r,  ...  — 27r,  —  47r, ... ;  the  functional  value  being  zero  at  all 
those  points.  It  is  seen  that  the  series  represents  the  function  ^(•n-  — a?),  not 
only  for  the  interval  (0,  tt),  but  for  the  interval  (0,  27r),  except  at  the  points 
a?  =  0,  a?  =  27r,  where  the  sum  of  the  series  is  zero.     For  the  interval  (—  27r,  0) 
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the  function  represented  by  the  series  is  -  ^  (tt  +  a?),  except  at  the  ends  of  the 
interval. 

This  series  may  be  employed  to  illustrate  some  important  points  con- 
nected with  the  convergence  of  the  series  in  the  neighbourhood  of  the  point 
^  =  0,  at  which  the  function  represented  by  the  series  is  discontinuous.  To 
this  end  we  shall  examine  the  series  by  a  method  employed  by  Fourier*,  and 
further  developed  by  Kneser'f. 

Denoting  sin  a?  +  J  sin  2a:  +...  +  -  sin  nx,  by  «»  (a?),  we  have 

dSnix)  .        «    ,  8in(n  +  l)fl?     , 

— ^-  =cosa;  +  cos2a?+...  +cosna?=     ^^. — r= *; 

ax  2smia? 


therefore        ««  («)  =  i  I    — ^ — r^^  dx^ix 

Jo      smjar  ' 


r*sm(n  +  i)a:,        ,         f     •    /     .  ix    (a;— 2smla?), 

=      — ^^ ^^  dx-ix-^-  I    sm(n  +  i)a?^^-5 — .    ,  *   ^ ax 

Jo  ^  Jo  zxsiuix 


I 


(«+»)«sin^  , 

dz—ix  +  I  (x), 

0  ^ 

On  integrating  by  parts,  we  find  that 

.  .  _  _a?  — 2sinia?  cos(7i  +  J)a?      f^ cos (n -f  ^) a?  4 sin' ^a?  —  a:' cos ^a? -, 
^     ~        2arsin^a?  w-h^  Jo        w  +  J  4a;»sin'ia; 

mi  a?— 2sinia?     4 sin* i a?  — a:" cos i a?  ,    .,    ,  •   j  is 

The  expressions    ^     .    ,  -    ,    /,  .  , , =—   both  become   indefi- 

*^  2a?sm^a;  4ar8m'ia? 

nitely  great,  as  x  increases  up  to  iir ;  but  if  a?  be  confined  to  the  interval  (0, 6) 

where  0  <  6  <  27r,  they  are  both  limited  functions.     It  follows,  since 

I  cos  (n  +  Ja:)  I  ^  1, 

that  a  positive  number  A  can  be  determined,  independent  of  n  and  x,  such 
that  \I(x)\<A/(n-h^),  provided  x  is  in  the  interval  (0,  6).  Hence  it 
appears  that  I(x)  has  the  limit  zero,  when  n  is  indefinitely  increased, 
whether  x  varies  with  n  or  not;  in  fact  |/(a?)|  is  arbitrarily  small  for 
sufficiently  great  values  of  n. 

We  have  now 

provided  O^x^b;  where  0  is  such  that  —  1  < tf <  1. 

Ai  ^  f     /  \       /  \i     lsin(n  +  l)a?    .-^        ^, 

Also  J-  «n(^)-«(^)  =o — ^1—--  ,ifO<a?^6; 

^  I  « \  /       ^  ^^      2       sm  ^a? 

*  Thiorie  de  la  chaUur,  chap,  in,  §  8. 

t  QrunerVt  Archix\  ser.  3,  vol.  vu,  1904.    See  also  B/Soher's  <*Introdaotion  to  the  theory  of 
Foarier's  series,**  Annah  of  Mathematict^  ser.  2,  yoI.  vii,  where  nomerioal  details  are  worked  out. 
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aad  therefore  8^{w)  —  s {w)  has  maxima  and  mioitna  at  the  points  x  =s        ,  , 
where  X  =  l,  2,3,  .... 

It  can  now  be  Bhewn  that,  for  Bufficieotly  lat^  values  of  n,  at  least, 

are  alternately  positive  and  negative,  the  first  of  these  differences  beii^ 
positiva 

We  have  I     — d/=      sin« +  —5 ■■■+      -    -^     W" 

Jo       '  Jo  Ve      Z  +  vr     z^-lw  t  +  \-\ir' 

positive,  and 

w»  <  -^= —  I   sin  «d2  <  - 

\~\irJo  X— iir 

hence  lim  Ua  =  0. 

Further,  it  ia  well  known  that  lim  \     dz,  which  ia  the  improper 

int^ral  I     (i«,  isequal  toiir;  it  follows  that  «„«,-«,,  u, -«,+  «,,  ... 

are  alternately  greater  and  less  than  \v.     Since  5 -is  arbitrarily  small, 

for  sufficiently  great  values  of  n,  it  thus  appears  that  the  differences 
(  tKiT  \        (  2X7r  \ 
""Un+U'^Uw  +  l/ 
are  alternately  positive  and  negative  for  X  =  1,  2,  3,  ... ;  and  that  for  X  =  1, 
the  difference  is  positive. 


where  u,,  u,,  ...  u*  are  all  positive,  and  Ui  >  ti,  >  u,  ...  >  Ux-    Also 

2 


It  thus  appears  that,  for  large  values  of  n,  the  form  of  the  curve  y  =  8^{x) 
in  the  neighbourhood  of  the  origin  is  as  in  the  figure;  consisting  of  a  wave-form 
passing  above  and  below  the  straight  lines  which  represent  y  =  8  (x).     The 
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2^ 


first  maximum  on  the  right  of  the  point  ^  =  0,  has  as  its  abscissa  x  =  ^       ^  , 
and  its  height  above  the  point  whose  coordinates  are  r z  ,   8  { a    t\ ) 

r*  gin  z 

arly  |    d-g'  — ^tt,  which  is  nearly  independent  of  the  value  of  n. 

Jo     ^ 


IS  ne 


47r 


The  first  minimum  on  the  right  of  the  point  a? = 0,  has  for  its  abscissa  a  =  ^       ^  , 

r2ir  Sin  Z 

and  is  at  a  depth  approximately  \''r—\ dz  below  the  corresponding 

Jo      ^ 

point  of  the  locus  y  =  «(a?). 

As  n  is  continually  increased,  the  abscissae  of  the  maxima  and  minima 
of  8n  (x) "  8  {x)  become  indefinitely  small,  the  magnitudes  of  these  maxima 
and  minima  remaining  however  nearly  unaltered.  If  a  particular  value  of  x 
be  chosen,  n  can  be  so  determined  that  \8n(x)-'8{x)\  is  arbitrarily  small,  for 
such  value  of  n,  and  for  all  greater  values ;  but  if  a  particular  value  of  n  be 


chosen,  there  is  always  a  value  of  x,  viz. 

nearly  equal  to  I dz  -  iw, 

Jo     ^ 


2ir 
2n  +  i 


,  for  which  ««(«?)  —  « (a?)  is 


M 


The  graphs  y  =  8n  (x\  as  n  becomes  indefinitely  great,  tend  to  the  form 
given  in  the  figure,  which  consists  of  the  continuous  curve  formed  by  the 

traight  lines  of  length  2/    —    dz(>ir),  through  the  points  a?  =  0,  27r, 

Jo     ^ 

—  27r,  ...,  and  of  the  series  of  oblique  straight  lines  which  belong  to  the 
curve  y  s= « (a?).     The   graph   of  the  curve  y  =  «  (a?)  =  lim  «»  (a?)  has  been 


s 


11=00 


already  given.     The  limit  of  the  graphs  of  the  curves  y  =  «n(^)»  and  the 
graph  of  the  limit  of  ^n(^)  differ  in  the  respect  that,  for  the  abscissae 
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a;  =  0,  27r,  —  2ir,  ...,  the  former  contains  the  continuous  straight  lines  of 
length  2  /    dz^  whereas  the  latter  contains  only  the  single  points  on  the 

a?-axi8.  Corresponding  to  any  point  P  on  the  straight  line  LM  through  the 
origin,  it  is  possible  to  determine  an  indefinite  number  of  pairs  of  values  of 
X  and  n,  such  that  the  distance  of  P  from  the  point  whose  coordinates  are 
^1  *n  (^)t  is  less  than  an  arbitrarily  prescribed  positive  number  €.  Thus  the 
double   limit     lim     «n(«)  is   indeterminate  between   the   limits   of  inde- 


dz. 


or 

n 


tenninacy  f'^J^dz,-!''^ 

Ja     z  Jo     z 

By  letting  n  increase  indefinitely,  and  x  at  the  same  time  diminish  to 
zero,  in  such  a  manner  that  nx  has  a  as  its  limit,  where  a  is  any  fixed  positive 
number  not  exceeding  ir,  we  have  as  the  particular  value  of     lim     Sn  (x), 

(flt\                         r*  sin  z 
-  J ,  the  number  I    dz.    It  will  be  observed  that  the  repeated 
n/                        Jo     z  ^ 

limit  lim  lim  «„  (x)  has  the  value  ^ir,  or  -  ^ir,  according  as  x  approaches  its 

x=0  n=oo 

limit  from  the  positive,  or  from  the  negative  side.  The  repeated  limit 
lim  lim  Sn  (x)  has  the  value  zero. 

The  distinction  between  the  graph  y  =  8  {x\  which  represents  the  series, 
and  the  limit  to  which  the  graphs  y  —  8n(x)  tend,  is  clear,  if  it  be  borne  in 
mind  that  the  limit  y=^s(x)  is  obtained  by  the  special  mode  of  first  fixing  a 
value  of  X,  and  then  letting  n  increase  indefinitely;  thus,  for  example, 
8  (0)  =  lim  8n  (0)  =  0 ;    whereas,  as  we   have  seen,      lim      «„  (x)  is  indeter- 

n=ao  ll=oo,  x=0 

minate  between  limits  which  have  been  found  above.  The  difficulty  which 
has  been  frequently  felt  in  understanding  how  a  series,  of  which  the  terms  are 
continuous,  such  as  the  series  here  considered,  can  represent  a  function  which  is 
not  continuous,  will  be  removed  if  the  point  just  explained  be  fully  grasped*, 
that  the  sum  of  the  series  at  a  point  x  is  always  taken  to  mean  the  limit 
obtained  by  first  fi^aing  the  abscissa  x,  and  then  afterwards  making  the  number 
of  terms  increase  indefinitely. 

It  has  already  been  shewn  in  §  343,  that  the  points  a?  =  0,  2ir,  —  2ir,  ..., 
must  be  points  of  non-uniform  continuity  of  the  series;  moreover,  other 
examples  have  been  already  given,  in  which  the  peaks  of  the  approximation 
curves  y  =  «n  (^)  remain  of  finite  height  above  the  curve  y  =  s  {x\  however 
great  n  may  be.     That  the  portions  of  the  limit  of  the  graphs  y  =  «„  {x\  in 

*  Some  oriticisms  of  Diriohlet's  determination  of  the  sum  of  a  Fourier's  series  at  a  point  of 
discontinuity,  made  by  Sohlafli,  CrelU^s  Journal^  vol.  lxxii,  and  by  Du  Bois  Beymond,  Math. 
AnnaleUf  vol.  vn,  where  it  is  maintained  that  the  sum  of  the  series  is  indeterminate,  are  due  to 
a  lack  of  appreciation  of  this  point. 


441,  442]        Particular  cases  of  Fouriei^a  series  663 

the  present  case,  have  a  length  greater  than  tt,  the  measure  of  discontinuity 
of  the  function,  was  pointed  out  by  Willard  Qibbs*. 

The  expression  I  dz  —  ^ir^-  ^ r ,  which  has  been  found  above, 

for  8n  (a?)  —  8  (x\  provided  0<  x  ^b<  27r,  may  be  employed  to  shew  that  the 
series  converges  uniformly  in  any  interval  (a,  6),  such  that  0  <  a  <  6  <  27r. 

/•(«+!)«  sin  z 
For,  by  choosing  v  so  great  that  /  dz,  for  x  ^a,  differs  from  Itt  by 

Jo  .^ 

less  than  a  prescribed  number  ^€,  which  is  possible  on  account  of  the  con- 

2A 
vergence  of  the  integral,  and  further  choosing  n  so  great  that  ^ <  |e,  it 

is  seen  that  n  can  be  chosen  so  great  that,  for  the  chosen  value  of  n,  and  for 
all  greater  values,  | Sn (x)  —  8{x)\<  e,  for  all  values  of  ^  in  the  interval  (a,  6). 
This  expresses  the  fact  that  the  series  converges  uniformly  in  the  interval 
(a,  6).  It  is  clear  that  the  smaller  a  is  taken,  the  greater  must  be  the  value 
of  n,  so  that  {n-{'^)a  may  be  suflSciently  large  to  satisfy  the  requirement 

that    I  dz  —  ^ir  <  ^c;  and  that  this  value  of  n  increases  indefinitely 

as  a  is  indefinitely  diminished.  This  is  a  verification  of  the  tBLct  that  the 
convergence  of  the  series  is  non-uniform  at  the  point  x^O. 

442.     Let /(a?)  be  defined  for  the  interval  (0,  ir),  by  the  specifications 

f(x)  =  c,  for  0  ^  ^  <  ^, 
and  /(x)  =  —  c,  for  ^ir  ^x  ^  tt. 

To  find  the  sine  series  for  this  function,  we  have 

I   /(^)  sin  nxdx  =  c  /    sin  Tixdx  —  c  /    sin  nxdx 

Jo  Jo  J^ 

=  -  (cos  nir  —  2  COS  ^nir  + 1). 

This  integral  vanishes  if  n  is  odd,  and  also  if  n  is  a  multiple  of  4,  but  i 
n  =  4m  +  2,  it  has  the  value  4c/n.     The  series  is  therefore 

—  (J  sin  2a:  +  ^sin  6a?  + ^  sin  10fl?+ ...). 

For  unrestricted  values  of  x,  this  series  represents  the  ordinates  of  the 
series  of  straight  lines  in  the  next  figure,  except  that  it  vanishes  at  the  points 

0,  ^ir,  TT,  —  Jtt,  —  w,  .... 

It  will  be  observed  that,  if  the  meaning  of /(a?)  be  extended,  so  that  it  denotes 

*  See  an  interesting  discussion  on  this  subject  in  Nature^  vol.  Lvm,  1898,  pp.  544,  669, 
vol.  Lix,  1899,  pp.  200.  271,  319,  606,  vol.  lx,  pp.  62, 100,  in  which  Miohelson,  Love,  Gibbs,  Baker 
and  Poinoar6  took  part. 
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the  sum  of  the  sine  series  for  every  value  of  x  for  which  that  sum  is  con- 
tinuous, then  at  the  point  7r,  for  example, 

/(7r  +  0)  =  c,  /(7r-0)=-c, 

and  the  series  represents  at  the  point  w,  the  arithmetic  mean  of  these  two 
values. 


-2» 


.IT 


-i' 


i'T 


2r 


In  a  similar  manner,  we  find  that  the  function  defined  for  the  interval 
(0,  7r)  as  before,  is  represented,  for  the  interval  (0,  ir),  by  the  cosine  series 

4c 


7r 


(cosa;  —  Jcos34?  +  ^co8  5a?—  ...)• 


-2t 


-T 


■X" 


2i 


For  unrestricted  values  of  x,  the  series  represents  the  ordinates  of  the 
straight  lines  in  the  figure,  except  that  its  sum  vanishes  at  the  points 


443.    Let 


and 


^Tr,  —  ^TT,  ^ir,  .... 

f(x)  =  a?,  for  0  ^x ^  ^ir, 
f{x)  =  w  —  a?,  for  i^ir  ^  x  ^  IT, 
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In  this  case  we  find  that 


I  f{^)  *i^  nxdx  =1     a:  sin  nxdx  +  /     {ir 
Jo  Jo  J^ 


—  x)  sin  nxdx 


2    •    I 

=  -    sin  inir. 


Hence  the  sine  series  is 


—  (sina?— ^sin  3a?  +  ^  sin  5a?  —  ...  j. 


For  general  values  of  x,  the  series  represents  the  ordinates  of  the  line  in 
the  figure.  The  broken  line  in  the  interval  (—  ir,  tt)  is  repeated  indefinitely 
in  both  directions. 

The  cosine  series  which  represents  the  sam^  function  for  the  interval 
(0,  tt),  will  be  found  to  be 

■rir 1  cos  2a?  +  ^  cos  6a?  +  ^  cos  10a?  +...). 

This  series  represents  for  general  values  of  x,  the  ordinates  of  the  line  in 
the  following  figure.  As  before,  the  broken  line  in  the  interval  (—  ir,  ir)  is 
to  be  repeated  indefinitely  in  both  directions. 
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EXAMPLES. 

1.  Prove  that  the  serieB 

sin  07  -  ^  sin  2^+ }  sin  317  - 1^  sin  4274- •  •  • 

represents,  for  the  interior  of  the  interval  ( -  fr,  fr),  the  function  ^x. 

For  any  value  of  x  which  is  not  a  multiple  of  fr,  the  series  represents  ^  (x— SXtyt),  where 
it  is  a  positive  or  n^ative  integer  so  chosen  that  x-'2kw  lies  between  n  and  -  w.  The 
sum  of  the  series  vanishes  for  all  values  of  x  which  are  multiples  of  w. 

2.  Prove  that  the  series 

cos  X  - 1^  cos  2:r+}  cos  3i7  -  ^  cos  4274- .. . 
represents  the  function  ^ir*  -  ^a^^  for  the  interval  (  -  ir,  ir). 

3.  Prove  that 

^ssin  :r+^sin  3r+}  sin5;t7+... , 
Jir=co8J?- Jco8  3ar-f  Jcoe5a?- ..., 

4.  Prove  that 


for  0<ir<ir  ; 
for  -^<x<iir. 


for--,r 


x^-n. 


6.    Prove  that 


2    • 


«**=—   2  2^— — |(l-«**C08nir)sinnj7,  for  0<x<ir, 


^    «*'-!  .  2k  Z   tf*'coflnir-l 
«**=— T — H 2    fj- — 5 cosnor, 

6.  Prove  that 

IT    sin  ib:  _  sin  :r      2  sin  2^     3  sin  3r 

IT    C08ib7_^  1      kco&x     it  COS  2^ 

2  *  smii;- ""  2i  ""  "F^Til  +  ifei-2«  "  •* ' 

it  not  being  integral 

7.  Prove  that 

n  sinhitj?  _  sin  4?  _  2sin2j;     3  sin  3ar 
2  sinh ihr  "  lM->     "2«+F '*""3«+F""  "•' 
ir  cosh  it  (it - 
2it       sinhitir 


for  0^^<ir. 


where  0^.r<ir, 
where  O^x^ir  ; 


where  0^:c<ir; 


«•  coshit(ir-x)_   1        coea?      co82^     cos  3i7  , 

oZ       Zr^oTTZ      ~2iP     l*+it*     2^+it*'*"3*  +  it*'*"*"'        where  Oe=^. 


DIRICHLET'S  INTEQBM^ 


444.     It  has  been  shewn  in  §  440,  that  the  sum  S^g^x,  of  the  first  2n  + 1 
terms  of  Fourier's  series,  is  of  the  form 


1  rH*  a»)  %mmz  . 

"^      •7rj«j(,+;p)''  ^  sir-  - 


sm^ 


where 


m  =  2n  +  1. 
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The  function  f{x)  has  hitherto  been  defined  for  the  interval  (-  tt,  it) 
only ;  we  may  now,  as  a  matter  of  convenience,  extend  the  definition  of  f(x) 
to  values  of  x  which  do  not  lie  in  this  interval. 

We  shall  assume  that,  for  all  values  of  x  which  are  not  multiples  of  tt, 
the  functional  values  are  defined  so  that,  for  all  such  values  of  x^  the 
condition /(a? +  29r)=/ (a?)  is  satisfied.  In  c&se  f(ir)^f(—7r\  we  may,  if 
we  please,  suppose  that /(tt)  =/(±  far)  for  all  integral  values  of  k;  but  in 
any  case  it  is  indifferent  what  values  are  assigned  to  the  function  at  the 
points  ±  hrr.  Whenever  /(tt)  and  /(—  w)  are  unequal,  one  at  least  of  the 
points  TT,  —  TT  is  certainly  a  point  of  discontinuity  oif{x\ 

for  / (^  +  0)  =/(-  7r  +  0),  and  /(tt  -  0)  =/(-  it  -  0), 

in  accordance  with  our  extended  definition  oif{x)\  it  is  accordingly  impossible 
that  both  of  the  sets  of  conditions 

/(7r)=/(7r  +  0)=/(7r-0), 

/(-^)=/(-'^+0)=/(-7r«0) 

can  be  satisfied,  if /(tt)  and  /(—  tt)  be  unequal. 

Let  us  now  write  f{x  +  2z)  =  F{z\  then  the  fii notion  F(z)  is  periodic  in 
Zf  with  period  tt,  except  possibly  for  those  values  of  z  for  which  a;  +  2j?  is  a 
multiple  of  tt;  this  exception  is,  however,  immaterial,  since  the  values  of 
integrals  are  unaffected  by  alteration  of  the  functional  values  at  single 
points. 

We  may  now  write  Sm  in  the  form 

which  may  also  be  written  in  the  form 

fif^  =  -  I     F(2;)  —. dz-\'-\    jP(-  z)  —. dz, 

irJQ       ^  '  smz  TTJo      ^      ^  sinz 

It  thus  appears  that  the  investigation  of  the  limiting  value  of  S^  turns  upon 
the  existence  and  value  of  the  limit,  when  m  is  indefinitely  increased,  of  an 
integral  of  the  form 

F(z)  —. dz ; 

the  second  integral  in  the  expression  for  S^^,  being  essentially  of  the  same 
form. 


This  integral  is  known  as  Dirichleis  integral^  the  term  being,  however, 
generally  applied  to  the  more  general  form 


/, 


0        ^  sm^ 


where  a  is  such  that  0  <  a  ^  ^tt. 

H.  42 
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The  term  Dirichlet's  integral  is  also  frequently  applied  to  the  closely 
allied  expression 

/   F{z) dz,  where  0  <  a  ^  ^. 

Jo  ^ 

It  will  be  shewn  that,  with  certain  assumptions  as  to  the  nature  of  the 
function  f{x\  the  integrals 

Jo  sin-^ 

Jo  sin^ 

converge  to  the  values 

J^(+0),   fi'(-O). 

respectively,  as  m  is  increased  indefinitely ;  so  that  iS,»  converges  to  the  value 

i{/('^  +  0)+/(ar-0)}. 

At  a  point  of  continuity  of  f{x),  this  agrees  with  /(a?).     When  x  =  ±7r, 
Sfn  converges,  under  certain  assumptions,  to  the  value 

i{/(^-0)+/(-7r  +  0)}. 


dirichlet's  investigation  of  foubier's  series. 

446.     As  a  preliminary  to  the  consideration  of  Dirichlet's  integral,  some 
properties  of  the  integral 

IT 

r*  sin  ww^^ 

Jo    sin^r 
are  required. 

We  have 

-  z 

r      sin  'ffl2>  C '^  nr 

I     — dz=\    [1  +  2  cos  2-?  +  2  cos  4^  +  ...  +  2  cos  ^m'\  dz  =  ^  . 

J 0    sm  z  Jq  *■  2 

If  we  divide  the  interval  (0,  ^  J  ,  of  integration,  into  the  portions 

(o    —\      (—     ^\  C"^     r+l7r\  (ntr     it\ 

V  '  m)'    U'    m)*    '"    [m*    IrT)'    '"   V m  '    2)' 


sm  mz 


we  see  that,  in  these  portions,  the  integrand  —. has  alternately  positive  and 

negative  signs;  thus  if  we  write 
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9111Z 


sin^ 


we  have 


TT 


"9  =  Po-Pl  +  pi+  ...  +  (-  ly-'pr^i  +  ...+(-  l)'*pn, 


where  all  the  p's  are  positive. 

In  pr-i,  sin  mz  is  always  of  the  same  sign,  and  —. —  is  monotone  and 
decreases  as  z  increases,  hence 


J      2            r-lTT 
sm  171^ .  a^<  —  cosec 


and  similarly 

It  follows  that 
For  pn,  we  have 


2  nr 

pr-i  >  —  cosec  — . 


771 


m 


2  nr 

pr-i  >  —  cosec  —  >  pf. 


m 


m 


1  nir  1 

—  cosec  —  >  pn>  — , 


m 


m 


m 


hence 


2  mr 

pn^i  >  —  cosec  —  >  pn' 


m 


m 


It  follows  that,  if  2p  <  n, 


7r 


•5-  <  po  —  Pi  +  pa  —  . . .+  p^, 


and 


7r 


■0  >Po  — Pi  +  Pj  — •••  — Pap-i. 


Let  us  suppose  that  the  function  F(z)  has  a  finite  upper  limit,  for  the 
values  of  z  such  that  0^2:^  ^tt,  and  further,  that  it  is  in  the  whole  interval 
positive  and  monotone,  and  such  that  it  never  increases  as  z  increases ; 
it   is  consequently  an  integrable  function. 

In  the  integral 


, 


0  Binz 


where  a  ^  ^tt,  we  proceed  to  divide  the  interval  of  integration  as  in  the  case  of 


/, 


*  sin  mz 


dz 


0    sinz 


42—2 
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into  alternately  positive  and  negative  portions ;  thus  if 


h 


If 


where  9  is  a  positive  integer  such  that 


--  <  a  ^  i 

we  have 


-  • 

J  0  sin  z 

where  «o*  ^i»  ^si  •••  ^9  ^^^  ^H  positive.     On  account  of  the  supposition  made  as 
regards  F(z\  we  have 

From  these  inequalities  it  follows  that 

and  this  holds  for  all  values  of  r  from  1  to  9. 
We  have  consequently  the  result,  that 

U=  I   F(z)     . dz, 

Jo     ^  ^  8mz 

is  less  than  «o  —  *i  +  *j  —  •  •  •  —  *8p-i  +  *v » 

and  greater  than      «o  — «i  +*«  —  ...  —  *«p-i,  where  2p  ^  g. 

From  these  inequalities,  with  the  help  of  those  obtained  above,  we  have 

also  U<  PoF{+0)-'F(^-^^  (pi-pi  +  p.-  ...  -Pn»)' 

On  using  the  theorems  which   have  been  proved  relating  to  the  p's, 
we  obtain 
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where,  in  accordance  with  the  supposition  made,  p  is  any  integer  such  that 

2p^g<  — . 

71 

Now  let  m  and  p  both  increase  indefinitely,  but  in  such  a  way  that 

—  has  the  limit  zero.     Since 
m 

2p7r 

2        1    nr 

f^< o:;z:< 


.    2i>7r      pir '  .    2o7r ' 
m  sin  ^*— -     ^      sm  -^— - 

Wl  771 


we  see  that  p^  has  zero  for  its  limit ;  and  hence 
has  ^F{-\-G)  for  its  limit.     Again 


TT  TT    .    2       m 


Po<o+Pi<o-  +  - 


2  '  ^^  ^  2   ■  7r    .    TT  ' 

sin  — 
m 


TT         2 

and  hence  p^  has  a  limiting  value  not  greater  than  tt  +  — .     It  follows  that 

has  for  its  limit  the  value  n^-F(+  0). 

It  has  been  proved  that  U  lies  between  two  numbers,  each  of  which 

has  i7i^(+  0)  for  limit,  when  m  and  p  are  indefinitely  increased  in  such  a  way 

2p 
that  —  has  the  limit  zero :  hence  the  limit  of 
m 


TT     /"*  Ef/  V  sinm^  , 
U=     F(z)  ^^-dz 
J  0  sin  z 


is  |i^(+0), 

where  a  is  such  that  0  <  a  ^  Jtt. 

It  follows,  as  a  corollary  from  this  theorem,  that 

/'•«/  V  sin  mz  , 

I   F(z)  —. dz 

Jp  sin^ 

has  the  limit  zero,  when  m  is  indefinitely  increased;  where  a,  /3  are  two 
fixed  numbers,  such  that  0  <  fi  <  a  ^  ^ir. 
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446.     We  have  now  seen  that,  \i  F{z)  be  a  limited  and  positive  function 
which  never  increases  as  z  increases  from  0  to  \ir,  the  integral 


/, 


0        "^  sm  ^ 


converges  to  the  value  ^  -F(+  0),  as  m  is  increased  indefinitely.  The  function 
F{z)  may  be  freed  from  the  condition  that  it  must  be  positive  in  the 
whole  interval.  For  if  F\-k\  is  negative,  we  may  apply  the  theorem  to 
the  function  C-hF{z),  where  the  constant  C  is  chosen  so  that 


is  positive ;  thus 


«-^'(i) 


f 

Jo 


0  sin  z 


TT 


converges  to  the  limit  ^  {(7  +  i^(+  0)j. 

Now  cf'^'dz 

Jo    smz 

w 

converges  to  the  limit  ^  C;  hence  |   F(z)  —. dz  converges  to  ^-F(+0), 

z  J  Q  Sin  z  Z 

where  F(z)  is  not  restricted  to  be  positive. 

Again,  the  theorem  holds  for  a  function  F(z)  which  is  monotone  and 
never  diminishes ;  for  we  can  apply  the  theorem  to  the  monotone  function 
—  F(z)  which  never  increases. 

The  theorem  has  now  been  established,  that  if  F{z)  he  any  limited, 
monotone  function,  defined  for  the  interval  (0,  ^tt),  then 


I. 


0     ^      sin-? 


IT 

converges,  as  the  odd  integer  m  is  increased  indefinitely,  to  the  value  q  F(+  0). 

The  theorem  also  holds  if  the  upper  limit  of  the  integral  be  any  fixed 
number  a,  such  that  0<  a  ^  \ir. 

It  has  been  shewn  in  §  195,  that  any  function  with  limited  total 
fluctuation  is  expressible  as  the  difference  of  two  monotone  functions.  Hence 
the  results  which  have  been  established  can  be  immediately  extended  to  the 
case  of  functions  of  this  class.     We  have,  therefore,  the  theorem  that,  if 
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F{z)  be  a  function  defined  for  the  interval  (0,  ^w),  and  with  limited  total 
fluctuation,  then  the  integrals 

where  0  <  a  ^  ^,     0  <  a  <  /8  ^  Jtt, 

converge,  as  the  odd  integer  m  is  increased  indefinitely,  to  the  values  g--^  (+  0)i  0 

respectively. 

If  we  apply  this  result  to  the  two  integrals  contained  in  the  expression 
for  Sfn,  the  sum  of  the  first  2n  + 1  terms  in  Fourier's  series,  we  obtain  the 
theorem  that,  if  f{x)  he  a  function  with  limited  total  fluctuation,  defined 
for  the  interval  (—  tt,  tt),  the  sum  of  2n  + 1  terms  of  the  series 

9~  /     /(^)  ^'  +  2  -I  —  cos  nx  I     f{cf)  cos  nafdx' 


H —  sin  n^  I     f{scf)  sin  naf  dx'V 


convei'ges,  a^  nis  indefinitely  increased,  to  the  valve 

^  {/(«.+ 0)+/(^- 0)1- 

It  will  be  remembered  that  a  function  with  limited  total  fluctuation  is 
essentially  integrable,  in  accordance  with  Riemann's  definition ;  and  that  it 
can  have  discontinuities  of  the  first  kind  only,  so  that  at  every  point  the 
functional  limits /(a?+ 0), /(a?— 0)  exist. 

In  the  case  ^  =  ±  tt,  the  limit  to  which  the  sura  of  the  series  converges  is 

i{/(T-0)+/(-T  +  0)}. 

At  a  point  x  of  continuity  of  the  function  f{x),  the  limiting  sum  of  the 
series  is /(a?);  at  a  point  of  discontinuity  of /(a?),  the  limiting  sum  of  the 
series  agrees  with  the  value  of  the  function  at  the  point  only  if 

/(^)  =  i  {/(^  +  0)  +/{x  -  0)}. 

At  the  points  w,  —  7r,  the  limiting  sum  of  the  series  agrees  with  the*  value  of 
the  function  only  if /(tt),  or  /(—  tt),  is  equal  to 

i{/(T-0)+/(-7r  +  0)}. 

447.  It  is  now  clear  in  what  sense  the  given  function /(a;)  is  represented 
by  the  corresponding  Fourier's  series.  The  representation  is  necessarily 
complete  for  all  points  at  which  the  function  is  continuous,  with  the  possible 
exception  of  the  end-points  ±  tt,  which  cannot  both  be  points  of  continuity 
of  the  extended  function,  unless /(tt)  =/(—  tt).  At  a  point  of  discontinuity, 
or  at  an  end-point  ±  ir,  the  series  represents  the  function  only  if  the  functional 
value  is  properly  chosen  in  relation  to  the  functional  limits  at  the  point ;  in 
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the  case  of  the  end-points  these  functional  limite  are  those  of  the  periodic 
function  obtained  by  extension  of  the  given  function  beyond  the  domain  for 
which  it  was  at  first  defined,  this  extension  being  such  that /(a?)  =/(a?  +  27r), 
as  explained  in  §  444. 

The  functions  with  limited  total  fluctuation  include,  as  a  particular  case, 
functions  which  satisfy  the  following  conditions  : — 

(1)  The  function  is  continuous  in  its  domain  at  every  point,  with  the 
exception  of  a  finite  number  of  points  at  which  it  may  have  ordinary  discon- 
tinuities, (2)  the  domain  may  be  divided  into  a  finite  number  of  parts,  such 
that  in  any  one  of  them  the  function  is  monotone ;  or  in  accordance  with  the 
more  usual  but  less  exact  expression,  the  function  has  only  a  finite  number  of 
maxima  and  minima  in  its  domain. 

These  conditions  are  known  as  Dirichlefs  conditions,  and  his  proof,  in 
its  original  form,  applied  to  the  case  only  of  functions  which  satisfy  these 
conditions. 

448.  Dirichlet  extended  his  results  to  the  case  in  which  there  are  a 
finite  number  of  points  in  the  domain  (— tt,  tt)  in  the  neighbourhood  of 
which  |/(a?)  |  has  no  upper  limit.  In  this  case  the  Fourier  s  series  must  be 
so  interpreted  that  the  integrals  in  the  coefficients  are  the  improper  integrals 


jj(x)dx,     j   J^^rucf(x)dx, 


the  function  being  such  that  these  improper  integrals  exist  From  our 
somewhat  more  general  point  of  view,  we  shall  suppose  that  the  function 
/(x)  is  such  that,  when  arbitrarily  small  neighbourhoods  of  these  infinite 
singularities  are  excluded  from  the  interval  (—it,  tt),  in  the  remaining 
part  of  the  interval  f{x)  is  of  limited  total  fluctuation ;  and  further  it 
will  be  assumed  that  the  improper  integral 


I      f{x)dx 


exists,  and  is  absolutely  convergent.      Under  these   conditions,  it  can  be 
shewn  that  the  theorems  still  hold,  that  the  integrals 


/. 


FU)  —. dz,  for  0  <  a  <  ^  ^  A^r, 


and  I  F  (2)  ^'?^^  dz,  for  0  <  a  ^  iir, 

Jo  sm-?  ^ 

converge  to  zero,  and  to  ^-F(+0),  respectively,  as  m  is  increased  indefinitely. 

If,  between  a  and  ^,  there  is  a  point  c  in  whose  neighbourhood  \F(z)\  has 
no  upper  limit. 


/. 


^^,  ,sinW  , 
F(z)  —. dz 
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is  interpreted  as  the  limit  o& 

F(z)  -, dz+l      F(z)  -r —  dz, 

j.        ^  ^  8inz  je-\-t  8in-» 

where  S,  e  have,  independently  of  one  another,  the  limit  zero;  assuming  that 
such  limit  exists. 

Let  S'  <  S,  then 

[/r  -  n  ^^">  ^in?  ^  I  <  ''"^^'^  «n  >  ^^^^ '  ^^  ■- 

where  the  expression  on  the  right-hand  side  is  arbitrarily  small,  on  account  of 
the  absolute  convergence  of  the  integral  of  F{z\  and  is  independent  of  the 
value  of  m. 

Now,  if  \F{z)  dz  converges  absolutely  at  the  point  c,  we  can  choose  S  so 
small  that,  for  every  i'  <  S, 

cosecai       \F(z)\dz 

J  e-l 

is  arbitrarily  small ;  hence  the  integral 


/, 


F(z)—, dz, 

'   sinz 


for  a  fixed  m,  converges  to  a  definite  value,  as  i  converges  to  zero.    Similarly 
it  can  be  shewn  that 


/, 


c+,  sin  z 


converges  to  a  definite  value,  as  e  converges  to  zero.     It  has  thus  been 
shewn  that 


I   F(z)-   -    dz  =  \im\      F(z)—. dz 


T      f^     T7  /  \  sin  niz  ,        .    /    v       .    ^    v 
+  hm         F{z)~-^-—  dz  =  Vr,(m)  +  Vr,(7ii); 

t=o  J  c+t  sm  z 


and  we  have  now  to  shew  that  '^i(wi),  '^2(m)  converge  to  zero  as  m  is 
increased  indefinitely.  It  has  been  already  seen  that  S  may  be  so  chosen 
that,  for  all  values  of  m. 


J  a  Sin-?  ^^    ^ 


<V» 


where  i;  is  a  fixed  arbitrarily  small  positive  number.     Now,  for  a  fixed  value 
of  £,  nil  ^^y  be  chosen  so  great  that,  if  m  ^  m, , 


\ja  SI 


—  dz 
sinz 


<r. 
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where  ^  is  arbitrarily  small ;  hence,  if  m  ^  mi,    # 

i  ^,  (m)  I  <  17  +  f, 

and  therefore  -^i  (m)  converges  to  the  limit  zero ;  similarly  yfr^  (m)  converges 
to  the  limit  zero. 

If,  between  a  and  13,  there  are  any  finite  number  of  points  such  as  c,  we 
may  divide  the  domain  (a,  /8)  into  a  finite  number  of  parts,  such  that  each 
part  contains  only  one  such  point  as  c,  and  apply  the  above  result  to  each  of 
the  integrals  which  are  taken  through  one  such  part. 

r*        sin  7HZ 

The  integral   1  F(z)  —, dz  can  be  divided  into  two  parts 

J  0         sin  z 

F(z)—, —  dz  +      F(z)  — ^ —  dz, 
Jo  »inz  Ja,  sm^ 

where  a,  is  so  chosen  that  all  the  points  of  infinite  discontinuity  of  F{z)  are  in 

I  *  SlU  TftZ  TT 

(a,,  a)  ;  we  thus  see  that  1    F(z)  —. dz  converges  to  ^  -F(+0),  when  m  is 

indefinitely  increased. 

It  has  now  been  shewn  that: — if  f{x)  he  such  that,  when  tlie  arbitrarily 
small  neighbourhoods  0/ a  finite  number  of  points  at  which  \f{x)  \  has  no  upper 
limit  have  been  excluded^  f{x)  becomes  a  function  with  limited  total  fluctuation, 
then  the  Fourier  s  series 

^r  f{^')  dx  +  S  ^  ['  f{x)  cos  nix"  x')  dx' 

1 

converges  to  the  valus  -=  [f{x  +  0)  -\-f{x  —  0)},  at  every  point  in  (-  tt,  tt),  except 

at  the  points  of  infinite  discontinuity  of  the  function,  provided  the  improper 
Integral  \    f(x)dx  exists,  and  is  absolutely  convergent 


tn 


APPLICATION   OF  THE  SECOND   MEAN   VALUE  THEOREM. 

449.  An  alternative  method  of  investigation  of  the  limit  to  which  the 
sum  of  Fourier's  series,  corresponding  to  a  function  with  limited  total 
fluctuation,  converges  is  obtained  by  employing  the  second  mean  value 
theorem*.  As  before,  we  employ  the  known  result  that  any  function  with 
limited  total  fluctuation  is  expressible  as  the  difference  of  two  functions 
each  of  which  is  monotone  and  does  not  decrease  as  the  variable  increases; 
and  it  is  therefore  sufficient  to  consider  the  case  of  such  a  monotone  function. 

*  This  method  was  first  employed  by  Bonnet,  who  used  his  form  of  the  mean  valoe  theorem, 
see  the  M€moire»  des  Savants  Strangers  of  the  Belgian  Academy,  vol.  xxiii.  The  method  is 
also  used  by  C.  Neumann,  see  his  work  Ueber  die  nach  Kreis-  KugeU  und  Cylinderfunetionen 
forUchreitenden  Reihen ;  also  by  Jordan,  Cours  d* Analyse,  vol.  11,  where  it  is  applied  to  the  case 
of  functions  with  limited  total  fluctuation.  The  method  is  employed,  and  discussed  in  great 
detail,  in  Dini's  work  Sopra  le  Serie  di  Fourier, 
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(1)    We  have,  as  before,^ 


/: 


(2)     If 


*  sin  mz  J       ir 
0    sin  z  2 

0<a</9^|, 


f ^  sin  mz  J  I     f^  '  ,  1      f^  •  J 

I    —, dz  =  -. —  /   sin  mzdz  •{'  - — -p.  /    sin  mz  dz, 

J  a    ^inz  sinaJa  Binpjy 


therefore 


r^sir 
Ja  si 


sin  mz 


sinz 


dz 


2  ,  nv      4 

<  —  (cosec  a  +  cosec  p)  <  —  cosec  a : 
m^  m 


here,  in  accordance  with  the  second  mean  value  theorem,  7  is  some  number 
which  lies  between  a  and  fi. 

It  follows  that   I    — ; dz  converges   to   zero,   as   m  is  increased  in- 

J  ^  sin  z 

definitely. 

In  a  precisely  similar  manner,  it  appears  that  I dz  is,  iu  absolute 

4 

value,  <  — ,  and  thus  the  value  of  the  integral  converges  to  zero,  as  m  is 

indefinitely  increased. 
(3)     If  a  ^  0, 


ir 


sin  0 


dO 


<![ 


For 


and   therefore 


hence,  if  a  ^  tt. 


I/. 


e 


de 


2  • 

2^2 


lira  I 

tsao   J  i 


*sin  0 


lim  /    ^^d^ 


<2 


r. 


sind 


de 


2     V 


Now 


daJc 


*  sin  0  j^         sin  a       ,  ^ 

— ^-  rt^  = ,  when  a  >  0 ; 


/••  sin  0 


i    sin  c/  .    . 

hence  I    — g— rftf  diminishes  as  a  increases,  provided  0<a<w;    therefore 


since 


r^-^ 

TT 
"2' 

f   QO    tf%v  ^r%      Mm 

we    have                                     /    —^  d0 

"^  2' 

2 

if  a  <  TT,  and  <  - ,  if  a  ^  tt. 

TT 
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From  this  result,  it  follows  that 

'P  sin  0 


I/; 


0 


d0 


^  TT,        where  0  ^  a  <  )9. 


450.     After  having  established  these  preliminary  theorems,  we  proceed  to 
consider 

w 

sin  mz  , 
az. 


//« -. 


Qinz 
where  F{z)  is  monotone,  and  does  not  diminish  as  z  increases.      We  have 


w 


I  F(z)—. dz  =  F(+0)l    —, dz'\'l   [F(z)-F(+0)\— dz 

Jo     ^      sinz  ^      ^Jo  sinz  Jo  smjr 

w 

where  fi  is  fixed.    X)n  applying  the  second  mean  value  theorem,  we  have 
f^„,  .sin mz  J       ir  „,    /vx 

where  fi  is  between  /a  and  ^  ,  and  0{z)^  [F{z)'^ Fi-^-O)]  - — .    Also  0{z) 

£t  sm  z 

increases  as  z  increases  from  0  to  ;lu 

A  f'*rr/  \Sinm^  ,       ^.  .f'^sinm?,       /3  /  \  f  "*^  sin  tf  -^ 

Agam  j    G{z)  -  ^     dz=G(fi)j    — —dz  =  0(fi)j      —g-dO, 

where  0  ^  f  <  /i. 

Although  it  is  unnecessary  for  the  purpose  of  the  present  investigation, 
it  may  be  remarked  that  we  cannot  have  f  =  0,  which  would  involve  the 
equality 

This  is  impossible  unless  0{z)=  G  (/it),  for  all  values  of  z  in  the  interval  (0,  fi). 

9 

For  let  z  —  —  y  then 
m 
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and  on  the  right-hand  side,   each  integral   is  positive   and  less  than  the 
preceding  one,  the  signs  being  alternate ;  and  such  a  series  cannot  vanish. 

The  number  f  depends  on  m,  and  on  the  function  0{z)\  it  may  happen 
that  as  m  is  increased  indefinitely,  ^  diminishes  indefinitely  in  such  a  way 
that  m^  has  a  finite  limit  a.     Whether  this  happens  or  not,  we  see  from 

(3),  that  /    0{z) dz  does  not  numerically  exceed  irG{fi\  and  /a  may 

Jo  ^ 

be  so  chosen  that  this  is  less  than  the  arbitrarily  chosen  positive  number  ^e. 
Let  a  fixed  value  of  ^  be  taken  so  that  this  condition  Is  satisfied. 

a-         r ^'  sin  mz  ,      f  *  sin  m^:  ,  ,    , ,  .  •    .   j  /?    .  , 

Since  I     — ; dz,  \     — dz  both  converge  to  zero,  as  m  is  mdefimtely 

increased,   even   though  fi  in  general   depends  on  m,  since,  by  (2),  each 

4 

integral  is  numerically  less  than  —  cosec^,  we  now  see  that  roi  can  be  so 


fixed  that 


i. 


/w^^-l^<^») 


is  numerically  <  €,  if  m  ^  i/^;  and  therefore  the  expression  converges  to  zero, 
as  m  is  indefinitely  increased.  Thus  the  theorem  has  been  established  upon 
which  the  proof  of  Dirichlet's  theorem  depends,  in  the  generalized  form  for 
the  case  of  a  function  with  limited  total  fluctuation. 


UNIFORM  CONVERGENCE  OF  FOURIER'S  SERIES. 

451.  It  is  known  that  the  limiting  sum  of  a  series  of  continuous  functions 
of  a  variable  is  non-uniformly  convergent  in  the  neighbourhood  of  a  point  of 
discontinuity  of  the  sum-function,  but  that  the  sum-function  is  not  necessarily 
uniformly  convergent  in  an  interval  in  which  it  is  continuous.  In  the  case 
of  Fourier's  series  it  can  be  shewn  that,  if  the  function /(a;)  be  of  limited  total 
fluctuation  in  its  domain  (—  tt,  tt),  then  the  series  converges  uniformly  in  its 
whole  domain,  provided  f{x)  is  continuous  in  its  domain,  and  provided  also 
/(—  TT  +  0)  =/(7r  —  0),  so  that  the  function  obtained  by  extending  f{x) 
beyond  the  range  (—  7r,  tt),  in  accordance  with  the  periodic  law/(a?)  =*/(a? +27r), 
is  also  continuous  at  the  points  —  tt,  +  7r.  It  can  be  shewn  more  generally 
that,  provided  f{x)  is  of  limited  total  fluctuation  in  (—  ir,  ir),  and  is  con- 
tinuous in  an  interval  (a,  b)  contained  in  (—  tt,  tt),  so  that  (a,  6)  contains  no 
discontinuity  of  the  function  in  its  interior  or  at  its  ends,  then  the  series 
converges  uniformly  in  (a,  6).  If  /(—  tt  +  0),  /(tt  —  0)  are  unequal,  the 
points  —  TT,  TT  must  be  included  among  the  points  of  discontinuity,  and 
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dbereliMV  eaumoi  be  eod-pomte  of  (a^  6).     It  has  beeo  diewn  in  §  450,  dat 


t'< 


'>^S!t  '''  - 1^<+  0)'  <  »C  0»)  +  — ^[>'0»  +  0)  -  -F(+  0)] 
mkt  z  R  sm /i 

<  »<?  (M) + ,^^  |[i'0» + 0)  -  !'(+  0)] + i-^l  -  o)  -  /•(+  0)| 

Uaing  this  ioeqaality,  and  the  eor responding  one  for  the  fonctioa  ^(-  x\  we 
have,  at  aoj  poiot  of  (a.  6^ 

-Sw+j -/(«)<  (m  a»ec /i +  — coeec  m)  [/(*  + 2m) -/(x) 

+  /(x-^) -/(*)] 

+  j^  coMc  M  [/(«  +  »)-/(*)+!/(*-••)-/(«)  ] 
<  M  owec  M  [!/(*  + 2m) -/(«)+/(*- 2/») -/(*)!]  + ^  «»ec /*. 

fit 

where  A  is  some  fixed  namber,  independent  of  m^  and  depending  on  the 
upper  limit  of  \f{x)\  in  the  whole  interval  (— w,  w). 

Since  /(c)  is  continuous  in  (a,  6),  and  is,  by  the  the<Nrem  of  §  175,  there- 
fore also  uniformly  continuous,  a  value  /*i  of  /&  can  be  chosen  sudi  that,  for 
every  value  of  jt  in  (a,  6),  \f(x  +  2/*)  — /(«)  | ,  i/(«  —  2/*)  — /(^r) !  ^ne  less  than 
an  arbitrarily  prescribed  positive  number  e,  provided  fL  ^  ft^.  Also  a  value 
fit  of  ^  may  be  so  chosen  that  €/i,cosec/i,<^f7,  where  17  is  an  arbitrarily 
assigned  positive  number.  Take  for  fjt  the  lesser  of  the  values  fhf  H^'y  then 
we  see  that 

1 5»+,  -/(«)  I  <  ^  +  —  <50sec  /A, 

for  every  value  of  x  in  (a,  6).  It  follows  that,  since  f^  and  m  are  independent 
of  X,  for  all  values  of  n  greater  than  some  fixed  value  »,,  |  S^+,  —/(x) ;  <  S, 
for  the  whole  interval  (a,  6),  where  £  is  an  arbitrarily  chosen  number,  and  n, 
depends  only  on  5.  It  has  now  been  shewn  that  £>»+!  converges  uniformly  to 
f(x)  in  the  interval  (a,  6).  The  function  F(z)  has  been  assumed  to  be 
monotone ;  for  the  general  case  we  have  only  to  consider  the  di£ference  of 
two  such  functions. 

The  following  theorem  has  now  been  established : — 

In  the  case  of  a  fimction  f{x)  with  limited  total  fivctuation  in  (—  ir,  ir\ 
the  corresponding  Fourier's  series  converges  to  the  value /(x)  unifomdy  in  any 
interval  which  contains,  neither  in  its  interior  nor  al  an  end-point,  any  point  of 
discontinuity  of  the  fwnction. 

It  must  be  remembered  that  the  point  ^  is  to  be  reckoned  as  a  point  of 
discontinuity,  unless  the  conditions  f{ir  -  0)  —fiir)  =/(—  w  +  0)  are  satisfied. 
A  similar  remark  applies  to  the  point  —  ir. 
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THE   LIMITING   VALUES   OF  THE  COEFFICIENTS   IN   FOURIERS   SERIES. 

462.  If  the  function  f{x)  be  limited,  and  satisfy  Dirichlet's  conditions, 
or  in  the  more  general  case  in  which  f{x)  is  a  function  with  limited  total 
fluctuation  in  the  interval  (—  ir,  7r),  an  estimate  may  be  found  for  the  upper 
limit  of  the  general  coefficient  in  the  Fourier's  series,  as  n  increases  in- 
definitely. 

Let  f{x)  =/i  {x)  — /,  (x\  where  /,  (a?),  /,  (x)  are  monotone  functions ;  then 
I    /i(a:)cosTW?(ic=/i(— 7r  +  0)  1     cos wa? da? +/i (tt  —  0)  /  cosnxdx 

=  -  {/i  (—  w-  -f  0)  sin  na  — /i  (ir  —  0)  sin  na] ; 

if'  1 

therefore         |    /i  (x)  cos  nxdx   ^  ~  {/i  (-  -w  +  0)  -/i  (ir  —  0)} 

where  a  is  some  number  between  —  tr  and  tt.  Since  a  similar  result  holds 
for  I    fiix)  cos  nxdx,    we  see   that   the  coefficient  -  i    /(x)  cos  nxdx  is 

numerically  less  than  — ,  where  A  is  some  fixed  number.  In  a  similar 
manner  it  can  be  shewn  that  the  coefficient  of  sin  nx  is  numerically  less  than 
— ,  where  B  is  some  fixed  number. 

Since  a  series,  of  which  -  is  the  general  term,  is  divergent,  it  is  seen 

'• 

that  the  convergence  of  Fourier's  series  is  in  general  not  absolute,  but 
depends  upon  the  variation  of  sign  in  the  terms. 

Next,  let  us  suppose  that  near  the  point  x  =  fi,  where  .—  ir  ^  fi  ^  ir,  the 
function /(a?)  has  indefinitely  great  values,  and  is  such  that,  near  the  point  fi, 

f(x)  =  ^       L,  I  where  i/  <  1,  and  <(>  (x)  is  limited,  and  has  only  a  finite  number 
(x  —  p) 

of  oscillations,  in  the  neighbourhood  of  the  point  ff.    In  this  case  the  integral 
f{x)  cos  nar  cia;  is  an  improper  integral  which  is  represented  by  the  sum  of 


/: 


where  €  has  the  limit  zero.     We  may  consider  the  portion 

<f>ix) 


I, 


/  O^COQTlxdx 

fi+t  (a?  -  py 
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of  one  of  these  integrals,  where  a  is  so  chosen  that  ^  {x)  is  monotone  in  the 
interval  (yS  +  €,  a).     This  integral  is  equivalent  to 

where  a'  lies  between  /8  +  €  and  a,  and  x  =  y  +  ff.     Let  wy  =  2:,  then 
r*-^  cos niy-k-fi)  J  .  T"  ^— ^>  fcos ^  ^     sin  -?   .      ^[  , 

J  t  y  J  tn  \    ^  *  ) 


Now  the  two  integrals 

•m(«-^)qos^  f*<»-^>sin<8: 


r»»(*-«co8j:  ,  r»c«-^)8in. 


d? 


are  in  absolute  value  less  than  fixed  numbers,  whatever  values  €,  n  may  have ; 
for  the  two  integrals 

Jo     z^  Jo      ^ 

converge  to  the  values 


TT  TT 


2co^iinr.r(p) •    2siniu7r.f(i7)  ^P^^^i^^ly- 
It  may  be  proved  in  a  similar  manner  that  the  integral 

I       ,       A^  cos  nx  ax 

contains  a  portion  of  the  same  character  as  that  already  obtained.  It  thus 
appears*  that  the  coefficient  of  cos  iix  in  the  Fourier's  series  is  less  in  absolute 
value  than  A/'n}'^,  where  A  is  some  fixed  number;  and  a  corresponding 
result  holds  as  regards  the  coefficient  of  sin  nx. 

163.     The  following  more  general  theorem  will  now  be  established  "f* : — 

If  f(x)  be  a  function  which  is  integrable  in  an  interval  (a,  6),  the  integral 
being  either  a  Riemann  integral,  or  an  absolutely  convergent  improper  integral^ 
in  accordance  with  the  definition  of  de  la  Vallie-Poussin,  or  of  Hamack,  then 

I  f{x)sinnxdx,  and  I  f(x)cosnxdx  both  converge  to  the  limit  zero,  a^  the 

J  a  J  a 

positive  number  n  {either  integral  or  not)  is  indefinitely  increased. 

All  those  points  of  discontinuity  oi  f{x)  at  which  the  saltus  is  ^  a  fixed 
positive  number  k  may  be  enclosed  in  the  interiors  of  the  intervals  of  a  finite 
set  [i],  of  which  the  sum  is  arbitrarily  small.  Let  (a,  P)  denote  one  of  the 
intervals  of  the  finite  set  which  is  complementary  to  the  set  {£}.     Since /(x) 

*  See  Heine's  Kugelfunetionen,  vol.  i,  p.  62. 

t  This  theorem  is  a  generalization  of  a  theorem  given  by  Stackel,  nearly  equivalent  in  form  to 
that  case  of  the  above  which  arises  when/(a;)  is  continnons  in  the  interval.  See  Leipzig.  Ber., 
vol.  Lin,  1901,  also  NouvelU$  Atmales,  ser.  4,  vol.  11, 1902. 
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is  absolutely  integrable  in  (a,  6),  the  set  {£}  may  be  so  chosen  that  the  sum 
of  the  integrals  of  \f(x)  \  taken  through  the  set  [i]  may  be  less  than  an 

arbitrarily  chosen  number  1^,  It  follows  that  \f{x)^mnxdx  taken  through 
the  set  [h]  is  numerically  less  than  ^,  and  therefore   I  f{x)  sin  nx  dx  differs, 

J  a 

for  each  value  of  n,  from  2  I  f{x)  sin  rw?  da?,  by  less  than  f ;  the  summation 

referring  to  all  the  intervals  such  as  (a,  /8).  If  6  be  an  arbitrarily  chosen 
positive  number,  the  interval  (a,  fi)  can,  in  accordance  with  the  theorem  of 
§  185,  be  divided  into  a  number  r,  of  equal  parts,  such  that  the  fluctuation  of 
f{x)  is,  in  each  part,  less  than  A;  +  €. 

We  have  now 


where 


\  f{x)8mnxdx=i    z  f[a  +  -^ )/  sinnxdx 

J  a  t=0        \  ^         /  J  a+t(fi-a) 

r 

^i7::;trh'-/(-'-^°)]--^. 

r 

f{x)  -  /  ( a  4-  — ]<&  +  €,  for  each  sub-interval. 

From  the  above  identity,  we  now  deduce  that 

minxdx 


J  /W  sii 


where    U  may  be   taken   to   denote  the  upper  limit  of  |/(a?)|  in  all  the 
intervals  such  as  (a,  /9). 

By  addition  of  this  result  as  applied  to  all  the  intervals  (a,  ^9),  we  have 


2  I  f{x)  sin  nx  dx 


9f 


where  t  denotes  the  sum  of  the  values  of  r  which  correspond  to  the  different 
intervals. 


It  now  follows  that 


I  /(x)  sin  nxdx 

J  a 


<^+^U  +  {k+e)(b-a); 


S{:+(ifc  +  e)(6-o). 


a 

and  therefore        lim     i  /(x)s\nnxdx 

Since  f,  e,  k  are  all  arbitrarily  small,  it  has  therefore  been  proved  that 

'6 


lim  I   f(x)ai 

n=<»  J  a 


amnxdx  =  0. 


The  proof  is  precisely  similar,  in  case  cos  nx  be  substituted  for  sin  nx, 
H.  43 
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464.  The  above  theorem  is  a  particular  case  of  the  following  theorem 
due  to  Lebesgue*: — 

If  f{x)  be  any  ftmction,  either  limited  or  unlimited  which  has  a  Lebesgue 
integral  in  the  interval  (a,  6),  then  I  /{x)smnxda,  and  I  f{x)co&nxdx^ 

J  a  J  a 

converge  to  the  limit  zero,  as  the  positive  number  n  (not  necessarily  integral) 
is  indefinitely  increased.  The  theorem  also  holds  if  the  interval  (a,  b)  be 
replaced  by  any  measurable  set  of  points. 

First,  let  f{x)  be  a  limited  function.  The  interval  (a,  6)  can  be  divided 
into  a  finite  number  of  measurable  sets,  in  each  of  which  the  fluctuation  of 
f{x)  is  less  than  an  arbitrarily  chosen  positive  nfumber  €.  Let  fi{x)  be  a 
function  which  is  constant  in  each  of  the  sets,  and  is  equal  to  one  of  the 
values  of /(a?)  in  that  set.     We  have,  since  [f  (x)  —fix)  \  <  e, 

/  f{x) smnxdx—  I  fi{x)sixLnxdx  <  € (6  —  a). 

J  a  J  a 

Let  ei,  e,,  ...  Cp  denote  the  sets  of  points  in  (a,  6),  for  which /i (a:)  has  the 
values  Ci,  Cs,  ...  Cp;  then 

I   f i{x) sin nxdx=^   ^  Cq  I  minxdx. 

It  has  been  shewn  in  §  83,  that  the  set  Cq  is  contained  in  a  finite,  or 
infinite,  set  of  intervals  of  measure  m  (Cq)  + 17,  where  17  is  an  arbitrarily  chosen 

positive  number;  it  follows  that  I  sin  tut  (2a?  taken  through  Cq,  differs  from  the 
value  of  jsinnxdx  taken  through  the  set  of  intervals  which  includes  Cq,  by 

less  than  17.     Moreover  jsinnxdx  taken  through  this  finite,  or  infinite,  set  of 

intervals,  converges  to  zero,  as  n  is  indefinitely  increased.  For,  if  the  intervals 
be  arranged  in  descending  order  of  magnitude,  the  integral  is  numerically 
less  than  ^+2r/n,  where  the  integer  r  is  such  that  the  sum  of  all  intervals 
after  the  first  r  is  less  than  the  arbitrarily  chosen  positive  number  f ;  there- 
fore, for  a  sufficiently  large  value  of  n,  the  integral  is  numerically  <  2(f,  which 
is  arbitrarily  small.     It  follows  that 

lim     /  f(x) smnxdx  ^  € (6  —  a)  + 17 S c, ; 

«=«   'J a  1 


11=00 


keeping  6,  and  therefore  p,  fixed,  17  may  be  diminished  indefinitely,  and 
therefore 


lim 


»  =  x 


J  a 


sin  nxdx 


^  €  (6  -  a). 


*  Annales  sc.  de  Vicole  normaUy  tupirieure^  ser.  3,  vol.  xx,  1908.     The  theorem  is  stated  by 
Lebesgue  for  the  case  a=0,  &=2r,  of  the  Fourier's  coeffidents  oorresponding  (o/(x). 
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fb 

Since  €  is  arbitrarily  small,  it  follows  that   I    /(x)sinnxda  converges   to 

J  a 


zero. 


Precisely  the  same  argument  would  apply  if  the  interval  (a,  6)  were 
replaced  by  any  measurable  set  of  points. 

Next,  let  the  function  /(x)  be  unlimited ;  then  a  set  £  exists,  containing 
all  those  points  of  (a,  b)  for  which 

l/(«)l>iV; 

and  the  number  N  can  be  chosen  so  great  that 


/ 


\/(x)  \dx<€, 

B 


where  €  is  arbitrarily  small.     If  E^  be  the  set  of  points  complementary  to  E^ 
we  have 

I  f{x)  sin  nxdx  =  /   f{x)  sin  nxdx  +  I     f{x)  sin  nxdx ; 

J  a  J  B  J  Bi 

and  it  has  been  proved  above  that 


/ 


f  (x)  sin  nxdx 


converges  to  zero,  as  n  is  indefinitely  increased.     It  follows  that 

""^     I  f{x)  sill  nxdx 

f».ao  I  J  a 

and,  since  €  is  arbitrarily  small,  that 


<€, 


lim  I  f{x)  sin  nxdx  =  0. 

The  substitution  of  cos  nx  for  sin  nx  makes  no  essential  difference  in  the 
proof.  As  before,  the  substitution  of  any  measurable  set  of  points  for  the 
interval  (a,  6)  makes  no  essential  difference  in  the  proof. 

It  will  be  observed  that  the  theorem  does  not  apply  to  the  case  in  which 
f(x)  has  only  a  non-absolutely  convergent  improper  integral  in  (a,  6). 

If  we  let  a  =  —  Tr,  6  =  +  ir,  we  obtain  the  following  theorem : — 

The  coefficients  of  cos  nxy  sin  nx  in  any  Fourier* s  series  whatever  converge  to 
zero,  when  n  is  indefinitely  increased. 

This  is  a  property  of  the  coefficients  which  is  entirely  independent  of  the 
convergence  or  non-convergence  of  the  Fourier's  series. 

It  does  not  necessarily  hold  for  the  generalized  Fourier's  series,  as  defined 
in  §  439. 

43—2 
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465.     The  following  method  for  estimating  an  upper  limit  to  the  value 
of  the  integral 

I    <f>  (z)  —. dz, 

J  a  sin^ 

71" 

where  0  <  a  <  /9  ^  ^  , 

IB  due  to  Schwarz*,  and  furnishes  an  alternative  proof  that  the  integral 
converges  to  zero,  when  m  is  indefinitely  increased.  It  is  applicable  to  the 
case  in  which  (f>  (z)  is  limited,  and  has  a  Riemann  integral  in  the  interval 

(«,  0)- 

Let  the  interval  (a,  /3)  be  divided  into  the  parts 

\     mJ      \m  m     J        \m        J 

where  p,  q  are  positive  integers  so  chosen  that 

In  the  first  interval  let 

in  the  second  interval  let 

in  the  third  interval  let  

in  the  fourth  interval  let 

and  so  on.    The  given  integral  /  may  be  written  in  the  form 

ptr  p±lw 


xmjya     sm-e:  Jp,      smz       J 


p+25  JP-fSi 


m  m 

+ 

r^  .  ,  .  sin  m£r  , 

+     ^(-2^)-^ dz. 

J  a  sin  z 

*  See  Sachs*  '^Versnoh  zar  Geschiohte  der  Darstellang  willkilrlieher  Fimotionen.*'     SchtS- 
milcKs  Zeittchrift,  STipplementary  yol.  xxy,  1880. 
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If  we  use  the  notation  of  §  445,  this  may  be  written  in  the  form 


'♦(f){/:^**<-'M 


,  f^  ,  .  .sinmgr 
J  a  sm^r 


or 


\mj  (J.    sm^  J—^^  sina       J 

^  L^  \  wi  /  \m  Sin  a     '^  v 

,/p  +  27r\,  V  1       r^.,.sinm£r. 


smrnz 


Now  f'"?i^2?L^d^-r    «i^ 

Ja     sinz  J^i^^ 


dz 


p  ,_  sin  a 


is  numerically  less  than 


1    r* 

—      I        sin  mzdz. 


m 


2  TT  2  W 

or  than  —  cosec  a,  which  is  less  than  — .  Also  p„<  — -, —  <  — ,  and pr>pr+i'y 
m  ma  '^^    msma     ma         '^      '^ 

hence  we  have 

^      r^  ,  ,  .  sin  m^  ,  irc  ^     (  TT  .      \  ^  27rc 

j  a  sm  ^  ma        \ma     '^^     '^^^      '^^^  J      ma 

where  c  is  the  greatest  of  the  numbers    <(>  ( — )  L    \4^  [- )    •" • 

Again,  |  y^r  {^)  sin  m«  |  ^  a-r  (z), 

where  a-riz)  denotes  the  fluctuation  of  ^(^)  in  the  rth  interval ;  hence 

1;.^^^  sin^         I     j.sm^:  2;.     z       ' 

where  a  (z\  in  any  interval 

/rir     r  +  l-TrN 

is  equal  to  the  fluctuation  of  ^  (z)  in  that  interval. 
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We  have  now  obtained  Schwarz's  theorem,  that  the  value  of  the  invtegral 

■^  sin  mz 


sinz 
is  numerically  less  than 


dz,for  0  <  a  <  )8  ^  Jtt, 


2c7r  .jrf^  <t{z) 


c  denoting  the  upper  limit  of  \<^{z)\  in  the  interval  (a,  /3),  and  or  {z)  the 
fluctuation  of  ^  {z)  in  the  interval 

fnr     r  +  1 7r\ 

and  having  this  constant  value  throughout  that  interval. 

The   function   <f>(z)   being   finite   and    integrable,   in    accordance   with 
Riemann's  definition,  we  have 

/    ^^dz<--fa{z)dz<--lar(z)^, 
J  a     z  a  J  a  a 

where  Ar  is  the  length  of  the  rth  interval.  The  sum  X<Tr  {z)  A^  becomes,  in 
accordance  with  Riemann's  condition  of  integrability,  arbitrarily  small,  by 
making  m  large  enough ;  and  thus  we  see  that 


/, 


6  (z)  — . dz 

smz 


has  the  limit  zero,  when  m  is  indefinitely  increased. 


SUFFICIENT  CONDITIONS   OF  CONVERGENCE  OF   FOURIER  S  SERIES 

AT  A   POINT. 

466.  The  function  f{x)  will  be  throughout  assumed  to  be  integrable  in 
accprdance  with  Lebesgue's  definition,  through  every  finite  interval,  so  that 
the  corresponding  Fourier's  series  exists,  whether  it  be  convergent  or  not.  It 
has  been  shewn  in  §  444,  that,  at  a  point  x,  the  sum  of  the  first  2n  +  1  terms 
of  the  series  is  expressed  by 

S^.  =  If"  [/(.  +  2.)  +/(.-  2z)]  "°<;"  +  ^>^  d. 

The  function  f(x  +  2z)  -hfix—  2z)  being  integrable  in  the  interval  (0,  ^tt), 

of  z,  - —  [/(«  +  2z)  +/(a?—  2z)]  is  certainly  integrable  in  any  interval,  con- 
sin  z 

tained  in  (0,  ^tt),  which  does  not  contain  the  point  ^  =  0,  at  which  sin  z 
vanishes.    It  follows  therefore,  by  applying  the  general  theorem  of  §  454,  that 

!/*'[/(.  + 2.) +/(.- 2.)]  ?i^^±l>fd. 


465-457]  Sufficient  conditions  of  convergence  at  a  point    679 

converges  to  zero,  as  n  is  indefinitely  increased ;  where  fi  is  any  fixed  number 
such  that  0  <  /t  ^  ^TT.  The  investigation  of  the  Jimiting  value  of  S^n-^-i  is 
therefore  reduced  to  that  of 

sin(2n+  1)b 


'T  J  0 


8inz 

where  /t  is  arbitrarily  small,  and  subject  to  the  condition  0<fi^  ^tt.  For  a 
given  value  of  a?,  this  integral  involves  only  the  functional  values  of /(a:)  in  the 
neighbourhood  (a?  — 2/Lt,  a?  +  2/Lt)  of  the  point  x;  and  consequently  the  con- 
vergence of  the  series,  at  this  given  point  x,  depends  only  on  the  nature 
of  the  function  in  the  arbitrarily  small  neighbourhood  of  that  point.  The 
following  theorem  has  thus  been  established: — 

If  f(x)  be  any  function,  limited  or  not,  which  has  a  Leheagvs  integral  in 
the  interval  (—  ir,  tt),  the  convergence  of  the  corresponding  Fourier's  series  at 
any  particular  point  depends  only  on  the  nature  of  the  function  f(x)  in  the 
arbitrarily  small  neighbourhood  of  that  point. 

This  theorem  was  first  established*  by  Riemann,  for  the  case  of  a  function 
integrable  in  accordance  with  his  definition.  The  theorem  of  Dirichlet  and 
its  extension,  which  have  been  investigated  above,  contain  suflScient  con- 
ditions of  convergence  of  the  series  in  the  whole  interval  (—  tt,  tt).  It 
appears  however  from  the  preceding  theorem  that  the  convergence  or  non- 
convergence  of  the  series  at  a  particular  point  depends  only  on  the  nature  of 
the  function  in  an  arbitrarily  small  neighbourhood  of  that  particular  point, 
and  is  independent  of  the  general  character  of  the  function  in  the  whole  interval 
(—  IT,  ir\  this  character  being  limited  only  by  the  condition  that  f{x)  must 
be  integrable  through  the  interval,  in  accordance  with  Lebesgue's  definition, 
so  that  the  Fourier's  coefficients  exist  as  absolutely  convergent  integrals. 
Various  conditions  will  accordingly  be  found,  the  fulfilment  of  any  one  of 
which  is  sufficient  to  ensure  the  convergence  of  the  series  at  a  particular 

point. 

rfi  sin  ntz 

467.     The  theorem  that   /    F{z)  —, dz,  where  0<a</9^|7r,  con- 

J  a  Sin  z 

verges  to  the  limit  zero,  when  m  is   indefinitely   increased,  was  deduced' 

/**          sin  mz 
in  §  446,  as  a  corollary  from  the  theorem  that  /    F{z)  -. dz  converges  to 

the  limit  ^'7ri^(+0),  in  the  case  in  which  F{z)  is  a  function  with  limited 
total  fluctuation.     It  has  now  however  been  shewn  that  the  convergence  of 

fi          sm  Tnz 
F(z)  -. dz  is  really  independent  of  the  condition  that  the  function 

should  be  one  of  limited  total  fluctuation.  Referring  to  the  investigation  in 
§  451,  it  is  now  clear  that  it  is  sufficient  for  the  convergence  of 


/. 


/, 


*'  F(2)  55:^  dz,  to  the  limit  Att ^(-h  0), 


*  See  his  memoir  **  Ueber  die  Darstellbarkeit,**  Math.  Werke,  p.  227. 
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that  F{z)  should  be  of  limited  total  fluctuation  in  the  arbitrarily  small 
interval  (0,  fi),  of  z.  For  the  condition  of  conrergence  at  ^  is  unaffected  by 
alteration  of  the  values  of /(a?)  outside  the  interval  (xi  —  2/Lt,  Xi-i-ifi).  We 
thus  obtain  the  following  sufficient  condition  of  convergence  of  the  Fourier's 
series  at  a  point  x : — 

I.  That  the  Fourier's  series  may  converge  at  a  point  x,  to  the  value 
i  {/(^  +  0)  +/(^  ""  ^)}»  *^  ^  sufficient  that  a  neighbourhood  of  x  can  he  deter- 
mined, so  small  that  the  function  f{x)  is  of  limited  total  fluctuation  in  that 
neighbourhood. 

As  a  particular  case  of  this  theorem  we  have  the  following : — 

la.  That  the  Fourier's  series  mjay  converge  at  a  point  x,  to  the  value 
i  {/(a?  +  0)  +f(x  —  0)},  it  is  sufficient  that  a  neighbourhood  (x-^fiy  a?  +  ft)  can 
be  determined,  such  that  the  fwnction  f  {x)  is  monotone,  both  in  (x  —  fi,  x)  and  in 

{Xy  X  +  /Lt). 

Since  —  I        — ^-^ —  dz  converges  to  the  value  i,  the  condition  of 

ttJo  sm^  °  ^ 

convergence  of  the  series  at  a  point  x,  is  satisfied  if 
and  [*'{/(a:-2^)-/(a:-0)}'^d^ 

J  0  SID  Z 

each  converge  to  the  limit  zero,  as  m  is  indefinitely  increased.  It  is  however 
not  necessary  that  these  conditions  be  satisfied ;  all  that  is  necessary  is  that 
the  sum 


/, 


^\f{x  +  2z)  +f(w -2z)-  Urn  {f(x  +  t)-f(x  - 1)}]  ^^  dz 

0  ^=0  81"  * 


should  converge  to  zero.  This  remark  enables  us  to  obtain  conditions  of 
convergence  of  greater  generality  than  those  which  would  be  obtained  by 
assuming  that  each  of  the  two  separate  parts  of  this  integral  converges 
to  zero. 

At  a  point  x,  of  continuity  of  f{x),  the  necessary  condition  is  that 


/, 


*  '[/ix+  2z)  +fix  -  2z)  -  2fix)]  ^*  dz 


should  converge  to  the  limit  zero. 
Writing,  for  convenience 

iz  =  t,  fix  +  t)  +f{x  -t)^<f>  (t\ 
the  condition  of  convergence  of  the  series  is  that 

Jo  t  sm^t       ^ 

should  converge  to  zero,  as  m  is  indefinitely  increased. 
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Now 


*(0-<^(+0)       t 


t  '  sin  1 1 

is  certainly  integrable  in  any  interval,  contained  in  (0,  ir),  which  does  not 
contain  the  point  t  =  0.     In  case 

t 

is  integrable  in  the  interval  (0,  /i)  of  t,  so  also  is 

^(0-^(0)     t 

t  sin  ^  ^ 

and  thei^  the  theorem  of  §  454,  suflSces  to  shew  that 

*(0-*(+0)      t 


/■ 

Jo 


sin  ^mtdt 


t  sin^^ 

converges  to  the  limit  zero. 

We  have  accordingly  obtained  the  following  theorem : — 

*(0-*(+o) 


11.   // 


t 


be  integrable  in  (0,  /i),  where  0  Kfi^ir,  and  <f>  {t) 


denotes  f(x  + 1)  +/(«  — 1\  then  the  Fourier's  series  is  convergent  at  the  point  x. 
This  condition  is  satisfied  when  f(x  +  0),  /{x  —  0)  are  both  definite,  and 


/(^  +  0-/(a?  +  0) 


t 


/(^-0_-/(^-o) 

t 


are  both  integrable  in  (0,  fi) ;  or  else 


when  f(x  +  0),  f(x  —  0)  are  not  necessarily  definite,  but  ^(+0)  is  so,  and 
0(O-<^(+O) 


t 


is  integrable  in  (0,  /a). 


The  series  in  either  case  converges  to  ^  ^  (+  0). 

II  a.     If  X  be  a  point  of  continuity  of  f{x),  the  Fourier's  series  converges 

f{x-\-t)-\-f{x-t)''2f{x) 


t 


to  the  value  f(x),  at  the  point  x,  if 

in  the  interval  (0,  /a);   and  in  particular  if 

f(^  - 1)  -fix) 


be  integrable 


fi^  + 1)  -fix) 
t 


t 


are  both  integrable  in  (0,  /a). 
The  condition  that 


m  -  »(+o) 
t 


should  be   integrable  in  (0,  fi)  is 


t=0 


t=0 


^  be  a  point  of  continuity  of  the  function,  this  condition  is  satisfied  if  the 
four  derivatives  D-^fix),  D+f(x),  D^fix),  D^f{x),  at  the  point  x,  are  all 
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finite,  and  in  particular  i{/(x)  have  a  finite  differential  coefficient.  We  thus 
obtain  the  following  theorems : — 

III.  The  Fourier's  series  converges  at  a  point  x,  if 

^=0  t  ^      -j^  t 

he  both  finite,  ^  (t)  denoting  f{x  + 1)  +/(x  —  t).  In  particular  if  x  he  a 
point  at  which  f{x)  has  an  ordinary  discontinuity,  and 

j.^/(^+0-/(^+0)_    li^  /(a'  - 1)  -fix  -  0) 

he  hoth  either  definite,  or  indefinite  hetween  finite  limits  of  indeterminacy,  then 
the  series  is  convergent  at  the  point  x.  • 

III  a.  If  f(x)  be  contimuyas  at  x,  the  Fourier's  series  converges,  at  the 
point  X,  to  the  value  f(x),  if  the  four  derivatives  of  f(x)  at  the  point  he  finite, 
and  in  particular  if  f{x)  have  a  finite  differential  coefficient  at  the  point 

It  is  however  not  necessar)'  for  the  integrability  of   ^-^-^ — ^ in  the 

neij^hbourhood  of  ^  =.  0,  that  it  should  be  limited  in  that  neighbourhood.  It 
is  sufficient  (see  §  281,  Ex.  1)  that 

t 

where  1  —  a  is  some  positive  number,  and  A  is  some  fixed  positive  number, 
for  all  values  of  t  which  are  not  greater  than  some  fixed  value  fi.  We  thus 
obtain  the  following  sufficient  conditions  of  convergence  of  the  series : — 

IV.  The  Fourier  s  series  converges,  at  a  point  x,  if,  for  all  values  of  t 
not  greater  than  some  fioied  positive  number  jm,  the  condition 

he  satisfiM,  A  and  k  denoting  fixed  positive  numbers, 

IV  a.  The  Fourier's  series  converges  to  f(x),  at  a  point  x  of  continuity  of 
the  function,  if  \f(x'^t)—f{x)\^Atf^,  where  A  and  k  are  fixed  positive 
numbers,  for  all  values  of  t  numerically  less  than  some  fixed  positive  number  fi. 

At  a  point  of  ordinary  discontinuity,  it  is  sufficient  that  hoth 

|/(a?+«-/(a?  +  0)|  and  |/(a?- 0-/(^-0)  I 
should  saHsfy  this  condition. 

^(0-*(+o) 


^,  or  that  \<f>{t)-<f>{+0)\&At'—. 

If 


A  more  general  sufficient  condition  of  integrability  of 


t 


m 


the  neighbourhood  of  ^  =  0,  is  that,  in  a  sufficiently  small  interval  (0,  /a),  of  t, 


log- log  log- 


log  log... - 


l+« 
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where  A  and  a  are  positive  numbers  (see  §  299).     We  therefore  obtain  the 
following  condition  of  convergence  of  the  series : — 

V.     The  Fourier's  series  converges^  at  a  point  x,  to  the  vahie 

ilim{f{x  +  t)+f{x^t)l 

if*  f^  ^^^  positive  values  oft  not  exceeding  some  fixed  value  /a,  the  condition 

|^(t)-<^(+0)|^— J J      ^ 


log  log... - 


i+« 


log- log  log- 

he  satisfied,  where  A  and  a  are  fiaed  positive  numbers.  In  particular  it  is 
sufficient  that  both 

1/(^  +  0-/(^  +  0)1,    1/(^-0-/(^-0)1 
should  satisfy  this  condition. 

CONDITIONS   OF  UNIFORM   CONVERGENCE   OF   FOURIER'S  SERIES. 

468.  Conditions  will  now  be  investigated  that  the  Fourier's  series, 
corresponding  to  a  summable  function  /(a?),  either  limited  in  (—  tt,  tt),  or 
unlimited  but  integrable,  may  be  uniformly  convergent  in  a  given  interval 
contained  in  (—  tt,  tt).  With  a  view  to  this  investigation,  the  following 
general  theorem*  will  be  established : — 

The  function  f{x)  being  summ^le  and  integraJble  in  (—  ir,  ir),  each  of  the 

four  integrals  I  f(x  ±2z)x  (^)    ^  ^^^  dz,  taken  through  any  interval  (a,  fi), 

such  that  0^a</3^^7r,  converges  to  the  limit  zero,  as  the  positive  number  m 
is  indefinitely  increased,  uniformly  for  all  values  of  x  contained  in  the 
interval  (—  tt,  tt)  ;  the  function  x  (^)  being  any  function  with  limited  total 
fluctuation  in  (a,  /3).     The  function  f(x)  is  assumed  to  be  such  thai 

f(x  ±  27r)  =f(x\  for  -7r<x<ir. 

More  generally,  sin  mz  or  cos  mz  may  be  replaced  by  ^  (mz),  where  <f>  (z) 
is  any  limited  summable  function,  of  which  the  integral,  taken  through  any 
finite  interval  whatever,  is  less,  in  absolute  magnitude,  than  some  fixed 
positive  number,  independent  of  the  particular  interval.  It  is  unnecessary 
that  m  be  restricted  to  be  integral. 

First,  it  will  be  assumed  that  f{x)  is  a  limited  function.     It  is  sufficient 

to  consider  the  case  of  the  integral  /   f{x  +  2z)x  (^)  sin  mz  dz ;  the  proof  in 

the   case  of  the  other  three  integrals  being  precisely  similar.      Also,  the 
substitution  of  <f>  {mz)  for  sin  mz  makes  no  essential  difference  in  the  proof. 

*  Hobson, "  On  the  onifonn  convergenoe  of  Fourier's  series,'*  Proe.  Land.  Math,  8oe,,  ser.  2,  yol.  v. 
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Let  U  and  L  denote  the  upper,  and  the  lower,  limit  of  /(a:  +  2^),  for  all 
values  of  x  in  the  interval  (—  tt,  tt),  and  for  all  values  of  z  in  the  interval 
(a,  /9).  Let  the  interval  (Z,  U)  be  divided  intop  portions  (Co,  Ci),  (Ci,  Cj)  ... 
(c^i,  Cq)  ...  (Cp_i,  Cp),  where  Co  =  -£,  Cp=»  i7,  and  where  Cg  — C5_i<  €,  for  every 
value  of  q.  Let  the  function  /i  (x  +  22^)  be  defined  as  follows : — For  those 
values  of  a? +  2^  for  which  c©  ^/(a?  + 2-e)  <  Ci,  let /i  (a?  +  22:)  =  Co ;  for  those 
values  of  a;  +  2<2r  for  which  Ci  ^  f(x  +  2z)  <  c^,  let  /i  (x  +  2z)  =  Cj ;  and  generally, 
let  /i  (a;  +  2^:)  =  Cg^i ,  when  Cg_i  ^/(aj4-2^)<Cg;  when  /(a?  +  2^)  =  Cj„  let 
yi(a?  + 2^)  =  Cp.  For  any  particular  value  of  a?,  it  may,  for  example,  happen 
that  there  are  no  values  of  z  such  that  Co  ^f{x  +  22r)  <  Ci ;  in  that  case  there 
are  no  values  of  a?  +  22r,  with  the  given  value  of  x,  for  which  /i  {x  +  2^)  =  Co. 
We  have 


I  /(^  +  2-8^)  X  ^^)  ^^^  mzdz  —  j   /i  (a?  +  2-^)  ;^  (2:)  sin  m2r  (k 


<€(^-a)x, 


where  %  is  the  upper  limit  of  \x(^)\  i^  ^h®  interval  (a, ^) ;  and  this  holds  for 
all  values  of  m,  and  of  a?  in  (—  tt,  tt). 

We  have  also 

I    /i  (a?  +  2-^)  ;^  (^)  sin  m2:  ^2:  =  2  Cg  j  ^  (^)  sin  m^:  d2r, 

where  Cq  is  that  set  of  points  z,  at  which  Cq  ^f(x  +  2z)  <  Cq^i ;  this  set  Bq 
depending  upon  the  value  of  x. 

In  the  interval  (-  27r,  27r)  of  the  variable  a?,  let  Eq  denote  that  set  of 
points  at  each  of  which  Cq  =/(a?)  <  Cq^i.  Let  the  set  Eq  be  enclosed  in  a 
finite,  or  enumerably  infinite,  set  Hq  of  non-overlapping  intervals,  such  that 
m  (Hq)  —  m  (Eq)  =  17.  For  any  fixed  value  of  a;,  the  set  eq  consists  of  that  part 
of  Eq  which  lies  in  the  interval  (a?  +  2a,  a:  +  2^8),  contained  in  (—  27r,  27r).  Let 
that  part  of  the  set  of  intervals  Eq  which  lies  in  (x  +  2a,  a:  +  2/3)  be  denoted 
by  Fq ;  then  it  can  be  shewn  that  m  (Fq)  —  m  (Cq)  ^  17.  For,  if  possible,  let 
m(F,)  — 772(^5)  =  17 +  7,  where  7  is  a  positive  number.  Let  the  set  e,  be 
enclosed  in  the  interiors  of  non-overlapping  intervals  of  a  set  Lq,  all  in  the 
interval  (a?-f  2a,  ar -1-2/9),  such  that  m(Lq)  <m(eq)+y;  and  let  Hq  denote 
that  set  of  intervals  which  consists  of  Lq  together  with  that  part  of  Hq  which 
is  not  in  (x  +  2a,  a:  -|-  2^8).     We  have  then 

m(Hq)  ^m(Hq)  -^m(Lq)-m(Fq) 

<  m  (Hq)  -  rj 

<  m  (Eq). 

As  Eq  cannot  be  enclosed  in  a  set  of  intervals  Hq,  of  measure  less  than-  m  (Eq\ 
it  is  impossible  that  the  positive  number  7  can  exist ;  and  therefore 

m  (Fq)  —  m  (eq)  ^  tj. 
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It  is  to  be  observed  that  the  number  17  is  independent  of  the  parameter  x,  in 
the  integral. 

We  have  now 


<XV' 


Let  the  intervals  of  the  set  Hq,  in  descending  order  of  length,  be  denoted 

by  7i,  7,,  7, In  case  the  point  a?H-2a,  or  a?+2/9,  is  interior  to  an 

interval  of  Hq,  we  divide  that  interval  into  two  parts,  and  assign  separate 
indices  to  those  parts.     We  may  choose  r  so  that 

m (Hq)  -  (71  +  7a  +  ...  +  7r)  <  V' 

Of  the  intervals  71,  72, ...  7r let  those  which  fall  in  (a?  +  2a,  a?  +  2^) 

be  7^,  7,,,  7^, ,  where  8i<82<$i ... ;  and  let  St  be  the  greatest  of  these 

indices  which  does  not  exceed  r.     We  have  then 

7*+i  +  7*+i  +  •••  <  V,    and     m(Fq)  -  (7,^  +  7,^  +  ...  +  7,,)  <  v ', 

or  denoting  by  Dq  the  finite  set  of  intervals  7,^,  7t,, ...  7tp  we  have 

m  (Fq)  -  m  (Dq)  <  ri. 

The  number  t,  of  the  intervals  in  the  set  Dq,  cannot  exceed  the  number  r, 
which  is  independent  of  the  value  of  x. 

We  now  have 

I     X(^)  ^^^  '"^  dz—  \    X  (^)  ®^n  mz  dz '  <  rj^. 

The  function  x  (^)  having  limited  total  fluctuation  in  the  interval  (a,  /9), 
it  may  be  expressed  as  the  diflference  Xi  C-^)  —  Xa  (^X  ^^  two  functions  Xi  (^)> 
Xi{z),  each  of  which  is  monotone  in  (a,  /9). 

The  integral  I  x  (^)  ^^^  mz  dz  may,  by  means  of  the  second  mean  value 
theorem,  be  expressed  as 

Xi (m) I    smmzdz  +  Xi 0^)  I    ^^^  ^-^  ^-^r  —  ;^,  (/a)  /   sin  mz  dz 

"XaW/    sinw^ck, 
where  f,  f'  are  two  numbers  in  the  interval  (/a,  X).     We  thus  see  that 


I/, 


X  (z)  sin  7?i2r  dz 


4    _      _ 


m 


where  Xi,  ^2  are  the  upper  limits  of  |  Xi  Wl  and  of  |  ^a  (-?)!  in  (a,  /9);  the  interval 
(/i,  X)  being  supposed  to  be  contained  in  (a,  fi).     We  have  now 


/.. 


4   _      _         4  _      _ 
X(z)smmzdz  <-(x,  +  x,)t<-(x,-^xdr, 


since  i  cannot  exceed  r. 
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By  combining  the  inequalities  which  have  been  obtained,  we  find  that 

/(a:  +  agr) ;^ (^)  sin  m-g: d2:   <e(^-a)x+   2x^  +  "-X')  S   Cg, 

where  x'  denotes  Xi  +  Xa  >  ^'^^  ^'^^  holds  for  every  value  of  a?  in  (—  tt,  w). 
Let  a  positive  number  (f  be  now  arbitrarily  chosen ;  we  can  then  choose  €  so 
that  €  ()8  -  a)  X  <  i  t*  Having  fixed  e  accordingly,  and  consequently  also  the 
numbers  Cq,  Ci*  *••  c^  being  capable  of  being  fixed,  we  next  choose  17  so  that 

2xv  ^  Cg  <  J  f ;  the  number  r  is  then  fixed.     We  can  now  choose  a  value  m^ 

4r  —  ^zP 
of  771,  such  that  —  x'  S  c<y  <  ^  ?,  for  m  ^  m,. 

It  has  now  been  shewn  that,  having  given  a  positive  number  f,  arbitrarily 
small,  a  number  vi^  can  be  so  determined  that 

f{x  +  2^:)  X  (^)  sin  mz  dz 


1: 


<?. 


for  m  ^  mi,  and  for  all  values  of  x  in  the  interval  (— tt,  tt).     It  has  therefore 
been  shewn  that,  when /(a;)  is  a  limited  summable  function, 

/(a:  +  2z)  X (z)  sin  mz  dz 


1: 


converges  to  the  limit  zero,  as  m  is  indefinitely  increased,  uniformly  for  all 
values  of  x  in  the  interval  (-  tt,  tt);  and  consequently  also  for  all  values  of  x 
in  any  interval  (a,  6)  contained  in  (—  tt,  tt). 

Next,  let  f(x)  be  no  longer  limited,  but  still  integrable  in  accordance 
with  Lebesgue's  definition. 

If  f  be  an  arbitrarily  fixed  positive  number,  a  positive  number  N  can  be 
so  determined  that 

'\f(x)\dx<^tfX, 


h 


the  integral  being  taken  over  that  set  of  points  Kjf  in  the  interval  (—  27r,  2v), 
for  each  of  which  \f{x) \> N.  If  ky  be  that  part  of  Kjf  which  lies  in  the 
interval  (a?  +  2a,  a?  +  2/9),  for  any  fixed  value  of  x  belonging  to  the  interval 
(—  TT,  Tr),  we  have,  a  fortiori 


I, 


\f(x)\dx<i^/X. 

Let  the  function  /a  (x  +  2z)  be  defined  by  the  specifications 

/,(a?+2^)=/(a:  +  2^),     if     \f{x^2z)\^N\ 

and  /a(a?+2^)  =  0,     if    |/(a?  +  2^)  |  >  J\r. 

Thus  /s  (x  +  2z)  vanishes  at  all  the  points  of  the  set  Kjf)  and  it  is  a  limited 
summable  function. 
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We  have  now 


\   /(«  +  &?)  X  (5)  sin  mg^ck 


=*  I    /(^  +  22:)  X (^)  81"^  mzdz-h  I   f%{ps  ■{-  2z)x(^)  sin  m^  (k. 

By  the  first  part  of  the  theorem,  we  see  that  a  value  thi  of  m  can  be 
determined  so  that 


I/. 


/a  (a:  +  2z)  X  (-»)  sin  ?iir  (i^r   <  |  f, 


for  m  ^  mi,  and  for  all  values  of  a?  in  (—  tt,  tt). 

Also  I    /(a?  +  2^)  X  {^)  sin  mzdz   <  4  ?; 

hence  we  have  shewn  that 


I   /(«  +  2«)  X  W  sin  TTL?  d^r 


provided  m  ^  mi,  for  all  values  of  x  in  (— tt,  tt).     The  theorem  has  therefore 
been  completely  established. 

469.     Some  particular  cases  of  the  general  theorem  established  in  §  458 
will  now  be  considered. 

(1)    Let  a  =  0.  /Sss^TT,  and  let  x  have  the  single  value  0;   also  let 
X(<?)  =  1>  and  m  =  27i.     Then,  changing  z  into^j;,  we  see  that 

I  f(x)smnxdx,     I  f{x)co%nxdx 
Jo  Jo 

both  converge  to  zero,  as  n  is  indefinitely  increased.     Taking  the  integral 
which  involves  f(x  —  2z),  we  see  that 


ro  ,  ro 

I     f(^)  sin  nx  dx,     I     f{x)  cos  nx  dx 


also  converge  to  zero.     By  addition,  we  obtain  the  theorem  already  estab- 
lished in  §  454,  that  the  Fourier's  coefficients 


/ 


'  sin 


/(xy^ruodx 

y  ^  ^cos 

converge  to  zero,  as  n  is  indefinitely  increased. 

(2)  Let  0  <  a,  )8  =  ^tt,  and  x  W  =  cosec  z,  which  is  of  limited  fluctuation 
in  the  interval  (a,  ^tt).  We  see  then  that,  if  (a,  6)  be  an  interval  for  a?, 
in  which  /(x)  is  limited,  and  be  also  such  that  f(a  —  0),  /(b  +  0)  are  finite, 
then 

**  [fix  +  2z)  +f(x  -  2z)  -fix  +  0)  -/(a?  -  0)]  ?^?-^  dz 


. 


sinz 
converges  uniformly  to  zero  in  the  interval  (a,  6),  of  x. 
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For,  by  the  theorem,  the  two  integrals 


dz 


ainz 

converge  uniformly  to  zero  in  (a,  6) ;  also  \f{x  +  0)  +/(a:  —  0)  |  is  leas,  for  all 
values  of  a;  in  (a,  6),  than  some  fixed  finite  number,  and 

'**"  sin  mz 


I 


dz 


smz 

converges  to  zero,  as  m  is  indefinitely  increased.  It  thus  appears  that,  in 
order  that  a  Fourier's  series  may  converge  uniformly  to  zero,  in  an  interval 
(a,  6)  contained  in  (-  tt,  tt),  it  is  suflficient  that 


/, 


jy  (X  +  2z)  +f(<c  -  2z)  -  2f{x)\  ?^  dz 


should  converge  to  zero,  as  m  is  indefinitely  increased,  uniformly  for  all  values 
of  X  in  (a,  6).  We  know  that  it  is  a  necessary  condition  for  such  uniform 
convergence  that  f{x)  should  be  continuous  in  (a,  6),  including  the  end- 
points  a  and  6. 

In  accordance  with  this  result,  it  depends  only  upon  the  nature  of  the 
function  f{x)  in  the  interval  (a  —  2a,  6  +  2a),  where  a  is  arbitrarily  small, 
whether  the  Fourier's  series  converge  uniformly  in  (a,  5)  or  not;  the  nature 
of  /(a?)  in  the  remainder  of  (—  tt,  tt)  being  irrelevant,  subject  only  to  the 
restriction  that  f{x)  must  have  a  Lebesgue  integral  in  (—  tt,  tt),  whether  it 
be  limited  or  not.     We  have  therefore  obtained  the  following  theorem : — 

//  (a,  6)  he  any  interval  contained  in  (—  tt,  tt),  such  thaJtj^  (x)  is  continuous 
in  (a,  6),  including  the  end-points  a  and  b,  then  the  answer  to  the  question 
whether  the  Fourier's  series  converges  uniformly  in  (a,  6),  or  not,  depends  only 
upon  the  nature  of  f{x)  in  an  interval  {a\  V)  including  (a,  6)  in  its  interior, 
amd  exceeding  it  in  length  by  an  arbitrarily  small  amount.  The  function  f{x) 
may  be  of  any  character  in  the  part  of  (-  tt,  tt)  outside  (a\  6'),  so  long  as  it 
hxis  a  Lebesgue  integral  in  (— tt,  tt). 

This  theorem  contains,  for  the  theory  of  uniform  convergence,  the  parallel 
to  the  theorem  of  §  466,  that  convergence  or  non-convergence  of  the  series, 
at  a  particular  point  x,  depends  only  on  the  nature  of  the  function  in  an 
arbitrarily  small  neighbourhood  of  x.  The  latter  theorem  is  that  particular 
case  of  the  theorem  here  established,  which  arises  when  the  interval  (a,  6)  is 
reduced  to  a  particular  point  x, 

(3)  It  has  been  shewn  in  §  451,  that,  \{  f{x)  be  a  function  with  limited 
total  fluctuation  in  (—  tt,  tt),  the  Fourier's  series  corresponding  to  f{x)  con- 
verges uniformly  in  any  interval  (a,  b)  which  contains  no  point  of  discon- 
tinuity of  the  function,  either  in  its  interior  or  at  its  ends.  By  appljdng  the 
theorem  obtained  in  (2),  we  now  see  that  the  following  extension  of  this 
result  holds: — 
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The  function  f{x)  being  summable  and  integrable,  whether  it  be  limited 
or  not ;  if  (a',  V)  be  any  interval,  contained  in  (—  tt,  tt),  and  such  that  /(a?)  is  of 
limited  total  fluctuation  in  {a\  V\  then  the  Fourier's  series,  corresponding 
to  f{x\  converges  uniformly  in  any  interval  (a,  6)  in  the  interior  of  (o',  6'), 
provided  the  function  be  continuous  in  (a,  6),  including  the  points  a  and  6. 

(4)     Let  the  function  x  {^)  ^  defined  by  x  (0)  =  0,  and 

'y(z)  = ; —  ,  for  z>0\ 

^^  ^     z     ^\uz 

also  let  a  =  0,  ^  =  /Lt  <  ^ir.     We  then  see  that 

^"^  [fix  +  2z)  +f{x  -  2z)  -  2f(x)]  0  -  ^)  sin  mz  dz 

converges  uniformly  to  zero,  as  m  is  indefinitely  increased,  in  any  interval 
(a,  6)  in  which  f{x)  is  limited. 

It  thus  appears  that,  if 


/, 


"^  [fix  +  2z)  +f{x  -  2z)  -  2/ix)]  ^'^^dz 


converges  uniformly  in  (a,  6),  then  so  also  does 


/, 


[fix  +  2z)  +fix  -  2«)  -  ifix)]  5^^^  dz. 

0  Z 


Therefore,  the  condition  of  uniform  convergence  of  the  series  in  an  interval 
(a,  6),  in  which  f(x)  is  continuous^  including  the  points  a  and  6,  is  thai 


I. 


[fix  +  2z)  +fix  -  2z)  -  2fix)]  'i^^  dz 

0  ^ 


should  converge  uniformly  to  zero  in  the  interval,  as  m  is  indefinitely  increased. 

The  number  fi  may  here  be  taken  arbitrarily  small ;  in  fact,  in  accordance 
with  the  theorem  of  §  458,  if  0  <  /Lti  <  /i,  the  integral 


/, 


[f(x  +  2z)  +f(x  -  2z)  -  2fix)]  "^5-^  dz 
Ml  ^ 


converges  to  zero,  as  m  is  indefinitely  increased,  uniformly  in  (a,  6). 

460.     We  proceed  to  apply  the  result  in  (4),  of  §  459,  to  obtain  sufficient 
conditions  for  the  uniform  convergence  of  the  series  in  an  interval  (a,  6). 

Denoting  f(x  +  2z)  +f(x  -  2z)  -  2/(a?),  by  F(z\ 

we  have,  if  0  <  /l^  <  /ia, 

f     —^smmzdzl^W        -■  am  viz  dz\  +  \  l     —^^ammzdz 

\Jo      «  \      \Jo      z  I      |j^,     z 

Let  it  now  be  assumed  that,  for  every  value  of  x  in  (a,  6),  the  integral 
\     dz  exists  as  a  Lebesgue  integral,  and  that  I      — ^    dz  converges  to 

Jo        ^  J Q    \      z  ^ 

H.  44 
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the  limit  zero,  as  fi^  is  iodefiniiely  diminished,  uniformly  for  all  values  of  x 
in  (a,  6). 

We  have  then 

The  number  /Ai  can  now  be  chosen  so  small  that,  if  (f  be  an  arbitrarily  fixed 
positive  number,  the  inequality 


/; 


d^<K 


is  satisfied  for  this  value  of  /a,,  and  for  eveiy  value  of  a?  in  (a,  6).     The 
number  /i,  having  been  so  fixed,  we  can  fix  a  value  nig,  of  m,  such  that 


I    — ^-^smin^a*  <Jf, 


for  m  ^  m,,  and  for  every  value  of  x  in  (a»  6).     We  have  then 

sm  mz  dz  <^, 


i/:^ 


/; 


for  m  ^  fill,  and  for  every  value  of  x  in  (a,  6). 

The  following  theorem  has  therefore  been  established : — 

It  is  a  sufficient  condition  for  the  uniform  convergence  of  the  Fourier  s 
series,  in  an  interval  (a,  6)  tn  wkich  f{x)  is  continuous,  the  points  a  and  b 
included,  that 

0 

should  exist  for  all  values  of  x  in  {a,  6),  and  should  converge  to  zero,  as  ^is 
indefinitely  diminished,  uniformly  for  all  values  of  x  in  (a,  6).  The  condition 
is  satisfied  if  the  two  integrals 

Jo    I  2  'Jo  2 

both  exist,  and  are  uniformly  convergent 

In  particular,  the  series  is  uniformly  convergent  in  any  interval  {a,  b)  in 
which  one  of  the  four  derivatives,  and  therefore  each  of  the  other  three 
derivatives,  is  limited,  the  end-points  a  and  b  being  included.  A  special  case 
is  that  in  which /(x)  has  a  limited  differential  coefficient  in  (a,  b),  including 
a  and  6. 

The  condition  is  also  satisfied  if 

/(*  ±  m  -/(*) .  <  c^. 

for  all  values  of  x  in  (a,  6),  and  for  all  positive  values  of  fi  not  greater  than 
some  fixed  positive  number ;  where  C  and  k  are  positive  numbers  independent 


dz 
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of  X,     This  is  a  generalization  of  the  sufficient  condition,  obtained  in  §  457, 
for  the  convergence  of  the  series  at  a  particular  point. 

461.     Let  the  integral   I      -^^ — sin  mzdz  be  expressed  in  the  form 

Jo     z 


0 
2ir  3ir  4a- 


\\     ^-\     -^\     '^'''•^\         —  sin  mzdz, 

\J  0        Jiw      Jsw  J2rwj      Z 


Mm  m 


where  r  is  an  integer  such  that 

2r7r      27r 

0  ^  u <  — . 

mm 

We  assume  that  (a,  6)  is  contained  in  an  interval  (a',  V\  in  which /(a?)  is 
limited ;  if  then  we  choose  \l  to  be  less  than  the  smaller  of  the  numbers 

we  see  that  F(z)  is  limited,  for  all  values  of  z  in  (0,  /Lt),  and  for  all  values 
of  X  in  (a,  6).     We  have  now 

f "*  El /  X  sin  m-2f  ,    I  f'" I  ET/  M  J 

F{z) dz   <m  \    I  F(z)  \  dz 

Jo  z  ,  J  0 

<  27r  X  upper  limit  of  |  F{z)\  in  f  0,    — j . 

Since  a  continuous  function  is  uniformly  continuous,  the  two  functions 

fix  +  2z)  -fix),     fix  -  2z)  -fix) 

converge  to  zero,  as  z  converges  to  zero,  uniformly  for  all  values  of  x  in  (a,  b). 
It  follows  that 


Jo  ^ 


where  i/m  converges  to  zero,  as  m  is  indefinitiely  increased,  and  is  independent 
of  the  value  of  x. 

Next,  we  have 

f^    TT/  X  sinm-2:  J    I  4/m  ,.    .^    /.  i  et/  m  •     /2nr        \ 

F(z)   -    '-  dz  \< '     ,     X  upper  limit  of    F(z)   m  ( ,   fi  ] 

\J2rw  z  !     fi-^Tr/m       ^'^  '     ^     '       \m  / 

4tlm 


fi  —  27r/m 

<  Vmt 


X  upper  limit  of  |  F(z)  \  in  (0,  fi) 


where  7)m  converges  to  zero,  as  m  is  indefinitely  increased,  and  is  independent 
of  the  value  of  x. 

44—2 
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The  remaining  part  of  the  integral  may  be  written  in  the  form 


m 


i 


H'*'^)  H'*^)  '■h^) 


z  + 


2Tr 
m 


z  + 


Stt 


m 


f(z  + 


47r 
m 

2r  -  2  TT 
m 


)     ^(^"^ 


2r  ~  1  TT 
m 


) 


z  + 


2r-2  7r 


m 


z  + 


2r-l7r 


m 


sin  mzdz. 


which  is  less,  in  absolute  value,  than 

'z  +  2ir' 


L 


\      \    m    J         \    m    J 


'0    1      z  +  27r  z-k-Sir 

and  this  does  not  exceed 


+  ...- 


< 


ir  +  2r  -  1  TT 


m 


) 


£r  +  2r  -  1 


TT 


(£?; 


I  2 

Jo      t-1 


j,/2:-f  2w\      jjT/^2«  +  l7r 


m 


) 


z+  2«7r 


-?  +  2«  +  1  TT 


(^xr. 


Now 


'C-iT)  '(■ 


ir  +  2«  + 1  TT 


m 


) 


z+  287r 


z+2s+l7r 
'z  +  2«7r 


^(l±j£5)-^( 


-?  +  2«  +  1  TT 


m 


) 


-2^  +  25  4-l7r 


+  7r 


^C-^) 


hence 


(-2:  +  2«7r)(^+2«+l7r)' 


,(i±|£5)    ^( 


-2:  +  2«  +  1  TT' 


ra 


)  ,k(^)-'( 


2:  +  257r 


^  +  2«+  Itt 


m 


^ 


(2«  +  l)w 
1 


C-^) 


2«(2«  +  l)7r|      \      m 

We  now  see  that  the  part  of  the  integral  to  be  estimated  is,  in  absolute 
value,  less  than 

(3  +  ^  +  ...  +2^:— 1)  A  +  g.upper  limit  of  |  J'C^)  |  in  (0,  ^)  ; 

where  A  is  the  greatest  of  the  numbers 

for  5  =  1,  2,  3,  ...r  — 1,  and  for  all  values  of  z  in  (0,  7r). 
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The  upper  limit  of  |^(^)|,  or  |/(a?4-aer)+/(a?-- 2^)- 2/(a?)|,  for  the 
interval  (0,  /Lt),  of  z,  and  for  all  values  of  x  in  (a,  b),  depends  upon  fi,  and  is 
a  number  2u(/jlX  which  may  be  made  as  small  as  we  please  by  taking  /i 
sufficiently  small. 

Also 

where  Cr  is  a  number  between  0  and  1,  which  converges  to  Mascheroni's 
constant.  Let  D^  denote  the  greatest  value  of  the  difference  of  the  values 
of  f(x)  at  the  ends  of  an  interval  of  length  7r/m,  contained  in  the  interval 
(a  —  fi,  6  +  fi),  for  all  possible  positions  of  such  sub-interval ;  thus  A  ^  D^. 

It  has  now  been  proved  that,  for  0<  fi<  ^tt, 


/, 


[/(ar  +  2z)  +f{x  -  2z)  -  2f{x)]  ^'"^  dz\<v,n  +  Vm+u  (fi) 

0  * 


+  D^  JC,  +  log^  +  log  (^  -  ^)| . 


where  0  is  less  than  unity,  and  such  that  /a =  0 ,  —  . 

mm 

We  have  now  to  find  a  sufficient  condition  that  it  be  possible,  with  fi 
fixed,  to  determine  a  value  m  of  m,  corresponding  to  an  arbitrarily  prescribed 
positive  number  2f,  such  that 


I/, 


F(z) dz\<C  for  m  ^  w, 

0  m 


and  for  all  values  of  x  in  (o,  6). 

If  /Ai  be  a  number  such  that  0  <  /l^  <  /Lt,  we  can  choose  /l^  so  small  that 

w(/Ai)<K- 
The  number  /ai  having  been  so  chosen,  we  can  now  choose  a  value  mi,  of  m. 


such  that 

sm  mz 


J  u. 


dz 

Ml 


<  ^f,  for  m  =mi, 


and  for  all  values  of  x  in  (a,  6);  this  follows  from  the  uniform  convergence 
of  the  integral  to  the  limit  zero. 

We  then  have 

I  /-"^(.j^^d,   <jf+,,„  +  ,'„  +  2)„k  +  log^  +  logU-?^^)l. 

the  numbers  ly'^,  Dm,  0i  now  having  the  values  of  the  former  rj^nt  -Dm>  0 
which  correspond  to  /aj  instead  of  /jl.  We  can  now  choose  m^  so  that  i;«»  <  ^f, 
for  m  ^  m,;  also  we  can  choose  m^  so  that  i/'^  <  it,  ^^^  ^^  ^  ^*     Again,  since 
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Dm,  converges  to  zero,  as  m  is  indefinitely  increased,  the  function  f{x)  being 
assumed  to  be  continuous  in  the  interval  (a— 2|Ai,  6  +  2/ii),  we  can  so 
determine  m^  that 

I)^|c^  +  logf/ii--^V<i?;  {orm^m^. 
Let  us  now  assume  that  it  is  possible  so  to  choose  me,  that 

-Dm log— < if,  form  ^7/15. 

IT 

Taking  m  to  be  the  greatest  of  the  numbers  m^,  m^,  tw,,  m4,  mj,  we  now 
have 


/, 


**  «,  .  sinm^  ,         ^    .  _  _ 

F(z) dz  <  f,  for  m  ^  m. 

0  ^ 


m 
Therefore,  with  the  assumption  made,  that  Z^^log—  converges  to  zero, 

as  m  is  indefinitely  increased,  it  has  been  shewn  that  the  convergence  of  the 
Fourier's  series  in  (a,  6)  is  uniform.  The  following  theorem  has  now  been 
established : — 

If  (a\  V)  be  an  interval  such  that,  for  every  pair  of  points  x,  a:  4-  /3, 
contained  in  thai  interval,  {f(x±ff)--f(a;)}logfi  converges  to  zero,  as  fi  is 
indefinitely  diminished,  uniformly  for  all  values  of  x,  then  the  Fourier's  series 
converges  uniformly  in  any  interval  (a,  6)  contained  in  the  interior  of  (a\  b'). 
More  generally,  it  is  sufficient  that  [f{x  +  ^)  4-/(^  —  ^)  —  %f{^)]  log  /8  should 
satisfy  the  similar  condition. 

For  the  case  in  which  the  interval  (a,  b)  is  reduced  to  a  single  point,  the 
condition  of  the  theorem  becomes  a  sufficient  condition  of  convergence  of 
the  Fourier's  series  at  that  point.  Thus  a  sufficient  condition  of  convei^ence 
of  the  series  at  a  point  is,  that  a  neighbourhood  of  the  point  can  be 
determined,  such  that,  if  e  be  any  prescribed  positive  number,  another 
positive  number  fi  can  be  determined,  such  that 

for  every  pair  of  points  XfW  +  l3  in  that  neighbourhood.  This  condition  was 
given  by  Dini*. 

The  condition  of  the  theorem  is  satisfied,  in  particular,  if,  for  every  pair 
of  points  a:,X'{-/3,  in  (a',  6'),  when  /8  is  sufficiently  small, 

I  /(o!  ±  /8)  -/(x)  I  <  C^, 

where  C,  k  are  positive  numbers  independent  of  a?.  In  this  form,  the  condition 
was  given  by  Lipschitzf ,  as  a  sufficient  condition  of  the  convergence  of  the 

*  SMe  di  Fourier,  p.  49. 

t  CreUe*i  Journal,  vol.  LXin,  p.  308. 
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Fourier's  series  at  a  single  point,  the  condition  being  applied  to  a  neighbour- 
hood of  the  point. 

The  condition  of  uniform  convergence  in  the  interval  (a,  6),  stated  in  the 
theorem,  is  satisfied,  if  fi  can  be  so  determined  that,  for  all  pairs  of  points  a:, 

a?  +  ^,  in  the  interval  (o',  V\ 

# 

C 


l/(^±/9)-/(^)l< 


-g   log    -g.     log     log    -g... 


log  log. ..^1 


\  \\-\-k 


where  0,  k  are  positive  numbers,  independent  of  x, 

FURTHER   INVESTIGATIONS   OF  DIRICHLET'S   INTEGRAL. 

462.  Many  investigations  relating  to  Diriclilet's  integral  have  had  as 
their  object  the  determination  of  sufficient  conditions  for  the  convergence  of 
a  Fourier's  series  at  a  particular  point.  These  investigations  have  resulted 
in  the  discovery  of  many  special  conditions  sufficient  for  the  convergence 
of  the  series,  some  of  them  of  great  generality.  The  most  important  of 
these  conditions  have  been  already  discussed  in  the  present  chapter. 

An  account  will  now  be  given  of  some  investigations  of  Dirichlet's 
integral,  given*  by  Kronecker,  Holder,  and  Brod^nf.  The  mode  of  pro- 
cedure of  the  last  writer  will  be  here  adopted. 

It  has  been  shewn  that  the  question  of  the  convergence  of  the  series 

I  *  Sin  TTiZ 

at  a  point  depends  upon  whether   /   F{z) dz{0<e^i^ir)  converges 

Jo  z 

to  the  limit  zero,  as  ^n  is  indefinitely  diminished ;  the  function  F{z)  being 
such  that-F(+0)  =  0. 

The  integral    I  F{z) dz  may  be  expressed  as  the  sum 

F{z) dz+l       F{z) dz, 

Jo  ^  .'x(w»)  ^ 

where  x(Tyi)  is  a  function  of  m,  which  is  positive  and  <  €,  for  every  value  of  m, 
and  is  such  that  it  converges  to  zero,  as  w  is  indefinitely  increased;  i,e, 

lim  ;^(m)  =  0. 


m=<» 


Let  us  consider  first  the  integral 


Cx  (*»)  sii 

Jo 


/v=  F(z)  dz. 


*  Berliner  Sitzungsber,  18S6,  "Ueber  das  Dirichlet*8che  Integral."  by  Kronecker;  and  in  the 
same  volume,  "  Ueber  eine  neue  hinreicbende  Bedingung..."  by  Hdlder. 
t  Math,  Annalen,  vol.  lii. 
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Since 


sia  mz 


<m,  we  have  |  /^  I  <  »'*x(w0^^x»  where  U^  is  the  upper  limit 

of  |jP(-^)|  in  the  interval  (0,  x(m));  and  this  upper  limit  U^  converges  to  the 
limit  zero,  as  m  is  indefinitely  increased,  because  -F(+0)=  0. 

The  condition  that  lira  |  /^^  |  =  0  is  that  x(w)  must  be  such  that 


«•=<» 


lim  mx(fn>)Uj^  =  0 ; 


m=co 


and  this  condition  will  be  satisfied  if  xi^)  ^  ^^^^  ^^^^  ^X(^)  ^^n^^i^^^ 
less  than  some  fixed  number,  however  great  m  may  be. 

The  condition  may  also  be  satisfied  if  mxi'm)  becomes  indefinitely  great, 
as  m  does  so,  since  U^  may  be  such  that  mxi'ni)!!^  has  the  limit  zero. 

In  particular,  if  x  (^)  =  ~"  >  we  see  that 


/. 


"*  „/  vSin  mz  , 
F{z) dz 

0 


z 


has  the  limit  zero;  and  therefore 


T      r*^*"^  ET/  V  sin  7/12:  ,          ,.      f*^"*^  o/  V  sin  7/12:  ,         ^  ,.  ^    ,, 

lim  /         F{z) dz  =   lim  I        F{z) dz   <  t/x  |  log7/i;^(7n)|. 


m 


We  have  now  seen   that 


1-       f*^*"^  ET/  V  sin7?i2:  , 
hm  I        F{z) dz 

vanishes,  provided  x(7?i)   be  such  that  lim;^(m)  =  0,   and  also  such  that 

m  —  oo 

one  at  least  of  the  numbers  mxi'ni) .U^,  log{wix(^0}  ^x  ^^  ^^^  limit  zero; 
where  U^  is  the  upper  limit  of  | -^(2:)  |  in  the  interval  (0,  x(m)). 

If  we  take  x(^)  =       »  where  f  is  a  positive  constant,  and  change  z  into 


Tra; 


,  then  write  —  =  <r,  we  obtain  Kronecker's*  theorem 
m  m 


I 


im   fV((7:r)^^^?-^'^(ir=0,  when  J^(+0)=0. 

r=0   JO  ^ 


If  we  choose  x(m)  so  that  one  of  the  above  conditions  is  satisfied,  we 
have 


f *  rr/  X  sin  7/12:  J               /*•               sin  7/12:  , 
im   I   ^"(2) d2:  =  hm  I        F{z) dz. 


lira 


Loc.  cit.,  p.  642. 
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The  integral  od  the  right-hand  side  can  be  divided  into  three  parts,  by 
dividing  the  interval  (x(m),  €)  into  the  sum  of  the  three  intervals 

(X(^)»  2|>7r/m),      (2|>7r/m,  2q7r/m\      (iqirlm,  €>, 

where  p,  q  are  positive  integers,  such  that 


0< 


2p7r 


m 


x(^) 


^  27r        J  ^  2qir  ^  2ir 

^  — ,  and  0  <  € ^—  ^  — 

m  mm 


Of  the  three  integrals,  the  third  clearly  has  the  limit  zero ;  and  the  first  is,  in 


absolute  value,  less  than  Fi  log 


2jyir 


,  where  ^j  is  the  upper  limit  of  |^(^)| 


mx{m) 
in  the  interval  (0,  2p7r/m).    Hence  the  absolute  value  of  the  first  integral  is 

(2nr     \ 
1  H — r) ,  of  which  the  limit  is  zero;  unless  m;f(m)  has 

the  limit  zero,  in  which  case  the  absolute  value  of  the  integral  is  less  than 

or  than  27rFi;  and  the  limit  is  therefore  in  this  case  also  zero. 
We  have  now  left  the  integral 


/, 


2qw 
m 


m 


iir 


If  we  divide  the  interval  into  portions  of  length  — ,  and  then  change 
the  variable  in  each  portion,  we  can  reduce  this  integral  to  the  form 


which  is  less  than 


0  isp 


r 

Jo 


^^/z+2i7r\      jp^z+ 2i  +  l7r\l 

p/z  +  2t  +  lirV\\ 
^  +  2t4-l7r     J I 


.( 


z-^  2nr 


It  follows  that,  for  a  given  €,  the  limit,  when  m  is  indefinitely  increased,  of 


/, 


„.  .QinmZj 
F{z) — ~—dz 
0  z 


is  zero,  provided  it  is  possible  to  choose  x(^0»  consistently  with  the 
conditions  which  have  been  laid  down,  so  that,  if  S  be  an  arbitrarily  small 
positive  number,  a  value  v^  of  m  can  be  found,  such  that 


Jo         i-p 


p/^_±2t7r\      p/z  +  2i'^l'ir\ 


z  -{■  2tir 


2:  +  2t  +  1  TT 


dz<h, 
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for  all  values  of  m,  such  that  m^mj.  It  can  easily  be  verified  that  the 
limit  of  this  integral  is  independent  of  the  value  of  6,  and  also  of  the 
particular  choice  of  the  function  x(w). 

If  we  take  m^  (w)  =  2n  -  1,  where  n  is  a  fixed  positive  integer,  and 
write  zir  for  z,  and  a  for  irjm,  the  sufficient  condition  takes  the  form 

where  ^  denotes  the  integral  part  of  5-  ;  this  is  equivalent  to  a  condition 
obtained  by  Kronecker*. 

463.     The  sufficient  condition  which  has  been  obtained  above,  that  the 

r*          sin  ifftz 
limit  of  I   F{z) dz  may  be  zero,  is  of  a  very  general  character,  and 

Jo  ^ 

includes,  as  special  cases,  various  sufficient  conditions  which  have  been 
obtained  by  special  methods. 

The  condition  will  be  satisfied  if,  corresponding  to  a  number  i  as  small  as 
we  please,  it  is  possible  to  choose  ^(m)  so  that  a  value  m^  of  m  can  be  found, 
such  that,  for  m  >  ryii,  all  those  values  of  z  between  0  and  tt,  for  which 


-2r+  2iir\       Tifz  +  2t  +  l7r 


m 


)  ^('^^') 


2tTr  -2:+24  +  l7r 

numerically  exceeds  S,  form  a  set  of  points  of  zero  content,  provided  also 
the  absolute  value  of  this  sum,  for  every  value  of  z,  has  a  finite  upper  limit 

For  in  this  case  the  integral  is  less  than  iri-k-  l^dz,  where  the  integral  is 

taken  over  sub-intervals  which  include  all  the  points  at  which  |  S  |  >  S,  and 
this  is  less  than 

here  Sj  is  the  upper  limit  of  |2|.     Since  jdz  is,  by  hypothesis,  arbitrarily 

small,  irS  +  ^ildz  is  arbitrarily  small,  and  thus  the  limit  of  the  integral 
is  zero. 

An  important  deduction  from  the  general  theorem  is  that 

Jo  ^ 


w 


f»  — oc  J  0 


Loc.  cit,t  p.  651. 
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provided  the  function  ^(-2:)  is  such  that 


Jo 


F(z) 


dz 


z 

has  a  definite  finite  value.     This  theorem  has  already  been  established  in 
§457. 

For,  we  may  write  the  sum 


-M-^)  '('-^^^) 


c«p    [    z  +  2iir  z  +  2i  +  lir 

in  the  form 


(z  +  2tir\  /^-f  2t4-l7r\ 

^=|ri  1^      \     m     J     *=|-^  1^      [         m         J . 
»=p   m     z  +  ^Lir  ,^p   m     z  4-  27 ^^1  tt 

now  if  |jP(«)/2:|  is  integrable  in  the  interval  (0,  €),  each  of  the  sums  in  this 
last  expression  converges  uniformly,  as  m  is  increased  indefinitely,  to  the  value 


Jo     ^ 


and  hence  the  limit  converges  uniformly,  for  every  value  of  z  in  (0,  tt), 
to  zero. 

Since  F(z)  is  an  integrable  function,  we  know  that 

F{z) 


dz. 


where  6,  >  €1  >  0,  has  a  definite  finite  value,  hence  it  is  immaterial  what 
positive  value  less  than  ^tt,  e  may  have  in 

Jo     z 
The  theorem  last  proved  may  be  used  to  shew  that  the  two  conditions 

]i,„  f>(^)?i!i^d^  =  o. 

m=co  J  0  Z 

,.       /*•  „,  vsin 
lim   /    'F(z)  — 

!=.»  Jo  811 

are  equivalent  to  one  another. 

We  have 

/*•  «.  .sin  mz  ,       /"•  „,  .  sin  rw^:   ,         f*  w/  v        .  /  x  sin  mz  , 
y  0  sm  *  .'  0  -3^  ./  0  z 


1  •       I     i:t  /  \  sm  mz  J       ^ 

hm   /    Fiz)— dz  =  0 

Rinz 
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where  <j>  {z)  denotes  -  f  1  — ; —  j ;    which  for  a  sufficiently  small  value  of 
I  ^  I  is  expansible  in  a  convergent  series  of  ascending  powers  of  z.     Since 


«=o 


and  F{z)  <f>(z)  is  an  integrable  function,  we  see,  by  the  last  theorem,  that 


lira   I' F (z) . z <l>(z)^^^^^ dz ^ 0, 


therefore 


lim 


m-oo  J  0 

smm^ 


r*  IP/  \  sin  mz  ,       ,.      /"•  „,  .  sii 


sm  mz 


dz. 


z  «»=««  J  (\     ^  '   sin^ 

It  has  thus  been  shewn  that  any  condition  which  is  sufficient  to  ensure  that 

0 


\'F(zf^ 

Jo 


dz 


has  the  limit  zero  is  also  sufficient  to  ensure  that 


/, 


F(zf-^^^^dz 
0  sm^: 


has  the  limit  zero.     This  has  already  been  established  in  §  459  (4),  in  a  less 
restricted  class  of  cases. 


464.     If  €  and  x  (^)  ^^^  ^^cl^  ^^^^ 

is  less  than  a  fixed  positive  number  iV,  for  every  value  of  m,  it  can  be  shewn 

that 

sin  mz 


im   fV(i?)®'- 

t  —  OD  J  0 


lim 


dz^O. 


For,  by  a  known  arithmetical  theorem  due  to  Abel,  we  have 

'z  +  hir 


t-p 


F 


z  +  2t7r 


m 


)  ^( 


z  +  2l-\-  Itt 


VI 


)i 


z  +  2nr 


z  +  2i\-  Itt 


»=2p  ^  +  /i7r 


m 


) 


iV 


-2r  +  2p7r' 


where  2»  is  determined  by  the  condition  0  <  -^—  —  y  (m)  ^  — . 
^  ^  m       ^^  m 

Let  m;^  (m)  have  the  fixed  positive  integral  value  2n  —  1 ;  then  p  =  n,  and 

N 
thus  the  absolute  value  of  the  above  sum  is  less  than  ^r — ,  which  may 

Z  +  iTlTr 

be  made  arbitrarily  small,  for  0<z<  e,  by  choosing  n  large  enough ;   and 
thus  the  theorem  is  established. 


If  the  interval  (0,  e)  can  be  chosen,  such  that,  in  this  interval,  F(z)  is 
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monotone,  the  condition  is  satisfied.     Suppose  F{z)  does  not  diminish  as  z 
increases  from  0  to  6,  then  all  the  terms  in  the  sum 


*i-'  y  (i±^)  _  p  (^+2^+ Ml 


are  negative  or  zero,  and  the  numerical  value  of  the  sum  is  less  than  |  F(€)  | ; 
and  thus  the  condition  is  satisfied.  This  is  the  case  which  was  considered  by 
Dirichlet,  and  has  been  otherwise  investigated  in  §  446.     Again 


p  /z  +  2  t7r\  _  jp  /z-\'2i+lir\ 

is,  for  all  the  values  of  z,  not  greater  than  the  fluctuation  of  the  function  F(z) 

in  the  interval  

'2  ATT     2l  +  27r 


/2t7r      2£^+  27r\ 


hence  the  condition  for  the  vanishing  of  the  limit  is  satisfied  if  the  total 
fluctuation  of  F{z)  in  the  interval  (0,  e)  is  less  than  a  fixed  finite  number. 
This  is  the  case  which  was  considered  by  Jordan,  and  was  given  in  §  446. 
The  special  conditions  obtained  in  §457  and  §461,  due  to  Dini  and  Lipschitz, 
may  also  be  deduced  from  the  general  theorem  of  §  462. 

THE  NON-CONVERGENCE   OF  FOURIER'S  SERIES. 

465.  Various  sufficient  conditions  for  the  convergence  of  the  Fourier's 
series,  corresponding  to  a  given  function  /(a?),  have  now  been  investigated. 
The  continuity  of  /{a:)  at  a  particular  point  x  is  neither  necessary  nor 
sufficient  to  ensure  that  the  Fourier's  series,  corresponding  to  f(x\  converges 
at  the  point  x ;  it  being  assumed  that  the  function  f(x)  is  such  that  the 
Fourier's  series  exists.  Du  Bois  Reymond*  gave  the  first  example  of  a 
Fourier's  series,  corresponding  to  a  continuous  function,  which  fails  to 
converge  at  points  of  a  certain  everywhere-dense  set. 

It  is  not  definitely  known  whether  a  Fourier's  series,  corresponding  to  a 
continuous  function,  can  be  such  that  the  series  fails  to  converge  at  every 
point  of  an  interval.  It  has  however  been  proved  f  by  Fatou,  that,  in  case  the 
coefficients  of  the  series  be  such  that  lim  non  =  0,  lim  nbn  =  0,  the  series  is 

convergent  at  a  set  of  points  of  which  the  measure  is  equal  to  that  of  the 
whole  interval  (—  ir,  ir). 

An  example,  due  to  SchwarzJ,  will  be  here  given,  of  a  function  which  is 
everywhere  continuous,  but  for  which  the  Fourier's  series  fails  to  converge  at 

*  Abhandlungen  der  bayeriichen  Akademie,  vol.  xii,  Abthg.  2. 

i  Acta  Math,  vol.  xxx,  p.  379. 

X  See  the  history  of  the  theory  of  Fourier's  series,  by  Sachs,  SchtSmileh's  Zeitichr.  Bnpplement, 

vol.  XXV. 
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a  certain  point.  It  will  here  be  shewn*  that  the  series  is,  at  that  point,  in 
reality,  oscillatory.  It  will  then  be  shewn  that  the  function  may  be  employed 
to  construct  another  continuous  function,  for  which  the  Fourier's  series  &iki 
to  converge  at  each  point  of  an  everjrwhere-dense  set. 

Let  the  product  1.3.5  ...  (2X  +  1)  be  denoted  by  [2X  + 1],  and  let  the  func- 
tion <\>  {z)  be  defined  for  the  interval  (0,  a),  where  0  <  a  ^  ^Tr,  in  the  following 
manner: — In  the  interval  (•"•/[X—  1],  •w/[X]),  let  ^ (^)  =  Ca sin [X]2?,  where  Ck  is 
a  constant,  depending  upon  the  value  of  X;  let  X  have  all  values  Xi,  X,  +  l, 
Xi  +  2,  ...,  where  Xj  is  a  fiied  integer,  and  we  may  suppose  a  so  chosen  that 
a  =  7r/[Xi-l];  also  let  ^ (0)  =  0.  If  the  sequence  Ca,,  Ca,+i,  Ca,+2.  ...  be  so 
chosen  that  it  converges  to  the  limit  zero,  the  function  ^  {z)  is  continuous  at 
the  point  2^  =  0,  but  it  has  an  indefinitely  great  number  of  oscillations  in  an 
arbitrarily  small  neighbourhood  of  that  point.  If  the  constants  Ca  satisfy  the 
further  condition,  that  CAlog(2X+l)  becomes  indefinitely  great,  as  X  is 
indefinitely  increased,  it  will  be  shewn  that  the  integral 


/; 


will  increase  indefinitely,  as  n  has  successively  the  values  of  integers  m 
a  certain  sequence.  Thus  the  Fourier's  series,  corresponding  to  the  co;i- 
tinuous  function  defined  by  f{x)  =  0,  for  —  7r  ^  a?  ^  0,  and  /(a?)  =  ^  (^),  for 
0  ^  a;  ^  2a,   and  f{x)  =  0,  for  2a^  x^ir,  does  not  convolve  at  the  point 

Let  271  +  1  =  1 . 3 . 5  ...  (2/iA  +  1)  =  M ;  then 

.'o  ^  Z 

may  be  written  in  the  form 


c^ 


rir/[M-iisina[^]^         M-i       p/rr-ii8in[r]2:sin|>]^ 

+     2    ^   /•'^'-"8in[r].8iDM^j_. 


The  first  integral  may  be  written  in  the  form 

•»/tM-lll-co8  2[>]2: 


icj; 


dz^ 
which  is  equivalent  to 

where  fi  is  some  number  between  ir/[fi]  and  7r/[fi  - 1]. 

♦  See  Hobson,  •*  The  failure  of  oonvergence  of  Fourier's  series,*'  Proc,  Land,  Math,  Soe„  ser.  2, 

vol.  III. 
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Now  let  c^log(2/Lt  + 1)  increase  indefinitely  with  /a.     This  is  consistent 
with  c^  having  the  limit  zero ;  for  we  have  only  to  take 

c^=  (log  (2^  +  1)}-, 

where  a  is  some  fixed  positive  number,  less  than  unity. 

Since  c^  —  /       cos  2[fi]zdz 

is  numerically  not  greater  than  cjir,  we  see  that,  with  the  supposition  made 
as  to  c^,  the  expression 


r/lM] 

becomes  indefinitely  great,  as  /Lt  is  increased  indefinitely. 
To  evaluate  " 2  o,  f ''"" "'"M^sinM. ^^ 

we  see,  by  writing  sin  [r]  z .  sin  [/Lt]  z  as  half  the  difference  of  two  cosines,  and 
applying  the  second  mean  value  theorem  to  each  integral,  that  the  absolute 
value  of  the  expression  is  less  than 

"2%  M  (_JL_  +  _1_1 

,.         "^^  Cr     [r]      f  1  .  1  _   \ 

"**"    rr*.  TT  [^  -  1]  12;*  + 1  -  [r]/|>  -  1]  +  2,*  +  1  +  [r]/[M  -  1]}  ' 


or 

which  is  less  than 


Ca.  V      W 


7r      [>-l]>' 
and  this  is  less  than 


—  I 


.   ,        1        ,  1    .       ) 

"^  2/iA  -  1  "^  ( 2/iA  - 1 )  (2/i  -  3 )  "^  • "  I " 


Therefore  the  absolute  value  of  the  integral  is  less  than  2Cii/7rfi;  and  this 
becomes  indefinitely  small,  as  /i  is  indefinitely  increased ;  and  therefore  the 
limiting  value  of  the  expression  is  zero. 

Lastly,  we  have  to  consider  the  expression 


«         f^lir-i]  sin  [y.]  z&m\ji]z^ 

2it      Cr  j  dZ, 


't 


Since  |  ^ — -'=^    <  [/Lt],  and  |  sin  [r]  i:  |  ^  1, 

Z  I 

the  absolute  value  of  the  expression  is  less  than  itc^^atx  \  and  this  has  the  limit    ' 
zero,  when  /i  is  indefinitely  increased. 

It  has  now  been  shewn  that 

p  0(2:)  sin  [/i]  2:^^ 
Jo  z  * 
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increases  indefinitely  with  ;*,  where  [;*]  =  1 . 3 . 5  ...  (2^  +1),  provided  Ck  has 
the  value  {log(2X+ 1)}-',  where  0  <  «  <  1. 

466.  We  proceed  to  consider  the  case  in  which  2n+  1  =  (2p  + 1)  |/i  —  IJ 
where  ^  is  an  integer  which  varies  with  ^  in  such  a  maimer  that  it  always 
lies  between  0  and  fi. 

In  this  case,  as  before,  we  divide  the  integral 

JO  ^ 

into  three  parts 


Cm 


f  """"^  sin  M  z  »i°(gp+l)[M-l]^  dz 


,1-1       r»Ar-ii  sin  [r]  ^  sin  (2p  +  1)  [>  - 1]  ^  , 

-\-    ^     Cr  I  ^*^ 

r=A,      Jwl[r]  Z 

The  first  part  is  equal  to 

^4^  r     [cos  {[m  - 1]  (2,1  -  2p)^}  -  cos  {[/i  -  1]  (2,4  +  2p  +  2)  z]]  dz, 

where  /8  is  a  number  between  7r/[/i]  and  ir/[,i  —  1] ;  and  this  expression  is 
less,  in  absolute  value,  than 


TT 

or  than 

c 


[>-l](2M-2p)^[;*-l](2/i 


1 1 

It  +  2p  +  2)) ' 


TT 


[I'Plfi    i  +  i/M+p/Air 


If,  now,  j)  increases  with  fi  in  such  a  manner  that  p/fi  is  always  less  than 
some  fixed  number  which  is  less  than  unity,  then  this  expression  diminishes 
indefinitely,  as  ,a  is  indefinitely  increased.     It  would  also  be  sufficient  that 

p//.  =  l-/c{log(2/.  +  l)}-', 

where  «'<»,  and  c^=  [log(2/A4- 1)}"*;  the  positive  number  k  being  fixed. 

The  second  part  of  the  above  integral  is  less,  in  absolute  value,  than 

or  than 

TT  -^  [/» - 1]  l2p  +  1  -  [r]/[M  -  1]  ^  2/,  +  1  +  [r]/[M  -  1]!' 
and  this  is  less  than 

PttI    ^2/t-l^(2/*-l)(2/*-3)^      J' 
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or  than  2cxjp'rr.  Therefore  the  expression  diminishes  indefinitely,  as  ^  is 
indefinitely  increased. 

That  the  third  part  of  the  above  integral  has  the  limit  zero  is  seen  fi:om 
the  fact  that  its  absolute  value  is  less  than  c^+i  (2p  + 1)  [/it  —  1]  7r/[/A],  or  than 
7rc^+i(2p  +  l)/(2^+l). 

It  has  now  been  proved  that 

has  the  limit  zero,  if  2n  +  1  increases  indefinitely  through  a  sequence  of 
the  form 

[/^i-l](2pi+l),     [/^-l](2p,  +  l),     [/i,-l](2p,  +  l),... 

where  Ah,  Ah,  /i,,  ...  is  an  increasing  sequence  of  integers,  and  Pi,  pi,  pi,  ... 
are  such  that  pjfi  ^  1  —  /c  {log  (2/Lt  +  I)}"'',  where  a'  <  8. 

It  has  now  been  shewn  that  the  limit  of  the  sum  of  the  Fourier's  series 
oscillates;  the  limit  being  infinite,  or  zero,  according  as  one  or  other  of  two 
particular  sequences  of  values  of  n  is  chosen. 

467.  In  order  to  construct  a  continuous  function  which  is  such  that  the 
corresponding  Fourier's  series  fails  to  converge  at  all  the  points  of  an  every- 
where-dense set,  we  take  the  following  definition  of /(a?)  : — 

If  —  7r  ^  a?  ^  f ,  where  f  is  a  fixed  point  in  the  interval  (—  7r,  7r),  let 

/(x)  =  0 ;  if  0  ^  a?  —  f  ^  2a,  let  f{x)  =  ^  (— i^)>  where  ^  (z)  is  the  fiinction 

that  has  been  already  discussed.  In  case  f  +  2a  <  ^r,  we  take  f{x)  =  0,  for 
S+2a<x^7r. 

The  limit  of 

27r  J  _,  •'  ^    ^         sin  J  (a?  —  a?) 
at  the  point  f ,  depends  upon  that  of 

It  has  been  shewn  that  this  limit  is  zero,  or  is  indefinitely  great,  according 
as  2n  + 1  increases  indefinitely  through  one  or  other  of  two  sequences. 
It  follows  that  the  Fourier's  series  {oTf{x)  does  not  converge  at  the  point  f. 

Let  the  function/(ir)  be  now  denoted  by  yjr(x,  f);  and  let  fi,  fa,  ...  fr> ... 
be  an  enumerable  set  of  values  of  f ,  everywhere-dense  in  the  interval  (—  7r,  7r). 
Let  us  consider  the  function 

where  Ci,C2, ...  Cr, ...  are  numbers  so  chosen  that  the  series  Ci-fCj  +  ...  +  Cr-i-  >.. 
is  absolutely  convergent. 

H.  45 
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Since  the  upper  limits  of  all  of  the  fuDctions  { '^{x,  {)  |  have  one  and  the 
same  finite  value,  it  follows  that  the  series  which  defines  F{x)  is  uniformly 
convergent  in  the  interval  (—  7r,  ir) ;  and  thus  that  the  function  F{x)  is 
continuous. 

The  expression 

zttJ  -,  sin  J  (a;  —  <c) 

is  accordingly  equal  to  the  sum 

Iv      ['     ,  /  /    fcs8ini(2»  +  l)(a''-a;)  , 

which  may  be  written  in  the  form 

CiXi(^»  w)  +  c«X«(^»  w)+ ...  +  CrXr(^,  n)+.... 
We  have  lim  ;^i  (a?,  71)  =  -^  (a?,  f  1),  unless  a?  =  fi ;  at  which  point  the  limit 


n—fx> 


may  be  either  0  or  00 ,  according  to  the  mode  in  which  n  is  indefinitely  in- 
creased, or  may  have  other  values  between  0  and  00 .  A  similar  statement 
holds  as  regards  lim  ^a  (^>  ^)  at  the  point  fa  J  a^^d  generally  lim  ^r  {x,  n)  is 

V^rC^i  fr)>  unless  a?  =  fr,  in  which  case  the  limit  depends  upon  the  mode  in 
which  n  becomes  infinite. 

At  the  point  f^,  the  term  CrXr{x,  n)  has  its  limit  indefinitely  great, 
provided  n  is  indefinitely  increased  in  a  proper  manner ;  but  it  might  happen 
that  the  limit  of 

Cr+lXr+i  (fr,   n)  -f  Cr+aX:r+2  (f r,   n)  +  ... 

is  also  infinite,  although  each  term  has  a  finite  limit.  In  that  case  the  limit 
of  the  whole  expression  for  the  sum  of  the  series  might  be  finite,  or  zero,  in 
whatever  manner  n  were  made  to  become  indefinitely  great.  If  this  happened 
for  a  particular  set  of  values  of  Ci,  c,,  ...Cn  ...,  it  would  no  longer  happen  if 
these  numbers  were  replaced  by 

where  eu  ^a,  e,, ...  is  a  properly  chosen  sequence  of  diminishing  positive 
numbers.     For,  if 

had  a  finite  limit,  when  n  is  indefinitely  increased,  being  dependent  on  the 
form   00  —  00  ,  the  expression 

would  also  have  a  finite  limit,  or  become  zero,  only  in  case 

Cr+lXr+l  (f  r,  n)  -f  Cr+QCr+aX^-H  (f r ,  ^)  +  . . . 


T+i 


Cr+iXr+i  (fr,  «)  +  Cr+iXr+a  (fr,  n)  +  ... 
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had  unity  as  its  limit,  when  n  is  indefinitely  increased.  But  this  limit  can 
be  altered  by  changing  Cr+i  without  altering  6r+s,  «r+»  •••>  ^^^  thus  Cr+i  can 
certainly  be  so  chosen  that  this  expression  does  not  converge  to  unity,  when 
n  is  indefinitely  increased. 

It  has  therefore  been  shewn  that,  by  altering  the  numbers  Ci,  Ca,  c,, ...  in 
a  Ruit.able  manner,  the  infinite  limit  of  CrXriin  w)  will  no  longer  be  removed 
by  means  of  an  infinite  limit  of  the  sum 

It   has  thus  been  shewn  that  it  is  possible  so  to  choose  the  numbers 

00 

Cii  Cj,  c, ...,  that  the  continuous  function  F{x)  =  ^Cr'^{x,  fr)  w  such  that 

1 

its  Fourier  s  series  fails  to  converge  at  each  point  of  the  everywhere-dense 
set  {fn}. 


THE  SERIES  OF   ABITHMETIC   MEANS  RELATED  TO   FOURIER'S  SERIES. 

468.  It  has  recently  been  shewn*  that  a  divergent  series  may  be  utilized 
in  various  ways  for  the  representation  of  a  function,  and  consequently  for  the 
calculation  of  approximate  values  of  the  function.  The  simplest  of  these 
methods  is  that  due  to  Cdsaro,  of  taking  the  arithmetic  means  of  the  partial 
sums  of  the  series. 

If  Sn  be  the  nth  partial  sum  of  the  convergent  series  of  numbers 

ai  +  aa+ ...  +  tt»+  ..., 

1 
and  Sn  denote  the  arithmetic  mean  -(«i  +  5,+  ...  4-«n),  then  Sn  converges  to 

n 

the  sum  of  the  given  convergent  series ;   or  lim  iSi„  =  lim  Sn  =  s.     To  prove 

n=ao  n=» 

this  theorem,  let  €  be  an  arbitrarily  chosen  positive  number,  and  let  r  be  an 
integer  such  that  |  s  —  «r+i  |,  | «  —  «r+2 1, ...  are  all  less  than  e.  We  have  now, 
if  71  >  r, 

and  keeping  r  fixed,  n  may  be  so  chosen  that  (»i4-Ai+  ...  -f  «r)-  is  numerically 

n 

less  than  € ;    also  the  second  term  in  the  expression  for  iS„  — «  is  equal  to 

r 
«  4- 17,  where  1 17 1  <  €,  and  by  taking  n  sufficiently  great,  this  is  numerically 

less  than  26.  It  follows  that  |  iSn  —  «  |  <  Se,  from  and  after  some  fixed  value 
of  n.     Therefore,  since  €  is  arbitrary,  we  have  lim  Sn  =  s. 

*  For  an  aoconnt  of  these  methods,  see  Borel's  Legons  sur  Us  Uries  divergenUs. 

45—2 
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It  may  however  happen  that,  when  the  series  "Edn  is  not  convergent,  8^ 
still  converges  to  a  definite  number  2 ;  this  number  1  may  then  be  regarded 
as  the  sum  of  the  divergent  series,  in  an  extended  sense  of  the  term  ''  sum." 
For  example,  in  the  case  of  the  oscillating  series  1  —  1  +  1  —  1+...,  S« 
converges  to  zero,  which  may  therefore  be  regarded,  in  the  new  sense,  as 
the  sum  of  the  series. 

If.  however,  Xdn  diverges  to  00 ,  or  to  —  00 ,  and  is  not  oscillatory,  8n  must 

also  divercre.     For  SnA-m  >  — — — — -  H N.ifn  can  be  so  fixed  that 

«fH-i,  «n+2i-«-  all  exceed  the  positive  number  N,     Therefore  lim /Sf|».f^  ^  i\r ; 

and  since  N  may  be  taken  arbitrarily  great,  if  Xon  diverges  to  +  00  ,  it  follows 
that  lim  /S>«  =  +  00 . 

11=00 

From  the  point  of  view  of  the  theory  of  sets  of  points,  it  may  happen 
that  the  points  Pi,  Pj,  ...Pn, ...  which  represent  «i,  s,,  ...«n>  •••  do  not 
converge  to  a  single  limiting  point,  but  that  the  set  of  points  P^,  P,, ...  P«, ..., 
where  P»  is  the  centroid  of  the  points  Pi,  P^, ...  Pnt  has  a  single  limiting 
point  P,  which  represents  the  number  2. 

In  the  case  of  a  series  Ui  (a?)  + 1^  (a?)  +  . . .  +  tin  («?)  +  . . .  involving  a 
variable  x  with  a  given  domain,  it  may  happen  that  the  series  fails  to 
converge  for  some,  or  all,  of  the  values  of  a?,  but  that  the  function  8  (ar),  of 
which  the  value  for  each  value  of  x  is  the  sum  of  the  series,  in  the  extended 
sense,  has  a  definite  value  in  the  whole  domain  of  x, 

469.  This  method  of  summation  has  been  applied  by  Fejer*  to  the  case  of 
Fourier's  series.  It  can  be  shewn  that,  in  a  large  class  of  cases,  the  Fourier's 
series  corresponding  to  a  function  /(x)y  when  summed  by  the  method 
of  arithmetic    means,   converges   to   the   value   ^lim  {y(a;  + A)+y(a?  — A)}, 

when  this  expression  has  a  definite  meaning;  no  assumption  being  made  as 
to  the  convergence  of  the  Fourier's  series  when  summed  in  the  ordinary 
manner. 

If  1  **"^  f 

Since   5„  (a;)  =  ^r—  I      f{x')  da/  +  -  2  /      f(af)  cos  «  (a;  —  x')  dx\ 

we  have        8n(x)^-l      •^s-+  2  co8  8(x''x')[f(x')dx'] 

from  which  it  is  easily  found  that 

*  Math.  AnnaUn,  vol.  lviii  ;  also  Comptes  Rendtu,  for  December  1900,  and  for  April  1902. 
Fej^r  considered  only  the  case  in  which  the  function  has  a  Biemann  integral.  Lebesgue  extended 
the  result  to  the  more  general  case  ;  see  the  Lemons  sur  let  siriet  de  Fourier^  p.  94. 
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Writing  a?'  =  a;  +  22r,  and  remembering  that /(a?')  is  defined  as  a  periodic 
function,  for  values  of  oi  not  necessarily  in  the  interval  (—  tt,  tt),  we  have 

It  is  easily  seen  that 

wttJo    \8in;e:/  2 

therefore  we  have 

S„  (0.)  -  i  lim  [/(;r  +  A) +/(«:  -  A)]  -  i- f  *' f ^) V(^)  d5. 

where  F(z)  denotes 

f{x  +  2«)  +/(rr  -  25)  -  lim  {f{x  +  A)  ^f(x  -  A)} , 


Jk=0 


and  it  is  assumed  that  a?  is  a  point  at  which  lim  {/(a?  +  A) +/(«:  — A)}  has  a 

definite  finite  value. 

1   f  **  /sin  tiz"^ 


The  expression  — I     f   . — J  F(z)dz 


will  be  first  examined,  in  order  to  find  whether  it  tends  to  a  definite  limit,  as 
n  IB  indefinitely  increased.     The  number  a  is  fixed,  and  such  that  0  <  a  ^  ^tt. 

We  have 

1    r*' /sin  n5\«     ,  .  ,  1     f**     1      Ef/xj  1    f  *' cos  2w-2r  _  .  ^  , 

—  ,    -]  F(z)dz^^ — /     -^-T-  F(z)dz-^—\     —.-—    F(z)dz; 

and  5 —  /     -v-r-  F(z)  dz 

is  less,  in  absolute  value,  than 


2n7r 


^r  I  ^^'^  I  '^' 


or  than    g^^- ,-  [/'^  l/(^)  I  cir  +  i^r  |  lim  \f(x  +  A)  +/(a;  -  A)}  |]  . 

It  follows  that,  at  any  point  x,  at  which  lim  {/(a?  4- A)  + /(a?  — A)}  is  definite, 
71  can  be  so  chosen  that 


—  \^-^F{z)dz 


<€. 


I  2n7r. 

It  also  follows  that,  in  any  interval  of  x,  contained  in  another  interval  in 
which  f{x)  is  limited,  and  such  that  lim  [f{x  +  A)  +/(ir  —  A)}  has  everywhere 

a  definite  value,  this  inequality  is  satisfied  for  all  values  of  x  in  the  interval, 
provided  n  has  a  sufficiently  great  value,  independent  of  x.     Again  since 
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cosec'  z  has  limited  total  fluctuation  in  the  interval  (a,  ^ir),  it  follows  from 
the  theorem  in  §  458,  that 

converges  to  zero,  uniformly  for  ail  values  of  a:.     It  is  thus  seen  that 

1    pco82n£^ 

converges  to  zero,  at  any  point  at  which  lim  {/(a?  +  A) +/(a;  —  A)}  exists  and 

is  finite ;  and  that  the  convergence  is  uniform  in  an  interval  contained  in 
another  interval  in  which  f(x)  is  limited,  and  in  which  the  limit  is  everywhere 
definite.     The  following  theorem  has  now  been  established: — 

If  f(x)  he  either  limited,  or  unlimited,  but  possess  a  Lebesgue  integral  in 

1    r^'/sinTi^X" 
the  interval  (—  tt,  tt),  then  —  I     f  - : J  F(z)  dz,  where  0  <  a  <  ^tt,  converges 

to  zero,  as  n  is  indefinitely  increased,  at  any  point  x  at  which 

lim  [f{x  +  h)  +f{x  -  h)] 

has  a  definite  finite  value.  The  convergence  is  uniform  in  any  interval  (a,  6), 
in  which  /(x)  is  limited,  it  being  assumed  that  lim  [f{x  +  h)  '\-f(x  —  h)}  has 

definite  values  everywhere  in  (a,  b),  including  Uie  end-points  a  and  6. 

We  now  have  to  investigate  the  limiting  value  of 

1    r*'/sinn^V  in/  \  J 
—  . F(z)dz, 

which  may  be  expressed  as 

nirJo  '\sinz  J  mrj^i(^n+i)        '\8inz  J 

+  —       F{z)l-. dz, 

where  7r/(2n  +!)<«<  ^ir. 

The  first  part  of  this  expression  is  numerically  less  than 

^  rw(2«+i) 


n  T' 

TTJo 


F(z)  I  dz. 


n  .  /  7r     \ 

or  than x  the  upper  limit  of  \F(z)\  in  the  interval  ( 0,  ^     ,  i  )•     ^^ 

a  point  X  at  which  lim  \f(x  +  h)  -^f{x  -  h)]  is  finite  and  definite,  n  may  be 
chosen  so  great  that  the  upper  limit  of  |  -F(^)  |  in  (0,  ^ — — ^  1  is  less  than  the 
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positive  arbitrarily  chosen  number  e.  Moreover,  in  virtue  of  the  theorem 
established  in  §  185,  in  any  interval  (a,  6),  in  which  f{x)  is  limited,  and  in 
which  lim  \f{x  +  h)  +/(a?  —  h)]  has  everywhere  definite  values,  including  the 

ends  of  the  intervals,  n  may  be  so  chosen  that  the  upper  limit  of  |  -F(^)  |  in 

f  0,  Q  j  is  less  than  e,  for  that  value,  and  for  all  greater  values,  of  n,  and 

for  all  values  of  x  in  the  interval.     Therefore  n^  can  be  determined,  such  that 


1    f'^*"+^>„/  ./sinn-^Vj  \ 
i'rrJo  ^     \8mz  J       i 


for  n^Ti],  and  for  all  values  of  x  in  an  interval  in  which  the  specified 
conditions  are  satisfied. 

The  second  part  of  the  expression  is  numerically  less  than 

or   than-  i— -^  /  -idz,  which  is  less  than  iF:  where  P  is  the  upper 

limit  of  I  F(z)  \  in  the  interval  (0,  a).     Now,  for  any  value  of  x,  at  which 
lim  {/{x  +  h)  +f(x  —  h)]  has  a  finite  value,  a  may  be  so  chosen  that  ^F  <  e  ; 

also  one  and  the  same  value  of  a  will  satisfy  this  condition,  for  all  values  of  ^ 
in  an  interval  in  which  lim  {/(a?  +  h)  +/(a?  —  h)]  everywhere  exists,  including 

the  end-points,  and  in  which  f{x)  is  limited. 

The  number  a  having  been  so  fixed,  and  r?i  then  fixed  as  above,  and  such 

that  ^ r  <  a,  n-  can  be  determined  so  that 

1    f*'i:f/  V /sinn^V,   I 

{(St  n  ^riq,  and  for  all  values  of  x  in  the  specified  interval. 
If  n  be  the  greater  of  the  two  integers  7ii,  Wj,  we  now  have 

tlTTJo     \8in-2:  / 

for  n  ^  n,  at  a  point  x  at  which  lim  {f(x  +  h)  4-/(a?  -  h)]  has  a  definite  finite 

value.     Moreover  n  will,  if  properly  chosen,  8u£Bce  for  all  points  a?,  in  an 
interval  in  which  f(x)  is  limited,  and  in  which  lim  [f{x  +  h)  ^rf{x  —  h)]  has 

everywhere  a  definite  finite  value,  including  the  end-points  of  the  interval. 

The  following  theorem  has  now  been  established: — 

If  f(x)  be  any  function,  limited  or  unlimited  in  (—  tt,  tt),  which  has  a 
Lebesgue  integral,  and  therefore  a  corresponding  Fourier  s  series,  the  function 


<3€, 
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Sn  (^).  "which  is  the  arithmetic  mean  of  the  first  n  terms  of  the  Fourier* s  series, 
converges  to  ^lim,  {f{x  +  h)  +f{x  —  h)}  at  any  point  05,  at  which  this  limit  has 

a  definite  finite  value,  a^  nis  indefinitely  increased.  Moreover,  the  convergence 
is  uniform  in  any  interval  (a,  6)  in  which  f{x)  is  limited,  and  in  which 
lim\f(x'\'h)-Vf{x  —  h)]   has  everywhere,  including  a  and  h,  definite  finite 

values. 

In  particular,  Sn{x)  converges  to  f{x)  at  any  point  of  continuity  of  f{x); 
and  it  converges  to  f{x)  uniformly  in  any  interval  in  which  f{x)  is  continuous, 
the  continuity  existing  at  the  end-points,  on  both  sides  of  those  points. 

No  assumption  has  been  made  as  regards  the  convergence  of  the  Fourier's 
series  when  summed  in  accordance  with  the  ordinary  method. 

470.     Let  the  upper  and  the  lower  limits  of  indeterminacy  of  s  (x),  for  a 

Fourier's  series  at  a  point  x,  be  denoted  by  s(x)  and  s{x);  either  of  these 

may  have  one  of  the  improper  values  +  oo  ,  or  —  oo .  It  is  easily  seen  that 
the  points  Si(x),Si{x),  ...«„(a?)...  must  be  everywhere-dense  in  the  interval 

{s  (x),  s  (x)) ;  in  fact  this  holds  for  any  series  for  which  the  limit  of  the  nth 
term  is  zero,  as  n  is  indefinitely  increased.  For,  if  e  be  positive,  and  arbitrarily 
small,  n  may  be  so  chosen  that  \sn{x)  — Sn+i{x)\,  |«iH-i(a?)  — «fi+a(^)|>  •••  are 
all  <  €;  therefore  in  the  interval  (s{x),  s(x)),  there  exists  no  sub-interval  of 
length  6  which  contains  no  points  of  [Sn(x)}.  Since  e  is  arbitrarily  small,  it 
follows  that  the  points  Sn  (x)  are  everywhere-dense  in  the  interval  (s  (x),  s  (x)). 

There  can  only  be  a  finite  number  of  values  of  n,  for  which  Sn  (x)  does 
not  lie  in  the  interval  (s  (x)  —  e,  « (x)  +  e) ;  let  this  number  of  values  be  r, 
and  let  the  sum  of  the  corresponding  values  of  Sn{x)  be  2.     We  have  then 


Sn  (^)  -  5(a:)  =  -  {Si  (x)  +  «a(^)  +  ...  +  Sn{x)}  -  «(a?), 

11/ 


(n  -  r)  {s  (x)  +  e}  4-  2 


-  s(x)<  -  -f  €  -  -  {«  (a?)  -f  e}  <  2€, 


n  n  n 

if  n  be  taken  suflSciently  great.  Therefore,  from  and  after  some  fixed  value 
of  w,  Sn{x)  is  less  than  s{x)  -f  26.  Similarly,  it  can  be  shewn  that  S^{x)  is 
greater  than  s  (x)  —  26,  from  and  after  some  fixed  value  of  n.     Since  €  is 

arbitrary,  it  follows  that,  when  Sn{x)  converges  to  a  definite  number  8(x), 
as  n  is  indefinitely  increased,  S(x)  lies  in  the  interval  (s(x),  s(x)). 

From  this  result  the  following  theorem  now  follows: — 

If  f(^)    ^^    summable    in    (—  7r,   tt),   then,   at    any  point    x    at    which 
Urn  [/(x-^h)  -k-f{x  —  h)]  hus  a  definite  finite  value,  the  upper  and  lower  limits 

A  =  0 


469-471]  The  method  of  arithmetic  m^ans  713 

of  indeterminacy  of  the  sum  of  the  Fourier's  series,  corresponding  to  f{x\ 
form  a  limited,  or  an  unlimited,  interval  which  contains  the  number 
\lim{f{x'\'h)'\-f{x  —  h)]  to  which  the  arithmetic  mean  8n(x)  of  the  first 

n  partial  svmis  of  the  series  converges.  In  particular,  at  a  point  of  continuity 
of  the  function,  f(x)  is  in  the  interval  of  v)hich  the  ends  are  the  limits  of 
indeterminaxyy  of  the  series  at  the  point  x. 

It  follows,  as  a  particular  case  of  this  theorem,  that,  at  a  paint  x  at  which 
the  Fourier  s  series  converges,  and  at  which  iZim{/(a?-h  A)+/(a?  — A)J  exists 

h-O 

as  a  finite  number,  the  Fourier's  series  converges  to  that  number.  In  particular, 
at  a  point  of  continuity  of  f(x),  if  the  series  converges,  then  it  must  converge 
to  the  value  f(x). 

It  has  been  shewn  above  that,  for  a  point  x,  the  numbers  Si(x),  s^ix), ... 
Sn{x)...  are  everywhere-dense  in  the  limited,  or  unlimited,  interval  (s{x),s{x)), 
of  indeterminacy  of  the  sum  of  the  series.  It  follows  that,  if  f  be  any  chosen 
point  in  this  interval,  a  sequence  ««,  (^)»  ^n,  (^).  •  •  •  ^n,  (^)  •  •  •  can  be  determined, 
which  converges  to  the  number  f.  At  a  point  x,  at  which  {iS„(a?)}  converges, 
we  may  take  ^  to  coincide  with  the  value  to  which  the  sequence  converges ; 
and  we  thus  obtain  the  following  theorem  : — 

At  a  point  x,  at  which  lim  \f(x  -h  h)  •\-f{x  —  h)]  has  a  definite  finite  value, 

the  Fov/riers  series  corresponding  to  f(x)  can  be  repUiced,  by  bracketing  the 
terms  of  the  series  in  a  suitable  manner,  and  amalgamating  the  terms  in  eaoh 
bracket,  by  a  convergent  series  of  which  the  sum  is  l^lim  [f(x  +  A)  +f{x  —  h)]. 

In  particular,  at  a  point  of  continuity  of  f{x\  a  suitable  sequence  of  partial 
sums  of  the  Fourier's  series  converges  to  the  value  f{x). 

In  the  particular  case  of  a  function  f{x)  which  has  either  a  Riemann 
integral,  or  an  absolutely  convergent  Harnack  integral,  in  (—  tt,  tt),  the  set 
of  points  at  which  lim  [f{x  +  h)  +f(x  —  h)}  has  not  a  definite  value,  forms 

a  set  of  points  of  measure  zero.  It  therefore  follows*  that, /or  such  a  function, 
the  set  of  points  at  which  it  is  impossible,  by  bracketing  the  terms  of  the  series 
suitably,  to  convert  the  series  into  a  convergent  series  of  which  the  sum  is 
^lim{f{x-\'h)i-f(x  —  h)\,  has  the  measure  zero.     The  requisite  system  of 

bracketing  is  in  general  dependent  upon  the  particular  point. 

471.     The    method    of   §  469  can    be    applied    to   the   case   in   which 

*  See  Hobson,  Proc.  Lond,  Math.  Soc.,  ser.  2,  vol.  iii,  p.  55,  where  this  is  established  for  the 
case  of  a  limited  function,  by  a  different  method. 
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lim  {/(a?+ A)-f/(i»j  — A)}   has  no  definite  value  at  the  point  x.     Let  Fi(s) 
denote  f{x  +  2z)  +/(a?  —  2z) ;  we  then  have 

1    [^  /sin  nzY  «  ,  v   , 
Jo  \smz/  ' 


nir 


mrJo      ^'\sinzj  UTrJa  \smz/ 

Now  a  can  be  so  chosen  that  Fi  (z)  —  F^  (+  0)  <  €,  and  Fi  (z)  —  Fi  (+  0)  >  e, 
for  all  values  of  z  such  that  0  <  ^  ^  a.     We  then  have 

WTTJo  Vsin-zr/     ^^  ^  mr^  ^      ^^  Jo\8mz  J  nirj^   \smz  J 

In  accordance  with  the  first  result  in  §  469,  the  second  term  on  the  right- 
hand  side  converges  to  zero,  as  n  is  indefinitely  increased.     Also  the  first 

•  1    r**  /sin  7i.jg\^  __ 

term  converges  to  i  {€+i'i(+0)},  since  — I     f— . j  dz^^ir,    Henoewe 

have  lim  Sn  (x)  ^  J  {e  +  i'l  (+  0)},  and,  since  €  is  arbitrarily  small,  we  have 


n=Qo 


lim  iSi„  (x)  ^  ^Fi  (+  0) ;  and  in  a  similar  manner,  lim  Sn  (x)  ^  ^Fi  (+  0). 


It  therefore  appears  that  lim  Sn(x),  limSn(ar),  both  lie  in  the  interval 

n=<»  n=ao 

(i-^\(+0),  i^i  (+  0)),  which  is  certainly  in  the  interval  of  which  the  ends  are 

4 {/(^  4- 0)  +/(^.-zO)},  4 {/(^  +  0)  +/T^^o)i. 

If  Sn  (x)  converge  at  the  point  x,  the  value  to  which  it  converges  must  lie  in 
the  interval  of  which  the  ends  are  these  two  numbers.  If  the  Fourier's  series 
converge  at  the  point  x,  it  necessarily  converges  to  the  same  value  to  which 
Sn  (^)  converges. 

We  have  therefore  the  following  theorem :  — 

If  a  Fourier's  series  be  convergent  at  a  point  at  which  f(x)  has  a  discon- 
tinuity of  the  second  kind,  its  sum  at  the  point  lies  between  4{/(a?+0)+/(a?— 0)} 
and  4{/(fl?  +  0)  4-/(a?  —  0)},  or  may  be  equal  to  one  of  these  numbers. 

If,  at  a  point  x,  the  Fourier's  series  diverges  to  either  +  oo ,  or  to  —  oo  ,  but 
does  not  oscillate,  then  Sn{x)  diverges  to  the  same  improper  limit.  The 
above  discussion  shews  that  this  can  only  happen  when  Fi  {z)  has  its  upper 
limit,  or  its  lower  limit,  for  ^  =  0,  indefinitely  great. 

It  therefore  follows  that  the  Fourier  s  series  can  only  diverge  to  +  oo ,  or 
to  —  00  and  be  non-oscillatory,  at  a  point  at  which  the  function  hus  an  infinite 
discontinuity. 

The  series  may  oscillate  between  infinite  limits  of  indeterminacy  at  a 
point  at  which  the  functional  limits  are  all  finite. 

The  results  here  obtained  include  the  theorem  of  §  469,  as  the  special 
case  which  arises  when  Fi  (+  0)  =  Fi  (+  0). 
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PROPERTIES  OF  THE  COEFFICIENTS  OF   FOURIER'S  SERIES. 

472.     The  coefficients 

1  f »  If'  If' 

ao  =  -  I     f(x)dx,  (in=-  I      f  (ai)  COS  nx  da,  6n  =  -  I     /(a?)  sin  rwc  dar, 

which  occur  in  the  Fourier's  series  which  corresponds  to  a  function  f(ai),  may 
be  termed  the  Fourier's  constants  related  to  the  function  f{x).  They  possess 
important  properties  which  may  be  regarded  as  connected  with  a  general 
theory  of  the  Fourier's  constants  related  to  a  given  function  which  possesses 
a  Lebesgue  integral.  These  properties  are  independent  of  any  assumptions 
as  to  the  convergence  of  the  series;  and  thus  the  relation*  of  the  constants 
to  the  function  may  be  denoted  by 

f{x)  'w  ^tto  +  (a,  cos  a:  +  6i  sin  a?)  +...+  (on  cos  rw?  +  6n  sin  nx)  + . . . . 

The  following  important  property  of  the  Fourier's  constants  will  be  here 
established,  for  the  case  of  a  limited  function  which  is  integrablef  in 
accordance  with  Riemann's  definition: — 

\The  function  f{x)   being  limited,  and  integrable  in   accordance  with 

00 

Riemann's  definition,  in  the  interval  (— tt,  it),  the  series  ^Oo'-f  2  (a,' +  6,') 

If 
converges  to  the  value  —  \      {/(a?)}* da?;   where  a«,  6,  denote  the  Fourier's 

constants  corresponding  to  f{x). 

The  function  Sn  (x)  denoting,  as  in  §  469,  the  arithmetic  mean  of  the  first 
n  terms  of  the  series,  and  S{x)  denoting  lim  Sn{x)y  it  has  been  seen  in  §  469, 

that  S(x)  —f{x),  at  a  point  of  continuity  o{f(x).  The  points  of  discontinuity 
of /(a?)  form  a  set  of  points  of  measure  zero.  At  one  of  these  points,  S{x) 
has  a  definite  value  if  lim  {/(a?-f  A)  +/(«?  — A)}  exists  at  the  point;  other- 

wise  S(x)  may  be  indeterminate  between  finite  limits  of  indeterminacy,  the 

upper  one  of  which  does  not  exceed  ^  \/(x  -f  0)  +/(a?  —  0)},  and  the  lower  one 
of  which  is  not  less  than  ^  \f(x  +  0)  +/(x  —  0)}.  The  function  S(x)  is  there- 
fore limited,  and  determinate,  except  at  points  of  a  set  of  zero  measure.  It 
follow8§,  since 

{/(x)  -  8  (x)Y  =  lim  {/{x)  -  8,  («))«, 


«sao 


*  See  Hurwitz,  Math.  Annalen,  vol.  lth,  1903,  p.  426,  where  this  terminology  was  introdaoed 
for  the  ease  of  a  function  possessing  a  Riemann  integral. 

t  The  theorem  has  been  extended  by  Lebesgue  to  the  case  of  fanctions  which  are  integrable 
in  accordance  with  his  definition.     See  the  Legoiu  mr  le$  sMe*  trigonomitriques,  pp.  100,  101. 

X  See  de  la  Vall^-Poussin,  Annales  de  la  soc.  scien,  de  Bruxelles,  vol.  xvii,  p.  18.  Also 
Horwitz,  loc.  cit. 

§  This  involves  an  extension  of  Lebesgne's  theorem  given  in  §  884,  that,  if  i{x)=\imt^{x), 

where  t^C^)  is  limited  for  all  valaes  of  n  and  x,  then  I   8{x)dx=\im  I   i^{x)dx,  to  the  case  in 

J  a  w—floy  a 
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that  lira  f   {/{x)-8nia!)Yda!  =  f'   {/(x)-8(x)Ydx^0. 

9  —  H    u  _  ^ 

Since  Sn  (a?)  =  ^o©  +  2   (a,  cos  sx  +  bg  sin  «ar) ; 

we  find  that 

f\  ifi'^)  -  Sn  {x)}*  dx  =  j'_^  [fix)}*  dx-fr  {ia.«  +  J^  ?^  (a.«  +  V)|  • 
We  then  have  also, 

=  I       /(^)  — i«»—  2  (ag cos 8x •\- bf  mi 8w)    dx  +  -^  %  «"(a,'  +  6/). 
Sinjce  lira   1      {/(a?)  — /Sn  (^)}' da?  =  0,  we  see,  from  the  last  expression, 


TT     * 


that  lim  ~  2  «'(a/4-6«')  =  0;  and  therefore,  from  the  first  expression,  it 
follows  that 

converges   to  zero,   as   n  is    indefinitely   increased.     Therefore    the   series 

1  f' 
^ao*+  2  (a,* +  6,*)  converges  to  the  value  —  j      {/(x)}*dx. 

From  this  theorem,  Hurwitz  has  deduced  the  following  more  general 
theorem  which  was  first  discovered  by  Liapounoff*  and  by  de  la  Vall6e- 
Poussin : — 

Iff{x\  <l>  (x)  be  two  limited  integrable  Junctions,  then 

^OoOq' -^   2  {CLgag  ^rbgbt) 

t=l 

which,  although  «  (x)  is  limited,  it  may  be  indeterminate  at  points  in  (a,  h)  belonging  to  a  set  £ 
of  measare  zero.  To  prove  this  extension,  let  Z^C^)  ^  ^  fanction  which  =««(')  ^^  eyery  point 
of  C(£),  and  =8  (x)  at  each  point  of  E,    Then  r(x)= lim  2,^(0;),  everywhere  in  (a,  b).    Since 

^n  (')  -  'n  (^)  ^  zero,  except  at  the  points  of  a  set  of  zero  measure,  it  follows  that  2.  (x)  is 
summable,  since  s^ix)  is  so.    Therefore  /  8{x)dx  =  \im  I  Z,^(x)dx=lim  /  9^{x)dx;  and  since 

J  a  m— »  J  a  «—•  J  a 

/b  fb fh  fb 

8{x)dx=  I  8  (x)  dx,  it  follows  that  1   8  (x)  dx  =  lim  I   8f^  (x)  dx, 
a  J  a  J  a  «— •/  a 

*  Stekloif  states  in  the  Compte8  Rendu8  for  Nov.  10, 1902,  that  the  theorem  was  oommonieated 
by  Liapounoff  to  the  Kharkow  Mathematical  Society  in  1896.  The  theorem  was  also  obtained 
by  de  la  Vall^-Poussin,  AnnaU8  de  la  80c,  8ci,  de  Bruxelle8,  vol.  xvii,  p.  18. 
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1  f' 

converges  absolutely  to  the  value  -  I     f{x)  ^{x)dx;  where  Oo,  a,,  6,  are  the 
Fourier's  constants  for  f{x\  and  a^\  a/,  b/  those  for  (f>  (x). 

That  the  theorem  holds  in  the  case  in  which  the  Fourier's  series  are 
uniformly  convergent  is  shewn  by  a  direct  formation  of  the  product,  and  has 
long  been  known. 

To  establish  the  result,  we  observe  that  the  two  series 


oo 


i (0.-0.')'+  2  i{a,-a;y+(b,-b,y], 


fsl 


are  absolutely  convergent,  and  have  for  their  sums 

respectively.     By  taking  the  diflFerence  of  these  two  series,  the  result  follows 
at  once. 

This  result  may  be  applied  to  express  the  Fourier's  constants  of /(a?)  ^  (a?), 
the  product  of  two  limited  integrable  functions,  in  terms  of  the  Fourier's 
constants  for  the  two  functions  fix),  ^  (a?). 


00 


Thus,  if  f{x)  ^^^00+  2  (a»  cos  nx  +  6^  sin  nx\ 


00 

^(^)'^i^'+  2  (a»' cos  no?  +  6/ sin  no;), 


00 


f{x)^{x)'^\a^-\-  2  (on cos na?  + /8n sin ^1 

we  have,  from  the  above  theorem, 

00 

OL^  =  \aQa^-\r    2   (OrOr'  +  irV). 

r=l 

Corresponding  to  the  function  ^  (a?)  cos  two?,  the  Fourier's  constant 

1  /■» 

-  I      6  (a?)  cos  ma?  cos  ra?da?=  A  (a'«+r  + a  m-r); 

also  the  Fourier's  constant  for  the  function /(a?)  ^  (a:)  cos  ma;,  which  corre- 
sponds to  Oo  relative  to /(a?)  ^(a?),  is  ol^.  We  thus  obtain  an  expression  for 
Otn,  by  employing  the  two  functions /(a?),  ^  (a;)  cos  7/ia;,  and  applying  the  above 

theorem.     We  then  find  that 

00 

In  a  similar  manner,  it  can  be  proved  that 

00 

^m  =  i«o6m'+   2    liar(6'm+r-6m-r)-i6r(a'»+r-a',»^r)}. 


r»l 
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THE   INTEGRATION   OF   FOURIER'S  SERIES. 

473.     \if{x)  be  any  summable  functioD  which  has  a  Fourier's  series 

00 

iao+  2  (or cos ra?  +  6y sin ra?), 

the  integral  I  f{x)  dxv^Q.  continuous  function,  with  limited  total  fluctuation 
in  (-  TT,  tt).     It  is  therefore  representable  by  a  Fourier's  series 

00 

Jao'+  2  (Or' cos nc  +  6/ sin  ro?), 

r=l 

which  is  uniformly  convergent  in  any  interval  in  the  interior  of  the  interval 
(—  TT,  tt).     Denoting  the  function  I     f{x)  dxhy  <l>  (x),  we  have 

-  I      if>(x)  cos  radx  =  -  \<f>{x) /     f(x)  sin  rxdx, 

or  o^  =  -  -  6r, 

T 

whenever  the  function  f{x)  is  such  that  the  formula  of  integration  by  parts 
is  applicable.  This  has  been  shewn  in  §  394,  to  be  the  case  when  /(x)  is 
either  a  limited  summable  function,  or  also  when  it  is  integrable,  but  has 
points  of  infinite  discontinuity  which  belong  to  a  reducible  set  of  points. 

In  a  similar  manner,  it  can  be  shewn  that  bJ  =  -  Ur cu  cos  rrr.    There- 

r  r 

fore  the  function  ^{x)=  I     f{x)dx  is  represented  by  the  Fourier's  series 

\a^ -\-  2  -  [— 6r  cos  ra?  +  (ctr  —  Ot,  cos  rw)  sin  rx]. 

To  determine  0^',  we  observe  that,  at  the  point  a:  =  —  tt,  the  sum  of  the  series 
must  be  i  {^  (—  TT  +  0)  +  <^  (tt  -  0)},  or  ^ira^ ;  therefore 

ioo'—  2  —  cosr7r  =  ^TTOo. 

r=l  ^ 

Also,  in  the  interior  of  the  interval  (—  tt,  7r),  we  have 

*   1 
—  la?=  2  -  cos  nr  sin  rar. 

Therefore  <^  {x)  is  represented,  in  the  interval  (—  7r,  ir),  by 

icto  (w  +  *c)  +  2  -  [Or  sin  rx  +  6,. (cos  nr  -  cos  rx)], 

which  is  obtained  by  integrating  the  terms  of  the  Fourier's  series  corre- 
sponding to  /(a?),  between  the  limits  —  tt,  x. 
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The  following  theorem  has  been  established : — 

If  f{x)  he  a  summahle  function,  which,  if  unlimited,  has  points  of  infinite 

discontinuity  belonging  only  to  a  reducible  set  of  points,  then  I  f{x)  dx,  where 

—  IT  ^a<  P  ^ir,is  represented  by  the  convergent  series  obtained  by  integration, 
term  by  term,  of  the  Fourier's  series  corresponding  to  f{x). 

It  will  be  observed  that  no  assumptions  have  been  made  as  regards  the 
convergence  of  the  Fourier's  series  which  represents  f{x). 

It  appears  from  the   theorem  of  §472,  that,  when  f{x)  is  a   limited 
function,  integrable  in  accordance  with  Riemann  s  definition,  the  two  series 

00  00 

2  Or',    2  6r*  are  both  convergent.     From  this  result*,  the  convergence  of 

r=l  r=l 


/: 


the  two  series    2  - 1  Or  I,    2  - 1 6r  I  follows.     For  a,.'  +  —  ^  -  I  Or  L  hence 

r  \  r  r   1 

X-\ar\<Xar^  +  i-,; 

and  thus  2  -  a,.  I  is,  for  all  values  of  r,  less  than  some  fixed  positive  number ; 
1  ^ 

whence  the  convergence  of  the  series  2  -  |  o^  |  follows. 

PROPERTIES  OF   POISSON*S   INTEGRAL. 

474.  Let  the  function  f(x),  defined  for  the  interval  (—  tt,  tt),  be  either 
limited,  or  unlimited,  but  such  that  it  possesses  a  Lebesgue  integral  in  the 
interval,  which  integral  is  of  course  absolutely  convergent.  It  has  been 
pointed  out  in  §  435,  that  Poisson's  integral 

1  —  A* 
_,  l-2Acos(aj-a;')  +  A»-^^^'^'^'' 

where  —l<h  <  1,  represents  the  sum  of  the  convergent  series 
o"  /     /(^ ) ^'  +  2  A" icos nx  .-  \      cos nx' .  f(x') dx' 

+  sin  7w? .  -  I      sin  rw;'  fi^)  dx'  > . 

It  will  here  be  shewn"f"  that,  as  h  converges  to  the  limit  1,  Poisson's 
integral  converges  to  the  value 

limi{/(a:  +  0+/(a?-0}, 

*  See  Bdoher's  "Theory  of  Fonrier*8  series,*'  Annals  of  Math,,  ser.  2,  vol.  vii,  p.  108. 

t  The  limit  to  whioh  Poisson's  integral  oonverges  has  been  studied  by  Sohwarz,  in  two 
memoirs ;  see  his  Math,  Abh.,  vol.  n,  pp.  144,  175.  Sohwarz  has  considered  the  case,  more 
general  than  that  in  the  text,  in  which  x  varies  as  well  as  h ;  but  he  has  confined  his  attention  to 
the  case  in  which  the  function  is  either  continuous,  or  else  has  only  a  finite  number  of  discon- 
tinuities. See  also  Forsyth's  Theory  of  Functions,  2nd  ed.  p.  450,  or  Picard's  TraiU  d* Analyse, 
vol.  I,  p.  249.  For  a  more  complete  treatment  of  questions  connected  with  Pois8on*s  integral, 
see  the  memoir  by  Fatou  in  the  Acta  Mat,,  vol.  xxz. 
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where  x  has  any  constant  value  such  that  this  latter  limit  has  a  definite 
value. 

We  find,  by  a  direct  method,  that 

r  .      }ir^\  .  I..  de^2  tan-»  (\-—^  tan i^)  ; 


0 

and  thence  that 


j_r      1-^'     ^^_i 

27rj_,l-2Acos^  +  A«"^"   • 


Denoting  the  value  of  Poisson's  integral,  for  a  fixed  value  of  a;,  by  /(«), 
we  have 

I{x)  -  lim  i  {/(a:  +  0  +/(^ -  0} 

If'  1  —  A" 

"2^J_,  l-2Acos(a;-a?')  +  fc«*^^'^**''' 
where  ^{af)  denotes 

f(a!)-\im^\f{x  +  t)  +  f{x-t)}, 

and  X  has  a  fixed  value  such  that 

\\m^[f{x-\-t)+f{x^t)] 
has  a  definite  value. 

A  positive  number  S  can  be  so  chosen  that,  if  0  <  f  ^  S, 

l/(^  +  ?)  +/{<>=  -  f )  -  lim  {/  (x  +  <)  +f{x  -t)\\<  e, 

where  e  is  a  prescribed  positive  number.     We  have  then 

27rj^-5  l-2Aco8(a;-a;')  +  A»'P^''^^    ^27rJo  1  -  2Acos  f  +  P  ^^' 
and  the  expression  on  the  right-hand  side  is  less  than 

1-A» 

The  remaining  part  of  the  integral  which  represents 


^  I      -\ — ol ~i vx-:  7^  dx\  or  than  e. 

27r  J  _,  1  —  2^  cos  (ic  —  a? )  +  A* 


IS 


I{x)-\im\{f{x^-t)^f{x^t)] 


and  this  is  numerically  less  than 

1-2AC08S  +  A'' 


.^jj<t>('^')\dx'. 
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or  than 

1-A»  \-h  \-h 


Also 


1  -  2A  cos  8  +  A«     (1  -  A)'  +  4A  sin'  \%     4A  sin»  ^8 ' 
if  then  i;  be  a  prescribed  positive  number,  we  have 

l-2Acos8  +  A^^^'  if  4;^^ < '?.  or  if  A > (1  + 4, sin^S)-, 

and  this  is  satisfied  if 

A>l-4i7sin»JS. 

The  numbers  e,  i;  being  arbitrarily  fixed,  S  can  be  determined  as  above ; 
then,  provided  1  —  A  <  4i;  sin*  \Z,  we  have 

where  ^  is  a  fixed  positive  number,  for  a  fixed  value  of  x.  Since  €,  %\  are 
arbitrarily  small,  we  have  therefore  proved  that 

lim  /  {x)  =  lim  J  { f\x  +  0  +  fipa  -  0}- 

For,  if  f  be  arbitrarily  fixed,  we  may  first  choose  €,  so  that  €  <  Jf,  and  we 
may  then  choose  rj<^/2A;  hence,  if  h  be  sufficiently  small,  I(x)  differs 
from  the  limit  by  less  than  f. 

The  following  theorem  has  now  been  established : — 

^f  f(^)  be  a  limited  or  walimited  fwnction,  possessing  a  Lebesgue  integral 
in  ike  interval  (—  7r,  7r),  theuy  for  any  fiaced  value  of  x,  for  which 

lim\{f{x-\-t)-\-f{x^t)] 

has  a  definite  value,  Poisson's  integral  converges  to  the  value  of  that  limit,  as 
h  cojiverges  to  1.  In  particular,  at  a  point  of  ordinary  discontinuity  off(x), 
Poisson's  integral  converges  to  the  value 

i{y(^+O)+/(a;-0)l; 

and,  at  a  point  of  continuity  of  f(x),  it  converges  to  the  value  f{x). 

It  has  been  already  pointed  out  in  §  435,  that  no  conclusion  can  bo  drawn 
as  to  the  convergence  or  non-convergence  of  the  Fourier'^s  series  at  such 
a  point  X,  In  case  however  the  Fourier's  series  converges,  it  follows  from 
AbePs  theorem  (§  356),  that  it  must  converge  to  the  same  limit  as  does 
Poisson's  integral.     We  therefore  obtain  the  following  theorem : — 

-(/^/(^)  be  any  function,  for  which  the  Fourier's  coefficients  eocist,  as  proper 
{Lebesgue,  or  Riemann)  integrals,  or  as  absolutely  convergent  {Lebesgue^  or 

H.  46 
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Hamack)  improper  integrals,  then  at  any  point  x  at  which  the  Fourier* 8  series 
is  convergent,  it  must  converge  to  the  value 

lim^{f(x  +  t)+f(x-t)l 

provided  this  limit  have  a  definite  value. 

This  theorem  has  already  been  established  otherwise,  in  §  470. 

It  may  be  remarked  that,  if  (a,  8)  be  any  interval  in  which  /(x)  is 
continuous,  the  end-points  a,  /8  being  points  of  continuity,  then  the  number  S, 
corresponding  to  a  fixed  €,  may  be  chosen  so  as  to  be  independent  of  x,  for 
all  values  of  a;  in  (a,  /3).  This  follows  from  the  property  of  uniform  con- 
tinuity of  a  continuous  function  (§  175). 

Also  A  is  less  than  a  fixed  number,  for  all  values  of  x  in  (a,  /3).  It 
therefore  follows  that  Poisson's  integral  converges  to  the  value  f(x)  uniformXy 
in  the  interval  (a,  /3),  in  which /(x)  is  continuous. 

APPROXIMATE   REPRESENTATION  OF   FUNCTIONS  BY   FINITE  TRIGONOMETRICAL 

SERIES. 

476.  If  the  function  f(x),  defined  for  the  interval  (— tt,  tt),  be  con- 
tinuous in  the  interval  (a,  /8),  contained  in  (-  tt,  tt),  including  the  end-points 
a,  /8,  it  has  been  seen  in  §  474,  that  Poisson's  integral  converges  to  the  value 
/(a?),  uniformly  in  the  interval  (a,  ^),  as  h  converges  to  the  value  1. 

Therefore,  a  value  Ai,  of  A,  may  be  chosen,  corresponding  to  an  arbitrarily 
fixed  positive  number  e,  so  that  /{x)  differs  from  the  sum  of  the  convergent 
series 


o~  I      /(^')  ^'  4-  2  Ai'*  -^cos  na? .  —  I     /(a?')  cos  nx'  dx 


+  sin  no: .  —  I     /(a?')  sin  nx'dx'\ 


by  less  than  ^€,  for  all  values  of  x  in  (a,  ^).  Since  the  series  converges 
uniformly  for  all  values  of  x,  an  integer  m  may  be  so  fixed,  that  the  remainder 
of  the  series  after  the  mth  term  is  numerically  less  than  ^e,  for  all  values  of  x. 
In  this  manner,  we  obtain*  a  finite  trigonometrical  series 

^4o  +  (4jcosa?+5isina?)+  ...  +  (4  m  cos  rwa?  +  B^Anm^) 

tfie  sum  of  which  differs  from  f(x)  by  less  than  e,  for  every  value  of  x  in  the 
interval  (a,  13)  in  which  f(x)  is  continuous. 

This  mode  of  approximate  representation  of  f(x)y  in  the  interval  (a,  /8),  is 
clearly  not  unique,  because  the  values  of  the  function  in  that  part  of  (—  tt,  tt) 

♦  See  Picard's  Traiii  d' Analyse,  2nd  ed.,  vol.  i,  p.  276. 
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which  is  not  in  (a,  fi)  may  be  altered  in  any  manner,  subject  only  to  the 
integrability  of  f(x)  in  (—  tt,  tt),  and  the  continuity  of  /(x)  at  the  points 

In  the  above  finite  series,  each  of  the  circular  functions  can  be  expanded 
in  powers  of  x,  and  the  result  rearranged  as  a  power-series,  of  which  the  sum 
consequently  differs  from  f(x)  by  less  than  e,  for  all  values  of  x  in  (a,  13). 
Since  the  power-series  is  uniformly  convergent,  we  thus  obtain  a  proof  of 
Weierstrass'  theorem,  already  established  in  §  373,  that  a  finite  polynomial 
P(x)  can  be  determined,  such  that  \f(x)  —  P(x)\<  2€,  for  all  values  of  x  in 
(a,  13) ;  the  number  e  being  arbitrarily  chosen. 

Another  method*,  not  involving  the  use  of  Poisson's  integral,  may  be 
employed  to  determine  an  approximate  representation  of  a  function  /(a?), 
continuous  in  (a,  /8),  by  means  of  finite  trigonometrical  series.  Choose  /,  so 
that  —  2<a<^<2.  As  in  §  37 3^  a  continuous  polygonal  line  can  be  con- 
structed, such  that  its  ordinate,  for  each  point  x  in  (a,  /8),  diflfers  from  /(x) 
by  less  than  Je.  The  polygonal  line  may  be  extended  to  the  whole  interval 
(—  I,  I),  so  as  to  be  a  continuous  polygonal  line  for  the  whole  interval,  and  to 
be  such  that  its  ordinates  at  the  points  x^l^^l  are  equal  to  one  another. 
In  virtue  of  Dirichlet*s  theory  of  Fourier's  series,  the  polygonal  line  may 
be  represented,  for  the  whole  interval  (—  Z,  Z),  by  a  Fourier's  series 

^Oo  +  S  (OjiCos— y- +6n8m-pJ; 

and,  by  the  theorem  of  §  451,  this  series  converges  uniformly  in  (—  /,  l\  to 
the  value  f{x).  The  sum  of  the  Fourier's  series  differs  from  f{x)  by  less 
than  j€,  at  every  point  of  (a,  fi).  The  integer  m  may  be  so  chosen  that  the 
sum  of  the  terms  for  n  >  m,  is  less  than  Je,  for  all  values  of  a?  in  (a,  /8),  on 
account  of  the  uniform  convergence.    Therefore  the  finite  series 


^00  + 2    (OnCOS-j— +6n8m-pj. 


has  the  required  property,  that  its  sum  differs  from  f{x)  by  less  than  e,  for 
all  values  of  x  in  (a,  /3).  This  method  may  be  applied,  in  the  same  manner 
as  in  the  case  of  the  preceding  one,  to  prove  Weierstrass'  theorem  relating 
to  the  approximate  representation  of  a  continuous  function  by  a  finite 
polynomial. 

476.  Let  f{x)  be  a  function  such  that  both  f(x)  and  { f{x)Y  possess 
Lebesgue  integrals  in  the  interval  (— tt,  tt);  and  let  8„i(x)  denote  the  sum  of 
a  finite  trigonometrical  series 

J^o  +  2   {An  COS  mx  +  Bn  sin  mx), 

*  Volterra,  Rendiconti  del  Circolo  mat,  di  Palermo,  vol.  xi,  1897,  p.  83. 
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Let  us  consider  the  integral 


We  find  that 


m 


+  2  iAn — I     f  (x)  COS  nxdxy  +  2  <Bn I     /(a?)  sin  iw?cti?j- 


+ 


•j  I     /(a?)  sin  nxdxi     . 
If  /m  be  regarded  as  a  quadratic  function  of 

it  is  clear  that  the  value  of  Im,  will  be  least,  when 

If  If* 

-4o  =  -  I     /(a?)  da?,      -4,^  =  -        /(^)  cos  nxdx, 


1   f 
jBn  =  -  I     /(a;)  sin  na;(ia;, 

^  J  -IT 


for  n  =  l,  2,  3,  ...m;  i,e,  when  ilo,  -4„,  i?„  are  the  Fourier's  coefficients 
corresponding  to  the  function /(a;).  These  values  of  4©,  A^,  B^  are  therefore 
such  that  the  finite  trigonometrical  series  gives  the  best  approximation  to 
the  value  of /(a;),  in  accordance  with  the  standard  of  the  method  of  least 
squares.     The  following  theorem  has  been  now  established : — 

//*  /(a?)  he  defined  for  the  interval  (—  tt,  tt),  and  be  such  that  both  the 
function  itself  and  its  square,  possess  Lebesgve  integrals  in  the  interval,  then 
the  values  of  the  2m  +  1  constants  Aq,  Ai,  Bi  ...  Am,  Bmy  which  are  such  that 

fir     r  n=m  ~|i 

I        f{x)  —  ^Ao  —    2    (-4^  cos  mx  +  Bfn  sin  mx)    dx^ 

has  the  smallest  value,  are  the  Fourier  s  coefficients  corresponding  to  the 
function  f(x). 

The  minimum  value  of  the  integral  Im  is 

J  _^  [/(^)Y  da?  -  TT  I  ioo"-  +  ^2    (an»  +  bn')\  , 

where  ao,  a^,bn  denote  the  Fourier's  constants  correspqnding  to  the  function 
/(x).    It  follows  that  this  difference  is  essentially  positive,  whatever  value  m 

CO 

may  have,  and  therefore  the  series  ^00^*+  2  (ctn*  +  6n')  is  necessarily  con- 

*  This  theorem  was  given  by  Toepler,  in  a  somewhat  less  general  form,  see  Wiener  Ameigtn^ 
vol.  XIII,  1876. 
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vergent.     It  has  been  shewn  in  §  472,  that,  on  certain  assumptions,  the  series 

converges  to  the  value  -  I      {/(«)}* da?.    An  attempt  was  made  by  Hamack* 

to  establish  this  fact  directly,  and  to  found  thereon  a  theory  of  the  con- 
vergence of  Fourier's  series. 


00 


It  follows,  from  the  above  result,  that  the  series  So^i',  S6n'  are  both 

1^  1 

convergent,  and  therefore  that  lim  On  =  0,  lim  bn  =  0,  which  has  already  been 

n=oo  n=oo 

established  in  §  454,  independently  of  the  assumption  here  made,  that 
\/(^)Y  is  integrable  in  (— tf,  7r). 

THE   DIFFERENTIATION   OF   FOURIER'S  SERIES. 

477.     In  general,  the  series  obtained  by  diflferentiating  a  convergent 

Fourier's  series  is  not  convergent,  as  may,  for  example,  be  seen  in  the  case 

*  1 
of  the  series  S  -  sin  nx ;   neither  is  the  series  so  obtained  necessarily  the 

1  w 
Fourier's  series  corresponding  to  /'  (x). 

Let  /(x)  be  a  limited  function,  with  only  a  finite  number  of  ordinary 
discontinuities ;  let  it  also  be  assumed  that  f  (x)  has  a  Lebesgue  integral  in 
(—  7r,  7r),  and  that,  if  it  have  points  of  infinite  discontinuity,  such  points  form 
a  reducible  set.  This  is  consistent  with  there  being  a  set  of  points  of  zero 
measure  at  which  /'  (x)  has  no  definite  value.  At  the  points  of  discontinuity 
of /(a:),  we  may  regard  /'  (x)  as  undefined.     We  have  then 

-  I      f(x)  cos  nxdx  =    —  f(x)sinnx\ I     /'  (x)  sin  nxdx 

=  ^  [-  2  {f(a  +  0)  -/(a  -  0)}  sin  na]  -  ^  j[j'  (x)  sin  nxdx, 

the  summation  S  referring  to  the  finite  number  of  points  a  of  ordinary 
discontinuity  oi  f{x)  in  the  interior  of  (— tt,  tt).  In  a  similar  manner,  we 
find  that 


i  f '  fix)  si 

^  J  -tr 


sin  nxdx 


=  ^  [(-  ir  l/(-  ^  +  0)  -/(Tr  -  0)}  +  2  {/(a  +  0)  -/(a  -  0)}  cos  na] 

1  r» 

-I I      f'(x)co8nxdx. 

Also 

I  r  /'  ix)<b>  =  l  [/(tt  -  0)  - /(-  ^  +  0)  -  2  {/(a  +  0)  -/(a  -  0)}]. 

*  See  two  articles  in  the  Math,  AnnaUn,  voJ.  xvu. 
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If  then,  the  Fourier's  coeflScients  for  the  functions  /(a?),  /'  (a?)  be  denoted 
hy  tto,  dn^  6»,  and  Oo',  On',  W  respectively,  we  have 

o.'  =  -  [/(ir  -  0)  -/(-  ^  +  0)]  -  ^  2  {/(a  +  0)  -/(a  -  0)}. 

IT  vT 

o„'  =  n6„  -  i  [(- 1)»  {/(-  TT  +  0)  -/(.r  -  0)}  +  2  {/(a  +  0)  -  /(a  -  0)}  cos  na], 

TT 

6„' =  - na„ -- 2  {/(o  +  0)  - /(a  -  0)}  sin  no. 

TT 

In  particular,  if  f{x)  be  continuous  in  the  interval  (—  tt,  tt),  so  that  the 
function  obtained  by  extending  f{x)  beyond  the  interval,  in  accordance  with 
the  rule  f(x)  =f(x  ±  27r),  is  continuous  except  at  the  points  —  tt,  tt,  we  have 

«•' = i  {/('t)  -/(-  'r)). ««' = «^» + —~  {/(•^)  -/(-  '^)). 

TT  TT 

6n'  =  -  wOn.  Unless  /(tt)  =/(-  tt),  the  Fourier's  series  corresponding  to  /'  (x) 
is  not  obtained  by  term  by  term  differentiation  of  the  Fourier's  series  for /(a?). 
Even  when  this  condition  is  satisfied,  no  assertion  can  in  general  be  made  as 
to  the  convergence  of  the  Fourier's  series  for  /'  {x).  We  have  thus  obtained 
the  following  theorem : — 

I//(os)  be  continuous  in  (—  tt,  tt),  and  if  /(—  't)  ^/('rr),  and  f'(x)  have  a 
Lehesgue  integral,  and  have  at  most  a  reducible  set  of  points  of  infinite 
discontinuity ^  the  Fourier's  series  for  f  (a?),  whether  it  converge  or  not,  is 
obtained  by  the  term  by  term  differentiation  of  that  corresponding  to  f{x). 

If  it  be  known  that/'  (x)  has  limited  derivatives  at  any  point,  or  if 

*=+o  h  '   A=+o  ~^ 

are  definite,  or  are  indeterminate  between  finite  limits  of  indeterminacy, 
then,  in  accordance  with  Theorem  III,  of  §  467,  the  Fourier's  series  for 
/'(a?)  converges  at  the  point  x, 

478.  In  case  the  function  f{x)  have  derivatives /' (a?),  f"{x\  ...  of  any 
number  of  orders,  and /(a;), /' (a;), /" (a?),  ...  are  all  limited,  and  continuous 
in  (—  TT,  tt),  except  at  a  finite  number  of  points  at  which  they  have  ordinary 
discontinuities,  the  coefficients  On,  bn  may  be  expressed  in  a  form  which 
exhibits  these  discontinuities. 

At  a  point  a  of  discontinuity  of /(a?),  the  function /'(a?)  may  be  regarded 
as  undefined,  the  values  of /'(a  +  0),  /'(a  -  0)  being 

lim  -^-(^  +  ^^---^^^  1 0) .    lim  /(g  -  h)  -/(a  -  0) 
respectively.     A  similar  remark  applies  to  the  higher  differential  coefficients. 
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We  find,  by  integrating  twice  by  parts, 
a„ 2.  2  {/(a  +  0) -/(a  -  0)}  ain  na--i- 2  {/'(;8  +  0)-/'(^-0)}  cos  n^ 

7* VI  71'  Yi 


1       f 

— r—  /     f  (x)  COS  nxdx, 


*»  =  i  ^  {/<«  +  <')  -/("  -  0)1 «««  "«  -  ;|-  ^  {/'  ^^  +  0)  -/'  (/9  -  0)}  sin  n^ 


1       f' 

"■  ;;i:;     f"  (^)  ^°  ^^» 


where  —  tt  is  now  included  among  the  points  a  of  discontinuity  of  f{x\  and 
amongst  ^,  the  points  of  discontinuity  of  f'(x).  The  points  a  in  general 
occur  amongst  the  points  /3, 

We  may  proceed,  by  further*  integration  by  parts,  to  express  On  and  bn 
in  a  series  proceeding  by  powers  of  1/n,  the  coefficients  of  which  involve  the 
measures  of  discontinuity  of  the  functions  at  the  points  a,  /S,  .... 

Conversely,  if  the  Fourier's  coefiicients  for /(a?)  are  given  in  the  forms 

an  =  -  XA  sin  7ia  +  -z  XB cos n/S  +  ,.. , 
n  tr 

6n  =  —  2-4  cos  na  +  —  XB  sin  n/8  — ... , 
n  rr 

so  that  the  Fourier's  series  has  for  its  general  term 

-  24  sin  w  (a  —  a?)  +  —  XB  cos  ti  (S  —  a?)  +  . . . , 

we  have 

/(a  +  0)-/(a-0)=-7r4,  /'(/8  +  0)-/'(/8-0) irB,.... 

Thus  the  points  of  discontinuity,  and  the  measures  of  discontinuity  of 
f{x\  f\x),  ...  are  determined  when  On,  hn  are  exhibited  as  series  pro- 
ceeding according  to  powers  of  l/n. 

479.  The  following  further  theoremsf  relating  to  the  differentiation  of 
trigonometrical  series  will  be  stated: — 

If  the  trigonometrical  series 

\aQ  4-  S  {an  cos  tw?  +  6„  sin  nx) 

n=l 

converge  for  a  particular  value  c  of  x^  and  if  the  series 

2  {—n^sinnx'{-nhnCosnx\ 

*  See  Stokes  "  On  the  critical  values  of  the  sums  of  periodic  series,'*  Math,  and  Phys,  Papen, 
vol.  I,  where  this  investigation  is  carried  out  in  detail,  and  the  resulting  formulae  for  the 
differentiation  of  Fourier's  series  are  applied  to  physical  problems. 

t  See  Bdcher's  '*  Introduction  to  the  theory  of  Fourier's  series/'  Annals  of  Math,,  vol.  vn, 
p.  120.  The  second  theorem  is  substantially  due  to  Lerch,  Annalet  sc.  de  VicoU  normale,  ser.  8, 
vol.  zi,  p.  351. 
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obtained  by  term  by  term  differenMaUon,  converge  waiformly  in  an  interval 
(a,  /8)  which  contains  the  point  c  in  its  interior,  then  the  original  series 
converges  uniformly  in  (a,  /8),  and  the  function  f(x)  represented  by  it  has, 
throughout  the  interval,  a  differential  coefficient  represented  by  the  derived 
series. 


00 


If  the  series  2  {a^cosnx-\rbn  sin  nx) 

n=l 

converge  for  a  particular  value  c  of  x,  which  is  not  zero  or  a  multiple  of  v, 
and   if   Urn  an  =  0,   Urn  bn  =  0,   then   throughout  an  interval  (a,  13)   which 

contains  the  point  c  in  its  interior,  but  does  not  include  the  point  0,  or  krr, 
where  k  is  any  integer,  the  seines  converges  uniformly  in  the  interval  (a,  jS), 
and  the  fuTWtion  f{x)  represented  by  it  will  have  a  differential  coefficient  f'{x) 
given  by 

2  sin  x.f'(x)=  2  {[(n  —  1)  On-i  —  (n  +  1)  On+J  cos  nx 

+  [(n  -  1)  6»_,  -  (n  +  1)  6n+i]  «n  nx], 

where  a_i  =  6_i  =  a©  =  6©  =  0,  provided  this  last  series  converges  uniformly  in 
the  interval  (a,  13). 

It  is  clear  that,  for  a  function /(a;)  which  possesses  differential  coefficients 
of  all  orders  in  the  interval  (—  tt,  tt),  it  is  not  in  general  possible  to  obtain 
representations  of  all  these  differential  coefficients  by  means  of  successive 
term  by  term  differentiation  of  the  Fourier's  series  which  represents  f(x). 
The  following  theorem,  due  to  Borel*,  gives  the  means  of  obtaining  the 
requisite  representation  of  such  functions: — 

Having  given  a  function  f(x)  which  has  differential  coefficients  of  all  orders 
throughout  the  interval  (—  tt,  tt),  the  function  can  be  represented  by  means  of  a 
series  of  the  type 

00 

2  {AnX^  +  anCOsnx +  bnsinnx); 
«=o 

and  the  differential  coefficients  of  f(x),  of  all  orders,  are  represented  by  the 

series  obtained  by  successive  term  by  term  differentiation  of  this  series.    All  the 

series  so  obtained  converge  uniformly  in  the  interval  (—  tt,  tt). 

GENERAL  EXAMPLES. 

1.    The  trigonometrical  series 

6i  sin  J7+62  sin  2j7+... +  6„  sin  rw:+ ... , 
is  uniformly  convergent  in  any  interval  not  containing  the  point  j?=0,  or  any  point 
ar=  ±2107,  {k  integral),  if  lim  b,^=0,  and  if  also    2  I  &»-&»+ 1 1  he  convergent    For 


71=00  »=1 

n-1 


2sin^a?.«,j(a?)  =  6iCos Jo:-  2    (6,.-6,.+i)cosi(2r-f l)a?-6„C08 J (2n+l)ar, 


r=l 


See  the  Lemons  sur  Usfonctions  de  variables  reellei,  p.  68,  where  this  theorem  is  proved. 
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whence  the  result  follows.    The  series*  converges  for  all  values  of  a?,  if  lim6^=0,  and  if 

n=oo 

also  &»  ^  ^n-t-ii  ^^^  ^1  values  of  n  greater  than  some  fixed  value  m ;  the  convergence  is 
then  uniform  in  any  interval  which  does  not  contain  ^=0  or  x^s  ±2kir,  for  any  integral 
value  of  L 

The  series  ^ao-|-aiCOfi^-|-a)Cos2a7+...,  may  similarly  be  shewn  to  converge  uniformly 
in  any  interval  not  containing  x=Oy  or  any  point    ±2it9r,  if  lima,|C=0,  and  if  also 


n=<» 


2   |««-a«+i|  be  convergent    If  lima,|B=0,  and  a,,^a«+ii  for  n>m,  the  series*  con- 

n=l  n=» 

verges  for  all  values  of  x,  except  0  or  ±  2irir. 

2.  Let  /(x)t  be  a  function,  of  period  2ir,  limited  and  int^rable  in  any  interval  which 
does  not  contain  the  point  x=0,  or  any  point  x=2i:v ;  but  let  f(x)  not  satisfy  these 
conditions  in  the  neighbourhood  of  j?  =  0.  Let  it  be  assumed,  (1)  that  |/(J?)+/(  -  J?)  |  is 
integrable,  in  (0,  yt),   (2)  that  lim  {xf{x)}^Oj  and,  (3)  that  xf(x)  has  its  Fourier's  series 

convergent  at  the  point  ^=0.     The  Fourier's  coefficients  On,  6»,  for  the  function /(^),  then 
exist,  and  lim  0^=0.    Also  it  follows  from  (3),  that  lim  b^=0.    For  this  last  condition  is 

equivalent  to 

which  holds  if  f(x)  tan  ^x  have  its  Fourier's  series  convergent  at  x==0  ;  and  f{x)  tan  ^x 
may  clearly  be  replaced  by  xf(x). 

It  can  now  be  seen  easily  that 


/ 


-w 


sini(2n+l)(^-y) 


has  the  limit  0,  when  n  is  indefinitely  increased,  on  condition  that,  in  the  neighbourhood 

of  ar'=0,  those  elements  which  correspond  to  values  of  xf  of  opposite  sign,  but  of  equal 

values,  are  made  to  coalesce.    When  the  conditions  (1),  (2),  (3)  are  satisfied,  the  necessary 

and  sufficient  condition  that  the  Fourier's  series  should  converge  to  f{x)  is  that  that 

function  which  =f{x)  in  the  neighbourhood  of  the  point  Xy  and  is  elsewhere  zero,  should 

be  representable  by  a  Fourier's  series. 

»r 
sm  - 

X 

Let  f(^)=  ,  , ,  where  0<a?^a<d-«, 

X  log  -  log  log  - 

X  X 

and  let  /(^)+/(--^)=0.    This  function  satisfies  conditions  (1),  (2),  (3),  and  is  represent- 
able by  a  series 

•   .    nx  .  2»rjr . 

aism  —  +  asBm +.... 

a  a 

\f(x)  I  is  not  integrable,  although  /*(j?)  is  so ;  thus  the  series  is  a  generalized  Fourier's 
series. 

*   sin  fix 
3.    The  convergent  series  f   2   -r represents  a  function  which  is  not  integrable,  in 

00     ^  COS  fU? 

any  sense,  in  an   interval  containing  the  point  ^^0.     The  series     2  — ^ is  not 

n=2   /ilogn 
convergent 

*  Schldmilch,  Compendium  d,  hdheren  Analysis ^  vol.  i,  §  40. 
t  See  Fatou,  Comptes  rendus,  March  26,  1906. 
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4.    In  the  series  2  sin  (n !  irx\  the  coefficients  do  not  become  indefinitely  small,  and 

therefore  the  series  is  not  a  Fourier's  series.  The  series  converges,  however,  for  all  rational 
values  of  or ;  it  also  converges  for  an  infinite  number  of  irrational  values,  for  example, 
for  x=sin  1,  cos  1,  2/e,  and  for  multiples  of  these  values;  also  for  odd  multiples  of  «. 
This  example  is  due  to  Riemann,  and  the  series  has  been  considered  in  detail  by 
Genoochi*. 


00 


5.  Consider  the  series    2  c^coan'^x,    2    c,^fdnn^Xj  where  c^,  c^,  Cf, ,.,  are  positive 

ti=o  n—l 

numbers,  and  such  that  lim  c^=Oj  but  such  that  2  c^  is  divergent    The  points  of  con- 

n=«>  n=0 

vergence,  and  the  points  of  divergence,  of  these  series  both  form  everywhere-dense  seta. 
These  series  have  been  treated  in  detail  by  Genocchi. 

•  1 

6.  The  function  /(;r)  =   2  -  (nx),  where  {nx)  denotes  the  excess  of  nx  over  the  nearest 

n—l  W 

integer,  and  where  (9Lr)=0  when  nx  is  half  an  odd  integer,  is  not  integrable  in  aooordance 
with  Riemann's  definition.     Riemann  has  however  given  the  series 

-    2    J± : r—-*  sm  2nirx, 

^  n=l  n 

as  representing  f{x) ;  where  the  summation  Sg  refers  to  all  the  factors  d,  of  «. 


RIEMANN's  theory  of  TRIGONOMETRICAL  SERIEa 

480.  After  the  fundamental  investigation  of  Dirichlet,  in  which  suflScient 
conditions  were  obtained  for  the  convergence  of  the  Fourier's  series  corre- 
sponding to  a  given  function,  the  next  great  advance  in  the  theory  was 
made  by  Riemann  f,  in  his  celebrated  memoir  on  the  representation  of  a 
function  by  means  of  trigonometrical  series.  This  memoir  formed  the  point 
of  departure,  on  which  much  of  the  subsequent  development  of  the  theory 
depended. 

Denoting  such  a  series  by 

where  Aq  =  ^Oo,     An^On  cos  nx  +  bn  sin  rur, 

it  is  assumed,  for  the  most  part,  that 

lim  (Un  cos  nx  +  bn  sin  nx)  =  0, 

»  =  00 

for  each  value  of  a;  in  a  given  interval.     It  was  proved  later  by  Cantor,  that 
this  assumption  necessarily  implies  that  lim  Un  =  0,  and  lim  &„  =  0-     Ii^  some 

n  s  00  Ma  00 

*  Atti  di  Torino y  vol.  x. 

t  '^Ueber  die  Darstellbarkeit  einer  Function  durch  eine  trigonometrische  Beihe."  This 
memoir,  originally  written  as  a  thesis  in  1854,  was  published  in  the  AbhatuUungen  d.  K.  Gea.  d, 
Wiasenschf.  zu  Oattingen,  vol.  xiii.     See  also  Biemann's  Oe$ammelU  Werket  2nd  ed.,  p.  227. 
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parts  of  Riemann's  investigations,  it  is  sufficient  to  make  only  the  wider 

assumption  that 

I  On  cos  7WJ  +  6«  sin  na:  I 

is  less  than  some  fixed  positive  number  K,  for  all  values  of  n,  and  for  all 
values  of  a;  in  a  prescribed  interval.  It  is  not  assumed  that  the  coefficients 
necessarily  have  the  form  of  the  Fourier's  coefficients ;  so  that  the  theory 
refers  to  trigonometrical  series  in  general. 

For  each  value  of  x  in  the  interval  (—  7r,  tt),  for  which  the  series  converges, 
the  limiting  sum  will  be  denoted  by  f{x).  This  function  /(a?),  defined  by 
means  of  the  given  series,  is  defined  only  for  those  values  of  x  for  which  the 
series  convergea  In  later  investigatious  undertaken  by  Du  Bois  Reymond, 
it  is  assumed  that  the  function  f{x)  exists  also  at  a  point  x  at  which  the 
series  oscillates;  the  function  beiug  regarded  as  multiple- valued  at  such  a 
point,  with  limits  of  indeterminacy  identical  with  those  of  the  series  at 
the  point. 

The  question  asked  and  answered  by  Riemann  was  as  follows: — The 
function /(a?)  being  defined  at  the  points  of  convergence  of  the  given  series, 
as  the  limiting  sum  of  that  series,  what  can  be  inferred  as  to  the  properties 
of  the  function  f(x)  ? 

In  order  to  answer  this  question,  Riemann  undertook  an  examination  of 
the  properties  of  the  function  F{x),  which  is  represented  by  the  series 

G+ Car  +  2 -^o^j"  -  ill  -  gi  ila  -  ...  -  ^  iln  -  ..., 

obtained  by  integrating  the  terms  of  the  given  series  twice. 

For  any  value  of  a;  for  which  \An\  is  less  than  some  fixed  positive  number, 
for  all  values  of  n,  the  function  F{x)  exists. 

In  any  interval  of  x  in  which  |  il^  {  is  less  than  a  fixed  positive  number  £, 
for  all  values  of  x  and  n,  the  terms  of  the  series  are  less,  in  absolute  value, 
than  those  of 

and  therefore  the  series  is  uniformly  convergent.  It  follows  that  the  function 
F{x)  is  continuous  in  the  interval.    This  is,  in  particular,  the  case  if 

lim  On  =  0,  lim  hn  =  0. 


00  Ms  00 


The  function  F{x)  has  the  properties  formulated  in  the  following  three 
theorems : — 

(1)    For  any  value  of  x,  for  which  the  series  ilo  +  ili  +  -42+...  +-4n+... 
converges,  tlie  expression 

F(x  +  a-\-j3)-F{x  +  a--fi)'-F(x-'a  +  l3)  +  F(x-a'-fi) 

^13 
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converges  to  the  value  f{x\  when  a,  /8  are  indefinitely  diminished  in  any  manner 

such  that  the  ratio  of  one  to  the  other  remains  finite. 

In  particular 

F{x  +  2a)  +  J'(a;  -  2a)  -  2,F{x) 

4a« 

converges  to  /(oc),  as  a  is  indefinitely  diminished.    In  this  theorem,  it  is 

sufficient  to  assume  that,  in  a  fi^xed  neiglibourhood  of  x 

I  ttn  cos  na;  +  6«  sin  rw?  I 
is  less  than  a  fi^xed  positive  number  e,  for  all  values  of  n,  and  for  all  points 
in  the  neighbourhood. 

(2)  For  any  value  of  x  whatever 

F(x  +  ^a)+F(x  -  2a)-  2F(x) 

2a 

converges  to  the  limit  zero,  as  a  converges  to  zero. 

It  is  unnecessary  that  the  function  f{x)  should  exist  for  the  value  of  x 
concerned,  and  it  is  sufficient  that,  for  all  values  of  x. 

On  cos  nx-k-bn  sin  rwc 
should  liave  the  limit  zero,  as  n  is  indefinitely  increased. 

(3)  //  b,  c  are  two  arbitrary  constants,  such  that  b<c,  and  if  \(x),  \'{x) 
are  functions  which  are  continuous  in  tfie  interval  (6,  c),  and  vanish  for 
x  =  b,x-c,  and  if  further  \(x),  be  such  that  X'Xx)  is*  a  limited  and  iniegrable 
function  in  the  interval  (6,  c),  then  the  expression 

fjL^  I  F  (x)  cos  fi{x  —  a)  .  \{x)  dx 

converges  to  zero,  as  fi  is  indefinitely  diminished,  uniformly  for  all  values  of  a. 
It  is  necessary  that  an  and  bn  have  the  limit  zero. 

481.  Proceeding  to  the  demonstration  of  these  theorems,  it  may  be 
observed  that  Riemann's  theorem  (1)  can  be  generalised  so  as  to  include  the 
case  in  which  the  series  A0  +  A1  +  A2  +  ...  does  not  converge  at  the  point  x, 
but  oscillates,  with  finite  upper  and  lower  limits  U,  L,  of  indeterminacy.  In 
that  case  it  will  be  shewn  that  the  expression 

Fjx-i-  2a)-  2F(x)  +  F(x  -  2a) 

4a» 

has  a  limit,  for  a  =  0,  which,  whether  it  be  definite  or  notf,  lies  between  the 
numbers 

*  Riemann  restricts  \"  {x)  to  have  only  a  finite  number  of  maxima  and  minima  in  the  interval, 
and  makes  no  mention  of  uniform  convergence. 

t  Du  Bois  Reymond  gave  the  va\uehu+L)^  (^  +  -^  +  -j{U-L);  see  Abh,  d.  hayerUcK 
Akad.  vol.  xii,  p.  136. 
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In  the  case  U=L,  this  reduces  to  Riemann's  original  theorem.     To  prove 
the  generalised  theorem,  we  find  that 

F(x  +  2a)-2F{x)+F{x-'2a)       .    ,    .    /sinaN   ,    .    /sin2aV 
Now  Aq  +  Ai  +  ,..  +  An-~i  lies  between  the  two  numbers 

where  e^  is  a  positive  number,  such  that,  if  S  be  any  arbitrarily  small  pre- 
scribed positive  number,  a  number  m  can  be  found,  such  that  for  n  ^  m,  €»  <  S. 
We  may  accordingly  write 

where  1  ^0n^  —  l,  and  rjn  is  a  number  such  that  |  i/n  I  <  S,  for  n  ^  m. 


The  series    S  An  ( )  may  be  written 

«=o        \   na   J 


and  we  may  divide  the  series  into  three  parts ;  first,  from  n  =  1  to  n^m, 
where  \rjn\<S,  (or  n^m\  next,  from  n  =  m+l  ton  =  «,  where  8  is  the  integral 
part  of  7r/a ;  and  lastly  from  n  =  8  +  l  onwards ;  we  suppose  a  to  be  chosen  so 
small  that  ma  <  ir.  The  first  part  of  the  sum  consists  of  a  number  m,  of  terms, 
where  m  is  independent  of  a;  and  this  part  has  the  limit  zero,  when  a  is 
indefinitely  diminished.  The  second  part  of  the  sum  is  such  that,  in  every 
term, 

/sin  n  —  lay      /sin  waV 

\n^^a~)  "  \   na   ) 
is  positive ;  and  therefore  this  part  of  the  sum  lies  between  the  two  values 

.  /t7-Z  .  ^\  (/sinT/MtV     /sin«aV] 

±l-2-+^j(i-^iiirJ-h«  Jr 

The  third  part  of  the  sum  may  be  written  in  the  form 

%    (U-L^  \  sin(2n-l)asina 

■"      ^     V 9~^n-^-l7nl  "i-i . 


Now  /sin  n  — lay      /sin  n  — lay 

\   n-la   /       \       rut       ) 

is  positive,  and  less  than 


1 


1)1 


(w  -  Vf     n'j  at 


al«8» 
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and  ^ —  is  numerically  less  than  -r- ;  hence  the  sum  of  the 

third  part  of  the  series  lies  between 

and  the  same  expression  with  the  sign  changed.  When  a  is  indefinitely 
diminished,  sa  has  the  limit  tt  ;  hence  the  limiting  sum  of  the  series 

lies  between  the  two  numbers 

or,  since  B  can  be  chosen  as  small  as  we  please,  it  lies  between 

i(t7+Z)±i(L'-L)(l  +  i  +  ^). 

In  case  x  is  a  point  of  convergence  of  the  series  S  A^  we  have  U=L  =/(x), 
and  the  above  limit  becomes /(x). 

To  prove  Riemann's  original  theorem,  we  have 

F{x  +  a  +  fi)-  2F(x)  +  F(«  -  o  -  /3)  =  (o  +  pf[f{x)  +  «,] 

F(«  +  o  - /8)  -  2F(a:) +  /•(«- o  + /8)  =  (a  - /S)*  [/(«)  + S  J 

where  S,,  S,  converge  to  zero,  when  a  +  /9,  a  —  /3  do  so.  From  these  equations 
we  find 

/•(j  +  tt  +  y3)  - /•(x  +  tt  - /3)  - /'(x  -  g  + /3)  +  i'(j-) 

the  expression  on  the  right  hand  side  converges  to  f(x\  when  a,  /3  are 
indefinitely  diminished  so  that  their  ratio  remains  finite,  since  hi,  &  converge 
to  zero ;  and  therefore  Riemann's  original  theorem  is  established. 

482.    To  prove  Riemann*s  second  theorem  that,  whether  Sil»  converges 
or  not,  so  long  as  lim  A^,  for  each  fixed  x,  is  zero, 

F(x  +  2tt)  -  2.F(x)  +  F{x  -  2a) 

2a 

*         /sin  iitt\' 
converges  to  zero,  as  a  does  so,  we  observe  that  the  series  2  -4»  (  I  can 

aso       \   na  J 

be  separated  into  three  groups  of  terms.     The  first  group  is  firom  n  »  0  to 

n  =  m,  where  m  is  so  chosen  that    A^^   <  e,  for  n>m\   the  sum  of  these 

terms  remains  finite,  as  a  is  indefinitely  diminished ;  denote  this  sum  by  iSi. 
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The  second  group  of  terms  is  from  n  =  m  +  l  to  n  =  «,  where  ^a  ^  a  fixed 

number  c< («+  l)a ;  the  sum  of  these  terms  is  numerically  less  than  €  - .    The 
remainder  of  the  series  is  numerically 

€        ^         1  6 

and  —J  diflfers  arbitrarily  little  from  — ,  when  a  is  sufficiently  small.      It 

follows  that 

F{x  +  2g)  -  2jF(a?)  4-  F{x  -  2a) 

2a 


=  I  2a2^i?^7 
I  V  wa    / 

<2(|S,|a+€C  +  ^), 


whence  the  theorem  follows,  since  e  is  arbitrarily  small. 

There  now  remains  Biemann's  third  theorem,  which  requires  the  con- 
sideration of  the  expression 

/i'  I   F{x)  cos  /i  (a?  —  a)  \{x)  dx, 
J  b 

when  /i  becomes  indefinitely  great,  the  function  \(x)  satisfying  the  conditions 
already  stated.  Since  F(x)  is  represented  by  a  uniformly  convergent  series, 
we  may  replace  the  integral  by  the  sum  of  the  integrals  obtained  by 
substituting,  in  the  integral,  the  series  which  represents  F(x).  We  have 
then 

/iM   F(x)cos  fi(x'-a)\{x)dx  =  fi^  I  (C '\-C'x  + ^Af/K^)coa fi(x^a)\(x)dx 

—   2^1   AnCosfM(x^  a)\(x)dx. 

n=l  ^   Jb 

We  shall  first  consider  the  series 

2  ^  I   AnCos fM(x  —  a)\{x) dx, 
»=i  n'  Jb 

The  general  term  of  this  series  is 

9  3  ^  I   [^^^  K/^  +  n)  a?  —  /Lia{  +  cos  {(fi  —  n)  a?  —  /xa}]  \(x)  dx 

+  ^  hn  I    [sin  {(/i  +  n)  x  —  /Lta}  —  sin  {(/x  —  n)  a?  —  /Aa}]  \(a:)  dx, 

and  each  of  these  integrals  may  be  integrated  twice  by  parts,  since 

\\x\      \"{x) 
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are  both  limited  iotegrable  functions.     The  general  term  then  takes  the 
form 


«  re 

2n'  (it  ^^  ""  Jj  °°^  ^^'^  -n)x-tM}  \"(x)  dx 

8  ^C 

The  series  can  be  divided  into  four  parts,  containing  respectively  the 
four  sets  of  terms  here  expressed ;  and  these  four  parts  will  be  considered 
separately.  Corresponding  to  an  arbitrarily  chosen  positive  number  €, 
a  value  fii,  of  fi  can  be  so  chosen  that 

I   co8(fi  +  n)x.\"(x)dwy      I   ain(fA'\-n)x.\'\x)dx 

are  both  numerically  <  ^€,  for  fi  ^  fii,  and  for  every  value  of  n ;  this  foUoMrs 
from  the  theorem  in  §  454.     It  then  follows  that 


i: 


<€y  when  fi^fh* 


cos  {(/i  +  n)  a?  -  fia]  \"(x)  dx 

b 

The  terms  of  the  first  part  of  the  series  are,  tor  fi^fi^  numerically  less 
than  the  corresponding  terms  of  the  series 


2  pl^l. 

n=l        ^ 


therefore  the  sum  of  the  series  is  numerically  less  than 

e2    !^l 


n=l      W" 


which  is  arbitrarily  small.  Therefore  the  sum  of  the  first  part  of  the  series 
converges  to  zero,  as  /i  is  indefinitely  increased.  In  a  similar  manner,  it  can 
be  shewn  that  the  third  part  of  the  series  has  the  same  property.  Next,  let 
us  consider  the  second  part  of  the  series. 

Choose  an  integer  r^,  such  that 


Jb 


cos{px  —  fid)  V(a?)  dx    <  e,  for  jp  ^  Wi, 


and  also  such  that  \an\<€,  for  n^r^;  it  then  follows  that 

-2      -;  I  «n  I  <  €.     We  shall  denote  2  —  I  an  I  by  k. 
Let  fii  be  any  value  of  fi  greater  than  2wi,  so  that 

I    cos  {(fi  —  n^x— fjLa]\"{x)dx    <  €,  for  fi^fj^  and  n^fii. 

J  b 


482]  Itiemann's  theory  of  trigonometrical  series 


737 


We  then  divide  the  series  into  parts 

2+2+S+2+      2      , 

n=l       »=»i+l       n=t-l       i»st+3       »=ni+t+l 

and  consider  these  five  portions  separately.     We  have,  at  once, 

2     <cr/      — \2    2   "1  M^n  <  o /  X. <  2*6;  for  /i^/ii. 

Let  the  integer  t  be  so  chosen,  for  any  particular  value  of  fi,  that 

1 


we  then  have 


i-i 


t-2 

2 


where  JT  denotes  I   |  \"(a?)  |  da?.      For,   if   the   interval    of    integration  be 

divided  into  portions 

/ni     w^l\        /Wi  +  1      W]L+_2\ 

we  obtain  the  series  by  giving  the  integrand  its  least  value,  in  each  portion. 
On  evaluation  of  the  integral,  we  have 


t-2 

2 


Next,  we  have 


i» 


<  4€  I    I  X  (a?)  I  cte. 
An  upper  limit  for  |     2     |  may  be   obtained   by  a  method   precisely 


»=t+3  . 

t-2 

2 


n=»,+l 


;  it  can  thus  be  shewn 


similar  to  that  employed  above  in  the  case  of 

to  be  less  than  a  certain  multiple  of  €,  for  all  values  of  fi^fh- 

It  can  also  be  shewn,  as  in  the  case  of  the  first  portion  of  the  series,  that 


2        <  2^6,  for  fi^fii. 

n  =  ni+t+l 


The  numbers  e,  n,  having  been  first  fixed,  fii  can  then  be  fixed  so  that,  for 
/i^/ii>2ni,  the  sum 


00 


»=i      2n«(/i-w) 


'*  ^  fif)         J  b 


H. 
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is  numerically  less  than  a  certain  multiple  of  the  arbitrarily  chosen 
number  e.  Therefore  this  part  of  the  series  converges  to  zero.  The  fourth 
part  of  the  original  series  may  be  considered  in  the  same  manner ;  and  thus 
the  sum  of  the  original  series  converges  to  zero,  as  /i  is  indefinitely  increased. 

We  have  now  to  consider  the  expression 

/i*  I   {G -{■  C'x  +  ^Affii?)co& yi,{X'-' a)\{x) dx. 

J  b 

It  can  be  verified  that 

fi^(C+C'x  +  ^A^)cosfi(x^a)  =  ^^Uc-^+C'x'h^A^\cm 

hence,  on  integrating  twice  by  parts,  the  expression  to  be  considered  takes 
the  form 

^\c^^+(rx  +  ^A^\cosfjL(x^a)\"(x)]da, 

By  a  further  application  of  the  theorem  of  §  454,  it  is  seen  that  fi  can 
be  so  determined  that  this  int^ral  is  numerically  less  than  €,  for  fi^fi* 

It  has  now  been  shewn  that 

|i*  I   F{x)cosfi(x^a)\(x)dx 

Jb 

converges  to  zero,  as  /i  is  indefinitely  increased,  uniformly  for  all  values  of  a. 

483.  Riemann  has  employed  the  theorems  (1)  and  (3)  of  §  480,  to  obtain 
the  necessary  and  sufficient  conditions  that  a  periodic  function  may  be 
repre^entable  by  means  of  a  trigonometrical  series  such  that  the  coefficients 
tend  to  the  limit  zero,  as  n  is  indefinitely  increased.  His  theorem  may  be 
staU^  iis  follows: — 

If  /(-r)  be  a  function,  of  period  2ir,  defined  for  every  value  of  x,  the 
nece;ssary  and  suj^ient  conditions  thai  a  trigonometrical  series 

m 

^+  2  (a,  cos  nx  +  6a  sin  ar), 

such  that  lim  a,  =  0,  lim  6.  =  0,  exists,  which,  at  every  point  of  convergence^ 

conrerges  to  the  value  f(xl  are  the  following  :— 

(I)     ITuMt  a  continuous  function  F{x)  should  exist,  sudi  that 

4a/) 
conretyes  to  f(x\  t^  a,  /S  are  diminished  indefinitHy  in  sudi  a  manner  that 
their  rxitio  has  a  finite  limit. 


482,  483]    Riemann's  theory  of  trigonometrical  series         739 

(2)     That,  ifhyChe  any  two  numbers, 

Ij?  r Fit) cos ii(t-x)\ (0 dt 

should  converge  to  the  limit  zero,  as  fi  is  indefinitely  increased;  where  \{t) 
is  a  continuous  function  such  that  \'{t)  is  continuous,  and  that  \"{t)isa  limited 
function,  and  such  that  \{t),  \\t)  vanish  at  b  and  c. 

That  the  conditions  are  necessary  has  been  already  established  in  §§  481, 482. 
To  prove  that  the  conditions  are  sufficient,  let  F(t-\-2Tr)-'  F(t)  be  denoted 
by  ^(0,  then,  from  the  condition  (1),  we  deduce  that,  since  f(t  +  27r)  =f{t), 

j.^  <^(e  +  A)4-»(e-A)-2^(0  ^  ^ 

Applying  Schwarz's  theorem,  established  in  §211,  it  follows  that  <l>(t) 
must  be  a  linear  function  of  t  It  is  now  seen  that  Aq  and  C  can  be  so 
determined  that  F(t)  —  C't  —  ^A^f^  is  periodic,  and  of  period  27r. 

The  condition  (2)  holds,  not  only  for  F  (t),  by  hypothesis,  but  also  if  F  (t) 
be  replaced  by  C^t  +  i-4o^',  as  has  been  proved  in  §  482.  Denoting  by 
y^(t)  the  periodic  function  F(t)  —  C't—  \AJ^,  it  follows  that 

lim  /iM  V^ (0  cos  fi{t-x)  \(t)  dt  =  0. 

fi=oo       J  b 

Let*  6<  — TT,  c> tt;  and  let  X (t)  =  1,  in  the  interval  (— tt,  tt);  then 
lim  \  fi^  I     V^  (0  cos  /i  (^  —  a?)  d^  +  /i*  I     yjt  (t)  cos  /i  (^  —  a?)  \  (t)  dt 

+  /Lt»  j   yjt  (t)  COS  fi(t  -  x)\(t)  dt\  =0. 
Now  let  /Lt  be  an  integer  n ;  we  have  then 

lim  \n^  I      i/r(^)cosn(^-a:)(ft  +  nM        yjt  (t)  cos  n  {t  -  x)\^(t)dt\  =0, 

where  \i  (t)  =  \  (^  —  27r),  in  the  interval  (b  +  27r,  tt)  of  ^ ;  and  where  Xj  (^)  =  \  (t) 
in  the  interval  (tt,  c).  The  function  Xj  (t)  satisfies  the  conditions  in  (2),  for 
the  interval  (6  +  27r,  c) ;  hence  we  have 

lim  n»  I        yjt  {t)  cos  n(t-x)  \  (t)  dt  =  0, 

and  therefore  also 

lim  w'  I     yfr  (t)  cos  n{t  —  x)dt=^  0. 

nsao         J  —IT 

Now  let 


^r  ^(Od^  =  C,   -  r  V^(0co8w(^-a?)d«=-^ 


*  Weber's  notes  on  Biemann's  memoir  have  here  been  utilized. 
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where  ^n  iH  of  the  form  an  cos  ruc  +  fcn  sin  na?;  then,  in  virtue  of  the  result 
juHt  cHtablifihed,  lim  iln  =  0.     It  follows  that  the  Fourier's  series 


»«oo 


^"P"2«      •••      n«      •'• 

in  convergent  for  every  value  of  x,  and  therefore  converges  to  the  value  -^  (a:), 
thin  functiou  being  continuous  and  periodic. 

The  function  F{x)  defined  by  the  series 

HatiHfioH,  with  respect  to  the  function /(a:),  the  conditions  of  theorems  (1)  and 
(3)  of  §  480,  and  lim  An  =  0,  for  every  value  of  x.    It  therefore  follows,  from 

thnoroni  (I),  that  the  series  ilo  +  -4i  +  ila  +  ...  +  il«+  ...,  for  any  value  of  x 
for  which  it  is  convergent,  converges  to  the  value /(a?). 

It  will  be  observed  that  the  theorem  gives  no  information  as  to  whether 
tho  sorioH  il©  +  ili  +  ili  + ...  +  -An  +  •••  is  a  Fourier's  series  or  not ;  neither 
(looH  it  mtUce  any  assertion  as  to  the  values  of  x  for  which  the  series  is 
eouvorgont* 

Whon  f(x)  is  a  given  periodic  function,  defined  for  all  values  of  x,  and 
which  satisfies  tho  conditions  of  the  theorem,  the  process  of  forming  the 
tTi^tnoinetrical  series  which  represents /(x)  at  each  point  at  which  that  series 
iH)nvoi*gt>s  is  as  follows: — The  function  F{x)  is  first  determined,  so  as  to 
Mtitisfv  tho  condition  (1),  in  relation  to  the  given  function /(x),  and  then  the 
poritnlio  function  ^  (x)  can  be  determined.  This  latter  function  is  then 
rt>pli\iHHl  by  tho  Fourior  s  series  which  represents  it;  and  thus  a  series  which 
lU'i^ry  whoro  roprosents  F{x)  is  obtained.  The  required  series  is  then  obtained 
by  diflforentiating  twico  the  terms  of  the  series  which  represents  F{x). 

C\>nvor^^ly«  Riomaim*s  method  gives  a  process  of  summation  of  a  given 
triRtnuMnotrical  sericiJ  J#  +  ^i+...+^»+...,  such  that  lim  ^ «  ==  0,  fin-  every 

vwhio  of  X,     Tho  series  being  given,  the  function  F{x)  is  defined  by  the 
^H^nvoi^nU  sorios 

V  -f  f.    X  "^  1  -^♦'»  |j  ""   ^        •••         3         •*•  """ 

'rho  \HMivorj;[t*nt  series 

\\\  wluoh  ti»o  sum  is 

4*' 
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is  then  formed.     Whenever  the  given  series  is  convergent,  its  sum  is  then 
given  as  the  limit,  when  A  =  0,  of  the  sum  of  the  series 

'sinM'  .    -   /sin2A^ 


.        .   /sin  hV  ^  .   /sm  2hy  ^ 


484.  The  -following  theorem  gives  the  necessary  and  sufficient  condition 
that  the  trigonometrical  series  obtained  in  accordance  with  the  method  of 
§  483,  actually  converges  to  f(x),  for  a  particular  value  of  x. 

Let  b<x<c  ^b  +  27r,  and  let  p  (t)  be  a  function  such  that  p  {t),  p'  (^),  are 
continuous  in  the  interval  (b,  c),  and  both  vanish  at  b  and  at  c;  further  let 
p"(t),  p"(t),  p*^(0  be  continuous  in  the  interval  (6,  c).  For  t  —  x,  let  p(0  =  1, 
p'  {t)  =  0,  p'  {t)  =  0.  The  necessary  and  sufficient  condition  that  the  series 
ilo  +  -4i  +  ilj  +  ...,  may  be  convergent,  in  which  ca^se  it  necessarily  converges 
to  the  valve  f(x),  is  that 

27rJb    ^  ^'^^  ^  d^         sm  ^(x  - 1) 
should  converge  to  a  definite  limit,  as  n  is  indefinitely  increased. 
We  have 

ill  +  il,  + . ..  +  il„  =  -  /        {F(t)  -  (7e  -  iAo^]  2  -  r«  cos  r  (a?  -  0  * 

Let  a  be  so  chosen  that  the  interval  (a,  a  +  27r)  encloses  the  interval 
(6,  c),  and  consider  the  integral 


/; 


^  ^*>  ^  W  ^, sin  it{x-t) ""' 


where  \(t)  =  1  —  p(t\  when  ^  is  in   (6,  c),  and  \(^)  =  1  in  the  remainder 
of  (a,  a  +  27r),  and  thus  \(x)  =  0 ;  also  let  \(^)  be  periodic,  and  of  period  27r. 

The  integral  may  be  expressed  in  the  form 


(2n  4- 1\*  r«+2»" 
-^- j  j       ^(0  X,(<)  sin  J  (2n  +  1)  («  -  «)  eft 


ra+2w 

-  (2n  + 1)  j        -f  (0  Xs(0  cos  i  (2n  +  1)  (a?  -  0  ^^ 


+ 
where  \i(t)  =  \(0  cosec  ^{x  —  0» 

Xa(0  =  ^(0  ;^  cosec  i  (a?  —  0, 

\8(0  =  ^-(0  sin  i  (^  ~  0  ;^  cosec  ^  (a?  —  t). 
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Since  X(ir)=0,  \'(«^)  =  0,  V'(ii?)  =  0,  and  since  \"'{t\  \^(t)  are  continuous 
functions  in  the  interval  of  ty  it  follows  that  \i(t),  Xiit)  satisfy  the  condition 
of  the  theorem  (3)  of  §  480.  Therefore  the  first  two  terms  of  the  above 
expression  converge  to  zero,  when  n  is  indefinitely  increased. 

The  function  '^(t)  \s{t)  has  a  limited  differential  coefficient  in  the  interval 
{^u,  a  -f  iir\  and  therefore  it  is  expressible  by  a  Fourier's  series  which  everywhere 
ei>nvergi»s  to  the  value  of  the  function.  The  sum  of  the  first  n-\-l  terms  is 
expit\^*«iHl»  at  the  point  x,  by  the  third  integral  in  the  above  expression, 
luuUiplieil  by  l/27r;  and  this  converges,  as  w  is  indefinitely  increased,  to  the 
vhUio  of  the  function  at  the  point  x,  that  is  to  zero. 

It  has  now  been  shown  that 

y      1    r  f  /*\     /^x  ^*  sill  i(2n  + 1)  (a? -  0  j. 

|^\^  utiHl  the  limit  on  the  right-hand  side  exists. 
\\y  \\iiviu\\  integration,  we  have 


.0'''-i--->^(')|"°^;y!^-''.« 


1  r *  UCt ^IA^\ n(t^^ Bmi(2n  +  l)(x-t) 
Jtt Ji  d^  t((^«  +  i^.« ) P«)] 8in i(a: _ t) *• 


27r, 

'11(0  I\i»ot.iou8  equal  to  Cp"{t),  tp"  (t),  tp  (t),  p(t)  respectively,  in  the 
thl«M'vnl  (^.  (0.  (Uid  each  equal  to  zero  in  the  remainder  of  the  interval 
^w,  H  )  ilfr),  tn't^  all  representable  by  convergent  Fourier's  series,  since  these 
l\u»N'H»>«i*  havo  limited  derivatives  in  the  whole  interval  (a,  o  +  2ir).    It 

\\\\\\^^y^^^   to    the   vahie   Aq,  as   n  is  indefinitely  increased;   for  p(«)  =  l, 

\\  \\\\H  thoreftuv  been  shewn  that  il©  +  ili  +  ...  +  iln  +  ...  converges  to  a 
sMi^^^<^^  l^^^^it,  provided 

SttJa     ^    '^  ^     d^        smi(a?  — ^) 

y\^s^\\\v^eH  lo  a  ilefiuite  limit     The  theorem  has  accordingly  been  established. 

HM^ee  the  interval  (6,  c)  which  contains  a;,  is  arbitrarily  small,  this  theorem 
kS\Hl*  h^  ovitleuoe  the  fact  that  the  convergence,  at  the  point  x,  of  the  trigona- 
^,y^4VsW  >f*<'«W  obtained  by  Rietiiann's  process,  corresponding  to  a  given 
^t^v^44  /\<\  dtfwnds  only  upon  the  naiure  of  f(x)  in  cm  arbitrarUy  small 
^MfS^^m'hmf  of  the  fHnnt  j\ 
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INVESTIGATIONS  SUBSEQUENT  TO  THOSE  OP  RIEMANN. 

486.  The  important  discovery,  made  by  Seidel  and  by  Stokes,  of  the 
fundamental  distinction  between  series  which  converge  uniformly,  and  those 
which  converge  non-uniformly  in  a  prescribed  interval,  remained  for  a  long 
time  without  influence  upon  the  development  of  the  theory  of  series  in 
general,  and  in  particular  of  trigonometrical  series.  It  was  shewn  by 
Weierstrass  that  the  legitimacy  of  term  by  term  integration  of  a  convergent 
series  is  dependent  upon  the  uniform  convergence  of  the  series ;  by  previous 
writers  no  such  restriction  upon  the  universal  validity  of  the  process  had 
been  recognized.  It  was  first  pointed  out  by  Heine*  that  a  full  recognition 
of  the  consequences  of  the  theory  of  uniformity  of  convergence  made  it 
necessary  to  undertake  a  re-examination  of  the  foundations  of  the  theory 
of  trigonometrical  series.  The  investigations  of  Dirichlet  and  others  had 
established  that  a  function  which  satisfies  certain  conditions  can  be  repre- 
sented by  means  of  a  trigonometrical  series  in  which  the  coefficients  have 
the  form  given  by  Fourier ;  unless  however  it  be  assumed  that  a  series  so 
obtained  converges  uniformly,  it  cannot  be  immediately  proved  that  it  is 
the  only  trigonometrical  series  by  which  the  function  can  be  represented. 
The  customary  proof  that  a  function  is  capable  only  of  a  single  representation 
by  means  of  a  tngonometrical  series  was  based  upon  the  assumption  that,  if 

a  convergent  series  ^  +  2  (on  cos  rue  +  &«  sin  ^  converge  to  zero  for  all 

1 

values  of  a;  in  the  interval  (—  tt,  tt),  it  is  legitimate  to  multiply  the  series 
by  cos  nx  or  sin  nx^  and  then  to  integrate  term  by  term,  between  the  limits 
-  TT,  TT ;  thus  shewing  that  On  =  0,  6n  =  0,  for  every  value  of  n.  If  however 
it  is  not  known  that  the  series  converges  uniformly,  the  process  of  term  by 
term  integration  is  not  necessarily  legitimate,  and  thus  the  proof  is  invalid. 
In  fact  it  is  conceivable  that  a  non-uniformly  convergent  series  might  exist 
whose  sum  is  zero  for  every  value  of  the  variable.  It  thus  appeared  that, 
when  a  Fourier's  series  exists  which  represents  a  function  f{x\  it  cannot  be 
immediately  inferred  that  no  other  trigonometrical  series  exists  which 
represents  the  same  function. 

A  Fourier's  series  that  represents  a  function  f{x)  which  has  discon- 
tinuities, is  certainly  non-uniformly  convergent  in  the  neighbourhood  of  such 
continuities,  and  in  default  of  proof  to  the  contrary,  it  may  also  be  non- 
uniformly  convergent  in  the  neighbourhood  of  points  at  which  f{x)  is 
continuous.  Thus,  for  example,  if  f{x)  is  continuous  in  its  whole  domain, 
and  is  representable  by  a  Fourier's  series,  it  cannot  be  assumed  that  the 
series  is  uniformly  convergent.  The  value  of  the  representation  of  a 
function /(a?)  by  a  series  ^ao  +  S(anCos72^  +  6nsin72^)  would  be  seriously 
impaired,  if  it  were  not  known  that  the  series  was,  at  all  events  in  general, 

*  Crelle*8  Journal,  vol.  lzzi,  1S70 ;  see  also  Kugelfunctionerij  vol.  i,  p.  55. 
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uniformly  oonvergent.     For  it  could  not  be  assumed  that,  if  ^  {x)  denotes  a 
continuous  function,  the  integral  I  /(x)y^{x)dx  would  be  represented  by 


the  series 


^(hj    y^(x)dx  +  'Zl    (anCosnx  +  bnSinnx)y^(x)dx; 

J  a  J  a 


the  employment  of  Fourier's   series  in   physical   and   other  investigations 
would  consequently  be  much  restricted. 

These  considerations  gave  rise  to  a  series  of  investigations  with  the  view 
of  establishing  the  uniqueness  of  the  representation  of  a  function  by  means 
of  a  trigonometrical  series,  and  of  investigating  whether  the  coefficients  in 
the  series  are  necessarily  expressible  in  the  Fourier  form.  Heine*  proved 
that  the  Fourier's  series  which  represents  a  limited  function  that  satisfies 
the  conditions  known  as  Dirichlet's,  viz.  that  it  has  only  a  finite  number  of 
discontinuities  and  is  in  general  monotone,  is  uniformly  convergent  in  the 
portions  of  the  interval  (—  w,  tt)  which  remain  when  arbitrarily  small  neigh- 
bourhoods of  the  points  of  discontinuity  are  removed  from  the  interval. 
This  property  of  the  series,  of  being  in  general  uniformly  convergent, 
suffices  to  remove,  in  the  case  of  a  most  important  class  of  functions,  the 
restriction  which  has  been  above  mentioned  relating  to  those  applications 
of  Fourier's  series  which  involve  a  term  by  term  integration.  It  having 
thus  been  shewn  that  a  function  satisfying  Dirichlet's  conditions  is  repre- 
sentable  by  a  series  which  converges  in  general  uniformly,  Heine  proved 
that,  if  a  function  is  representable  at  all  by  a  series  which  converges  in 
general  uniformly,  there  can  exist  only  one  such  series.  This  is  equivalent 
to  the  theorem  that,  if  a  series  converges  in  general  uniformly  in  the  interval 
(—  TT,  tt),  and  represents  zero,  then  all  the  coefficients  vanish,  and  the  sum 
of  the  series  is  therefore  zero  for  all  values  of  the  variable.  Heine  proved 
further  that  this  theorem  holds  even  when,  for  a  finite  number  of  values  of 
the  variable,  the  series  is  not  known  to  converge,  or  when  it  is  at  least  not 
assumed  that  its  sum  is  zero  for  such  values  of  the  variable.  The  possibility 
remained  however,  that  when  a  function  is  thus  uniquely  represented  by 
means  of  a  series  which  is  in  general  uniformly  convergent,  other  series 
not  possessing  this  property  of  uniform  convergence  may  exist,  which  also 
represent  the  same  function. 

It  was  next  proved  by  G.  Cantor"!-  that  if  the  expression  a^ cos nx  +  bnsmnx 
be  such  that,  for  every  value  of  a;  in  a  given  interval  (a,  fi),  the  limit 
lim  (on  cos  nx  +  bn  sin  nx)  is   zero,   then   On,  bn  converge  to   zero,  as  n  is 

indefinitely  increased,  and  hence  that  the  series 

^tto  +  2  (an  cos  nx  +  bn  sin  nx) 

*  CrelWs  Journal,  vol.  lxxi. 

t  Crelle*8  Journal,  vol.  lxxii,  also  in  a  simplified  form  in  Math,  Annalen,  voL  lY  (1871). 
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can  only  converge  for  all  values  of  x  in  (a,  ^)  if  On,  6n  have  the  limit  zero,  as 
n  is  increased  indefinitely.  This  theorem  is  independent  of  any  assumption 
that  the  convergence  is  uniform.  Cantor*  then  deduced  that,  if  a  trigo- 
nometrical series  ^Oq  +  2  (an  cos  rwp  +  6n  sin  war)  converges  to  zero,  for  every 
value  of  X  with  the  exception  of  a  finite  number  of  values,  for  which  it  is 
unknown  whether  the  series  converges,  all  the  coefficients  a^,  hn  must  vanish. 
Kronecker*  shewed  that  this  theorem  can  be  proved  without  assuming  the 
previous  one.  These  proofs  depend  upon  the  use  of  Schwarz's  theorem  that 
i{  F(x)  denotes  a  function  which  is  such  that 

lim  -?>_+.«)  "  2F(a?)  +  F{x  ■  e) ^  ^ 

.=0  ^ 

then  F{x)  must  be  a  linear  function  of  a?. 

The  next  stepi*  was  made  by  G.  Cantor  in  extending  the  proof  of  the 
uniqueness  of  the  representation  of  a  function  by  means  of  a  trigonometrical 
series  to  the  case  in  which  the  function  may  have  an  indefinitely  great 
number  of*points  of  discontinuity,  these  points  forming  a  set  of  the  first 
species.  Starting  with  Weierstrass'  theorem,  that  an  infinite  set  of  points 
possesses  at  least  one  limiting  point,  Cantor  developed  the  theory  of  the 
successive  derivatives  of  a  set  of  points,  and  proved  that  if  a  limited  function 
has  discontinuities  which  form  a  set,  one  of  whose  derivatives  contains  only 
a  finite  number  of  points,  then  if  the  function  is  represen table  by  a 
trigonometric  series  at  all,  there  can  be  only  one  such  series.  In  this 
connection  the  theory  of  sets  of  points  was  first  considered,  and  thus  the 
whole  development  of  this  subject,  and  of  the  more  abstract  theory  of 
transfinite  numbers,  arose  historically  from  the  requirements  of  the  theory 
of  trigonometrical  series.  Proofs  were  given  by  DiniJ  and  Ascoli§  that,  for 
restricted  classes  of  functions,  a  series  which  represents  such  functions  must 
be  Fourier's  series. 

An  important  advance  in  the  theory  was  made  by  Du  Bois  Reymond||, 
who  proved  that,  if  a  function  f{x)  can  be  represented  by  a  series 

^tto  +  2  (On  cos  nx  +  hn  sin  nx\ 

which  is  «uch  that  a^,  bn  have  the  limit  zero,  as  n  is  indefinitely  increased, 
the  coefficients  must  always  have  the  form 

If*  1  f^  If* 

Oo  =  -  I     /(x)  dx,    an  =  -  I     f(x)  cos  nxdx,     bn  —  -\     /{x)  sin  nxdx, 

whenever  these  expressions   have  a  meaning.     This  theorem  includes  the 

*  Crelle*8  Journal^  vol  Lxxin  (1871). 

t  Math,  Annalen,  vol.  y  (1872). 

t  Sapra  la  serie  di  Fourier,    Pisa,  1872,  p.  247. 

§  Armali  di  MatemaHca,  ser.  2,  vol.  vi,  p.  252,  also  Math.  Annalen,  vol.  vi,  1873. 

II  Ahhandlungen  der  bayerischen  Akademie^  vol.  zii,  1875. 
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theorem  as  to  the  uniqueness  of  the  representation  of  such  integrable  functions 
as  are  representable  by  series  for  which  lim  On-O,  lim  bn  ^  0. 

The  most  general  formulations  of  the  theorems  as  to  the  uniqueness  of 
the  representation  of  a  function  by  a  trigonometrical  series  are  due  to 
Hamack  and  Holder;  an  account  of  their  results  will  be  here  given. 

THE   LIMITS   OF  THE  COEFFICIENTS  OF  A  TRIGONOMETRIC  SERIES. 

486.     The  most  general  form  of  the  theorem  of  Cantor,  that  a  series 

00 

^Oo  +  S  (On  cosnx  +  bn  siu  nx) 
1 

which  converges  for  every  value  of  a;  in  an  interval,  with  the  exception  of  a 
certain  set  of  points,  must  be  such  that  lim  On  =  0,   lim  bn  =  0,  is  due  to 

»=oo  n=flo 

Harnack*,  who  proved  that  the  theorem  holds,  provided  that,  if  8  be  any 
arbitrarily  chosen  positive  number,  a  sub-interval  exists  in  the  given  interval, 
such  that,  at  every  interior  point  of  that  sub-interval,  the  measure  of  di- 
vergence of  the  series  is  less  than  S.  The  term  "  measure  of  divergence  of  a 
series  at  a  point "  is  used  to  denote  the  excess  of  the  upper,  over  the  lower, 
limit  of  indeterminacy  at  the  point.  For  each  point  x,  at  which  the  measure 
of  divergence  of  the  series  is  less  than  S,  there  is  a  value  m,  of  n,  such  that,  if 

n  ^m,  then  \anC08nx  +  bnSmnx\<S: 

we  suppose  that  a  sub-interval  exists  at  every  point  of  which  this  condition 
is  satisfied.  If  x  be  any  fixed  point  within  this  sub-interval,  a  neighbourhood 
(x  —  t;,  a?  + 17),  of  X,  can  be  found,  such  that 

I  a^  cos  n{x  +  €)-\-bnSmn{x'\-  €)\<S,   |  On  cos  n  (a?  —  e)  -I-  &»  sin  n  (a?  —  e)  |  <  S, 

for  n  ^  m,  provided  €<rj:  the  value  of  m  will  depend  in  general  upon  the 
value  of  €.     We  deduce  at  once 

I  (On  cos  nx-^bn  sin  nx)  cos  ne  |  <  S,    |  (an  sin  nx  —  bn  cos  nx)  sin  n€  |  <  S ; 

and  thence,  on  multiplying  by  cos  no:  sin  ne,  sinnxcoane,  and  adding  the  two 
expressions  in  the  inequalities,  we  have  |  an  sin  ine  \  <  4S,  and  similarly 
I  bn  sin  2n€  |  <  4S,  where  n  ^m.  These  inequalities  hold  for  every  S,  the 
values  of  77,  m  depending  on  the  value  of  S, 

Let  26=  a,  4S  =  S^;  then  for  each  value  of  a  in  a  certain  interval  (a,  (), 
n  can  be  found,  such  that 


I  On  sin  na  I ,  |  On+i  sin  n  +  la  1 ,  . . .  |  «»+# sin  (n-\-s)a 

are  all  <  B\  Suppose,  if  possible,  that  a  sequence  Onit  an^,  an^  >>.  can  be 
found,  all  of  whose  members  are  numerically  ^  S",  where  S''  >  S' ;  it  will  then 
be  proved  that  a  certain  value  of  a  in  (a,  b)  can  be  found,  such  that  the 
sequence  Omsinnia,  On^smn^a,  On,  sin  713a  ...  is  such  that  it  contains  an 
indefinitely  great  number  of  members,  each  of  which  is  numerically  greater 

•  MIJfMn  de8  sciences  mathSmatiquet,  series  2,  vol.  vi,  18S2,  also  Math,  Anndlen,  vol.  xn. 
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than  S\  This  being  contrary  to  the  hypothesis  that,  for  each  value  of  a, 
I  GKn  sin  712  I  <  S',  for  all  values  of  n  which  are  suflBciently  great,  leads  to  a 
contradiction;  and  thus  it  is  impossible  that  such  a  sequence  as  On,,  On,, 
On,...  can  exist. 

To  establish  this,  we  shew  that,  out  of  the  sequence  On^,  an^,  On,  •••>  & 
sequence  On/i  On,'  ...  can  be  chosen,  which  is  such  that,  for  a  certain  value 
a,  of  a,  in  (a,  6),  ni'a,  n^'d,  n^d.,,  all  differ  from  an  odd  multiple  of  \ir  by  less 
than  an  arbitrarily  chosen  small  positive  number  ^, 

If  n«>yi|^-S;    and    na<yi^  +  5; 

yi2""f        y»2"^^ 

then  <  a  <  — — ^ ; 

n  n 

now  suppose  n  and  yi  such  that 

yi2"?         y»2"^^ 


n       '  n       ' 

which  is  equivalent  to 

2  2 

--(na  +  f)<yi<(n6-S)-.. 


TT  -.        .^  .  .  ^ 


There  exists  a  possible  value  of  y^  which  is  an  odd  integer,  provided 

[n  (b  -  a)-  2?}  ^  £  2,    or  if  n  S  ^±^; 

TT  +  2f 

take  the  least  of  the  numbers  Wi,  Wj,  w, ...  which  is  b  -t ^,  and  denote  it 

by  ni\    We  can  then  find  a  corresponding  odd  integer  yi,  and  we  take  a 
to  lie  in  the  interval  (a\  6'),  where 

a'= ; — ,    6'  = 7 — ; 

2f 
this  interval  lies  within  (a,  6),  and  is  of  length  — ,.     Next,  an  odd  integer  y^ 

can  be  determined  such  that 

(«,v+5)|<y.<(n«'&'-r)|. 

TT  TT 

provided  n^'  >  p— ^  ^  <; 

and  rts^  can  be  chosen  from  the  sequence  ni,  n,,  ...  so  as  to  satisfy  this  condi- 
tion, if  a  lies  in  the  interval  (a",  b"),  where 

yi  o  -  ?         y»  o  +  ? 
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thus  (a",  6")  lies  within  (a',  h'\  and  is  of  length  —7.    If  we  proceed  in  this 

manner,  we  obtain  a  sequence  w/,  n^',  ...  of  numbers  all  belonging  to  the 
sequence  Wi,  n,,  Wj,  ... ,  and  such  that  if  a  is  the  point  which  lies  within  all 
the  intervals  (a,  6),  (a',  h'\  (a",  6")  ...  ,  then  n^oLy  n^'a,  ...  all  differ  by  less 

than  ffrom  odd  multiples  of  ^.     Since  f  ^-an  be  chosen  arbitrarily,  we  can 

find  7?,',  n,' ...  such  that  |  a„j'  sin  wVa  | ,  |  On,'  sin  n^'o  |  ...  are  all  ^  S',  which  is 
contrary  to  the  hypothesis  in  accordance  with  which  |  On  sin  na  j  is,  for  every 
sufficiently  large  value  of  n,  <  B\  It  has  thus  been  shewn  that  no  sequence 
c^i,,  c^i,,  ttna ...  exists,  all  of  whose  terms  are  numerically  ^  S'';  and,  if  Sf'  is 
first  chosen,  we  may  afterwards  choose  S'.  Therefore,  from  and  after  some 
value  of  w,  On  must  be  numerically  less  than  S';  and  since  this  holds  for 
every  S',  we  must  have  lim  On  =  0.     In  a  similar  manner  it  is  seen   that 


n=ao 


lim  bn  =  0. 

n  =  oo 

The  theorem  has  thus  been  established  that  if  the  series 

^  tto  +  2  (on  cos  no;  +  6„  sin  nx) 

be  such  that,  for  each  number  h  (>  0),  there  exists  an  interval  in  {—7r,Tr)ai  every 
point  of  which  the  measure  of  divergence  of  the  series  is  <B,  then  o^,  bn 
diminish  indefinitely,  a^  n  is  indefinitely  increased.  In  particular,  if  the  points 
at  which  the  measure  of  divergence  is  ^  hform  a  non-dense  set,  then  lim  an  ==  0, 


»=ao 


lim  bn  =  0. 

It  follows  from  this  theorem  that,  if  a  trigonometrical  series  converges  for 
an  everywhere-dense  set  of  points,  and  is  such  that  a^^bn^o  not  converge  to 
zero,  as  w  is  indefinitely  increased,  then,  for  some  positive  value  of  S,  the  set  of 
points  at  which  the  measure  of  divergence  is  ^  i,  must  be  everywhere-dense. 
No  assumption  has  been  made  as  to  the  form  of  the  coefficients  an,  bn  in  the 
trigonometric  series.     That  lim  On  =  0,  lim  bn  =  0,  in  the  particular  case  of  a 

n  =  »  n—ao 

Fourier's  series,  has  been  already  established  in  §  454. 


PROOF    OF    THE    UNIQUENESS    OF    THE    TRIGONOMETRICAL    SERIES 

REPRESENTING    A    FUNCTION. 


00 


487.    Let  us  assume  that  the  series  |ao  +  2(ancos7ur  +  6n8in9i^)  con- 

verges  to  zero  at  every  point  of  the  interval  (—  tt,  it),  with  the  exception  of  a 
reducible,  and  therefore  enumerable,  set  of  points,  at  which  it  is  not  assumed 
that  the  series  converges. 
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In  accordance  with  the  theorem  of  §  486,  the  coefficients  dn,  bn  converge  to 
zero,  as  71  is  indefinitely  increased.  Accordingly  the  condition  is  satisfied 
that  Biemann's  function 

p/  X     1^  ^     f  «n cos nx  +  bn sin rue 

n=l  "' 

is  a  continuous  function.     In  accordance  with  Biemann's  theorems, 

.     F(x  +  h)  +  F{x  -  A)  -  2^(0;) 

is  zero,  for  every  value  of  x  for  which  the  given  series  converges ;  and  further, 
at  every  point,  without  exception, 

j.^  F(x  +  h)  +  F(x^h)^2F{x)  ^  ^ 

h=o  A 

In  accordance  with  the  extension  of  Schwarz's  theorem,  given  in  ^  211 — 

213,  since 

J.     F{x  +  h)-¥F(x-h)'-2F  (x) 

vanishes  at  every  point  in  the  interior  of  an  interval  of  the  everywhere-dense 

set  of  those  intervals  which  are  complementary  to  the  given  reducible  set  of 

points,  and  since 

j.^  F{x  +  h)  +  F(x--h)-2F{x)  ^ Q^ 

at  all  points,  the  function  F{x)  is  a  linear  function  cw?  +  6,  in  the  whole 
interval  (— tt,  tt),  and  consequently  in  any  interval  whatever. 

Since  the  function  cw;H-6  — JaoX*  is  represented  everywhere  by  the  series 

^  On  cos  nx-^bn  sin  nx 

n=l  W» 

it  follows  that  ax-^  b  —  luoX^  must  be  a  periodic  function,  which  can  only  be 
the  case  if  a  =  0,  and  Oq  =  0. 

Since  the  series  is  uniformly  convergent,  we  may  multiply  by  cos  nx,  or 
by  sin  nx,  and  integrate  term  by  term ;  we  thus  see  that  an  =0,  6n  =  0. 
The  coefficients  of  the  series  therefore  vanish  identically. 

Since  the  series  may  be  taken  to  be  the  diflference  of  two  given  trigono- 
metric series,  we  obtain  the  following  theorem : — 

No  two  distinct  trigonometric  series  can  exist,  which  converge  to  the  same 
value  for  all  points  of  (—tt,  tt),  with  the  exception  of  a  reducible  set  of  points 
ai,  which  the  series  are  not  known  to  converge  to  the  same  vcduSy  or  to  converge 
at  all. 

This  extension  of  Cantor's  theorem,  relating  to  the  uniqueness  of  the 
representation  of  a  function  by  a  trigonometric  series,  is  obtained  by  con- 
sidering the  difference  of  two  trigonometric  series  which  might  be  assumed  to 
represent,  in  the  sense  defined,  the  same  fimction.  It  has  not  been  assumed 
that  the  series  is  necessarily  a  Fourier's  series. 
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THE   REPRESENTATION    OF   INTEQRABLE   FUNCTIONS. 

488.  With  a  view  to  proving  that,  in  a  wide  class  of  cases,  a  trigono- 
metric series,  which  represents  a  given  function,  is  necessarily  a  Fourier's 
series,  we  proceed  to  the  consideration  of  an  extension  of  Schwarz's  theorem, 
given  in  ^  211 — 213,  due  to  Du  Bois  Beymond,  and  which  has  been  otherwise 
proved  and  extended  by  Holder  and  Lebesgue. 

Let  F(x)  be  a  function  which  is  continuous  in  the  interval  (o^  —  a,  d;,  +  a), 

and   let  F{a^  +  a)  +  F{xj''a)-2F{x^)  be  denoted  by  A.»^(ic,).      Let  us 

^*F(x) 
further  suppose  that,  for  each  value  of  x  in  the  given  interval,      * 

either  converges  to  a  fixed  value  f{x),  as  e  is  indefinitely  diminished,  or  else 

has  two  finite  limits  of  indeterminacy  f(x),  f(x).     If,  for  any  value  of  «, 

A  *F(x) 
U  and  L  are  the  upper  and  the  lower  limits  of     *  ,  for  all  values  of 

€,  such  that  0  <  €  ^  6i,  then  f(x),  f{x)  are  the  limits  to  which  U  and  L  con- 
verge respectively,  when  ei  is  indefinitely  diminished.  We  consequently 
assume  that,  in  the  whole  interval  (flq  —  o,  a?i  +  a), 

hm  — --^^f{x\ 

where  f{x)  is  considered  to  be  determinate  at  points  at  which  the  limit  is 
definite,  and  to  be  indeterminate  between  the  limits  f(x)y  f{x\  at  points  in 
which  the  limit  is  indeterminate. 


It  will  be  further  assumed  that  the  upper  limit  of  f{x)  in  the  whole 
interval  is  finite,  and  equal  to  {7;  it  will  also  be  assumed  that  the  lower 
limit  oif{x)  is  finite  and  equal  to  L.     The  function /(a?)  is  therefore  limited 

in  the  interval  (a^  —  a,  a?i  +  a),  with  tT,  L  for  its  upper  and  lower  limits. 
Let 
if>{x)^F  (x)  ^F(x,-a)-  — £^  -  [^(^1  -ha)-F(x,^  a)] 

+  ^G  (x  "  Xi  +  a)  (xi-^-  a  --  x), 
where  (7  is  a  constant.     We  see  that 


4>  (^)  =  ia' 


0-^)]. 


and  thus  <^(aa)50,  according  as  C^-^ — r^^^^«     ^^^  (7  be  so  chosen  as  to 

A  *F(x,) 
exceed    — — p-^.     Since  ^(a?)  is  continuous  in  the  interval  (xi  —  a,  o^  +  a), 
fit 

and  vanishes  at  the  points  ^  —  a,  ^i  +  ot,  there  must  be  at  least  one  point  £,  in 

the  interval,  at  which  <t>  (x)  has  a  maximum,  and  is  positive. 
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We  find  that  ^t^^^^-C; 


and,  since  <l>(z)  is  a  maximum  of  ^(o;),  A,'^(2r)  is  never  positive,  for  all 
sufficiently  small  values  of  e.     Therefore   the   limits  of  indeterminacy   of 

the  limit  of  -  *  ~  C,  for  6  =  0,  are   neither  of  them   positive;  hence 

f{z)^f^^a 

Now  L  ^f(z),  and  U  ^f{z);  hence  L  ^  G,  and  this  holds  for  any  value 
of  G  that  may  be  chosen,  subject  to  the  condition  G  >  — ^   ' . 

It    follows    that    L  ^ p-^ .       In    a    similar    manner,   by   choosing 

G  < p-^  ,  and  considering  the  minimum  of  ^  (a?),  it  can  be  shewn  that 

^*F(x) 
U^ r^      •    The  following  theorem*  has  accordingly  been  established : — 

If  F(x)  be  continiLous  in  the  interval  (xi  —  a,  aji  +  a),  and  at  every  point 
of  the  interval, 

where  f{x)  is  either  determinate,  or  indeterminate  between  definite  limits  of 
indeterminacy,  at  each  point  x  of  the  intervai,  and  is  a  limited  function  in 
the  interval,  then 

F(x^  +  a)  +  F(x^  -  tt)  -  2F(xi) 

lies  between  the  upper  and  loiuer  limits  of  f{x),  in  the  interval  (a?j  —  a,  a?!  4-  a). 
489.     Let  us  assume  that  the  series 


00 


Joo  +  2  (On  COS  nx-\-bn  sin  nx) 


1 


has,  throughout  the  interval  (a,  6),  the  sum /(a?),  where /(a;)  is  limited  in  the 
interval  (a,  b),  and  has  a  determinate  value  at  every  point  of  the  interval, 
except  at  the  points  of  a  set  E  of  zero  measure,  where  the  values  of  f{x) 
may  be  indeterminate,  between  finite  limits  of  indeterminacy.  Also  let  it 
be  assumed  that  the  conditions  of  the  theorem  of  §  486,  are  satisfied,  so 
that  lim  o^  and  lim  bn  are  zero,  or  more  generally,  that  |  a^  cos  Tia;  +  6n  sin  na?  | 

is  limited  for  all  the  values  of  n  and  x. 

*  See  Hdlder,  Math.  AnnaUn,  vol.  xziv,  p.  1S8.  The  theorem  has  aUo  been  established  other- 
wise by  Lebesgue,  for  the  case  in  which  /  (x)  has  a  definite  value  at  each  point ;  see  the  Armales 
se,  de  Vicole  normdU  iupirieure,  ser.  8,  vol.  xx. 
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In  accordance  with  the  theorem  proved  in  §  481,  if  F{x)  denote  the 
continuous  function  defined,  for  the  interval  (a,  6),  by 

1  ^ 

A  ^  Fix) 
lim  — ^— y^  -  is  equal  to  /(a?),  at  all  points  of  (a,  6)  which  do  not  belong  to  E\ 

•=o         ^  

and,  at  a  point  of  E^  the  limit,  whether  it  be  definite  or  not,  lies  between  the 

two  numbers 

i  {A^) +/(£)}  ±  i  im  -im  (i + ^ + i) . 

where  f(x\  f(x)  denote  the  upper,  and  lower,  limits  of  indeterminacy  off{x) 
at  the  point. 

AS  Fix) 
Since        ^       is,  in  accordance  with  the  theorem  of  §  488,  limited  in  the 

interval,  for  all  values  of  x  and  a,  we  have* 

r/(-)  d.  =  lim  r ■  ^(^-K«)-Hi'(^-a)-2i'(.)  ^ 

where  c  is  a  fixed  point  in  (a,  6),  and  Xi  is  any  point  in  (a,  6).  The  integral 
oif{x)  exists,  in  any  case,  as  a  Lebesgue  integral. 

Denoting  by  F^  (x),  the  indefinite  integral  of  F(x),  we  have 

Next,  let  F2  (x)  denote  the  indefinite  integral  of  ^i  (x) ;  we  then  have, 

/;  ^,  /;■/«  ^ = ,i.  [^'Aw .  ^.im  .<..„,  ^!j.(«)] , 

where  x  is  any  point  in  (a,  6).     Since 

lira -P-^  =  F(a;),    lim  ^^^—^-^  =  F(c), 

0=0  «  a=0  « 

we  have  ^'(0?)  =1    diTi  /  /(a?)  da?  H-  ila:  +  5, 

where  A  and  5  are  constant  for  the  whole  interval  (a,  6). 

Next,  let  the  series 

lOo  +  2  (on  COS  nx  +  bn  sin  rw?) 
1 

be  such  that  its  sum-function  /(x)  has  indefinitely  great  values  at,  or  in  the 
neighbourhood  of,  points  belonging  to  an  enumerable  closed  set,  and  therefore 
a  reducible  set  G,  of  points  in  (—  tt,  tt).     In  any  interval  (a,  6),  contained  in 

*  The  extension  of  the  theorem  of  §  384,  given  in  §  472,  footnote,  is  here  employed. 
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the  interior  of  an  interval  complementary  to  G,  the  function  f{x)  is  limited, 
although  it  may  be  indeterminate  at  points  of  a  set  E  of  zero  measure.  It 
will  be  further  assumed  that,  either  f(x)  has  a  Lebesgue  integral  in  (a,  6),  or 
else  that  it  has  a  non-uniformly  convergent  improper  integral  in  accordance 
with  Hamack's  definition,  or  with  the  extension  of  that  definition  given  in 
§392.  Also,  in  the  latter  case,  it  will  be  assumed  that /(a?)  cos  nXyf{x)  sin  nx 
are  also  integrable  in  accordance  with  Hamack's  definition,  or  its  extension. 
It  will  now  be  assumed  that  lim  o^  =  0,  and  lim  hn  =  0. 


»=«  »=• 


Since  F{x)  —  I    dxi  \   f{x)dx  is  linear  in  any  interval  contained  i 


m  one 


of  the  intervals  complementary  to  6,  it  is  linear  in  that  complementary 
interval,  since  it  is  continuous  at  the  ends  of  that  interval.  Moreover  c  need 
not  be  interior  to  the  interval,  but  may  be  any  fixed  point,  say  the  point 
57  =  0,  in  the  interval  (— ir,  tt).     Therefore  the  continuous  function 

^  (ar)  =  F(x)^r  dx,  {"^/{x)  dx 

Jo         Jo 

is  linear  in  each  interval  complementary  to  the  reducible  closed  set  G. 
We  have  now 

€  €  €  J X  Jo  *'  J 9-9         Jo 

and,  by  Riemann's  theorem  (2),  of  §  480,  we  have  lim  — — ^-^  =  0,  at  every 


«=o 


point  of  (— TT,  tt)  without  exception.     The   function    I   f(x)dx  being  a 

Jo 
continuous  function  of  Xi,  we  see  that 

-\j       cUc^j  'f{x)dx-\      dxij    f(x)dxi 

cannot  exceed,  in  absolute  value,  the  fluctuation  of  /   f{x)  dx  in  the  interval 
(x  —  €,x  +  €)o{xi;  and  therefore  the  limit  of  the  expression,  for  €  =  0,  is  zero. 

A »  yU  (x) 

It  has  now  been  proved  that  lim       T  >_'  =  q^  at  every  point  of  (—  ir,  tt), 
without  exception. 

As  in  §  213,  it  now  follows  that  the  function  ^(a?)  is  linear  in  the  whole 
interval  (-  tt,  w).  For,  if  AiX  +  Bu  A^x  +  ^2  be  the  values  of  ^  {x)  in  the 
intervals  which  abut  on  one  another  at  a  point  f  belonging  to  0,  we  have 

^if  +  5i  =  -4,f  +  5a ;  and  since  lim  — '     -—'  =  0,  we  find  that  ^i  =  -4,,  and 

therefore  A^x  +  Bi  and  A^x  +  B^  are  one  and  the  same  linear  function. 
H.  48 
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The  following  theorem  has  now  been  established : — 
If  the  aum'ftmcHon  f{x)  of  the  series 

^Oq  +  2  (On  006  Tkr  +  &n  BIQ  nx)i 
1 

far  which  lim  On  =>  0,  lim  6n  =  0,  be  limited,  or  else  have  indefinildy  great 

valties  at,  or  in  the  neighbourhood  of  points  in  (— tt,  it),  belonging  to  a  reducible 
closed  set  0,  the  function  being  limited  in  any  interval  contained  in  the  interior 
of  an  interval  complementary  to  G,  and  being  determinate  at  each  point  of  stuk 
interval,  with  the  possible  exception  of  the  points  of  a  set  of  zero  measure  ;  and 
if  f{x)  eiilier  (1)  have  a  L^yesgue  integral  in  (—  tt,  it),  or  (2)  be  such  that 
f(x),  f{x)cosnx,  f(x)sinnx  have  non-absolutely  convergent  integrals  in 
(—  IT,  ir),  in  accordance  with  Hamack*s  definition^  or  its  extension,  then 


F{x)-rdx,jf(x)dx 
Jo        Jo 


is  a  linear  function  in  (—  w,  ir)  ;  where  F(x)  denotes  Riemann*s  function 

*  1 
Jooaj"  —  2  ~  {On  cos  nx-\-bn  sin  nx). 

490.     Let  X  (^)  denote  the  function  I  f(x)  dx,  where  o^  is  in  the  interval 

Jo 
(—  TT,  tt).    The  functions  F(x),f(x)  are  defined  for  all  values  of  x,  as  periodic 

functions,  of  period  27r;  if  then  we  define  x(^)  ^^^  values  of  x,  not  in  the 
interval  (—  tt,  it),  by  I   f(x)  dx,  we  have 

X(xi  +  2r7r)  =  x(^i)  +  rj^  f{ic)dx^xi^)  +  ^ Ix  W -  X(-  '^)]* 
where  r  is  some  integer. 

The  function  F^x)-  \    x(a;)(ia?  is  continuous  for  all  values  of  a?;   and 

Jo 
changing  x  into  ^nr-^x  only  adds  a  constant  to  the  function.     Therefore 

F{x)—  I    x(a;)da?  is  equal  to  the  same  linear  function,  for  all  values  of  x\ 

J  0^ 

let  this  linear  function  be  \x  +  fi.     The  function 

Jo 

is  periodic,  and  of  period  27r.     The  differential  coefficient  ^(a;)  —  Ja«a?  4-  X,  of 

this  function,  is  also  periodic,  and  therefore  its  values  for  a?  =  tt,  a?  =  —  tt  are 

identical,  and  thus 

1  If 

Since  F(x)  —  Jooor*  is  represented  by  the  uniformly  convergent  series 

an  cos  nx  +  bn  sin  nx 


-2 


n« 
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we  have  I      {F(x)  —  \(h^}  cos  nxdos  = w. 


/:. 


[F(x)  —  iooic*}  sin  na?c2a;  =  — ^  w. 

71' 


In  these  expressions,  we  substitute  x(^)  +  ^  ^^^  ^'(^)»  ^^^^  integrating 
by  parts ;  we  thus  find  that 


lx(^)  +  ^  "■  i^^}  sin  nxdx  =  —  tt, 
{;^  (a;)  +  \  —  ioo^}  cos  na;(2a;  = ir. 


J  a 


Let  us  denote  the  integrals 

I  /{x)  cos  na7(iv,     I  /(a?)  sin  nxdx 
Jo  Jo 

by  Cn{x\  Sn(x);  in  accordance  with  our  assumption,  these  integrals  exist, 
either  as  Lebesgue  integrals,  in  which  case  they  are  absolutely  convergent, 
and  their  existence  follows  as  a  necessary  consequence  of  the  existence  of 
Co  (a?),  or  else  as  non-absolutely  convergent  improper  integrals. 

In  an  interval  (a,  6)  which  contains  no  points  of  infinite  discontinuity  of 
/(x),  we  have,  by  integration  by  parts,  in  accordance  with  §  394, 

'b 

{x  (^)  ■"  i^o^}  sin  nxdx 

=    -  (X  (^)  -  iM  ^^^  L  "**  w  /a  ^'^^^^  "  ^^'  °^  ^^' 
Let  now  the  function  ^  (x)  be  defined  by  means  of  the  equation 

j      {X (^)  -  4«o«}  sin  nxda  =    -  {^(a;)  -  ^Oox]  ^^^ 

1  1/7   r* 

+  -  {f^n  (a?)  -  On  (-  -w-)}  -  s  -  I      COS  ria?{ic  +  <^  (a?) ; 

71'  Zt    IV  J  ^^ 

the  function  (^  (a;)  is  continuous  in  the  interval  (—  tt,  tt),  and  it  is  constant  in 
the  interval  (a,  6).  The  interval  (a,  6)  being  any  interval  contained  in  a 
complementary  interval  of  a  reducible  closed  set,  it  follows  (see  §  206)  that 
4>{x)  is  constant  throughout  (a,  6);  and  since  ^(— 7r)  =  0,  the  constant  is 
zero.     Let  a?  =  tt,  we  then  have 


/ 


»  1 

[X  (^)  -  h^^]  sin  nxdx  =  -  [C^  (tt)  -  (7„  (-  tt)}  ; 


1  If' 

therefore         On  =  -  [Gn  (tt)  -  (7„  (—  w)}  =  -  I     f{x)  cos  7w;da?. 

In  a  similar  manner,  it  can  be  shewn  that 

6n  =  -  I     f{x)  sin  nxdx. 

It  has  therefore  been  shewn  that,  on  the  assumptions  made,  the  coefficients 
of  the  trigonometrical  series  necessarily  have  the  form  of  Fourier's  coefficients. 

48—2 
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The  series  is  therefore  either  a  Fourier's  series,  or  a  generalized  Fourier's 
series,  in  accordance  with  the  terminology  introduced  in  §  439. 

The  following  theorem  has  now  been  established : — 

Let  the  function /{x)  be  defined  by  the  series 

Joo  +  2  (On  COS  no?  +  6n  sin  nx), 
1 

in  the  sense  that,  at  every  point  of  convergence  of  the  series,  the  sum  is  the  value 

of  f(x),  and  at  every  point  at  which  the  sum,  of  the  series  oscillates  between 

limits,  f{x)  is  multiple-valued  between  those  limits,  and  at  every  paint  of 

divergence  of  the  series  f(x)  is  indefinitely  great.     Then,  in  the  following  cases, 

the  coefficients  of  the  series  necessarily  have  the  forms 

If  If'  If'. 

Oo  =  —  I      fix) dx,  a^^—  \     fix) COS nxdx,    6^  =  —  |     f(x) sin  nxdx. 

so  that  the  series  is  either  a  Fourier's  series,  or  else  a  generalized  Fawriers 
series: — 

(1)  If  f(x)  be  everywhere  definite  and  limited.     The  function  is  then 
necessarily  summable,  and  the  series  is  a  Fourier's  series. 

(2)  Jffipo)  be  limited,  but  not  everywhere  definite,  and  satisfy  the  conditim 
of  the  theorem  of  §  486,  so  that  lim  On  =  0,  lim  6n  =  0  ;   and  further  if  f(x) 

have  a  Lebesgue  integral  in  (— w,  tt),  then  the  series  is  a  Fourier's  series. 

(3)  tf  fi^)  ^w  infinite  discontinuities  at  a  reducible  set  of  points,  and 
possess  a  Lebesgue  integral  in  (—  tt,  tt),  and  the  series  be  such  that  lim  On  «  0, 

lim  bn  =  0,  then  the  series  is  a  Fourier's  series. 


n  —  oo 


«=« 


(4)  If  f(x)  have  infinite  discontinuities  at  a  reducible  set  of  points, 
and  f(x),  f{x)  cos  nx,  f(x)  sin  nx  possess  non-absolutely  convergent  improper 
integrals  in  (a,  b),  the  seties  being  such  that  lim  On  =  0,  lim  6^  =  0  ;  then  the 

series  is  a  generalized  Fourier's  series. 


nsoo  n=sao 


THE  CONVERGENCE  OF  A  TRIGONOMETRICAL  SERIES  AT  A  POINT. 

491.  If  the  series  ^Oq  +  2  (On  cos  nx  -{-bn  sin  nx)  converge  at  a  point  x, 
and  if  the  sum-function  of  the  series  have  definite  limits  f(x  +  0),f{x  —  0),  on 
the  right,  and  on  the  left,  at  the  point  x,  it  does  not  necessarily  follow  that 
the  series  converges  at  points  in  a  neighbourhood  of  the  point  x,  at  which 
the  series  converges.  From  the  existence  of /(a;  +  0),  /(a:  — 0),  it  follows 
however  that,  corresponding  to  an  arbitrarily  small  positive  number  S,  a 
neighbourhood  of  the  point  x  can  be  determined,  such  that  the  measure  of 
divergence  of  the  series  is,  at  every  point  in  that  neighbourhood,  less  than  5. 
This  has  been  shewn  in  §  486,  to  be  a  sufficient  condition  to  ensure  that  the 
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limits  of  dn  and  h^  are  zero,  when  n  is  indefinitely  increased.     Hence  we  see 

from  Biemann's  theorem,  that  if 

*  1 
F{x)  =  ioodj*  —  2  -^  {dn  cos  na?  H-  6n  sin  nx\ 

then  lim  ^(^  +  ^)  - W)  +  ^(^  -  0  =/(,), 

at  the  given  point  x,  of  convergence  of  the  serie& 

We  now  have 
mx^  =  lim  U  ^(^  +  2€)-2J-(a;)  +  J'(a?-26)  _^  ^  ^^(0?  +  6)  ■- 2 J^C^) -h  f  (a;  ~  e)) 

In  accordance  with  the  theorem  of  §  488, 

F{x  +  2e)  -  2^(a?  +  e)  +  F{x) 

lies  between  the  extreme  values  of 

^^F{z-^a)^2F{z)^-F{z--a) 

«=o  a' 

for  a;<  ^<  a;  +  2e.     It  has  been  shewn  in  §  481  that,  for  each  value  of  z,  this 
limit  lies  between  values  which  depend  on  the  limits  of  indeterminacy  of 
f{z)  at  z.    It  follows  that,  for  a  given  positive  number  S,  the  positive  number 
6  can  be  so  determined,  that 

/(a.+o)-s<iim^^^±^>::2J?:M±Z(ir£)</(^+o)+8. 

for  every  value  of  z,  such  that  x<z<X'\-2e. 
We  thus  see  that 

€  =  0  ^ 

Similarly,  it  can  be  shewn  that 

lim  ^(^-2e)-2y-.)  +  J'(.)  ^^^^  _  ^^ . 

and  therefore  we  have 

/(«')  =  il/(*  +  0)+/(a!-0)}. 

The  following  theorem  has  now  been  established  : — 

If  a  trigonometrical  /unction  converge  at  a  point,  then  the  value  to  which  it 
converges  is  the  mean  of  the  limits  of  the  sumrfwnctum,  on  the  right,  and  on  the 
l^ftf  of  the  point,  provided  those  limits  exist. 

This  theorem  holds  for  every  trigonometrical  series,  whether  it  be  a 
Fourier's  series  or  not. 
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FOURIER'S  INTEGRAL  REPRESENTATION  OF  A  FUNCTION. 

492.  It  has  been  shewn  in  the  course  of  the  investigation  of  con- 
ditions for  the  convergence  of  Fourier's  series  at  a  point  x,  that 

1  f .  sinm.  ^^     I  f •■  sinm.        _       ^^ 

converges  to  the  value 

4{/(^  +  0)+/(a:-0)}, 

when  the  positive  number  m,  which  is  not  necessarily  integral,  is  indefinitely 

increased ;  provided  /(a?)  has  an  integral  in  the  interval  (—  ir,  ir\  and  satisfies 

some  one  of  a  number  of  sufficient  conditions  in  the  neighbourhood  of  the 

point  X,  at  which  it  is  assumed  that/(a?+  0),/(a?  —  0)  exist.     The  numbers  e, 

e'  are  such  that 

0<€^i7r,      0<e'^i7r. 

The  above  result  is  represented  by  the  equality 

lim  i  fV(^')"^°;/^'"^^(fe'  =  M/(^+0)+/(^-0)}. 

where  a?  — 7r^a<a?<j8^a?H-7r,  and  where  a?  is  in  the  interval  (— tt, tt).  If 
X,  X  be  changed  into  tta?//,  7rx'\l^  and  u  be  changed  into  wZ/tt,  the  function 
/{ttxjI)  being  replaced  by  f{x\  we  see  that  the  equality  holds  for  points  x 
within  the  interval  (—  I,  l\  where  a,  /8  now  satisfy  the  conditions 

x  —  l^a  <x<fi^x  +  l. 
When  a?  =  a,  or  a  =  )8,  the  value  of  the  limit  is 

i/(a  +  0).  or  J/(^-0). 
provided  the  function  f(x)  is  such  that  the  limit  exists,  and  also  satisfies 
one  of  the  sufficient  conditions  already  referred  to.     For  a  given  point  x,  and 
for  given  values  of  a,  fi,  the  number  I  can  always  be  so  chosen  that  the 
conditions  x  —  l^a<x<fi^x  +  l  are  satisfied. 

Now  let  f(x)  be  defined  for  the  unlimited  interval  (—00,00),  and  be  not 
necessarily  periodic,  but  be  such  that  in  any  finite  interval  whatever, /(a:) 
has  a  Lebesgue  integral.      It  will  further  be  assumed  that 

J  a 

has  a  definite  double  limit,  for  6  =  4-00,  a=  — 00. 

When  f(x)  has  a  Riemann  integral  in  (a,  6),  this  double  limit  is,  in 
accordance  with  the  definition  in  §  292,  denoted,  whenever  it  exists,  by 

r  \f(x)\dx. 

J   —00 

rb 
We  shall   use   this  notation,  even   when    |    \f(x)\dx    exists  only  as  a 

Lebesgue  integral.     AlsOy  we  shall  denote  by 

J  -ao 
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the  double  limit,  whfin  it  exists^  of 

f{x)dx,  for  6  =  00,  a  =5  — 00, 


/ 


when  the  integral  through  the  jmite  interval  exists  as  a  Lebesgvs  integral. 
This  amounts  to  an  extension  of  the  definition  given  in  §  292,  of  an  improper 
integral  through  an  infinite  interval,  to  the  case  of  Lebesgue  integrals. 

U  ^  >  /3>x,  we  have 

1^  sinu(af-a:)^  1      r 

Jfi-^^    '      x-x  jS-xJfi^-^^   '^ 

therefore,  for  a  fixed  point  x,  /3  may  be  chosen  so  great  that  the  integral  on 
the  left-hand  side  is  arbitrarily  small.  A  similar  remark  applies  to  the  lower 
limit  a.     We  see  therefore,  that  when  f{x)  is  such  that 


/" 

J    -00 


exists,  in  accordance  with  the  above  definition. 


J    —00 


X  —a? 


1    I'Af.       n            f^  /*y  /v  Sin  M(a/  — a?)  , 
exists,  and  diners  from      |    f{x) r" -dx, 

J  a  X   —  X 

by  less  than  an  arbitrarily  chosen  positive  number  ^e,  provided  a  and  13  are 
numerically  sufficiently  great,  for  every  value  of  u. 

It  follows  that,  when  the  assumed  conditions  are  satisfied, 

IT  J  _ao  X   —  X 

does  not  diflFer  from  \  {/(^+ 0)+/(a?— 0)}  by  more  than  €,  provided  u  is 
equal  to,  or  greater  than,  some  positive  number.  Since  €  is  arbitrarily  small, 
we  have 

limif   /(a^')°^y~''^d^'  =  M/(^  +  0)+/(^-0)}. 

lfs=ao   "  J  —CD  a?   —  iC 

The  following  theorems  have  now  been  established : — 

If  f(x)  be  a  function  which  has  a  Lebesgue  integral  in  the  interval  (a,  /3), 
then,  at  a  point  x,  in  the  interior  of  (a,  /3),  at  which  f(x  +  0),  f{x  —  0)  exist, 
and  such  that  one  of  the  known  conditions  for  the  convergence  of  Fourier's 
series  is  satisfied  by  f{x)  in  the  neighbourhood  of  thai  point  x, 

Km^f /(a^)"»;<^'-^>rfa.'  =  ^[/(x  +  0)+/(a;-0)}. 

tftsQo  IT  J  oi  X  '-  X 

In  particular,  this  holds  at  every  point  x  interior  to  the  interval  (a,  /9),  if 
f{x)  be  a  function  with  limited  total  fluctuation  in  (a,  fi).  At  the  points  a?  =  a, 
x  =  fi,  the  values  of  the  limit  are  i/(a  +  0),  i/(/9  — 0),  provided  these 
functional  limits  exist,  and  f(x)  satisfy  one  of  the  known  sufficient  conditions 
in  a  neighbourhood  of  a  or  13,  on  the  side  towards  the  interior  of  the  interval. 
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If  X  be  exterior  to  the  interval  (a,  /8),  the  limit  is  zero. 

If  f{x)  have  a  Lebesgue  integral  in  every  finite  interval,  and 


J    —00 


\f(<v)  I  dx 

J    —00 

have  a  defimte  value,  then 

li,n\r    /(ar')"""/^'-^><fcr'=i{/(a.+0)+/(x-0){, 

t|:=  00    *•     J    —  CO  X     ^~  it/ 

for  any  point  x,  al  which  f(x  +  0),  f(x  —  0)  exist,  and  in  the  neighbourhood  of 
which  f(x)  satisfiss  one  of  the  sufficient  conditions  for  the  convergence  of 
Fourier's  series.  In  particular,  this  result  holds  for  all  values  of  x,  if  fix) 
have  limited  total  fluctuation  in  every  finite  interval,  and  also  satisfy  the 
condition  that 


I       |/(a?)  I  dx  exists. 


These  theorems  contain  Fourier's*  representation  of  a  function  by  means 
of  a  single  integral. 


493.     Since  ^ ^^  =1    cos  v  (a:'  -  x)  dv, 

x—x  Jo 


the  single  integral  I      f(^') r ^'  ^^y  b©  replaced  by 

J  -00  X  ^'  X 

I      dx  I    f{x')  COS  V  {ad  —  x)  dv'. 

Therefore  the  theorem  in  §  492  may  be  taken  to  refer  to 

lim  -  I      daf  \  f{x')cosv(x''~x)dv'. 

It  will  now  be  shewn  that  the  repeated  integral  may  be  replaced  by  the 
one  in  which  the  integrations  are  taken  in  the  reverse  order. 

Let  y^  (a,  /3,  v)  denote 

I    f  {x)  cos  v{af  —  x)  dx', 
and  let  -^  (v)  denote 

I      /  {x')  cos  v  (x'  —  x)  dx'. 

J  —00 

On  the  hypothesis  that  I      \f{x')\dx'  exists,  as  the  limit  of  a  Lebesgue 

J    —00 

integral,  the  integral  '^  {v)  also  exists.     Since  ;  y^  (a,  /3,  v)  \  is  less  than  some 
fixed  positive  number,  for  all  values  of  a,  13,  and  for  all  values  of  v  in  the 

interval  (0,  u),  it  follows,  by  using  the  theorem  of  §  384,  that  /    -^  (v)  dv  is 

Jo 

*  See  the  Thiorie  de  la  Chaleur,  Ghap.  ix,  §  416. 
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the  limit  of  the  integrals  I    -^  (a,  /3,  t;)  dv,  when  a  and  ^8  have  the  values 

in  sequences  which  diverge  to  +  oo ,  —  oo  respectively.     Also  (    ^  {v)  dv  has 

Jo 
a  value  which  is  independent  of  the  particular  sequences  of  a  and  /3.     For 

I    dv  I    /(af)co8v{af'~x)dx, 

is  numerically  arbitrarily  small,  for  a  sufficieiltly  great  value  of  /3,  inde-- 
pendently  of  the  value  of  /3'(>  fi);  and  a  similar  remark  applies  to . 

I    dv  I    f(op')  cos  V  {x'  —  x)  da!. 

Jo  J  a' 

We  have,  therefore, 

I    d^  I      /(^')  cos  ^  (^'  —  a?)  da?'  =a       lim       j    dv  I   f  {x')  cos  v  (a?'  —  a?)  do;' 

s=       lim       I    da:'  I   /(a?')  cos  v  {x'  —  a?)  dv 

=  /       da?'  j    /(a?')  cos  t;  (a/  —  a?)  dv. 

J  -00  Jo 

It  follows  that 

lim  -  I    dv  I      /(a?')  cos  v  (a;'  —  x)  dx' 

«3ao  W  Jo  J  -00 

=  lim  -  I       da;'  I    f{x')  cos  v  (a?'  —  a?)  da/, 
whenever  the  limit  on  the  right-hand  side  exists. 

Therefore  lim  -  |    dv  /      /(a/)  cos  v  (a?'  --x)da/ 

IfaoO  ^  J  0  J    -» 

has  the  value  ^  {/(a?  +  0)  +/(a?  —  0)j,  provided  the  function /(a?)  satisfies  one 
of  the  sufficient  conditions  already  referred  to. 

The  following  theorem  has  now  been  established  : — 

If  f(x)  have  a  Lehesgue  integral  in  every  finite  interval,  and  be  such  that 

I       I  /(a?)  I  da?  has  a  definite  value,  as       lim       I    \  f{x)  \  dx,  then 

-[  dv[      /(a?')c(Wv(a;'-a?)da?'  =  i{/(a?  +  0)+/(a?-0)l, 

for  any  point  x,  at  which  f(x  +  0),  f(x  —  0)  exist,  and  in  the  neighbourhood  of 
which  f{x)  satisfies  one  of  the  sufficient  conditions  for  the  convergence  of 
Fourier* s  series.  In  particular,  this  result  holds  for  every  value  of  x,  if  f(x) 
have  limited  total  fluctuation  in  every  finite  interval,  and  also  satisfiss  the 

^condition  that  1       {/(a;)|da7  exists. 

48—5 
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It  should  be  observed  that,  although 

I    dv\      f(af)co8v{x'^x)dx' 
is  here  employed  to  denote 

lim  I    dv  I    /(«')  cos  v  {x'  -  x)  dx\ 

in  accordance  with  the  definition  of  I     x(^)^^  ^  ^^^  limit  of  the  Lebesgtie 

integral  /   x  (^)  ^^>  when  h  is  indefinitely  increased,  provided  the  limit  exists, 
it  is  not  necessarily  the  case  that 


/  00  j      ^QO 

j    dv\  I      f(x')  cos  V  (x  —  x) 

Jo  I  J  -00 


dx' 


exists.     For  the  existence  of  /     x(v)dw  does  not  necessarily  imply   that 

Jo 

of]    \x('^)\dv. 

The  above  theorem  contains  Fourier's*  representation  of  a  function  by 
means  of  a  repeated  integral,  frequently  spoken  of  as  Fourier's  double 
integral,  although  it  is  not  a  double  integral  in  accordance  with  the 
terminology  employed  in  this  work. 

Let  f{x)  be  zero  for  all  values  of  x  which  do  not  lie  in  the  finite  interval 
{a,  fix  we  then  obtain  the  following  result : — 

If  f(x)  have  a  Lebesgue  integral  in  (a,  /9),  tlien 

1  f*       /■'* 

-  I     dv  I    f(x)  cos  V  {x  —  x)  dx 

TT  J  Q  J  a 

has  the  value  ^{f(^  +  0)-\-f{x-0)} 

at  an  interior  point  of  the  interval  (a,  fi),  and  has  the  values 

i/(«  +  0),     i/(/9-0), 
at  the  points  a,  fi;  provided,  in  eadi  case,  the  limit  exists,  andf{x)  satisfies 
one  of  the  requisite  conditions  in  the  neighbourhood  of  the  point.      If  x  be 
exterior  to  (a,  yS),  the  repeated  integral  is  zero. 

It  should  be  observed  that  the  repeated  integral 


I    dx  I  f{x)  cos  V  {x'  —  x)  dv 


does  not  exist,  because  I    cos  v  (x  —  x)  dv 

Jo 

has  no  definite  meaning. 

There  is  no  difiiculty  in  obtaining  sufficient  conditions  for  the  uniform 
convergence  of  Fourier's  repeated  integral  to  the  value  of  the  function,  in  an 
interval  in  which  the  function  is  continuous,  as  in  the  case  of  Fourier's  series. 

*  See  the  Thiorie  de  la  Chaleur,  Chap,  ix,  §  1. 


APPENDIX. 

ON  TRANSFINITE  NUMBERS  AND  ORDER-TYPES. 

A  brief  reference  will  be  made  to  some  criticisms  and  remarks*  which  have 
been  made  relating  to  the  views  expressed  in  the  general  discussion  of  the  theory 
of  transfinite  numbers  and  order-types,  contained  in  ^  152 — 163.  Some  other 
writings  on  the  subject,  which  have  recently  appeared,  and  were  not  mentioned  in 
Chapter  III,  will  also  be  noticed. 

The  term  "norm"  as  used  in  the  definition  of  an  aggregate  (§  153)  has  been 
treated  by  Russell  as  synonymous  with  the  term  "propositional  function"  which 
he  himself  employs.  This  proceeding  has  led  to  some  misconception  as  to  the 
scope  of  the  definition  in  §  153.  It  was  intended  that  a  "norm"  should  always  be 
of  such  a  character  as  to  leave  no  doubt  as  to  the  existence  of  elements  in  the 
aggregate  which  it  defines,  whereas  the  corresponding  implication  is  apparently 
not  made  when  the  term  "propositional  function"  is  employed.  Thus  it  is  in- 
correct to  assert,  as  does  Russell  (loc»  cit,  p.  40),  that  the  existence  of  certain 
classes  is  denied,  although  such  classes  possess  unimpeachable  norms.  On  the 
contrary,  the  existence  of  the  classes  in  question  was  denied,  on  account  of  the 
absence  of  the  necessary  norms,  in  the  sense  in  which  the  term  "norm"  is  employed. 
It  may  be  the  case  that  an  unimpeachable  propositional  function  is  present,  and 
yet  that  there  may  be  no  corresponding  class.  No  opinion  is  here  expressed  as  to 
the  most  suitable  terminology  in  the  general  logic  of  classes. 

That  aggregates  exist  which  have  no  cardinal  number  has  been  maintained  in 
§  157,  and  is  also  in  accordance  with  the  view  of  Jourdain  (loc,  ciL  p.  266).  The 
Aggregate  W,  which  contains  all  the  ordinal  numbers,  is  the  first  example  of  such 
an  aggregate.  To  this  aggregate  the  term  "inconsistent"  has  been  applied 
by  Cantor  and  Jourdain,  but  it  has  been  proposed  later  to  abandon  this 
adjective  as  descriptive  of  the  aggregate  TT,  on  the  cogent  ground  that  there  is 
no  inconsistency  in  the  recognition  of  the  existence  of  the  aggregate,  but  only  in 
the  attribution  to  it  of  a  cardinal  number,  and  of  an  order-type.  The  difference 
of  view  as  regards  the  aggregate  W^  held  by  Jourdain  from  that  here  maintained, 
relates  not  to  the  existence,  but  to  the  constitution  of   W,     In  accordance  with 

*  These  critiolBmB  and  remarks  refer  to  the  article  published  in  the  Proc.  Lond,  Math.  Soc., 
eer.  2,  toI.  hi,  p.  170,  which  is  sabstantially  identical  with  §§  152 — 168.  They  are  due  to 
Bussell,  Proc,  Lond.  Math,  Sac.,,  ser.  2,  toI.  it,  p.  29  ;  to  Hardy,  in  the  same  volume,  p.  10 ;  and 
to  Jourdain,  in  the  same  volume,  p.  266. 
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the  ideas  expressed  in  §  157,  so  far  as  our  present  knowledge  reaches,  every 
segment  of  fT  is  enumerable ;  whereas,  in  Jourdain's  view,  there  exist  s^^ents  of 
which  the  cardinal  numbers  are  Aleph-numbers  of  unending  variety  of  order. 

As  soon  as  general  agreement  is  attained  as  to  the  fundamentals  of  this  subject, 
it  will  be  possible  to  introduce  a  more  precise  and  suitable  tenninologj  than  is 
at  present  possible.  It  will  probably  be  desirable  to  restrict  the  term  ''aggregate" 
to  such  collections  of  objects  as  possess  a  cardinal  number,  and  if  they  are 
ordered,  also  an  order-type.  Some  other  term  would  then  be  applied  to  such 
cases  as  the  class  fT,  when  no  cardinal  number,  or  order.type  exists.  A  complete 
theory  must  contain,  in  the  first  place,  precise  definitions  of  the  terms  ''cardioal 
number*'  and  ''order-type,"  and  would  then  set  forth  the  necessary  and  sufficient 
conditions  to  be  satisfied  by  a  collection,  that  it  might  possess  a  cardinal  number,  and 
if  ordered,  then  also  an  order-type,  in  accordance  with  the  definitions  of  these  terms. 

A  definition  of  cardinal  number  has  been  given  in  §  155,  and  it  has  there  been 
pointed  out,  that  an  aggregate  possesses  a  cardinal  number,  only  when  it  is  one  of 
a  plurality  of  equivalent  aggregates  essentially  distinct  from  one  another.  It  has 
been  suggested  by  Russell  {he.  cit.  p.  40),  and  also  by  Jourdain  (he,  cit.  p.  273), 
that  if  we  have  one  series  il,  we  can  always  obtain  another  series  similar  to  A,  by 
interchanging  two  terms  of  A,  or  by  replacing  a  term  of  A  by  something  else,  or, 
in  the  case  of  a  normally  ordered  aggregate,  by  removing  some  of  the  terms  at  the 
beginning;  and  thus  that  the  criterion,  given  in  §  155,  is  in  all  cases  satisfied. 

The  elements  of  the  new  aggregates  so  obtained  would  however  not  be  essentially 
distinct  from  the  original  one,  and  the  existence  of  such  new  aggregates  is  stated 
in  §  155  to  be  insufficient  as  a  reason  for  attributing  the  existence  of  an  order- 
type,  or  of  a  cardinal  number,  to  the  original  aggregate.  In  order  to  leave  no 
doubt  upon  this  point,  it  is  desirable  to  render  the  statement  of  the  conditions  for 
the  existence  of  a  cardinal  number,  or  of  an  order-type,  more  precise,  by  postu- 
lating that  the  given  aggregate  M  must  be  one  of  a  plurality  of  equivalent,  or  of 
similar,  aggregates,  such  that  the  elements  mf  of  one  of  these  M',  are  not  only 
essentially  distinct  and  diflerent  from  the  elements  r/i,  of  J/,  but  are  also  such 
that  the  existence  of  tliese  elements  in  cannot  be  deduced  as  a  direct  consequence 
of  the  existence  of  the  elements  m  of  Af,  The  finite  numbers  perform  the  function 
of  counting  objects  of  all  sorts  and  descriptions;  the  analogous  function  of  trans- 
finite  ordinals  or  cardinals,  would  be  that  of  counting  sets  of  objects  which  are  at 
least  not  confined  to  belong  to  a  very  special  class  of  objects,  viz.  transfinite  numbers 
and  order-types. 

The  criticisms  contained  in  g  159 — 162,  of  those  proofs  of  theorems  which 
depend  upon  the  assumption  that  an  infinite  number  of  arbitrary  acts  of  choice  is 
a  valid  process,  have  been  discussed  by  Russell,  Hardy,  and  Jourdain,  in  relation  to 
principles  known  as  the  "axiom  of  Zennelo,"  and  the  "multiplicative  axiom.*' 
Russell  has  signified  {loc.  cit,  p.  47)  his  complete  agreement  with  the  views 
expressed  in  g§  159 — 162;  but  Hardy  and  Jourdain  maintain  the  validity  of  the 
"multiplicative  axiom,"  in  accordance  with  which,  when  an  infinite  number  of 
aggregates   have   been  defined,  there   exists   a   new   aggregate,  each   element  of 
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which  consists  of  an  aggregate  of  elements  one  of  which  belongs  to  each  of  the 
given  aggregates.  It  is  held  that  this  principle  is  valid,  although  it  may  be 
impossible  to  assign  rules  by  which  one  element  is  to  be  chosen  out  of  each  of  the 
given  aggregates,  and  when  it  is  consequently  impossible  to  define  any  single 
element  of  the  so-called  multiplicative  class.  This  principle  is  maintained  by 
Hardy  (loe.  cU.  pp.  14 — 17),  and  by  Jourdain  (pp.  281 — 282),  as  a  valid  postu- 
late, partly  by  an  appeal  to  authority,  and  on  account  of  its  utility  in  much 
interesting  mathematics,  and  partly  because  it  is  assumed  to  be  so  self-evident 
that  a  denial  of  it  is  paradoxical.  It  seems  however  difficult  to  assign  a  precise 
meaning  to  the  existence  of  an  aggregate,  when  not  even  a  single  element  of  it  is 
capable  of  real  definition.  Whenever  the  multiplicative  class  is,  in  any  particular 
case,  capable  of  definition,  the  axiom  is  unnecessary.  The  existence  of  an  abstract 
mathematical  object  would  appear  to  be  entirely  dependent  on  a  precise  definition 
of  such  object;  in  default  of  such  definition,  such  hypothetical  object  is  not 
identifiable.  Thus  the  hypothetical  elements  of  a  multiplicative  class,  whenever 
the  use  of  the  axiom  is  necessary,  are  not  identifiable  as  individuals,  and  are 
indistinguishable  from  one  another. 

The  axiom  employed  by  Zermelo  in  his  attempt  to  prove  that  every  aggregate 
is  capable  of  being  normally  ordered,  and  which  consists  of  the  assumption  that 
each  and  every  part  of  a  given  aggregate  can  be  correlated  with  a  single  element 
contained  in  that  part,  has  been  discussed*  by  Hadamard,  Lebesgue,  Baire,  and 
Borel,  in  connection  with  Zermelo's  proof  (§161).  It  is  there  pointed  out  by 
Hadamard,  that  the  real  question  at  issue  is  whether  it  is  possible  to  demonstrate 
the  existence  of  mathematical  entities  which  cannot  be  precisely  defined;  a 
question  which  Hadamard  himself  answers  in  the  affirmative,  but  with  which 
answer  the  other  writers  do  not  appear  to  be  in  agreement  The  tentative 
character  of  some  investigations  in  which  use  of  an  infinite  number  of  acts  of 
choice  has  been  made  is  pointed  out  by  Borel. 

A  propoa  of  a  criticism  f  by  Levi,  of  Bernstein's  proof  (see  §  150),  that  the 
aggregate  of  closed  sets  of  points  in  the  9i-dimensional  continuum  has  the  power  c 
of  the  continuum,  Bernstein  |  has  endeavoured  to  avoid  the  difficulty  involved  in 
the  use  of  a  correspondence  which  cannot  be  defined,  by  introducing  the  conception 
of  ''multiple  equivalence."  Thus,  if  there  are  two  aggregates  if  and  iiT,  for  which 
an  aggregate  ^  =  {^}  of  reversible  (I,  1)  correspondences  ff>  exists,  in  which  no 
element  is  special  {attsgezeichnet),  then  the  two  aggregates  are  said  to  be  multiply 
equivalent.  The  cardinal  number  ^  =/  is  then  termed  the  multiplicity  of  the 
correspondence  ^.  In  case  the  multiplicity  is  unity,  the  aggr^i^ates  are  said  to 
have  a  one-valued  equivalence.  The  difficulty  of  this  conception  is  the  same  as 
the  one  referred  to  above,  in  the  case  of  the  multiplicative  axiom,  viz.,  that  the 
aggregate  ^  is  such  that  no  single  element  of  it  is  capable  of  definition,  and  that 
the  elements  are  consequently  indistinguishable  from  one  another. 

*  **  Cinq  lettres  snr  la  th^rie  des  eDsembles,"  Bulletin  de  la  Soe.  Math,  de  France,  1905. 
t  **Intorno  alia  teoria  degli  aggregati/*  Lamb.  lit.  Rend,  (2),  1902,  pp.  863—869. 
X  '*Bemerkang  zur  Mengenlebre,^  Naehrichten  der  Oes.  d,  WifienteK  xu  Q^ttingen^  1904, 
p.  557. 
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The  difficulties  which  have  arisen  in  connection  with  the  aggregate  W^  of  all 
ordinal  numbers,  on  the  assumption  that  it  possesses  segments  with  transfinite 
cardinal  numbers  of  infinite  variety,  have  been  dealt  with*  by  Bernstein.  He 
postulates  that  the  ordinal  numbers  of  the  series  W  have  the  following  properties: — 
(1)  they  are  order-types  of  normaUy  ordered  aggregates;  (2)  if  a  be  one  of  them, 
there  always  exists  a  next  greater  one,  a  +  1 ;  and  thus  a  is  always  the  order-type 
of  segments  of  normally  ordered  aggregates.  He  then  defines  TF  to  be  the  aggr^;ate 
of  all  order-types  of  the  segments  of  normally  ordered  aggregates,  and  deduces  that 
fTis  itself  normally  ordered.  He  next  assumes  that,  although  W  satisfies  the 
condition  (1),  it  does  not  satisfy  the  condition  (2);  and  thus  that  fFis  itself  not 
a  segment  of  a  normally  ordered  aggregate..  This  assumption  as  to  the  nature  of 
IT,  which  appears  as  a  postulate,  amounts  to  the  assertion  that  no  aggregate  ( IT,  e) 
can  ^exist,  in  which  e  has  higher  rank  than  all  the  elements  of  W.  That  the 
validity  of  such  postulation  is  at  least  doubtful,  appears  clearly,  if  we  consider 
that  the  hypothetical  object  W  is  incapable  of  being  substituted  for  the  element 
J  in  an  aggregate  (A,e)  in  which  e  is  regarded  as  of  ordinally  higher  rank  than  A. 
It  would  appear  that,  if  e  is  of  higher  rank  than  A,  it  might  also  be  of  higher 
rank  than  every  element  contained  in  A,  when  A  is  composite,  or  in  any  aggregate 
which  may  be  substituted  for  A, 

The  failure  of  attempts  to  define  a  set  of  points  of  the  continuum  which  shall 
have  a  (1,  1)  correspondence  with  all  the  ordinal  numbers  of  the  first  and  second 
classes  is  connected  with  the  fact  that  there  exists  no  systematic  representation  of 
all  the  numbers  of  the  second  class.  The  usual  symbolism  o),  c,  &c  breaks  down  at 
certain  points,  where  new  symbols  have  to  be  employed  for  the  representation  of 
higher  numbers  of  the  class.  It  is  however  easily  seen  that  no  enumerable  set  of 
new  symbols  will  suffice  for  a  mode  of  representation  of  all  the  numbers  of  the  class. 
For  only  an  enumerable  set  of  numbers  could  be  represented  by  means  of  an 
enumerable  set  of  symbols  o),  c,  ...,  all  possible  forms  obtained  by  use  of  these 
symbols  being  employed. 

An  attempt  has  been  made  by  Konigf  to  distinguish  between  those  elements 
of  the  arithmetic  continuum  which  are  '*  finitely  defined,''  and  those  which  are  not 
capable  of  finite  definition.  It  can  however  be  shewn  X  that  the  distinction  intro- 
duced by  Konig  is  an  invalid  one.  A  full  discussion  of  this  matter  would  require 
a  larger  amount  of  space  than  can  here  be  given  to  it;  reference  must  therefore  be 
made  to  the  literature  in  which  the  point  is  discussed. 

*  **  Ueber  die  Beibe  der  trausfiniten  Ordnangszahlen/'  Math.  AnnaUn,  voL  lz,  p.  187.  An 
article  by  SchSnflies  "  Ueber  die  logisoben  Paradoxien  der  Mengenlehre,*'  Jahreiber.  d.  DeuUek, 
Math.  Ver.t  vol.  zt,  1906,  may  be  referred  to ;  also  an  article  by  Harward,  Phil.  Mag.  Oct  1906, 
p.  457. 

t  **  Ueber  die  Grnndlagen  der  Mengenlehre  and  das  Kontinoumproblem,*'  Math.  AnnaUn^ 
voL  Lzi,  1905  ;  also  Acta  Math.,  vol.  zxz,  p.  329.  See  also  an  article  by  Dizon  <*  On  a  qnestion 
in  the  theory  of  aggregates/'  Proc.  Land.  Math.  Soc.,  ser.  2,  toL  iv.  The  same  idea  has  been 
discossed  in  the  shape  of  a  paradoz,  by  Bichard,  Acta  Math.,  vol.  zzz,  p.  295.  For  a  further 
development  of  Kdnig's  ideas,  see  McUh.  AnnaUn,  vol.  Lzm,  p.  217. 

X  See  Hobson,  **0n  the  Arithmetic  continuum,"  Proc.  Lond.  Math.  Soc.,  ser.  2,  vol.  iv, 
where  the  .matter  is  folly  discussed.  A  reply  by  Dizon,  "  On  well  ordered  aggregates,*'  is  given  in 
the  same  volume. 
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